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Properties of Generalized Derivative Operator to A Certain
Subclass of Analytic Functions with Negative Coefficients

Abstract.

The main object of this paper is to introduce and study the new subclasses T “"(M,d, 4, 5)

and C“’”(m,q,/i,ﬂ) of analytic functions defined by generalized derivative operator with

negative coefficients in the unit disk. The results presented here include coefficient estimates,
extreme points, growth and distortion properties and integral operators for the
aforementioned subclasses.
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1. Introduction.
Let A denote the class of functions of the form:
f(z)=z+>az", (1)
k=2

which are analytic in the open unit disk U={z :|z |<1}. A function f €A is called
starlike functions of order g and type 7, if it satisfies

zf'(z)_1

f(z)
zf'(z)+1_2y‘<ﬂ' )
f(z)

where 0<y <1, 0< B <1. We denote by S*(ﬂ/, B) the class of starlike functions of
order y and type g. A function f € A is called convex functions of order £ and type 7, if
it satisfies

7f ()
f(2)
2f ' (z2)

. 2-2
N R

<pB (3)

where 0<y <1, 0< g <1. We denote by K(y, ) the class of convex functions of order y
and type g.

From (2) and (3), we note that: f (z) e K(y, B) if, and only if,

i €S (7, )

The classes S*(J/, B) and K(y, ) were considered by Gupta and Jain [9].

Let T denote the subclass of A consisting of functions of the form
fz)=z-Yaz (a3 20,). (4)
k=2

We denote by T*()/,ﬂ) and C(y, ), the classes obtained by taking intersections,

respectively, of the classes S (7, ) and K(y, 8) with the class T . Thus we have
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T (=S (AT,
and

Cr.B =K@, B)NT.

The classes T*()/,ﬂ) and C(y, ) were studied by [10] Also the classes T*(%l) =T*(7)
and C (y,1) = C(y) were studied by Silverman [8].

For functions f A, given by (1), and g given by

g(z)=z+>hz",
k=2
the Hadamard product(or convolution)of functions f and g is defined by

(t *9)e) =2+ Yabz" =(g+1)@)

The theory of derivative play an important role in the theory of univalent functions.
It is believed that Ruscheweyh (1975) was the first to give a generalised derivative operator
in the theory of univalent function. Later, S<al<agean (1983) gave another generalised
derivative operator. In the same paper, he introduced an integral operator. Many properties
have been discussed and studied by many researchers for these two operators. For example,
Al-Oboudi (2004) introduced a generalised Salagean operator, Al-Shagsi and Darus (2009)
generalised the operator given by Ruscheweyh (1975), while Darus and Al-Shagsi (2008)
studied both derivatives of Ruscheweyh and Salagean. These operators motivate us to create
another type of derivative operator.

The author in [1] have recently introduced a new generalised derivative operator

D“"(m,q, A)f (z) as the following:

For the function f €A given by (1) we define a new generalised derivative operator
D“"(m,q,A)f (z):A > A as follows:

D“"(m,q,A)(f )(z) =1z +ik“(1+ll(T_ql/1)mc(n,k)akz “

()
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) (n +1)k -1 )

where N,a €Ny ={0,1,2..},meZ, 4 q=0 and c(n,k O
k-1

If m=0,1,2,..., then

D" (m,q, A)f (Z)=¢(Z)*---*¢(Z)*{W} Zk 2" #f (z)

(m)—times
=R"*D“(m,q,A)f (2),
where R" =z +>" " ¢(n,k)z*, the Ruscheweyh derivative operator.

If m=-1,-2,..., then

D" (m,q, A)f (Z)=¢(Z)* *¢(Z)’{( M} Zk 2"+ (2)

=R"*D“(m,q,A)f (2).

Note that:
D*(0,g,A)f (z) =D"°(1,0,0)f (z) =T (z),
D*(L,q,A)f (z)=12f (2).

By specialising the parameters of D“"(m,q,A)f (z), we get the following
derivative and integral operators.

« The derivative operator introduced by Ruscheweyh [2];
D°"(0,g,2) =D (1,0,0);(n €Ng)=R" =7 + Y (n k)a 2"
k=2
« The derivative operator introduced by Salagean [3];
D“°(0,q,4)=D°(n,0,1);(neN,)=D" =z +ik "a,z"
k=2

« The generalised Salagean derivative operator introduced by Oboudi [4];
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D°(n,0,2);(neNy)=D} =z + > (1+A(k -1))"a,z"
k=2

« The generalised Ruscheweyh derivative operator introduced by Darus and Al-Shagsi [5];

D°"(1,0,2); (n eNy) =R? =2 + 3 (1+ Ak ~1))c(n.k ), 2"

k=2

« The derivative operator introduced by Catas [6];
N 1+ A(k 1 +1
D(m 1, 5(m <Ny) =D" (4 1) =2+ ST e g oa !
« The integral operator introduced by Cho and T. H. Kim [7];
> 1+ A
DY¥(-n,A,D)=1"=z +Yk(—=)a z*
(A=l =23k

Next we define the following new subclasses functions as follows:

Definition 0.1 Let f €T be given by (4). Then f is said to be in the class
T“"(m,q,4,p) if, and only if,

z(D*"(m,q, A)f ) (@) 4
D“"(m,q,)f (z)
2(D"(ma, ) @) 5,
D“"(m,q, )f (2)

< pf,

where D*"(m,q, )f (z) is given by (5) and N,aeN,={0,1,2..}meZ, 41.q=>0 and

0<y<1, 0<gB<1. Further, afunction f €T is said to be in the class C*"(m,q, 4, f) if,
and only if,

7f eT“"(m,q,4, 5.

We note that, by specializing the parameters «o,n,m, A, we shall obtain the
following subclasses which were studied by various authors:

1.For ¢=n=m =0, we have T °(0,0,4,5) =S (7, B), is the class of starlike function of
order 7 and type g which was studied by Gupta and Jain [9].
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2 . For a=n=m=0 and g =1 we obtain the class T °°(0,q,4,1)=T (), which was
studied by Silverman [8].

3. For ¢=n=q=0,m=1 we have the class C**(1,0,4, 8)=C', B), which was studied
by Gupta and Jain [9].

4. For ¢=n=q=0,m=1,4=1 we obtain the class C*°(1,0,4,1)=C (), studied by
Silverman [8].

Main Results.

In this paper we introduce, .coefficient Inequalities,growth and distortion Properties,
extreme points and the class preserving integral operators of the form:

Fe)= e o, ©

for the subclasses T “"(m,q, 4, 8) and C*"(m,q, 4, ) are considered.
2. Coefficient Inequalities

In this segment, we give an important and adequate condition for a function f (z),

given by (1), to be in subclasses T “"(M,q, 4, 5) and C*"(m,q, 4, f).

Theorem 2.1. A function f belongs to the subclass T “"(m,q, 4, #) if, and only if,

i(«k 1)+ Bk +1-27))(K) (L+ '1‘+‘qlﬁ)m

k=2

I'(k +n) %
k!F(1+n)akZ JSZ,B(l—;/). (7

Proof. Let the function f be in the class T “"(m,q, 4, B). Then we have
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m D(k+n)
K)(k)*(1+ /1 a
g( (k) ( i ) e & £
Z(D ' (m,q,/l)f)(Z)_l Z_Z(k) (1 k ﬂ)m r(k+n)
D“"(m,q,)f (z) - 1+ KIC(1+n) ¢ <p

z(D*"(m,q, A)f ) (z) k-1, . I'(k+n) -

1-2 z - (kK)k) (1+ /1

D (m,q, A)f 2) y‘ Z( ) 1 ) ar@em® e
'k +n)
- (k)"(1+ /1
: Z( VA g M aras s ™
Since |Re(z)|<|z | forall Z, we have
n Tk +6
>k =D @ A )
k=2 : (1+n)
R <p.
< 'k +n)

az“+(2-2y)

_é(k +1-2)(K) (14 1+q ’Dm kIT(1+n)

z(D""(m,q, A)f ) (2)
D" (m.q, A)f ()

Choosing values of = on the real axis, so that is real, and letting

Z =1, through real axis, we get

& k-1, T(k-+n)
é(k A 1+q A (K)IC(1+n) ¢

[k +9)
KIN(110) "

B 12K (2 2" +p2-27))

which implies the assertion (7). Conversely, let the inequality (7) holds true, then
|z(D*"(m,q, ) ) (2)-(D“"(m,q, Df 2))|-B
2" (m,a, A ) (2)+(1-27)D“" (m.q, D ()],

'k +0)
KIT(1+6)

k=2

i(«k 1)+ Bk +1-22))(K) (Lt L‘qlz)m j—ﬁ(2—27) <0,

by the assumption. This implies that f €T “"(m,q, 4, f)

Corollary 2.2. Let the function f be in the class T“'“(m,q,/tﬁ), then
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Ec - k=1 T(k+n) "
— +
k =1)+ Bk +1-29))(k)*(1+ A)"
((k 1)+ A( 2)[LON( 144 ) KIF (L)

The result (8) is sharp for the function f of the form

f(Z):Z— Zﬂ(l—j/) k

o k-1 . T(k+n) =
((k =1)+ Bk +1-2y))(k)“ (1+ 114 A) k(14 n)

By using the same arguments as in the proof of Theorem 2.1, we can establish the

next theorem.
Theorem 2.3. A function f belongs to the subclass C*" (m,d, 4, ), if, and only if,

2 B i g k=1 o T(k+n) h
Z[k[(k D+ pk +1-2p)1(k) (1+1+0| 4) kML) ]SZﬂ(l 7),

k=2

Corollary 2.4. Let the function f be in the class C*"(m,q, 4, £). Then

2p(1-7)
K[(k =1)+ B(k +1-27)](k )* (1+ iIJ:ql/l)

IA

% “Tk+n)

KIT(L+n)

with equality only for functions of the form

f(Z):Z— 218(1_7) k

Z" .
KI(k 1)+ Bk +1—2p)](k ) 1+ K =L gym Lk +1)
1+q

KIT(1+n)

3. Growth and distortion theorems

In this segment, we obtain growth and distortion bounds for the classes

T*"(m,q,4,8) and C*"(m,q,4, B).

Theorem 3.1. If f €T*"(m,q,4, B), then

|f (Z)|Zr— Zﬁ(l—]/) 2

\ A n T(2+n)
1+ 8B-2/))(2) (1+1+q) ()T (1+n)

(8)

9)

(10)
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2p(1-y) 2

) A T(@2+n) |
(1+5B-27))) (1+1+q) (2!C(1+n)

<r+

(11)

and

: 28(1-7)(2)
T @)1~ A T@2+n)

(1+ ﬂ(3—27))(2)”‘(1+1+q ) (p+1)IT(L+n)

(12)

2p(1-y)2)

en A TCtn) "
A+ =2 A+ ) i)

<1+

(13)

for z € U. The estimates for |f (z)| and |f (2)| are sharp.

Proof. Since f € T*"(m,q,4, f), and in view of inequality (7) of Theorem 2.1, we have

A " r2+n) <
+q° @QIr@a+n)& "~

(1+ 53=27)))" 1+

Tk +n)
kIC(1+n) ©

i[«k 1)+ Ak +1-27))(K)* L+ L‘qlz)m

k=2

z" jﬁ 28(1-y),
or

iak y 2(1-7) _ (14)

2 B . A T'(2+n)

Since
r-r’da <f @)isr+r*da,, (15)
k=2 k=2

on using (14) and (15), we easily arrive at the desired results of (11) and (10).
Furthermore, we observe that

1-@)rSa, 4 @) [<1+@r Ya,, (16)

10
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On using (14) and (16), we easily arrive at the desired results of (12) and (13).

Finally, we can see that the estimates for |f (z)| and |f (2)| are sharp for the function,

f(z):Zp_ Zﬁ(p_ﬂ/)

(1+ (14 2p —2p)) (14 2o L(P+1%0)

p+q” (p+1)T(p+0)

Similarly, we can prove the following theorem.
Theorem 3.2. If f €C“"(m,q,4, ), then
1t @)r- 25U-7) r?

C A \n T'(2+n)
@+ AE-21Q)" W+ " n s

28(1-y) 2

i 2w T@in)

<r+

and

: 4p(1-7)
N 1 . T2+n)

[1+BB-2y)1(2)" (1+ 1+q A (2)'T(2+n)

<1+

4p(1-7) r
A r@+n) '

p+1., m
(2)[1+ﬂ(3—27)](27) (1+1+q) @)L n)

for z € U. The estimates for |f (z)| and |f (2)| are sharp.

4. Extreme Points Now, we determine extreme points for the subclasses T . (m,q,/l,ﬁ)

andC*"(m,q, 4, ).

Theorem 4.1. Let f (z) =z and,

fk(Z):Z— 218(1_7) k

wn (k=1) .. T(k +n) ‘8
((k =D+ Ak +1=2)k) (A Z A"

Then f isin the class Tp“’“(m,q,i,ﬁ), if ,and only if, it can be expressed in the form

11
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f@)=2of @)
k=0
where
o, ZO,Zwk =1
k=0
Proof. Let f (z)=>"_af, ()
' )58 e =r (k 1) Them) %7
k =1)+ Bk +1-2y))(k)*(1+ A
((k 1)+ ( )CON )d KIF(Ltn)

Then, in view of (17), it follows that

(K —1)+ Bk +1-2p))(k)° (1+(k 1) o L)

KIC(Len)
250-7)
26(1-7) e
(k 1) F(k +n) _kzza)k —1—a)lS1.
((k =)+ Bk +1-2p))(k)*(1+ A)" (T ) 1

Thus f €eT“"(m,q,4, ).

Conversely, assume that a function f defined by (4) belongs to class

T“"(m,q,4, ). Then

1} 28(1-7y) (k ) BT
K = " -1 'k +n) °
((k ~D+ A +1=27)(k) (A5 Z = A" s

We set
wrn (k=1) . T(k+n)
) :«k D+ Al HL=2))" W D"

2p(1-7)

and @, =1-) "_o,. Thenwe have f (z)=>""_a,f, (z). This completes the proof.

12

A7)
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Similarly, we can prove the following result:
Theorem 4.2. Let f (z) =z and,
2p(1-y) K
f =7 — ;
1) 7 v k-D). Tkin) °
k[(k =1)+ B(k +1-2p)](k )*(1+ A)

1+q (K)Ir@+n)

Then f s inthe class C*"(M,q, 4, B), if, and only if, it can be expressed in the form

f@)=Yaf @)

where

@, ZO,Zwk =1
k=0
5. Integral Operators.

Theorem 5.1 If the function f (z) given by (4) is in the subclass T “"(m,q, 4, f), where
0<y<1, 0<p<1, NaeN,={01,2.}meZ, 1 q=>0 andletC bea real number such

that ¢ >—1. f belongs to the class T “"(M,q, 4, B), then the function F defined by

F(z)="D e ), (18)
7 0

also belongsto T “"(m,q, 4, ).

Proof. Let f €T Then from representation of F, it follows that

Fiz)=z-3bz", (b, 20)

c+1
where b, = (mjak. Therefore using Theorem 2.1 for the coefficients of F, we have

o o k=1.., T(k+n). )_
k;[«k D+ Ak =20 (WA klmm)bk]—

13
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(((k “1)+ Bk +1-29))(k ) (1+ 'l<+_q1/1)m Ik +n) (C i jak j <

M

= KIC'(L+n)\c+k
< wrn  K=1 0 T'(k+n)
kZ:;[((k 1)+ pk +1-2y))(k )" (1+ L 4) KN n) jSZﬂ(l—y)-

since (chijﬂ and f €T*"(m,q,4,p). Hence F e T*“"(m,q, 4, f).

Many other work on analytic functions functions related to derivative operator and
integral operator can be read in [11], [12]
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