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Abstract:

By making use of the differential operator S™ given by Salagean, a class of analytic
functions is introduced. The upper bound for the second Hankel determinant for this class
IS given.

Keywords: Hankel determinant, Differential operator, Upper bound.

1. Introduction

Let A be the class of analytic functions of the form

o0

f(z)=z+)az", (1.2)

n=2

defined in the open unit disk U ={z :|z| <1} LetP(a) denote the class of functions
p(z )of the form

p(z)=1+>c, 2", (1.2)

k=1

which are analytic in U and satisfy Rep(z)>a, (z €U ) for some «, (0<a <1). If

p(z)eP=P(0), then we say that p(z ) is the Carathéodory function [1].

Definition 1.1 [11] For afunction f e A the Siligean derivative operator
S™:A — A is defined by

S™ (z)=f (z)*(z +inmanz“J . (1.3)
Also,

S% (z)=f (z), S*f (z)=2zf '(z)
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S"f (z)=S(S"7f (z)).
If f isgiven by (1.1), then we see that
S" (z)=z+Y.n"az", (mel,). (1.4)
n=2

Noonan and Thomas [9] stated the q -th Hankel determinant as

a

n a'n+1 a'nJrq—l
H, (n)=det a':” a:'”z a”:“‘ (n.aed ={123..}).

a a .. ...a

n+q-1 n+q n+2q-2

This determinant was discussed by several authors with g =2 For example, we know that
the functional |H 3 (1)| = ‘ag —azz‘ Is known as the Fekete-Szeqo problem and they consider
the further generalized functional ‘as—yaj‘ where a, =1 and x is real number [2]. In

[10], Noor determined the rate of growth of H (n) as n — oo for functions f given by
(1.1) with bounded boundary.

Recently, for classes of starlike and convex functions Janteng et.al [7] have shown the
following Theorems.

Theorem 1.2 Let f (z)eS” (starlik function) . Then [a,a, —a3| <1.

Equality is attained for functions

f(z)= -=7+22%+32°+4z2% +..,

And

f (z)zl_z22 =z+z2°%+72°%°+z2"...

Theorem 1.3 Let f (z)eK (convex function). Then |a,a, —a3| < %
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Following these results, Hayami and Owa [4], [5] generalized Theorem 1.2 and Theorem
and

1.3 by finding the upper bounds for the generalized functional ‘amz—yas+l

for functions f in the class S_ («)and K, (e). Indeed the authors [6]

2
‘ap+l a'p+3 — /uap+2

also studied the generalized functional for functions f defined in the

2
an an+2 _:uan+1

cIassRe(f (z )/z)>a and Re(f (z ))>a for some a(0<a<1).

In this paper, we consider the Hankel determinant in the case of g =2 and n =2,

a8 &

1:2)=l, o,

We seek upper bound for the functional ‘aza4 —yaj‘ where g is real for functions f

belonging to the class which is defined as the following:

Definition 1.4 The function f €A issaid to be inthe class R™ (), m el ,,

0<a<1 ifitsatisfies the inequality
Re{(smf (z))’}>a, (z V),

where S™ is given by (1.4).
2 Preliminaries

To obtain our results, we need some lemmas.

Lemma 2.1 [3] The power series for p given in (1.2) converges in U to a function in P
if and only if the Toeplitz determinants

D,=lc, ¢, 2 ..c.| (n=123..),

-n -n+1 —n+2 "
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where c_, =c_k are all non-negative. They are strictly positive except for

p(z):ilpk po(e“kz), P >0, t, real and t, =t for k =j where po(z):ijL—Z; in
k =1

thiscase D, >0 forn<r—1and for D, =0 forn>r.

This necessary and sufficient condition is due to Carathéodory and Toeplitz, and can be found in

[3].
Lemma 2.2 (see[4]) If p eP(«), then

|ck|£2(1—a), (k =123,..).
The result is sharp for

1+(1-2a)z ©

p(z)=——"—=1+) (1-2a)z".

1-z k=1
Lemma 2.3 (see [4]) p eP(«),then
2(1-a)c, =cf +{4(1-a) ~cf} ¢

4(1-a)'c,=c] +2{4(1-a)’ ¢/} ;¢ ~{4(1-a) —cfle ¢
+2(1-a){4(1-a) ~cZ|(1-[¢f )n

For some complex numbers ¢ and 7 (|¢]<1, 7| <1).

3 Main results

Theorem 3.1 The function f given by (1.1) isin the class R" («), mell,, 0<a <1.
Then
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(32m+3 _23m+4ﬂ)2 (1_a)2 4#(1—(1)2 3
144(32m+2 _23m+3ﬂ) - 32m+2 ! (ﬂ - O)’
(32m+3 _23m+5ﬂ)2 (1—0[)2 4#(1_05)2 ? ¥ 2m+3
144(32m+2_23m+3 ) + m+2 O—IU—W '
‘a2a4—,ua§‘£ (,U )2
4” 1_a 32m+3 32m+3
T (23m+5 SﬂS23m+4j'
(23m+4lu_32m+3)2 (1—0{)2 . 4;1(1—6!)2 d goms3
144(23m+31u_32m+2) 32m+2 ! M= 23m+4 '

Proof : Since f eR™ (), it follows from (1.5) that

(s™ (2)) =p(2), (3.1)

where is given by (1.2). Comparing the coefficients, we get

2m+la.2 =C1
=0 :
3", =c, (3.2)
A" g %= c
From (3.2),
2| _| CCs 4y
a8, — Ha, ‘ 3 Zslmis - 32mi2 (3.3)

Suppose now that ¢, =c and 0<c <2(1—«) without loss of generality and applying

the triangle inequality, we see that

(32m+2 _23m+3ﬂ)c4 2(1—05)[4(1—0{)2 —Cz:|C n

CC, c? | 1 !
(72)m+l 23m+3

4(1-a)

+

23m+3 = /,l 32m+2
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2[4(1_0[)2 _Cz}czg(gzmz _23m+3ﬂ)

+
(72)m+l

4(1-a) —c* |o* (37 -2 )" + 27 u(1-a) ~2(3)" (1-a)c|
(72)m+1 ‘

Triangle inequality gives

CC G

3m+3 u 32m+2

1 ‘32m+2_23m+3ﬂ‘c4 2(1—0{)[4(1—0{)2 —CZJC

< + +
4(1—&)2 (72)m+l 23m+3

2|:4(1—0{)2 _C2:|C2‘32m+2 —23m+3,u‘,0
(72)m+1

+

4(a-a) —c? || g~ 2 pe® + 27 | (1- @) ~2(3) " (1-a)c | p°
(72)m+1

- (3.4)

with p =|¢]<1 This gives rise to
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2_4(1—01)2 _Cz_cz(32m+z 3m+3 )
= = ol
(72 m+1
2[4(1-a) 7 |{(3"" -2 u)et -2 p(1- @) - 2(3)" (1-a)c f
L N i <0
144(32m+2 _23m+3lu) H
2[ 1 a _Cz]cz(szmz 3m+3 )
( )m+l i
F'(p): i 227 |f(a2m+2 _ ~3m43 3m+5 2 2m+2
2/ 4(1-a) —c* [{(F"7 -2 u)e? + 2" u(1-a) 2(3)" (1-a)c) p W e
(72)m+1 ! H= 23m+3
2_4(1—0!)2 _02_02(23m+3#_32m+2)
n 2 m+1 +
(72
2:4(1_a)2_Cz:{(23m+3ﬂ_32m+2)cz+23m+5ﬂ(1_a)2_2(3)2m+2 (1—0!)C}p . 32m+2
(72)m+1 ’ ,Ll_ 23m+3

And again for all the cases above, F'(p)>0 for p>0 and 0<ea <1;implying that F

is an increasing function with Max _F (p)=F (1). Now let

1 ‘32"”2—23"”3,11‘04 2(1—05)[4(1—05)2 —Cz}c

F (@)
G (C) 3 2= 2 m+L + 3m+3 +
4(1-a) 4(1-a) (72) 2
2[4(1—&)2 —CZ}CZ 92m+2 _23m+31u‘
m+1 ok
(72)
[4(1-a) —c® || [ -2 le? + 27| (1- ) - 2(3)" (- at)c |
35
(72)m+l ( )
()First, let us consider the case <0, 0<a <1. From (3.5), we have
G r(C) " c ><{_(32m+2 _23m+3ﬂ)02 4 32me3 (1_a)2 —23m+4ﬂ(1—0£)2}
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Elementary calculation reveals that G attains its maximum value at

32m+3 | 23m+4ﬂ

c=(1-a)

32m+2 _23m+3)u )

The upper bound for inequality (3.4) correspondsto p=1, 0<a <1 and

32m+3 b 23m+4

C :(l—a) W ) in Wthh case

h (1—0[)2 (32m+3 _23m+4ﬂ)2 y (1-(1)2 4'u
- 144(32m+2 _23m+31u) 32m+2

CCs C,

;|
23m+3 - 32m+2

2m+3

(i) Secondly, we consider the case 0< i <

S 0<a <1. From (3.5), we have

c

(2)3m+2 (3)2m+2 (l— a)

G '(C)= . ><{_(32m+2 —23m+3y)02 4323 (1_a)2 —23m+5,u(1—0£)2}

32m+3 _ 23m+5

where G attains its maximum value at ¢ = (1-«a) F7 Hence, we obtain

2
Clc3 - CZ |
23m +3 32m +2

(1_0{)2 (32m+3 _23m+51u)2 (1—0{)2 4/,[

< 144(32m+2 _23m+3lu) Y 32m+2

(iii) to proof the third result, we consider two cases. First, assume that
32m+3 2m+2

5 SU<——, 0<a <l Inthiscase, G attains its maximum value at
2 m+ 2 m+

23m +%5 32m+3

7
c=(1-a) Fe g,

2m+2 32m+3

Next consider the case 0<a <1 For this case from (3.5), we have

23m+3 SIUS 23m+4 !

G'(C)= , X{_(23m+3ﬂ_32m+2)02 +23m+4,u(1—a)2 _32m+3 (1—05)2}

(2)3m+3 (3)2m+2 (1_ a)
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32m +3 23m +4

W . In both cases, the

where G attains its maximum value at ¢ =(1-a)
upper bound is attained as

cC; ¢ |
23m+3 32m+2

(1-a) 4u

32m +2

<

2m+3

(iv) Finally, consider 'UZW’ 0<a<l.

23m+4lu N 32m+3

23m+3lu_32m+2 Hence’

Here, G attains its maximum value at ¢ = (1-«)

2
ClC3 - C2 |
23m +3 32m +2

(1—0{)2 (23m+4lu_32m+3)2 i (1-&)2 4,“
144(23m+3ﬂ_32m+2) 32m+2

<

This completes the proof of the theorem.

Remark: In Theorem 3.1 by taking m =0, o =0 we obtain the results of Janteng et.al
[8].
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