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PREFPACE

Tha oontents of this ediplion are mainly the sams sz those of the
previous ¢ne with the negesgary corrections and the addition of one of
tha blggest atrustures designed by the muthor, nemely the bulk urea
sbors shown in Flg VIII-D

Iv hae further beon found more ¢onvenlent to replaos chapier X1
o Poundations by a new chapber, published for the first time, on
Folded Plate Structures 4 simple sysematic method of design, based
on the fundamentzla ¢f mechanics and theory of plane structures has
baen shown ‘To lllustrate the applicaticn of the method, the design
and debails of three different folded=plate ptructures worked out by
the suthor are inciuded in thie chapter MThe chapter on Foundations
is in the author's textbook on Fundamaptsale of Relnforced and Pre-

strensed Concreba”

Ths author hopes that thls book remains of banefiv to atrTuctu-
Tal engineers, graduate and undergraduats studeata of the englneering
faculties end higher institutes in the design of reinfarced conorate

strustures of common Use

Maxrch 1978 B Hilel
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I~-IBTRODUDCPTICOR

The objgect of & hall 1a Yo cover & limited ares that has to be
utilised for & oertain purposs such as mestings, sporbs, storage, ex—
habitioms, industry, ate

Reinforced concrets halls and their supporting elements must sa-
tizfy the fellowlng conditions

a) The disposition, layout, lighting, ventilstiom, dvainage and in
general the architectural composition must matisfy the requirenents
of the owner for an ecomomic, efficisnt and good-looking structure

b) The structure and ita structural members should be so dssignsd
and constructed that they are avle, with appropriate safety, to with-
stand all the loads, superimposed loads and other actlons { such as
differential settlementsg and tempsrature changes )} 1liable to occur
durang construction and in usge

The object of the dealgn caloulations is to guarantes sufficlent
pafoty against the structure being rendersd 'uwnfit' for service

4 structure 15 congldared 4o haws bacepe 'undit' when one or pore
of ats members ceases to verfomm the function for which it was desigon-
ed, owing Yo failurs , buckling due to elastic, plastic or dynamic ine
stability, sxcessive cracking, exceszsive elastic or plastic deforma-
tione atc

¢) The structural supporting elements must bs =30 chosen that they
give the most econonmie solutioo within the available posgible mesns

d) The imitial and maintalnancs cost must bs the minizmum possibla

e) The structure should preferably show clearly the statical sysvem
adopted and it is gemerally recommendsd nmot %o hide the supporti~g ele—
men¥s The oroportioms and dimensions chogsen according 4e a convenrent
staticel systenm are genmerally the most convenisnt and best leoking

The structures dealt with i1n the Tollowing chapters are suoposed
to be of relnforced concrete The general pranciples givea bere can-
net be applied directly to prestressed concrets structures without the
necesszary adaptation

-1 -



The main supporting elements of big span halls can be clasgified,
ragarding thelr statical systems, as followsi

1) Girdar Types
Under these systems, ws undarstand girders or trusses giving ver-
tical reactions for vertical loads such as
a) Simples girders Pig I-1 ]a
| 8 X K X

| ;

Fig I-1 4 simple girder

In this systam, the marimum bending moment takes placs at one
section only (Section a-a) and 15 relatively high The design of the
glrder is govermed by the sxtrems fiber streas of the sams section
and hence, uneconamicl

b) Cantllever girders Fig I-=2
5. 7

{ |
H A simple span | L !
T |

Fig I=2 A cantilever girdar

This statically determinste system is generally used in long gir-
ders or whers differsntisl settlemants are expescted

¢) Continucus girdera: Fig I-3

X X LY p ¢ 1 | 9 p 9 A BR.] i X X

) r

Pig I-3 A continuous girder

Such statically indeterminate systems are generally used in gir-
ders shorter than about 45 ma and where differential mattlaments do
not give high internal forces

In reinferced concrete structures, it 1s gensrally not poesible
to construot the knife edge hinges allowing the full rotation or the
rollers allowing the displaceament and rotation ssmumed in such ideal
Btatical systems

Girders supported on reinforced concrete columns possesa gensral-

1y some sort of fixation
For girders monolithically cast with the columps, 1f pno exact cal-



culation as & building frame 1s dons, 1t 18 allowed to consider them
as freely supported on the interior columns and rg:dly connected to
the exterior columns The fixang moment may approximately be eatimat-
ad 1n the followlng manmer Fig I—+

-1 L W H‘_- M[+Mf Iz"/y
My
7{1' I| <
ar) M. "
I,c ¢+ r — mer
T ——— D §¥
£ : T U o
R e @ M b Lu (o)
. 777

Fig I-4 Moment distribution in a building frame

Agsume Io’ Il and 1’2 to be the moments of inertis of the garder
of gpanl , the lower column of height hy, and the upper column of
heaght h.2 Theair relataive rigidity can be given by the factors

I [
ey = 2 =2 reference value
1 I
o
I
c = 2 -]'- relative rigidity of lower column
hl Io
Bl
‘2 h2 Io relative raigidity of upper column

Then, the fixang moment 'Mc at the exterior columns is gaiven by

Ca + ¢
Mc::ﬁ 1 2

l-f-c:1+c2

1n whach H 13 the fixed-end-moment of the loaded span 11 This moment
w1ll be distrabuted on the columns in proportion to their relative ri-

gidaty ¢ Thus

el a M, =M 2
M. = M an =
1 c c
ey + Sy Gy * e
For girders of top floor e, = 0 and Ml =M c

The sense of the bending moments can be adjusted by thoe systenm

-3 -



of arrows shown in Fig I-4 b

The exterior columhz are to be designed for the induced bending
moments shown in Fig I-4 ¢ plus tne maximun ax:al loads, whereas the
interzor columns may be calculated for the maximum axial loads only

d) Vierendeel girders Fig I-5
198 M IL l
; l «, T
Al
Fig I-5 A Vierandeel girder

Vierendeel girders are composed of a top chord, a bottom chord
and verticals This system 25 internally high grade statically inde-
terminaste while externally, it might be statically determinate as 1n
freely supported simple and cantilever spans or indeterminate as in
continuous spans

e) Trusgses Fig I-6

Fig 1iI-6 4 Continuous truss

Trusses may, 1n some cases, glve & convemient solution for the
main supporting element of the hall They may be simple, externally
statically determinate, or continuous, externally stetically indeter-
mainate

The Joints being monolithaecally cast and rigadly connected, the
1nduced bending moments may, in some cases, be of considerable valunes
and 1n order to bhave trusses free from corner cracks, such mements
mus- be considered in the desagn

2) Sheds

These are polygonal or curved slabs (or girders) with ties gav—
vertical reactions for vertical loads As typical examples, we give
the follpwing types



a) Baw-tooth slab and girder types Fig I-7

2
= i o
= =5
Lcrn” < 4 L™ Z
T AR RITRY RN PR RO A oty T R AT R IO ol WA ANV LALE Lol st} AT T T TR R T
Slab type Garder type

Fig I~7 Saw-btooth sheds
b) Polygonal sheds with & tie PFig I-8

< —/4,;-" 'f

i .r’""ﬂ s e s A AR FALU A LAY Vh slad ol i b Sl AL Y an il e b T T R T R [T L't o8

Fig I=-8 4 Polygonmal shed with & tie

In these two types, the elongation of the tie for spans 1<10 ms
25 generally small and can be neglected Hence, we get vertical reac~
t1ons for vertical loads

c) Arched glabs (or girders) with a tie Fipg I-9

Fig 1I=-9 Arched-slad roof
3) Framaes
The main feature of & frame is the continwity and rigid comnec—
t2on of the horigzontal, anclined or curved members of the roof with
the vertical or inclined supporting members The continulty gives ain~

¢lined reactions for vertieal loads, and the bending moments due to
the loads will be dastiributed on the different members of the frame

Frames may be classified to the following systems
-5 =



a) Statically determinate frames Pig I-10

One may recognlze here cantilsver framee (Fig I-10a), aimple
frames (Fig I~10b) and three hinged frames (Fig I-10c¢)

2 ffn;pa’ [rame

(-

Coevlar Hall

Frg I-10 Statically determinate frames

b) Opce statically indeterminate frames with or without ties
{(Fig I-1l)

t.’/n.r‘q mmelrrcal ¢ Mﬂ;ea’ [frame

- n!.--’ Frame wif als

Fig 1I-1ll Once Btatically indeterminate frames with or without ties

c) Twice statically indeterminate two-hinged frames with ties

{(Fig I-12)
A L } 8
?F{m’naf frame frred frame
wild a le
Vrreciad
Fig I-12 Fag I-13

d) Thres times gta*ically indeterminate frames Fig I-13

e) Continuous and multiple frames Frg I-14 a and b

Such frames are generally bigh grade statically indeterminate and
need much time %o destermine the statically indeterminate wvalues and
the internel forces The solution ecan however be much simplified for

-6 -



symmetrical frames generally used in structures

—— e e - - pEND Se— — -
Lon] nosvs [frame ll_ Hﬂ’l‘l/ﬂl’f Frame ’
(G.) | ‘ X T T

i (4)
|}

Fig I=-14 Continuous and multiple frames
43) Arched Roofa

Structures covering long spans and large areas without intermed-
jate supports using the ninimum amount of bullding materials have al-
vays been one of the main aims of structural engineers When a plane
roof surface is not necessary to meet the functional requiremants of
the structpre, an arched roof conveniently formed is normally found
to give the least amount of building materials because here, the ex-
fernal loads are mainly resisted by internal compressive forces plus
small bending moments and shearing forces Arches may be constructed
in different systems as shown in Fig I~15 a to f

Ny Dy FLEDS

r ﬂtv,u/ CM‘
J ﬂn;f—, ared r anc-.’ arch wr J.f’."“‘ Ler
v Hnged .M,‘ Fireed areh Gonl nvosr  areh

-r,‘ f'ﬁ!f nl/ :ff
Pig I-15 Different types of arched girders

5) Shell Roofs

As a further development of the arch principle, shell surfaces
provide structurally efficient solution to the problem of carrying
roof loads over long spans They owe their efficiency to the trans-
lation of the applied loads into compressive, tensile and shear st~
resses in the plane of their surface generallv termed as the membrane
atresses We recognize Surfaces of revolution, cylirdrical shells,
and double curved shells

-7 =



a) Surfaces of revolution o g domes and consa Fig I-16
!

/\ //\
Cone
P3 —¢o m

Zome

fo Yo m

, - -
r

Fig I-16
¢) Cylindrical shelis
The behavior of a shell is campletely different from that of the
arch The arch is & plane structure resisting the extermal loads by

plane forces whereas the shell 13 & space atructure supported an the
draphrapgms and resists the externsl loads by membrane stresses in 1ts

surface

Shells may be long as for example, the barrel vault shown in Fig
I-17 and the saw-tooth shell rpof shown in Fig I=18 Such shells may

£ joem
YT N NS
3ce‘rnm 5 3 .f/n- L
T

o f
o
Y b
h"

Fig I-17 A long cylipndrical barrel-vault shell roof
-8 -



be considered as beams of spanql and breadth b

A
l Srames (@ o m

L 2om | P b e

1 [
Fig I-18 &4 Long cylindracal saw-tooth shell roof

. S

They may also be short as for example the shell roof shown in
Fig I-19 Such a shell may be treated as a curved membrane supported
on the diaphragms

M|

25~ 4#0m

T o T ™7 s T Wy Fardu ey b ra b it o o L T »

J i le 8-10.~I L ,
| | |

Fag I-19
A_short~shell roof

.

¢) Doubls curved shells "

Double curved shells have bsen recently extensively used in mod-
ern structural architecturs to cover relatively bag areas with the
least posasible bullding materimls Some of the simple forms are shown
in Fag _I-20 a %o 4 _

Pig I-20 Double c¢urved shells on triangnlar and ractangular
ground plan

-9 -



Fig I-20 4 Some aimple forms of hyperbolic parabolold roofs

6) Folded-plate roofs Fig I-21

In an at“empt to gimplify formwork and yst retsin many of the ad-

YT NN
| I i

1 1

( &

Fig I-21 Molded-plate roofs
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vantage characteristics of cylindracal shells, the folded-plate struc
ture is evolved These surfaces have a deep corrugated form sgimilar
to that of cylindrical shells, except that plane slements ars used,
intersecting 2n fold lines parallel to the spdn direction as shown in
Fig 1I~21

The following 7 chapters, II to IXIIV, include the theory, deaign
and construction of the clasaic baaic systems of the main supporting
elaments of plane structures namely simple garders, continuous gir-
ders, frames, Vierendeel girdera, trusses, saw-tooth structures ang
arched roofs

In chapter IX some constructional details, necessary for the de—
sign are treated

In order to reduce the internal forces due to temperature changes,
shrinkage displacement of the supports, hinged and sventually free
bearings are extensively introduced at the supports of the main sup—
porting elements Chapter X has been devoted for the theory, design
and constructional details of such bearings

The analysis of folded-plate structures followed by detailed

design examples is presented in chapter XI

It has been found, as stated before, that big spans with the least
possible amount of bwilding materials cmn be achieved by the use of
shell structures The exact analysis of such structures is generally
very complicated, but due to the remarksble reserve strength of shell
construction, which makes it practically impossible for a shell struc-
ture to collapse, it has been possible, without detarled mathematical
analysis, to use samplified methods of calculation based on the qua-
litative understanding of the fundsmental nature of the behavior of
some forms of shells

Some siuple basic forms of shell structures, treated 1n & clear,
simple manner are glven in chapter XII

- 11 ~






II-SIWPILE GIRDERS

L& i )

| nax ..’—?omr

_J_I;

Fig IT-1 A sample girder

Simple girders as the main supporting element of a roof of a
hall (fig IT-1) may be used when differential settlements are liable
to take place or in special ceses € g when a new roof 18 to be con-
structed on sxisting beering masonry walls or 1f the columns used
to support the girders are relatively slender etc

If the span of a simple girder 1s bigger than 10 meters, i1t is
recommended to make one of the supports hinged and the other sliding
to allow for the free movement of the girder In this case a clear
horizontal joint between the reinforced concrete roof and the walls
18 to be arranged allowing the necessary rotation and displacement
of the roof to take place without creating cracks in the wall

=in case of girders supported on slender columne 21t 1S recomm-
ended to join the columns supporting the girders and lying in
masonry walls by horizontal beams arranged at convenient dastances
(3.5 ms) In this manner, the colunns and the ocutside walls, as one
plane, can follow the deformation of the roof without creating ver-
ticel cracks between the columns and the walls or horizontal cracks
between the roof wall beams and the walls

In mesonry or brick walls, it 1s however a good practice to
arrange reinforced concrete comnecting members - vertical columns
and horizontal beams - every 16 to 20 m2 Accordingly , 2f the

- 15 ~
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vertical columns in the outside walls of a building are arranged
every 6 ms , 1t 15 recommended to arrange horizontal connecting
beams an the wall every 3-3 5 ms

Fipgure I1I-2 shows the deteils of the roof - main girder of en
air-conditioned hall 14 ms span

In oirder to reduce the own weight of the 140 cms deep main gir-
der, the breadth of 80 cms from the web 1s shosen 20 cms and 4n open-~
ing 60 x 550 cms for the air-conditioning duct 15 arranged at the
middle of the span

The opening has been chosen in the tension zone, which 1s stas -
tically not acting and, at the middle of the beam where the shear
stresses are minmum Its height 1s to be chosen such thet there is
sufficient concrete area at the top to resist the compressive stre -
sses 1n the girder and ample cover for the tension reinforcements at
the bottom

The bottom enlarged part of the web 15 arranged in order to give
adequate space for the tension reinforcements of the main girder

In order to resist the shear stresses salely, the breadth of the
web has been increased gradually from 20 Lo 40 cms on the two gades
of the girder at zones ol high shear stresses For the same reascn,
1t 18 not recommended to arrange the air-conditioning ducts near the
supports at the inner surface of the outside walls

The steel reinforcement shown in figure II-2 gives the classic
known arrangement 1o which the diagonal tension of the beam 15 main-
1y resisted by the combined action of the bent bars and the stairrups

In order to avoid the formation of vertical shrinkage cracks
along the web, shrinkage reinforcewents ¢ 10 mms arranged at distan-
ces of about 35 cms along the outside surface of the beam are provid-
ed The relatively heavy bars arranged around the air-conditioning
opening are recommended

The haunches introduced between the roof slab and the web of the
main girder increase the moment of resistance of the garder because
in this manner, the effective breadth of the flange 1s increased

We give 1n the following some new trends in the design of re-
inforced concrete gairders

1) The use of deformed high grade or cold twisted (e g Tor or Ten-
tor) steel for the main reinforcement i1s prefered due to bigger bond

- 15 -



and hagher resistance If the bond betweern the steel reinforcement
and the concrete 18 increased the teision cracks are increased in
numnber and decreased in wadth Due to higher resistance the area of
the steel reinforcement 1s reduced and the girder under consideration
15 generally more economic In the shown example , the main steel of
12 ¢ 25 mm may be replaced by 12 ¢b 22 high grade steel or 11 $ 22
cold twisted steel

2) It has been proved by tests that the use of high grade reinforce
ments of small diameters distributed on the tension zone of the gir-
der gives a better distribution of the cracks Faigure II-3 shows the
crogs-seetions of two beams designed for the same span and loading ,
and having the same moment of resistance At farlure, the number of
tension cracks in the beam b reinforced by hagh grade steel was Eprot
times as much and much narrower than those of beam a 1n spite of the
nigher stresses in steel
b2 N
Al

-

& eL
- r ?\?
58 N
< 3 2 3 ~ v £
A &f ¥ R ¥
:};gm
I | A : __‘r_
L _5 - :¢Z____ < }3¢% ,
2z | A= 7 Fem” Fg4 As rrocm
NOPMAL MILD STFEL HiGH GrAads STEEL

Fig II~3 Sectlona of the same moment of ressistance

3) When tension cracks are developed at the central part of a beam,
the bond between the steel and concrete 13 broken at the posaition of
the cracks Under heavy loads, the width and number of tension
cracks 15 increased and the beam may collapse as the bar 18 pulled
through the concrete To prevent this occurrence , end anchorage 18
essential , fig II-4# If the anchorage 1s adequate, such a beam will
not collapse even 1f the bond 1s broken over the entire length bet -
ween anchorages This 18 so because the beam acts as an arch with e
tie as shown an figure II-4 1n vbich the shaded uncracked concrete

represents the arch and the tension reinforcenents the tie In thas

- 16 =



case, the force in tne tension steel, over the eatire unbonded length,

15 constant and equal %0 T = Mm.a.x / Vet In consegquence, the tobal) st—
eel elongation in such beams 18 larger than in those 1n whico bond as
preserved, resulting in larger deflections and larger widths of cracks

W WW@%

L1 or no Loned

Fig II-4 Tied-arch action in a cracked beam

In this manner, one can ¢asily imagine that the cutiing off of

the longitudinal tension bars weakens the taie and reduces the bearing
capacity of the beam The shearing forces can however be resigsted by
the inclined compressive forces of the arch

It 15 con sequently recommended to use for the tension reinforce-

ments deformed bars givang hagh bond resistance and, to introduce at
least one third of such reinforcements to the supports and to anchor

+them well beyond the center line of the supports

4) The wadth of the diagonal tensaon cracks depends on the type of the
web reinforcements used, as can be seen from the following test results
which show that the use of inclined stirrues arranged &b amall dist-
ances gives the best result (Fag II-5)

b C-annlth o/u/m'gnmfrmc{ -
E |
oGo 1
s il 1/ << 7]
o YI [ /
Hoy |
o Léé/
F-2¥, -J % i

Jo o Jo i S Lo

Faig II=5 Effect of type of web reinforcemente on width of cracks
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5) A reinforced concrete simple beam can howevar bhe consldered as a

complex +truss (Fig II-6) with the tension steel reinforcement as the

bottom chord, the top concrete — the flange — as the top chord, comp—
\\\\\\\\\\\\\\

R eee” ==
’a. oeA' ' A ‘\\

Flg II-6 Actaon of a simple reinforced concrete heam
as & complex truas

SRR N

resalon concrete dlagonals and tension steel vertical or diagonal
stirrups

6) It bhas been found that the teusion in the longitudinsl reinforce—
ment of a cracked simple beam 1s not equal to zero at the supports ,
but there exlsts a valus To equal to 1 - 1 6 Q where Q 1s the shear-
ing force in the botbtom chord of a truss with inclined compressicn
diagonals as shown in Fig II-7

|/°<p P
£ 4
143 Y
t{ﬁl{!(#{ /\S'L{_/J'Aa
A0 A @
lj"i_\ 3 s |

Fig II-7 Tension in bottom chord of trusses with dif-
terent inclined daiagonals

7) The checking of the anchorace conditions at the ends of the long-
1tudinal reinforcing bars gshould be based on the bending moment ( or
the tension ) dlagram, which should be suitably displaced to take ac-
count of the need to abaorb the horlzontal components of the forces
in the'struts' (compressicn membera) of the fictitlous lattice system
of the complex truss

Thies displaced diagram (see Fig II-8), which serves as the baais
for designing the longitudipal reinforcement, 1s obtained by shafting
the enveloping curve of the bending moments (or the tensions) parallel
to the center-line of the member 1n the mogst unfavourable direction bj

- 18 =



by an amount equal to the effectrve depth 4 of the section The long~
1tudinal bars should be anchored outsice the 'dasplaced! diagrem

The amount of disvlacament actually required may vary betwsen g
ana 4, according to the efficilency of the transverss reinforcement:
the value of 4 ia thus certainly or the safa gids

' 26 {cs 4
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Fiag IJ-8 Dasplaced bending moment and moment of resistance diagrads

Conclugions
From the previous investigationa, we arrive to the followlng cor-

clusions

1} The uas of high grade or cold treated stesels as tension reinforce-
ment 1s preferred empecially for bigger dismeters

2) The use of lopgitudinal reinforcements of relatively smell dia-
metera 8-10 mm distributed over the two surfaces of the web and at
guall diatanceas (15 - 20 cma) reduce the width of the ¢racks and can
be conslidered as resigting a part of the tension in the pection rel-
ative to the diatance of the bars from the nesutral aria

3) The maximum possible part of the %ension reinforcement is to be
introdnced to the supports and well anchored thers

4) The anchorage conditions at the ends of the longitudinal temsion
bars should be based on the shifted bending moment dimgram i e , the
ends of the bars detarmined azcaording to the classic moment of resist—
ance diagrm must be shifted a distance d in the most unfavourable dir-

ection
5) The use o* inclined stirruns at small distances (15 — 20 cms) to

res1st relatively higo diagonal tsasion is most effective
- 19 -






IIT-CONTTIUOUS GIRDERS

Continuous girders of constant and variable moment of 1nertis
give 1n many cases a convenlent solution for big spans If the
cholce of the spans 1s free and the magnitude of the loads on the dif-
ferent spans 1s the same, 1t 15 recommended to choose the lnner spans
somewhat bigger than the cuter ones 1n order to have field moments
of nearly the same order (fig ITI-1)

E:

—-

| = o ey
I
A I
&r 11-s34 | [ | g
] 1

Fig III-1 4i contionous girder

The increase of the depth of the girder towards the supports
affects the bending moment diagram increasing the connecting mocents
by 10 - 20% and decreasing the field moments by the coresponding
values For spans bipger than 10%% such effects must be taken in con-
sideration es shown 1n the following example of a crane girder subject
to wniform dead loads and concentrated rolling loads (Fig IIT-2,A}

To reduce the amount of work included in the problem the garder
18 chosen symmetracal and composed of three spans only

Refer to "Theory of Elasticelly Restrained Beams by M Halal
Publashed 1945,
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Fig III-2 Fixed points, moments and shears in a continnous girder
of varlable monent of insrtia
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le give 1o the follo/ifig tne ma.n s-eps reouired to de*ern_ne
+he in“ernal forces usi~z the graohical fixed - points - method

The internal forces due teo toe permanent un.formly distributed
dead loads will be determined by su.perpeosition of un.form lecads on
the different spans The increase of the deac load due to the varia-
tion of the depth of the main girder near the supvorts may be neglec-—
ted without making sn appreciable error

The internal forces due to the rolling loads will be determined
by the influence lines It 1s generally not recommended to use the
influence lines for determining the internal forces due to permanent
dead loads, the use of the direc* methed of loadang of the éilferent
spans gives much better results

1) Determination of the Fixed Toints

(Fag III-2 B C and D)
In order to find out the left faxed poxnt F, of span l2 , one

has to determine the position of the resultant elastic weights Rl
R2 and R3 where

R resultant of elastic weights w = A S MIO/I due to Fb = 1 acting

on ll

ln

resultant of elastic weights w = A5 HIO/I due to Hb = 1 acting
on L2

R., =
3 resultant of Rl and RE

These positions can be determined graphically 1in the following manner
For ab and bc as sinple beams draw the bending moment diagrams

(BM D) due to ¥y = 1  then determine the reduced B M D by multa-
plying the ordinates of the B M D by IO/I Divide the reduced B M D
wnto convenient number of straips A s Determine the magnitude of
the elastic veights w =4 s LI /I (fig IZI-2B) and draw their force
and link polygons (Fag III-2C)

Rl & R2 lxre at the point of intersection of the first aed last ray-
of the link polygon of the elastic weights om L1 end L2 respectively
and R5ls tne resultant of Rl and R2

If the beam were of constant moment of 2nertia then Rl and R2
lie at the thaird points of Ll and 12 respectavely whereas R3 lies at
the inverted thaird poant

Having cetermined Rl R2 and R3 y the left fixed point F2 of
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span L2 can be deterrined using the lnoun normal construction of beams
of con.tant moment of inertia (f_g III-2D) by drawing & line m n pass
1ng throuph the left fixed point of span Ll ( 1n our case, point a) ,
meeting Rl in m and R5 rn n through m draw line m b and extend 1t

to meet RE in r line n r intersects b ¢ at the position of F2

Repeating the same construction for spans 12 and l3 as gimple
beams due to Mc = 1 , one can determine the left fixed poaint F5 of
span L5

Due %o the increase of the moment of inertia of the girder to-
wards the supports one can easily notice that the position of the
I1xed points F moves towards the center-lines of the spans relative
to the fixed points F of the same girder 1f 1t were of constant mom-
ent of inert:ia (Fig III-2D)

2) Bending Moments and Chearing Forces due io Uniform loads

a) Unsymmetricel exterior span loaded by g t/m'

For such a span of unsymmet:icel variation of moment of inertia
the bending momen* diagram can be determined as iollows (¥ig I1I-2E)

braw the M - diagram {shown full) and the reduced ”oIo/I dia-
grap (shown dotted) Determine the center of gravity 8 of the re -
duced diagram by dividing 1t 1nto convenient vertical strips, ass -
uming the area of each strip as an elastic weight acting in 1%ts cen-
ter of gravity, and drawing e force and the coresponding link poly-
gons Through S draw & vertical line to meet the No - disgram 1in O
The closing line of the B M D passes through the point of intersec-
tion of the crossing line b O and the vertical through Fl

b) Symmetrical intermediate span loaded by g t/m'

This span has a symmetricel varistion of the moment of 1n -
ertia and hence O lies et tie middle of the MO ~ daegrem and the nor-
mel construction of the B ¥ T applies (Fig III~2F)

The final BM D due to a dead load g/m ascting on all spans
(f.g III-2G) shows that , due to the increase of I at the supports ,
T+  connecting mcments are increased and the field momentas are de -
cresed conpared to beams of constant I
As the dep*h and reinforcements of the girder slong the spans are
i emerally governed by *he field moments then a beam of variable I
g supposed to be more economic than a beam of constant I

The shearing force in any panel can be determined from the
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general eocuation
M. -
@ = g + 2o
° L
where
Q, = the shearing force of the simple beam

Hr and Hl = the connecting moments at the right and left supports of

the span under consideration

3) Bending Moments due to a Congentrated Onit load

The internal forces ( B M® , § F¥° etc) and reactions of &
continuous beam due to rolling loads can be determined by the influ-
ence-lines-method

The influence line of a force acting in any section of 2 beam
represents the value of the force in the section due to a simple unit
Joad moving over the beam the ordinates beaing drown at the position
of the load

In order to determine the influsnce lines of the bending moments
of the different sections, one has to draw the Bl D due to a con-
centrated load P = 1 at a series of sections For beams of variable
moment of inertia this can be done as follows

For a lomd P = 1 acting on span Ll , draw a vertical through the
point of application of P to meet the link polygon of the elastic
weights w due to My = 1 an e ( fag III-2C) , then draw the line e f,
parallel to the closaing line to meet the first ray of the link poly-
gon in f, the horazontal distance f g gives the croasing distance kl
used for determining the B M D es shown in figure III-3

i

vy Fr Fs o

Fig ITII=3

/Bendlng moment diagram dne to a unit load on exterior span

Fecr a load P2 = 1 acting on span L2 at a distance x from the left
support b , the crossing distances ki and ké can be determined by
assuming P2 once at x from the left support b and once at the same
distance x from the right support ¢ (Fig III-2C) The BM D 2as
drawn by plotting the smeller of the crossing distances k' at the
nearer support as shown in figure III-4
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It bas to be noticed that the velues of k are to be measured
from fagure ITII-2C to the linear scale of the pairder and plotted in
figures I1I11-3 and III-4 to the force scale of the EM B

Lot

&

Mg I1II-4

Bending moment diagram due ¥o a unlt load on intermed spen

4) Revresentation of Influence Lines as Elastic Lines

The influence lines of B ¥ ° s S F & or reactions of a contin-
uous beam (or any statically indeterminate structure) can be repre-
sented as elastic lines in the followlng manner

Chocse 8 maln system in whi.h the required force 18 equal to
zero 1l we apply the same force as an external load acting on the
chosen maln system, then the resultang elastic line gives the form of
the influence line (Fig ITI-5)

If 1t 15 required for example to determine the form of the in-
fluence line for the bending moment M acting at section n of the
continuous beam a b ¢ 4 , choose a main system in which Mn = 0 by in-
troducing a hinge st n TBis marn system will be equivalent to the
oraiginal system if Mn acts on the beam at n The elastic line of the
chosen main system due tao Mn gives the form of the influence line of
M (Fig III-5A) The proof of this statment 1s as follows

The relative angle of rotation at n of the continuous beam abcd
15 gilven according to the law of superposition by the relation

ﬂnnﬂnm+ﬁnunn-0
in whach
2., = 8ngle of rotation of main systew at n due to Pm =1
®nn " Mp= 1

According to theory of Maxwell, we have

Cop =% mn
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in which

Emn = deflection at point m of main system due to Hn =1

So that

or

Hn = 5mn x constant

In the same way , for the influence line of the bending moment
at b, M , cboose a main system i1n whach Hy = O by introducing a
hinge 1n the beam &t b , the elastac lane of this main system due to
M, gives the form of the required influence line of My (Fag III-5B)

A
JJ"(L My
2
c:.‘4 Ah < <
It of Mg
Ra
e T T T mmmmnﬂm
ag - T E | {gr __________ ™ of
< ! q
Ic of 3 (e) |1
mﬂmﬁm
‘D a A 7 l l < CL,

It /2 @a

Fig JIT-5 TRepresentation of infloence lines ag elastic lines

The .ame principle can be used for determin.ng the fo-m of the
influence line of the reactions, that is, for the influence line of
the reaction Rb {or R, ) choose a main system 1n which Ry {or Ra) = 0,
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this can be done by removing the support at b {or a), *he elastic lane
of the chosen main system due to Rb (or Ra) as & load gives the form
of the influence line of Ry {or Ra) (Fag III-5C)

The form of the influence line of the shearing force at any sec-
tion can be determined by cutting tne continuous beam at the section
and applying twe equal and opposite forces (Fig III-5D)

This method 1s generally not used for determiring tre ordinates
of the influence lines but as check for their form

5) Influence ILines for Bendang lloments and Shearing Forces

The ordinates of the influence lines of the bending moments are
generally determined from the ordinates of the B M D due to P =1
acting at the different sections, but the influence lines of the sShear-
ing forces in all sections of eny span can be done i1n one process as
follovs  (Fag III-6)

A«mfﬂ]ﬂmm

My Hr

WW iﬂﬂﬂ% 4 il

e
TN S*TWM I e

i

H,. H\.’ ! -
M- |.’, ' (# fQLQ
,f‘mNWEHMM TN

n
1L £, , .
Fig III-6 T influence line of shear
The shearing force at any section 1s given by

M -M
I
N

The influence line of Q0 for any section i1n span be 18 given by 2
triangles bounded by the two parallel lines with ordinates ecual to

1 at b and ¢ It varies from section to section The effect of

(hr - ML)/L 1s given by the curve shown in figure III-6, whose ordin-
ates are constant for all sections 1in be

6) Absolute Bending loments and Shearing Forces

The maximum bending moments and shearing forces due to rolling
loads will be as shown in figure II1-7: & B Adding the B }® and
S F° due to dead loads given in faigure I1I-2G & B to those due to
rolling loads, we get the abslute maxacum diagrams giver in figure
ITI-9c & 1
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It has to be noted that for heavy live or rolling loads, negative
field moments Mm at the middle of 1ntermediate spans are liable to

take place, 1n which case, the necessary top steel reinforcement must
be arranged

A i ,‘l | l.lll “ill! (e,

,;LL;”',; T i
2 | ol
: 'ﬂmunmlll'l'ii iii u"iiﬂfﬂllllmmw
2D
1

Abrobile max SF° oduve O Deuo/.q,éoc’/nj lrads
Fig III-7 Absolubte maxumun bending mements and shearing forces

Recommendations

1) The arrangement of the tension reinforceaent 1s to be done accor-
ding to the tension line shifted a distance d from the H/yCT - line
as shown in figure III-8

2) The tension reinforcement over the supports is not to be concent-
rated in the rib, a better dastribution of the cracks will be attain-
ed 1f a part of the reinforcement 15 distributed in the flange, 21f
any, as shown in section B-B of figure III-8

3) The maximum shearing force occurs immediately adjacent to the
supports but the paxlmum shear stress to be considered in the design
1s that at a section 4 from the face of the support because adjacent
to the supperts the addational local stresses caused by reactions

- 29 -



counteract crack formation Ffor *his reason 1t 1s generally re-
conmended 1in cases where bent bars are arranged to resist diagonal
tension , to make the interior bent at a convenient distance from the
face of the suvoort so that the top horazzontal par* of the bent bar
can share effectively in resistipg the connecting moment (Refer to
T2gure ITT-B 1n which the first bent at the irtcrmediate support is
arranged at the top end of a line drawn Irom the face of the support
and waking 60° with the horizontal)

g
J ri l o ]
SN TTTTT
_L‘ Jff*u Ig;f-I P
.__; L ~ - lﬁ. [
m e _/ —
L\ £ / ~ ”
|
L4 i/oﬁ '
-’ = &4
I 74 Fearran Coe

o

Fig III~8 Details of reinforcements of a continuous girder

43} Some new tests have shown that the best distribution and minimum
width of cracks cen be attained by using inclined {or vertical) sti-
rrups at zones of high shear stresses as vas shown in faigure II-56
Acco dingly the use of straight bars only for reinforcing continuous
(orT simple) beams may te the convenient solution Fig III-9

5) Tne slope of the effective haunch must not be more them % 1,
oirerwise , the pr.n.ipal nprmal compressive stress(q parallel
to the outer surface of toe haunch 1s eccessive relative to the
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horizontal normal stress O,

i .8
SN ;,ixl 7222272 RN [ |
e 24 - I:;: T ‘Pl_zi
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JF 15‘

Fig ITI-9 Use of straight steel bars and inclined stirrups
1n confinuous garders

According to figure I1II1-10, we have
( Oi ds cosa ) cosd = g, ds

So that
Oi = G; / coszh
For a slope 1 1 coszu = 1. ana g, = 2 g, nmot allowed !
2
" 31 coseﬂ = 9/10 Gi = 1 11 0& accepted
} o~ o 4+
= !
A ¥ - #-:I'M Y
R E o o
}g
’ €y
= 3

Fig IIT=10 Praincipal compresslve stressés in haunches

&) The maximum nmoment that can be resisted by & section 1s that whach
cquses a stress in tension steel egual to 1ts yield stress so that

if 1n a continuous beam, the moment 1n any of the critical sections-
sections of maximum connecting and field moments - _s bagger than the
mentioned maximum value, the lncrease will be resisted by the otker
eri*1cal sections on copdition *hat the equilibrium of the beanm is
celntained A statically indeterminate Deam remains in equilibruim
unt.l the stress in steel of all critical sections (max three in nu-
mber) reaches the yield stress &t which moment collapse 1s liable to
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“ake place

Accordingly, a redis*ribution of the bending moments determined
accoralng to the theory of elasticity 15 possible any of the cratacal
values may pe changed within a range of + 163 of ro (Mo = *he max
B M of the simple beam) on condation that tpne tension reinforcement
1s not chosen smaller than half the value required according to *“he

theory of elasticity Fig III-11

ma r __________ 3
Ho/é 35 "‘_——_""‘—_—_—'ﬁ
5 /

130
-
M

P
Fd

Fig III-11 Lamits of redistraibution of bending moments

In order to avoid visible cracks .n the lower surface of beanms
(and slabs) and to have convenient depths - in case of beams of small
breadth - anc reinforcements 1t 1s generally advantageous to reduce
the connecting moments and to increase the field moments by the cor-
responding values

Exemple

A continucus beam of 2 equal spans 1s subject to a dead load
g =1 t/mand a live load p = 1 */m Determine the extreme values
of the bending moments for the rpinimum posible design connectilng mo-
ment The span of the beam 1s 8 m

Solution (Fig III-12)

—_— 2/ P_14fm
Connecting moment for one span fEz11éIEEEDDD3§%§3555333}EEEEH
g = 1 t/m  am [’JM [

only loaded by

b = 812 /16 = 1x8%/16 = 4 nt -
l'ax connecting moment for the 4éﬁ %ggi L
2 pans loaded by g + p = 2 t/m ] ]u L%yﬂy IWHU}\
sax D =4 x 4 16 mt L= pmp TR
Feo o slm bolad  Aoc ls M:«:m; 7”&{!

tllowed reduc“-ion o connecting

zoment
- Fog IIT1-12

'y =016 x 16 = 2 56 =~
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Design comnecting moment _ 16 —= 2 »& = 13 44 mt

For mex field moment the two spans 111l be loaded by g and one span
only by p , 1n which case

It = x4 = 12 mt

b
Outer reaction of loaded span R =2 x 8/2 - 12/8 = 6 5t

hax field mowent lies at point of zero shear which 1s assumed to be
a dastance x from the exterior support where

XxX= RBRMe6&65 /2=325¢g
lhex faield moment Nf = w12 /2 = 2x3 252 /2 = 10 6 mt

Lfter re-distribution, the connecting moment for one span loaded 1s

given by

My = 12 = M =12 - 25 =9 44 pt

Outer reaction of loaded sbam R =2 ¥y 8/2 ~ 9 44/8 < 6 84 ¢
Nax field moment lies at x = 6 g2/2 =341l m
hax field moment Mp = w x2 /2 = 2x3 41° /2 =11 B4 mt

Ve give i1n the follo\inz some examples of continucus reinforced

concrete girders

The example shown in fagure III-13 giv s a cont.nuous g.rder with
a relatively short span between long spans In this case the short
span wi1ill be subject to negetive connecting moment over 1ts vhole
length the reinforcements can be arranged as shown

¢

28 — 24
fe 26 N\ 74
; \\, 28 28 . 44

7 L2

)
(

o

Fig III-13 Details of a coatinuous girder with a short span
between long spauns
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If the shorter span 1s an outside one the derails cen be as
shovn .n fzgure IIT-14

RN L N

= - l

— h

Fag IIT-14 Continaous girder with an outside short sman

®1g III-15 shows a continous girder 15 ms span supporting a 10 m
saw tooth roof 1n factory 155 4t Helwan

IS5 oom /5 oo m

Fag IIi-15 Cross and longitudinal sections of factory 135 at Helwan

The detarls of reinforcements of the roof slab and secondary beams
as well as toe details of the main garder are shown in faig IITI-16

Due *“o constructional regulrenents , the bearaing area of some
continous girders on the supporting columns 15 reletively small - e g
the bearing at the raght support of the girder shown an figure III-15
1f the cross rein.orcenen*s of the head of the columr are not suffica-
ent to resist the tension due to fric*ion and split~ing & crack wvhich
Day encanger tne safety of the vhole garder 15 licble to be qeveloped
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Tne reauired cross reinforcement can be calculated as follows (fig
111-17)

Assuming that the frictional force rpesultang from the possible re -
sistance to shrinkage 16 E = H

in which

He O 2 to 1 according te condi“ion and type of bearing plates,
and the cross tensile splitting force due to the toncentration of
A
A 1s T~ —=

3

Cross ra nforcements

~ | Y
7

Fossible crack

=]

Fig IIT-17 BHorizontal forces and cross reinforcements
&t the head of a supporting column

Then the total cross tensile force 15 H + T , and the required crose

reinforcement 1is given by

Ao = (H+T) /0 = (055 tol 3)A/C
s s

Fig III-18 shows the roof slab and the main girders of an air
conditioned wollen textile factory The aar-conditioning ducts, 10
meters apart, have a trapezoidal sectior 1 5 ms clear depth thear
clear width 15 1 CO m at top and O 80 m at bottom The supporting
columns are arranged below the ducts at distances of 24 ms

The walls, top end bottom slabs of the duct have been chosen
20 cms thick, so that 1t was possible to use the 1 90 ms higk trape-
zoldal section of the ducts as continuous main girders 24 ms span %o
support & ribbed roof slab 8 6 ms clear span

The ribbed slab 1s one wav and 30 cms thick It 1s composed of
2 so0lad slab & cms thick and ribs erranged every 50 cms  The ribs
have a trapezoifal section 24 cms deep ana 8/10 cms wide In order
to distribute the lomd over the ribs and to assure their compined
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action two s“_Zfening rib, having the same sectior a5 the rein ribs
«’e arrengec 1r *“.e longi*udinal c.rec“ion parallel to the ducts In
o~der to have ece.uate svace for resisting the connecting momeats two,
LC ems long, so_ic v.T'ts <rc arrareed aajacen* to tae ducts

The reinforcexz nt of the so:1d sleb 15 5¢ 8/m normal to the ribs
and 4¢6/m varallel to the =1bs

The main ribs are reinforced by 2¢ 16 at the bo~tom 2n tne span
and at the too over the supports The stiffening ribs have 2¢lo at
bottom and 2 ¢ 13 a* top

The reinfo—cemen* of tne main giraers 1s placed in the lower
slab at the mrccle of the spans ana in the top slab over “he suppo~ts.
The bert bars are vlaced in the walls In order to avoid splicang of
“he reinforcements specizl long bars of length ((52 ns are used

In continuocus girders of equal spans which are ¢ common use 1n
buildings tne connecting mcments over the supports ere generally
bigger than the Iield moments If the slabs ere arranged at the up-
per fibers of tne girder then the sections of bigger moments at the
su~ports behave =» rec*anglLler ana mequlre big depths, wnereas +he
sections of sSmcller moments at mid-spen behave as T-sections and re-
guire relatively smaller deoth

In case e girder of constant depth 1s requirec, i1t 1s reco.u.e
ded
a) to redistritute the benaing moments by reducing the connectiag
moments by en amount C.FD/G The reduction mey however vary fr m
support to support to gaive a simplified distrioution of the rexnfor-
cements
b) to reduce the com ecting moments over the supports according to
a2 parebolic curve due to the distribution of the reac*ion over the
width of the support and
¢) to design tne section of maxicum connecting moment for the mina-
muz depth and the marximum zllowed compression reinforcement which
oust be {~0 & *“he tens.on reinforcement
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Iv- FR 41 ES

# ‘rame 1s & structure in which the rigid connections between the
girders and the supporting columns are utilized so that the intermal
forces due to the loads are resisted by tne combiné action of the gir-
ders ana the columns 1 e the bending moment ho 15 distributed on both
of them (Fig IV-1)

//"\

!& ne 1,0 prsryers

N AV P
Al mmﬁx' = L" !
¢ = \
/ Mo p 2 Mo /,87.; )\
e 4 T T
FeAME JIAMBLE 21 PDER

Frg IV-1 Frames and simple girders

In & simple girder we get for ver-ical loads vertical reactions
while 1n g frame, vertical loasds give nclined reactions

The megnitude of the bend.ng moments resisted by the columns de-
pends on the relative stiffnessyofi the girder with respect to the

columns where

For constant I1 and 12 and uniform leoad p, tne connecting moment hc
of & rectangulaer frame 13 given by

2
S TSN T

M
¢ 4(% + 21) kl
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Tne field moment 15 ther fore >

2
r o = _:_l..—— - 1 c = + _B..L_
8 L
e give in the folleying *able the values of kl and k2 for &_flerent
h/| &and I2 / Il values

BA | I/14 W ky ks,

04 0 60 16 8 15 3
G5 15 c 75 18 O 14 4
06 0 9C 19 2 13 7
04 O 8¢ 18 4 14 O
5 20 1 00 20 0 1% 3
06 120 21 & 12 7
04 100 20 0 13 3
5 25 125 22 0 12 6
06 1 50 24 0 12 ¢

Tne table shows *he* the bigger “he value of . tbe smaller 1s “he
moment resisted by “he cclumns This momen* deponds also on *ne var-
1ation of tne Doment of 1nertia an such & way tnat the portions of
bigger meoment of inertia resist bigger moments as shown 1n fig Iv-2
which shows three two-hinged frames of the same span subjeci to umi-
form leads Case a shows a frame with a stiff girder and a slender
column the bending mcment HO = pla /8 15 mainly esisted by the gir-
der and a small bending moment 1s resisted by the columns In case b
“*he girder and columns «re approximately of the same stiffness the

O IIIITTTITTYT 7T S S I I S T O A L IjjIIDml

it

ol 1t

| £ ] J o S
[ L) 0 I (<3 -l

T

Fig IV-2 Dastribution of momen*s between g.rder and columns
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field and corner connecting moments are neerly of the same order Case
¢ shows a frame of relatively big moment of inertia at the corner.
causing big connecting moments ana small field moments

The minimum bending moments 1n a freme take place 1f 1ts axas
coincides on the line of pressure of the loads The exais of a reinf-
orced concrete frame may be assumed as the line connecting the centers
of gravity of the plain concrete sections the width of flange to be
considered in T-secticns 18 B = 6ts + b° , where tg = thickness of
flange and bo = breadth of web The lime of pressure gives the posi-
“ion of the resultsnt of the loads and reactions in any section (Re-
fer to fig IV-1)

Accordingly if the form of the frame is not specified, the eco-
nomic frames are those in whach the axis coancides on the line of
pressure of the loads 1 e for a single concentrated load cheoose a
triangular freme , for a series of concentrated loads,, choose a poly-
gonal frame and for a uniform load & parablic frame 1s most convenient
(Fag IV-3)

S =3
7]

Trapego daf Frame /Da{;v nal Frame
e conc doads Series ‘af cosr <heols
7 7 7
| S o A A A o A A O 11 D 2ITTITT0

/Ddfan{atgr: /rn::mt
Um/ﬁrm Loasd

Trean gofan Frame
fmj:‘é Loas

Fig IV-3 Lane of pressure and axis of frame
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The choice of the form of a freme 1s generally governed by the

external and internal architectural consaderations as well as the
purpose for which 1t 1s used The sratical system depends on the con-
ditions at the supports

Statically determanate three hinged frames are used on weak soils
that may be subject to small horizontal or vertical movements of the
bearing hinges (Fig IV-4)

Two binged frames are generally used on medium soals as they are

not very sensitive to displacements of the supports

Fig IV-4 Three-ninged frames

Temperature changes and shrinkage cause moderate stresses that can

be easily resisted Fig IV-5 shows some of the forms extensively

used 1n reinforced concrete structures

=

J 7

Fig IV-5 Two-hinged frames
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On good firm soils , fixed f{rames may be used In this system,
the intrnal stresses due to horizontal or vertical displacement of
the supports as those due to temperature changes and shrinkage are
relatively bagh and must be considered

Three Einged Frames

A three hinged frame 1s statically determinate The external
reactions can be determined from the conditions

22X=0 , 22T=0 ,3 MeD and M =0

The example shown in fig IV-6 gives the reactions, the connect-
ing moments at 4 and e and the line of pressure of a three hinged
Polygonal frame

¥
2z
q.
e, & ¢t ¢
¢ &1 | € ¢ .
¥ ! | i "
r L <
, M. t
Im 1}, \"
1 |7}
£ N T
. L line of pressure .
H-4¥a £ My 4
[ 225t 7
Eﬂ- /L2 o B‘
. 'Y
Fig IV-6 Example of & three-hinged frame :
N
IY = O ort Q
A+B = 3x8+3xT6 _ = 42
Moments @ b = O 1e 3t
Ax 12 = 260 xG + 1B x 3 or —_—
4= 225 ton
Therefore
B= 19 5 tom
Moments about ¢ = O 1e
22 5x6-Hx7-28x3% =0 or
E= 90 ton
Therefore Md = Mc = §x 5= 45 mt

The line of pressure 15 the link polygon of the loads end reac-—
fions with Ra as the first ray at a and Rb as the last ray at v 1t
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cust pass througn *.e pinpe ¢ The i1p*ernal forces can be ezsily de-

+ermined analytica.ly or graphically

Two Hinced Frames

4 two hinged frame 15 once sta*ically indet=rminate The static-
ally indetertina“e value H can be determined 1f we choose the static-
2lly determinate simole frame with a ninge at a ana a ro.ler at b as
a main system (%Tip IV-7) Due to the effect of the load p the rolle~w

Fig IV-7 Anaiysis of a two-hinged frame

of the main system a- b moves outwards a distance 50 A horazontal
force H ~c*1ing 1inwaras at b such that the horaizontal displacenent

of point b equals zero gives the reguired statically indeterminate
value So that for the gaven frame we have

Stat det main systen Simple frame with a roller at b
Condition of elasticity Horiz displacement & = O
Stat 1indet walue Hori. thrust H
Eguaetion of elasticity 8§ =0 = b, + H Y
1n which
50 - horiz displacement of main system 8t b aue to load temp
t
51 = =1

According to theory of virtual work

b M, ds N 1. ds Q. Q, ds
1 50 =J- o "1 4_JP o "1 . ‘[ o_*1 ™~ s atl

EI EA GA

2 2 2
1 & =J' 1% N j ﬂ_l._ff + El_ff
1 ET EA oA



in which

Mo . No 3 Qo are the bending momen* , normal force end shearing force
of the main system due to the given lokds, and Pl ’ Nl and Ql are

the B L. I F and 8 F of the main system due to H =1

atl = hori. d.spl of main system at b due to a temperature n -
crease of t 1fa 15 the coef of linear expansion

The displacements 60 and 61 due to shear stresses are verw
small compared to those due to normal s*resses and are generally ne-
glected furthermore only in otructures where the normal forces are
relatively big and govern the design (e g 2n arches), the bending
moments only are considered when calculatang 60 and él 50 that

ET
and
IE ds
l 5 1 = | ee—e———
EL
Sc that M M. ds
B - - -
B 5 "2 as
1 [ ) ds
I

When using this method of virtual work , 1t has to be noted that
H 15 to be chosen in the darection sa*isfying the condi*ion of elas-
ticaty It can however be chosen in any direction {(inwards or out-
wards) , 1n thas case the bending moments Mo and Ml are to be drawn on
the tension side taking the sense of H in consideration Il ds/I 1s
always positive and _rH M ds/1 1s to be assumed posit_ve 1I theb
and the corresponding Hl dlagrams are on the same side of the axis of
the frame and negative 1f the two diagrams are on oppsite sades I
the sign of B according to the previous egua*ion s positive, then the
assumed direction 15 correct and if 2t 15 regative, the assumed dir-
ction 15 to be reversed I Mo ”1 ds 15 the area of the FO diagren
slong a certain element miltiplied by the ordinate of the correspond-
ing Pl diegram at tbe positioch of the certer of gravity of the}
d.agram that SIM by
IV-7) 1s gaven by Ao b4 whereas III ds for the same element 1s equal
tc the area of the *“ravezoidal hl - dieram multiplied by the ordinate

ds for the 1nc11ned member of length s (flg

of the same diagram lying at 1ts center of gravity
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Tables on page 44 & 4> g1ve the values of.fba }L ds as a gen—
eral form for‘fPo Fl ds anﬁ,fﬂi és along an element of length 5 for
constent moment of i1nertia and different diagrams of NJ end Hk

The magnitude of the horizontal tarust E snd the corresponcing
invernal forces depend on the exac* form of the axis of the frame and
toe moment of interia of the different sections both depend on the
dimensions of the sec*1oms which in turn devend on the invernal forces
Tnis means tha- the finel dimensions of o Iframe depend on the vperlim-
1nary dimensions for which tne axis and the moments of ainertia have
been determined Tne solution can be assumed correct wnen the final
results are the same as the preliminary Such & coincidence can be
achieved 1f we proceed as follows (Fig IV-8)

Fred'm mary 2x1S
1

T Final avis

f { el merrery dimen sion

IT; L Sanal of mrengion ‘rl‘g’

¢ s

i
¥ l\

[l J_ ILL
az ay ay ar

Fig IV-8 4ixis of & two-hinged frame

1) For any frame of gemeral layout assume preliminary dimensions and
Bx1s based on previous experiencse or similar structures

2) Caloulate tone own weight of the different elements and determine
the dead and live loads o

%) Compute the moments of inertia of tfe elements of tne frame for
the assumed dimensions The moment of imertia of giiders monoclithic-
ally cast with the slabs may be celculeted for a plain concrete T-sec-
tion with breadth of flange B = 6t5 + b° Such values are given 1n
toe following table



Momen* of Inertia of T-Sections

e’ }
I, =uB 63 ;I__::._ _?‘:l __t:f:
Jf
Values of 10411 |é |
by o/t
B 05 1C 15 20 25 30 35 40 50 55 &0
05 97 | 109 | 111 | 111 | 112 | 115 | 122 | 132 | 169 | 196 | 251
06 | 110 | 125 | 129 | 129 | 129 | 132 | 137 | 1+7 | 181 | 207 | 241
07 | 122 | 180 | 145 | 146 | 146 | 18 | 152 | 161 | 103 | 218 | 251
08 | 133 | 154 | 161 | 162 | 162 | 163 | 167 | 175 | 205 | 229 | 260
9 | 143 | 167 | 176 | 178 | 178 | 182 | 182 | 189 | 217 | 24D y 270
10 | 154 | 179 | 190 | 192 | 192 | 193 | 196 | 202 | 228 | 250 | 279
11 | 164 | 192 | 203 | 206 | 207 | 207 | 209 | 215 | 240 | 260 | 288
12 | 173 | 204 | 216 | 220 | 220 | 221 | 223 | 227 | 251 | 271 | 298
13 | 182 | 215 | 229 | 233 | 234 | 234 | 236 | 240 | 262 | 281 | 307
14 | 191 | 226 | 241 | 246 | 247 | 287 | 288 | 252 | 272 | 290 | 316
15 | 200 | 226 | 252 | 258 | 260 | 260 | 261 | 264 | 283 | 300 | 324
16 | 209 | 245 | 263 | 270 | 272 | 272 | 273 | 276 | 293 | 310 | 333
17 | 227 | 255 | 273 | 282 | 284 | 284 | 285 | 287 | 304 | 319 | 3&2
18 | 225 | 265 | 284 | 293 | 296 | 2096 | 205 | 298 | 314 | 329 | 350
19 | 234 | 274 | 295 | 204 | 307 | 308 | 307 | 309 | 324 | 38 | 359
20 | 242 | 283 | 304 | 314 | 318 | 319 | 319 | 320 | 333 | 347 | 367
22 | 258 | 301 | 323 | 324 | 339 | 340 | 340 | 341 | 353 | 305 | 284
24 | 295 | 318 | 342 | 354 | 259 | 350 | 360 | 261 | 371 | 332 | 400
26 | 291 | 334 | 360 | 373 | 378 | 380 | 380 | 381 | 389 | 399 | 417
28 | 306 } 350 | 276 | 390 | 397 | 209 | 299 | 400 | 407 | 416 | 421
30 | 320 | 366 | 392 | 407 | 415 | 417 | 418 | 418 | 424 | 432 | s46
32 1 336 | 380 | 408 | 424 | 432 | 435 | 435 | 435 | 441 | 448 | 46)
34 | 252 | 396 | 424 | 440 | 448 | 452 | 452 | 452 | 457 | 464 | 47,
25 1 367 | 410 | 438 | 455 | 464 | 468 | 468 {469 | 473 | 479 | 490
38 382 | 426 | 453 | 470 | 480 | 484 | 485 | 485 | 488 | 497 | 504
40 | 397 | 441 | 468 | 4B5 | 405 | 409 | 500 | 500 | 503 | 508 | 517
42 | 412 | 45u | 482 | 499 (509 | 514 | 515 | 515 | 518 | S22 | 520
4 | 427 | 468 | 496 | 513 | E23 | 328 | 530 ! 530 | .32 | 5356 | 5ui
46 441 | 482 | 509 | 527 | 537 | GA2 | B4 | 544 | 46 | 549 | 557
48 | 456 | 496 | 523 | 540 | 551 | 556 | 558 | 558 | 560 | 563 | 2o0
2 | 470 | 509 | 533 | 553 | 564 | %G | 571 | 572 | 573 | 576 ! 582
22 { 505 { sun | 567 | 585 | 596 | 601 | 604 | 604 | 605 | 607 | 612
60 | Bun | 575 |1 599 | 616 | 626 | w3l | 634 | 635 | 636 | 637 | oil
6> | 581 | 609 | 630 | &45 | 655 | 550 | 663 | 664 | 654 | 655 | 668
70 1616 (642 (660 | 674 | 683 | 688 [ 691 | 691 | 692 | 692 | 605
7> 1652 | 875 [ 691 | 702 | 709 | 714 | 717 | vis | 718 | 7is 720
BO | €89 | 706 | 720 | 729 | 736 | 7s0 | 72 | 43 | 743 | w3z | qun
90 | 761 | 770 | 779 | 782 | 786 | /88 | 789 | 790 | 790 | 790 | 7on
10 | 833 | 853 | 832 [ 833 | 833 (833 | 833 | 833 | 833 | 83 853 |
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4) Celcula*ed the staticelly indeteroxinate value and the corresvona-
1ng 1nternal forces The results of some sample orms of frames are
given at toe end of *his cnanter they saioplify these cclcule“ions

5) Deternine the dimensions reguirec te resist the calculated inter-
nal forces, which may be medified to suirt the expected final form of
the frame

v} For the new dimensions draw the nev axas and celculate “ne moment
of inertaa of the different sections In this stege, 1t 1s recommen-
ded to divide the frame to & convenient number of straips of lengthAs

and to determine H from tmne relation

MyaAs
M 0¥
Z—ﬂl—-—- + Eatl Z~-—-—I——--+Eatl
H = - = - -
24
1
nyas L___
> M >
The calculations may be put 1n table form as follous
Llenent NHol As |b orB| t I N 32 yzés/I Do l‘-oyAs/I
1
2
3
1R

r= r -

7) The calculations are to be repeated until the fainal dimensions are
the same as the preliminery After some experience each step can be
done once only

In bag frames the real axis and the variation of the mopent of
inertia are to be considered in the calculations otnerwise hig errors
ere liable to take place as shown in fig IV-9 1n which the cormer mom-
ents 1111 be increased by values tua” may amount to 250 1in which case
“he field moments zre decreassed by about 20% due to the increase of I

~overds the corners (Faig IV-9)

The s*eps of *he desizn will be shovm 1in the following simple

~Xacple
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It 1s requaired to design the main supporting element of a hall
which 18 to be covered by a reinforced concrete flat rocf, if 1t is
20 ms wide, 40 ms long and 70 ws clear height

- =
- \\
Havnchos cansicdered // \ine L Prescore
\
AY
/
N\
i l/ \ |ﬂlﬁ1
T SAP LT
A A L TTIIEEEX
T J LL- - - 7

ﬁdﬂﬂfAEJ’ ﬁe; &Cl‘d’d’

Fig IV-9 Effect of haunches on internal forces

The main supporting element can be chosen as a rectanpular frame,
20 ms span arranged every 5 O ms In order to get & resonable slab
~ 10 cms thick, secondary beams 20 x 40 cms will be arranged every
~ 4 0 ms Accordingly, the general layout of the different support-
ing elements will be as shown in fig IV-10

As a first estimate assume the depth of the main girder of the
frame ~ 1/14 of the span 1 e ~ 1 40 ms the column mey also be ass-
umed 1 40 m at the top and O 6 m at the bottom The breadth of both
girder and columns bo can be chosen = O & m For the preliminary
calculations the load on the frame from the rcof may be assumed as
uniformly distributed

Sleb lcad = own weight + roof cover + live loed

- 250 + 150 + 100 = 500 kg/a°
Equivelent uniform load due to own weight of secondary beans
=02x 03 x 2500/4 = 150/4 - 38
Reof load = (500 + 38) 5 = 538 x 5 = 2700 kg/m
Qwn weaght = Q0 4 x 1 3 x 2500 = 1300

total = 4000

Breadth of flange of mein girder B = 6 t_ + bD =6 x 10 + 40 = 100 cn

2
Area of cross-section A =100 x 10 + 40 x 130 =6200 cm
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6200
The moment of 1irertaia 12 can be cetermined according to table given on

= o chs

Arm of center of gravity from ootTon ¥, -

page y7 hence
40

for b /B = == =0 4 % /t =10/140 = O 071 H=( (L15
¢} 5
100
Tnereiore
I.= pBt’ - Q0O415x10Cx14” =G 114 n”

2
LN | ! po
I x L | L — X ‘]%ﬂ
1 I = \1' 2 éﬂ'c/eﬂ
E b'/ “z | Yo m
| I
Se Q\j / ﬁm £ DEernr
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— & 20 m ol
Iy

S o
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Fig IV-10 Example of a two-minged frame

For the preliminary calculations ore may assume the moment of iner-
t1a of the .clumn as cons*ant and compute 1t for an average sectlon
at 2/2bh1e C 40 113" | thus

I, = bt7/12 = 0 & 2 1 13%/12 -0 48 &
The relative stiffness 1s therefore given by
I
we B 2776 0114 - 0 925
1 i 20 0 o48

The connecting mozent Pc 1s therefore giver by
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2 2
woeo 23 ___m® ot w208 gnops
© 4(342U) 4(3+2x0 925) 19 & 19 &
Due to the xncrease of the depth of the columns tovards the upper cor-
ner Mc w1ll be increased by say 10% Such an increase is5 however

allowed due to the possible redistribution of the maximum moments
Hence ”c =11x825 = 90 mt

The horizontal thrust H i1s therefore given by

B = M /b« -29_ . 11 & tonms

7 76
The field moment M_ i1s
p12 . 4x202
Mm . I Mc m —m2=— — 90 = 110 mt
8 8

The fin.l check will be done for the dimensions computed to resist
the following internal forces

1) HMaddle section of girier b= 110 mt N =11 6° (comp )
2) Sections at sup b= 90 mt N =11 &7
3) ‘Top section of column M= 90 mt N = 4x10 = 40" comp

The chosen dimensions are jJust sufficient

For the fainal calculations of the internal forces, the dimensions,
the reinforcenments the stresses etc will be done for the real
axis teking the varition of the moment of i1nertia 1n consideration
Ho 13 to be celculated for the direct uniform load from the slab plus
1ts own weight and the concentrated reactions of the secondary beam=
(Fig IV-10&11) It 15 preferable to divide the frame into straips of

LS JITITIT JLJTTT ANEAAMSBREIINENENEE NN AJTTT 1o il

F ° kD P P

i =

Fag IV-11 —
convenient length and to tabulate the results as shown on page ag
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The direct unmiform load 1s given by
p=05x4x500+04x13 2500 = 1000 + 1300 = 2300 kg/m
The average load breadth on the secondary beams 1s 1—%-2 g =2 4 s

So that the concentrated lcads are gaven by
P = (2 47500 + O 2x0 3x2500)5 = (1200+150)5 = 1350 x 5 = 6750 kgs

The moments of inertia of the girder and columns at *he corner can be
comnputed for the enlarged sec-i1on shown in faig IV-1l

fssum.ng that tne requaired tension rernforcement at the maddle
of the girder 15 10¢ 25 and at the corner 18 7 ¢ 25 then , the “ypa-
cal details can be done as shown in fig IV-12

P o6
([ 225 = =
\X 2875 /7/—
B2 S
yO78
g
7878
e e— A i i \ N |
J I NN N rf 7L 7 11
\“ 1] R N Z_/~__/ 11
W ~ G
BNk~ 4l )
| | IR EL—-—;gﬁ——ﬂ f
I N '
3 ~os Sy — 7PN
o u‘i, SEL
i o L 3 2613 !
|
NS £ fire ) oz
RY P j?[
See A A

Fig IV-12 Reirforcements of a two-hinged frame

Tt 1s recommended to resist the corner moment of the frame by the
tension reinforcements of the colunn and not to introduce the bent
bars of the girder in the columns It 1. &lso not necessary to bend
the tension reinrorceients in *he columns — shown do*ted - because the
nornal znd diegonal tensile stresses are generally low due to the
eri_.tence of big normel coopressive forces wmoreover such an «rreuge-

ment causes undes_ranle movezments vhicn may loosern The rein“orcement
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auring concreting operations

Shrainkage reinforcements 10 mn@ 30 cms or¢p 13 mm ggo cms are
essential to prevent the forma-i1onm of vertical craks between the stai-

rrups

The stirrups at the hinges in a height equal to the depth of the
column foot are to be doubled*to resit the tensile horizon©-al splitt-
1ng force due to the concentration of the reaction 1n the hinge

We give 1n the following , examples of some frames used as main
supporting elements 1in relatively big halls

1) The rectangular frame of the meain factory hall of the Paints cnd
Chemical Industries at ! atariabh , snown in figure IV-13

The frames are 2% os span spaced every 4 ms and support 2 saw
tooth roof ip the form shown 1n figure VII-16 Im ordsr %o have a con-
venier* slope for the roof slab and sufficiert height for the vindows
the dep*h ¢f the mein girder was chosea 2 O ms whic. 15 zuch bigger
th.n 1/16 of the spaz Such a choice led to relatively thin colums
dvue to small coanecting moreats

2) The maln frames suppor-ing the roof of the main studio at the T V
buildaing Cairo, (fig IV-1%4) the span and spacing are 36 0 and 4 Gems
respectively The columns of the frames were designed to support *“he
vertical reactions of & simple roof steel truss for this reasor they
were 0 5 x 1 6 m only and no special provisions were made to resist
big horazontal forces After executing the cest in place plain con-
crete mechanical pale foundations for the previous condition 21t was
aeclided to cover the studio by a reinforced concrete roof The space
available for the main girders was 3 40 ms which 1s the hexzght between
the upper two floors It was also required to make the necessary pro-
visions for constructing a suspended celling at the level of the lower
floor to be used for lighting mounting and control purposes Provis—
rons for bag air conditioning ducts were specified

Dve to these special conditions, the girders were assumed as par-
tia:ly fixed to the columns The connec‘ing moments were limited by
the ceximum moment of resistence of “he columns and the maximum moment

and nori.ontal forces that can he rcsisted by the existing pile ioung-
ations

The span being relatively big all possible provisions were taken to

—_———— -

% The determination of the requirad ares will be given later
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reduce the dead loads of the roof slab and the own weight of the main
girders For this purpose tae mein gilraers rere chosen such “hat
*hey glie Daximum resitance <nd minimum weigh* by cLoosing a web 25
cas thack the enlarged 1d*h at the bo*tom was necessary Lo have su.-—
ficient space for the tensior s<eel The openings <t the riddle of
the span are arranged for “oe air-.onditioning duct. and to reduce the
internal forces due to the own weight of the girder The big haunches
be*ween the web and the roof slab were necessary to resist “he coap-
ressive stresses of the girder Due to the big moment of inerfia of
tre roof slab at the girders i1ts 11eld moments vwere very small and 1t
was possible to construct i1t as cone way slab 8 cms thack In order
to preven* the lateral buckling of the web vertical stiffeners were
arrangea The breadth of *“ge main girder 1s increased on tae two sidec
a* the zones of high snear stresses and to have a smooth gradual tre-
nsition from column to yarder The lower ccnnecting crosSs-heams &are
arranged to simplify tne cons*ruc*ion of the regqui=ed suspended ceil-
ing

Tne fixing moments of tue giraer are resisted bv the “ension col-
umn reinforcement ttese teing 20 $ 25 mm then (See fig IV-15)

As = 100 cm2 oé = 2 t/cm2

T = ASOE = 160 x 2= 200 t

7 7o

Resultant F 15 given by

F o= T)Y2 = 200/2 = 282 ¢

This value 1s relatively Dig
and acts on a lengto = 1/4(8nr),
the smaller the radius r tThe r

hagher 1s the concentration of Pig IV-15
the force F and the bigger the

splitting tensile stresses CEp In order to resist G;p the diagonal
corner bers shown 1n fig IV-14 are arranged

2) Fip IV-lo shows the de“c.1ls of a polygonal frame used as the main
sup.orting element of a lactory at aelwan Tne arrangenent ol toe re-
inforcements follows the seme genersl simple principles stated before,
that 1s, the tension 1in tne outside fiver of the corners between the
column and the girder 1s resistea by the reinforcements of tne column
ena no reinforcements are introcuced from tne girder 1n the colunmns

The maxioux field moment of *nis frame “akes place a“ the crown
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causing naximun tensile stresses at the lower fiber of the section
These tensile stresses are res_stea cy toe main tension reinforcements
¢c,d,e and f which must be sufficien*ly ancnored 1n the compression zone
with a minimum anchorasge lengtn of 40 ¢

Fig IV-17 shows that 1f the tension reinforcements are continuous
over a sharp corner as shown 1n {a), fcilure of the lower cover will

a) (4) ()
é/*\" \/\‘
7 L T2 - {4
r
wwrong Covpegl . ~ Corrped
d Fag IV-17

take place due to the action of the resuliant force F If a 1s small
as 1n (c¢), then F 1s small and cen be resisted by additional stirr.os
placed at the crown of the girder Their area of cross-section Ast

can be calculated as follows

F =2 T sina = 2 As Ug s na
If the zllouable tensile stress in the stirrups is th , then
Ast Cge™ 2 As Gé sindg
or

- A 2 5. szina

A
st 8
Gﬁt

Houvever, if the
tension reinforcemerts
change their direction
on an rc¢ of a circle
with radius r , then

every stirrup must be
able to resist a ten~
sile force F due to
this change  Assum-
ing that sina =~ tang ,
then , according to
fig IV-18, we get

Fag IV-18

F/T = s/r but T =40,




then

I' = Ast Oét = AS Oﬁ s/r
A8 (O

and A - —E—— ..E_
st r g

st

In frames with sharp cerners at positions of maximum field moment
for example point ¢ of fagure IV-19, many designers arrange a haunch ag
that shown in figure IV-19, but as the moments at points ¢ have nearl

not
racommen e o

Fig IV-19

the same magnitude as that at ¢ then the horizontal and the inclined
reinforcements AB and AB w1ll be of the same corder and need sufficai-
ent anchorage lengths s as shown Such an arrangement includes a big
waste 1n the reinforcements and therefore not recommended A simple
corner as that shown in figure IV-17b 18 more convenient

However 1n corners
wihere the internal comp-
regssive forces C give an

outward resultant F, sp- | “_/,’I ?EE§F§§§4
ecial stirrups of area
A_, must be arranged to L As ( ——ﬂ
res1st 1t Assaming the !
allowable stress of the ﬁﬁd:ifi::]F-
stirrups O, , then acc- P Fig I7-20
ording to figure IV-20, we get

Agy = A 25§- sina

st
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T™wo Hinged Frame 1th A Tie

Plm

eeBEnsImBSEresRusT SN RIA]
T TN
/?z ﬁf
A’ ff Ir

é ,
T . T
' 1

Faig IV-21 Analysis of a two—hinged frame woth a tie

A two hinged frame with a tie es shown 1n figure IV-21 1s twice
statically indeterminate If the statically determinate simple Irame
waith a roller at b and tie cut 1s ohosen as mein system, the conditions
¢ elasticaty will be

1) The horizontal displacement 61 of point b equels zero, or

b =
1 0

2) The relative horizontal displacement of the two ends at the cut
section of the tae 62 must be equal to the elongetion of the tie
under the effect of the load H2 y OT

a2 =T H2l / At Et
in which At and Et are the effective area of cross-section and medu-
lus of elasticaty of the tae If the tie 1s made of reinforced con-
crete and 15 subject to tensile stresses that cause cracks in the con-
crete then At and Et are the area of cross-section and the modulus of

elasticity of the steel 1n the tae The negative saign 18 introduced
in the equation because H2 acts 1n a dairection opposite to 6 >

The statically indeterminate values are Hl at the lower hinges

and H2 in the taie

The equations of elasticity are there.ore

5. . -
1 0 Bo+ By B33 +Hy 8y,
b - -
2 ="~ B L/ b+ B Oy +8, 6, or
- 5
o) 620"51 21+H.2(522+1/AtEt)
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in which

J' M M, ds/EI
= the horizontel displecement of the main system at the level
of the lower hinges due to load

b =
20 IH0M2 ds/EL
= the horiz displ of the main system at the level of the tae
due to load

2
6., = fﬂl ds /EI

6
10

= the horiz displ of the main system at the level of the
lower hinge due to Hl = 1

% = [ B as /mm
= the horiz displ of the main system at the level of the tie
due to H2 =1
010" I MMy ds/EI
= the horaz daspl of the mein system at the level of the
lower hinges due to H2 =1

= the horiz displ of the mein system at the level of the tie
due to Hl =1

The velues of tone elastic displacements § are very small and the mag-
nitude of Hl and HE may be subgect to serious errors i1f the velues of
b are not exactly calculated and i1f the equations of elasticity are
solved by approximate methods (e g by the slide rule)

In a frame adceb hinged at a & b and with a rigid tie de, figure
IV-22, the elastic deformation 62 of the tie 15 equal to zero and H2
1s nuch bigger than Hl Moreover , if the elastic deformation of dc
and ce 15 neglected, then ¢ will be fixed in space relative to d and e
In this menner, the frame adceb with the rigid tie de subject to sym-
metrical load can be considered as a continuous beam of spans ad = h,
de = ce = 3 and eb = h 1n which the two spans dc and ce are loaded
Tne bending moments at corners d,c and e are negative and the magni-
tude of the maximum moments 15 much smaller then 2n & frame without
tie F.g IV-22 shois the limi“ing cases of the horizontal thrusts and
bernding woments of a polygenal frame case a shows the bending moments
and line o1 pressure of a frame witnout a tie whereas case D shows
2 frame with a rigid tie Beréing ooments of frames with elastic ties
lie pet/een the showvn two limiting cases
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Paig IV-23 shows the details of a frame 11th a tie Tne reinfor-
cements of the tie must be carefully anchored to the corner of the
frame, the anchorage length, measured beyond the pornt of intersection
of column, girder and tie, must satisfy fhe requirements of the code
(min 40 ¢) In order to prevent tze saging of the tie, hangers at
copvenient distances { 3-4 ms) must be arranged

£/ id i/m

/7 “\‘\dwc q//wwmm”e /lee y/fvanwhr

/ FMd

\|

/ a)frame Hildoul
e

Fig IV-22 Effect of ties on two-hinged frames

Because of the small horizontal thrust at the lower hinges, the
columns may be directly connected to therr iocoting

A rigid tie at the top of the columns gives s better distrabution
of the internal forces 1n the columns and the girder altbough this does
not necessally mean a more econemic solution because of *“he complica-
ted foim wofk—and the b.g emount of steel i1n the tie and hangers It
glves however a smaller horizontal thrust on the foundations

A frame witnout a tie 1s simpler and architecturally more accep-
table than a frame with a tie and hangers

If the foundations of a frame cennot resist i1ts horiz thrust a
tie may be mrranged at the bottom hinges to resist the thrust ( Fag
Iv-24) In this case, the freme 1s once statically, indeterminate
and the horizontal thrust H can be determained from the equation of
elasticaty

Be-Bl/A E =5 +Hb

1
so that
Jbonl_ff
5o EI
H o - T _—= - 5
p /A By I R
EI A Ey



For elastic ties at founda*.on level , H 1s smaller “aen that of
two hinged frames \ithout ties or with rigid ties, tne result i1s *hat
the cornmer mooent 15 smeller and the field moment 1. bigger

""/'”""'""Jl.!p——-’/
PR )
 E——— OT A &7 [J |

Fig IV-24 Two-hinged frame with a tie a* foundation level

Fixed Frames

In a fixea frame (fig 1V-25) the horizonval daisplacement the
vertical dsiplacement and the angles of rotation ot the points of

supports a and b are ecual to zero P P
’

It zs three *i1mes statically ande- l _1

terminate Tne pature end sense of

the statically indeterminate values

-
.

statisfying the conditions of elast-
1city devend on the main system
which may be a cantilever double
cantilevers a simple beam, & three L ! I

a F)

d t Th di-
hinged frame etc e cond Fig IV-25 PFixed frame

tions of elastacity and the statical-
1y indeterminate values for three different main sjstems of a rectan-
gular frame are shown 1n figure IV-26

The eguations of elasticity ain the three cases are

8120 =01+ X0,y + X8, + %383
6o =20 =b5 + X 05 + X505 + X385
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a &)
Ham 5} )lfﬂ'em Man Syslem Main Syelem
X J'un,o& Canl Doudle Cants .S'mf!f Beam
X X, .
‘_é Xz ond lrons o/ e&:ﬂral’}' )xt Xy 6'”77
E': o, b & a,(gg-o -3;_0 {i‘g? o)(% o 8 o,y 87 a,(é} a

Fig IV-26 Dafferent main systems of a fixed frame

In order to explain the problem, we discuss the solution using
the simple cantilever shown 1n a as maan system In this case, the
displacements Gl ’ 62 and 55 with single indeces give the three com-
ponents of the movement at the free end due to the loading namely

51 = horizontal displacement,

62 = vertical ' N
63 = angle of rotation

While in the daisplacements with double indeces, the first index indi-
cates the sense and the secopnd the cause, e g

510" horiz daspl of free end of msin system due to load
6 op= Vert ' X_2 =1
) 31" angle of rot n ' " ' Ij_ = 1 and so on

According to figure IV-27, the theory of vituasl work gives

P 4
/ ¢+ H.
My isx HJ /
[X: I Xs !

Pig IV-27 Anslysis of a fixed frame
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E by, -Jﬁoy ds/I , E by, -Jl‘ox as/I , E by, =Ir~lods/1
E 6u_Jy2 as/T , E 522.J'12 ds/I , E 533=J' as/I
Eb,, =L,y =J’xy ds/I ,E by5=Eb, -:Ix ds/1 ,E 65 S0, = J'y ds/I

If the free end of the mein system 1s connected to a rigid member
with 1ts other end at a point O which 1s chosen such that (Fig IV-28)

Ixy ds/I = 0 , J xds/I = O and Iy as/I = 0
then, the displacements of the edge at 0 will be identical with those
of the free end and 1f the static- ?

ally inde*erminate forces Xl(- H) . !

and X2 (= V) znd X3 (=M ) are \ I

assumed ac—ing at point O (called
the center of elasticity of the
frame) then the displacements

-xX

o

Faig 1IvV-28

1
612 = 021 = —E—Iw dE/I 3
] = b = —LJ ¥ ds/I and
13 31 E

b« b, = -2 | x ds/I are &ll equal to zero and the equations
23 32 E

of elasticity wrll be reduced to

0 = 8yp+ X By or ) =-6307/ 081
O = Bpp+ Xy 8y or L==-857 85
0 = 650 + X5 03z or 13 = - 630 / 633
S0 that
jnoyas/x
T=B=- Jyzds/I_
JMDx das/I
SRR
[ro ds/I
13-M-__T—E;_/I"



The M, M, =1 335, M, (=1 x ) and l~I3 {due to 15 = 1) diagrams
drawn on the tension side are shown in their final form an fig IV-29

¢

Fig IvV=29

in this manner the determination of the stvatically indeterminate va-—
lves 1s much simplafied  The bending moment 1n any section of the
freme at x and y from the principal axes of elasticity passing throu-
gh O 1s gaven by

Mx,y = H + X H + 12 H + X M3

= MO + Xl y + 12 x + 13
= Mo +Hy +Vx +HM

In order to simplaify the determinetion of the internal forces, we give
in the following, the reactionts of & types of frames of exteansive use
in reinforced concrete, namely

1) Two bhinged symmetrical rectangular frames

2y = frames with parabolic girder

3) n polygonal frames without & with taes
4) TFixed symmetraical rectangular frames

5 ! " frames with parabolic girders

6) ' polygonal frames
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[ TWO HINGED SYMMETRICAL RECTANGUAR FRAMES
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2_Two HINGED SYMMETRICAL fFRIME "WITH PARABOLIC &/RDER
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3. THO HINGED SYMMETRICIL [FOLYGONAL FRAME
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Y_FIXED SYMMETRICAL RECTANGULAR FEAME
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G_FIXED SYMMETRICAL FAAME W/ITH PARABOLIC GIRDER
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E_ F7XED SYMMETRICAL POLYGZOMAL FRIME
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Continuous Frames

Continuous frames are generally bhigh grade statically indeterma-
nate The degree of indeterminancy depends on the number and type of
supports  Using the method of virtual work, the determination of the
internal forces in the continuous frame shown in fig IV-30 can be done
in the following manner

5 A P A
| y 7

Ll x
i | | Tx’
Fig IV-30 Contanuous frame Fig IV-31 Main system

This frame has 6 reaction components, the conditions of equilib-
rium being 3, then the frame i1z 3 times statically indeterminate Choo-

sing the statically determinte frame, hinged at 2 and supported on a
roller at b as a main system, fig IV-31 then due to the loading, supp-

ot b moves horizontally a distance 51 while point c moves vertically
a distance 62 and horizontally a distance & 3 The conditions of

elasticity are therefore 51 =0 52 = 0 and b 3 = 0

To satisfy these conditions 3 statically indeterminate values xl ’
12 and XB are required

The equations of elasticity are given by
bp=0= Bipg+ X B+ X Bpp s Xy by
52-0= 520+X:L 621+x2 1522+I3 523
55-0- 630+1_l +12 2+X 633
in which
EI6,o = [N M) s L EL 6, = ,[”o”z ds ) ET By IH°M3 ds

The Mo s Hl ' h2 and }13 diagrams cdrawn on the tension side and takang
the assumed sense of the statically indeterminate values xl ) x2 and
15 in consideration are shown in fig IV-32
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If the frame 1s symmetricel in shape and loading as ig generally
the case 1n roof structures, then X equals zero and the intermed:ate
column 1s subject to axial forces only In such a, case the frame may

2

s P’ J({ff() I(Irf)

rt?_sﬁﬁwﬁ§

“N“Wﬁﬂﬂmm

WY
":“:‘:“%\“Jj% ; '.\‘- N Wefftntess
” \\\\\\\\ AN

m
s

Fig IV-32 Analysis of a continuous frame

be constructed with a slender intermediate column which can be assum—

ed as a pendulum The system ip this form 1s only twice statically
Andeterminate (Fig IV-33)

= _
—

| %

Fig IV-33 Continuous frames with a central pendulum

Assuming the samc¢ main system (as shown in fig IV-31), the equa-
tions of elasticity will be reduced to

8) =0 =8 a+X 0y + %0,
52-0-520+X1521+12522

Firgs IV-34 and IV-35 gaive the general layout , main dimensions
and details of the main continous frames of the printing, dying and

bleechang halls of tbe Misr epinning and weaving company at Mehaila
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As & res.l- of the verious industrial processes accomplished in
tnese bhalls & oig amount of not chemicals evaporate Thas hot wap-
oar must find 1*s way outsace the hall It 25 ebsolutely essentiel
to take tpe necessary vrovisions so that the vapour does not accumu-
lote or condensate inside the hell In order to sctisfy this reouir-
ezent and to facili—ate the movemen* of the wvapour, the roof slab below
“he top vindows was chosen circular and arranged «t the imner siae of
the maln glraeers The wvavour being hot 1t moves upiards end, due to
tne cross ventilation creeted by the upper w_ndows 1t .s driven ou*-

wards without heving the vossibality to accumulate or condensate

During cons*ruc*ion toe main tension reinforcements were replac-—
ec by the equivelent amount of cold twisted steel

Toe upper monitor of toe frame bas been cancelled in the enc p.n~
els of the hclis at the end gables to get a petter side view

The Slope - Da“lectaon I etbod

This metned 1s one of toe olaest mown methods used for determ-
1ning tne connec*aing moments of stetically indeterminate beams and
frames composed of a series of streight members The stucy of ome
single span elas*ically res‘rained at both ends 15 evidently of prime
inportance (Jig IV-33)

Tne deformation anglesa gna B can be determaned accordang to law of
superpesition from the following relations

a=a°+bllal+h2u2

ﬁ=p°+blsl+rﬁ2p2 in which

a, and 3 = deformetion angles of main system due to given loads

al g 1 = Hl = 1
oy By = HE = 1 , hence
b2
]
El = 55- gx for I = constant Gl = --L-
o | =l 3E1
@ e | XL _ax_ c !
2 = T =mese—e—— ﬁ
@ Em 4 2 emr 1
|
ﬁ‘? = —}_CE ....0.'.%— p - t
2 2 " T3pT
J1 ET 3ET
kefer to Tbeory of Elastically Restrained Beams by ! Filel
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According to toeory of liaxwell, we have

| A, 7§
a -f-:g—- dx for 1 = cons*ant a, = -2
o J 1 m [ EI
0,7
s ,fﬂgj dx B, = 2—
° & L EI | EI
M B A £ My
<:T; a 1 or l 1 J4 g:::)
""; "~ e " F
4 KL\\ /,//5 2
e e e e
x | x
' 2
S G
Fo L X *,
““‘*--.__2_._-—"{& b7
#4 [
y =
i
!
Myt ‘HH\“H\T:Z?hE““ha,EH“‘
Crrfjﬁsl‘_ ——
o A
!
X/i M’ !
- Fig IV-36
where
a, = area of BM D of main system due to given loads

m & 7 = toe distances of the center of gravity O of the Mo — diggram
from the verticels through & and b

We ccosider in the following {(fig IV-37) a frame 1-2-3 with a

rigid joint at 2

/
The condition of elasticity at Joint 2 1s B =-a

Sco thet
B+a =0 nﬁo +.}11131 + }12132 +a_ + MyGy + 1~15u2
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or 0 = Mfy + 1y By 41y )+ lizay + (B, +a, )

“or constant noments of inertie I and I' , we get
L
M=y (=S a Eay g 2L Qol , QoR
6EI 3EI  3EI’ &EI! sEI  s'EI

Tab T T AT 3
o U
| M=

o
l\
ASsuming
W o E.  _S_
s! I
Tog -ao /5

4
Top =ao“/5'

6EI

and mwltiplying the two sides of the equatilon by y we get

s

r T
5...5(_.2_5-“_212)
s s'

My%+ 2F5 (R4 1) + K
This eouation of three moments can be used for determining the mome-
nts a* the corners of two hinged and fixed frames with unmovable
Joints

The following system of ecuations can be written for tne frame snown
in fig IV-37

!
l1-2 2H1'K+ha'.l{ = - b ===

& I I
i-2-3 lll'K-t- 21‘12 (¥+ 1) +l3 = -6 ( —gé'ﬂ_q- _2? b

T
2 -3 HE -r2h3 =—6-2-
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They ere sufficient to determine the moments Nl ’ M2 and M3

Fremes symmetrical in shape and loading have generally unmovable
Joints and the comnecting moments can be determined by the given equa-—
tion of three moments 1f tne members 1n any rigad joint ere not more
than two

Examples

1) Closed frame subject to in-
ternal pressure p/m as shown in
fig IV-38

W ow i B

L I

The connecting moment M can be

Fig IV-38
determined from %the eguation

Ty r h2 2
MU+ 20 (K+ 1 ) +Mm -6 (2t — ) = =6 (pPo-N+ p-b- )
b l 24 24

2) Two-vent closed frame subject to external pressure p as shown 1n
fig IV-39

'K-—:E— _E_
l Il
Iue to symmetry the xnter-
mediate wall will not be

subject to any moments and

the only unknown values are
the connecting moments M

1
and H2 Thus
T2
l-2-3 Hl‘K+2Hl('H.+1)+I’2n- T
2
or ¥, (ZK+ 2) + M, S p_;l'-_
T3a , I3b
2-3_-14 Hl + 2M2 + Ehz + Hl = -6 ( 1 + —[ )
2
or 2H1+ 4H2 = — p—é—



Tnese two eouations gave

- - p—nl
12{2%+ 1)

2
M

1

3) TFixed frame subject %o uniform loed p/m (fig IV-40) Tue to sy-

mmetry, the corners ¢ and 4 will
not move horaizontally hence

a — C El"a')(.-(- HGT{. = 0 K=

or Ha = - ¥ Hc (2)
a-c—4 Ma'}‘+ 21-10 (M+ 1) + hd =
but HC = Hd and I‘c =
MW+ M_ ( 2% 3) -

Equatzons & and b give
l.’:‘
M =M EDr———
8 BT otk 2)

2
Hy = - pto 2M+ 1
12 2"+ 1
Hch\ tb/m A”J
- viineee
T oL F |*
1 £ v
M, M,
10. ¢ {, "__l
-6 rc/L i '
Fig IV=40
'012 /2u then,
- p12/1+ (b)
l2
M, = My = = p ————
c B+ 2)

Continuous frames with unomovable jJoints can be treated an a sam-
1ler manner as follows (Fig IV-41)

Faig IV-4l
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Consider two successive soars [and | subject to the loads Py , P,
and Pl' ’ P2 etc  The elaztic l.ne and the bendlug moments 11ll
be as snown in figure IV-41
The condition of elasticity et tne middle support 1s

(1'- —p-kp

|
According to the law of superposition, the angles of rotationp ,a

and ¢ can be expressed as follows

ﬁ - ﬁo + Hlﬁl + Hzpe

1 1 1
@ =a,+ Mo+ By G

M M¥
PR, s HP AT

Due to the equilibrium of the middle joint, we must have

Therefore, we get

‘1+F3-O-F3°+EI°+MIF31+H2$32+M1 a, +H, a,

!
tp+ﬁ=0=ﬁo+gpo+ﬂl|31+l'12ﬁ2+ﬁc upl+Mc 95

This system of egquations gaives a number of eguations equal to that
of the unknown fixang moments

Assuming that the moment of inertia of each span or column 1s constant,
and i1ntroducing the factorsy such that

I

K-_:E_ _L_.]_ y;_:._z_ L ch_l_ b

l I l I l I

c

we get
1
for a-b-c Mo+ M, + 2 )L+H21{-—6(-L£—+-f-u.)
b ' r T,

a-b-d4 Ml +21'12+2hc'}tc+l-1c Kc-_s ( ___+__'K_c)

l )

This system of equations of four moments i1s sufficient for determin-
ing the values of the unknown momenta as can be seen in the following
examples
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Ixamples
S—==

1) It 1s required to determine the corner moments in the continuous
frame snown in figure IV-42 due to a uniform load p acting on ll

Assume
I h
Y. -L—- T andll=l2=l so that 'K-l::')‘uenl
c
M T HG&
PN § Moh iI|||||
eTé 7 7 i Mye
£ | I ’
' My
4 4 | | G l
B i I [ |

As the rirder i1s hinged at 5, no vertical or horizontal movement
of the suvports will take place hence the equation of four moments
can be epplaied in the form given before as follows

) r2b/l = - p L2/ﬂ-

1-2-3 2M2a Kc + My + Mja - -
2-3-4 Map + Mg, +(My, + MK = =~ 6T /| == p o/
2-3~5 Moy + Sigy + gy = - 61/ --p

in which Top = Tzq = P L3/24
e have further

*2& = r2b = h2 and M3a - Mib = MBc

The column 34 being faixed at its base, then the fixed point lies at
h/% as snown in figure IV-42 and My = - MBc/e

Tnese e~uations are suffacient to determine the unknovn moments the
give

M, = - G 019 p 2 My = -0 0662 P2 M, = - 0 0496 p, ©
2 P 28 Pl + Tz L

| =t -Hg =-00166p( 2 and M, =~ Ny /2 =+ 00083 p(°

o T aa 3b
Tone benaing moment diagram dravo on the tension side, 1s shovm 1n
figure IV-42
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2) The multiple frame shown
in figure IV-43 15 symmetr-
1cal and symmetrically load-
ed 1f the change 1n length
due to normel forces and tem-
perature changes are neglected,
the joints can be assumed to
remaln 1n position, and the
eoustion of four moments can

be applied
Assuming
VR S Y ,
1 I
I S
- - ]
1y I,
h
)LE- _E.... __g and '}4.3 - _I_ -L_
l 12 L I3

are

1-3 21"[1'){1 + H3311 e 0 or Ml = - Mpa /e
1-3=5 My %y o+ 21!'13&11 F 2”3‘9 12 + M5 12 a 0

1-3y Vl 7&1 + 2M3én1 + 2H3c + M#c = -6 r}c/L
3-5-6 M3D12+21'15(12+¥.3)+H6%3 --6r51{3/L
Joint 3 H}a - H}b - M}c =0

Due to symmetry H3c = M#c and H5 = MG

Figure IV-44 shows the details of reinforcements of El Masaa sup-
porting multiple mein frames at liecca, i1t cen be considered as & typ-
1cal example for this system

Eauation of three moments for frames with moving jeoints

The corners of frames are generally not subpect to boraizontal or
verticzl movements 1f there «re fixed supports tc prevent this movem-
ent or 1f they are symmetrical and symoetrically loaded, otherwise
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the corners move from thelr position Such frames can be treatea as
follows (Fig IV-45)

W o= =2 E_
g I
® _EQ _s!
r

S, I

Fig IV45

Assume that the two members 1-2 of lemgth s and 2-3 of lengtk s
of a frame are rigidly connected at 2 and that the angle between their
axes 1s ¥ After deformation, jJoints 1 and 3 move teo 1' and 3', the
angle between the new posations 1'-2 and 2-3'" 1s ¢ Due to the rig-
1dity of the jJoipt, the angle between the tangents to the elastic lipe
at 2 does not change before anc after deformation so that

Pa o BoY 4Y -1

or 9-9=hy =f+a

Hence, according to the law of superposi‘ion, we get
— 'L ‘
Ap = B+a p3°+Hli31+H2132+a0+M2al+H5a2
—_— |
or A‘P-H:Lﬂl + M, (B2+ul ) +H3a2+ (po +uo)
The right side of tnis equation has the same general form of the equ—

ation of three moments given before

If we assume farther that the moments of 1nertia I and I of the
members s and 8 are constant, and

I I

'
= — -E"' '}L'- ——2 _E_
B, I 5,

where 5, and IO are the length and moment of i1nertis of a reference
meaber, we get

6EI r
R I r

—2 Aem=P M+ 24, (M) + M N+ 6 ( 28y LRy

s, 1 2 3 S o
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6EI0

Calling A¢= Ay , then

5

by r
Bo= MyH+ 2, (W) + 1K+ 6 -2y 4 2y
3 8

This equation gives the modified form of the equation of three moments
for frames with movaing joints

Fagure IV-46 sanows e frame with rigid movimg joaints, *ne change
Avof the engles v can be determined from the given general equation
of three moments Due toﬂGé we get a8 change 1n tne span ll-n equal
to hE‘A¢2 so that the change in lln due to the cnange 1n the angles

of all the joants 1s given by
ALln = hoAp, + h_,) B0 + b, Ay

Fultiplying both sides of tne eguation by GEIO/so, we get

6EI
o =
___;__,_ Alln" haﬂypz + hamp.j + hqA\P4 ZM\P
o

If 1 and n are faixed in position, then Alln =0 , and

2ha¢ =0

If h 15 also cons*ant, then

Sawe 0

The avslication of the method will be shown wnen solving the rect-
anguler frame subject to wipd vpressuse shown in figure IV-47a
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Zzpp:.O or AtPc+AlPd=O

hence
M (H+ 1) + M +‘f§-2-u+ M +2M, (R+1)] =0
c + d 4 c d
So that 5
b, + My = - __wh Y ___
c 4( 2% + 3)
But M, = wh? /2 — En and Ny = - B

Therefore
2 2
B _ om e - N W and
2 4 (2%+ 3)
H o wh S5h+ 6
B 2¥ + 3
Wh2 W+ 6
Further My = ~ Hb = - 2o 2.
B 2V + 3
and R Tt GO
¢ 2 8 2%+ 3

The bending moment diagram i1s shown in figure IV-47b

If the unsymmetrical wind load w 15 replaced by symmetrical and
anti-symmetraicael loads w/2 as shown 1n fig IV-48b & c, the frame can
be solved as follows

For casel Symmetrical load w/2 hence Hc = hd
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2
am, (Rt 1) + M == 2 By or Moo o WBTH

2 4 ¢ 8 (2% + 3)

For case 2 Anti~-symmetrical load w/2, hence H = wh /2 , &nd

_ wh
I‘Tc = - hd = 4+ v
< il =
w g v o= carer
£ +
i z.u-(/r . wf/f
a a ’
wi & i fsf
)
Fig IV-48
By sunerposition we get
2 2 2
My o= - whY _ _wh_o _ _who = PR+ B and
8 2%+ 3) & B 2H+ 3
2 2 2
SRR - N S M £ M L.
B (2% + 3) 4 8 2R+ 3

Continuous frames with moving joints

The same principles can be applied to continuous frames with mov-
ing Joints using 2 modrfied four moment equation The solution can be
much simplified if unsymoetrical loads can be replaced by symmetrical
and entisymmetrical loads a&s shown in the following example of a con-
“inuous frame subject to wind pressure Fig IV-49

¥, =1 B
o I
1

v2=..3- RN
L I




Thais case o1 loading can be repleced by the symmevricel case ghown 1n
figure IV-50 and@ the antasymmetracal case shown 1n fisure IV-5]1

or er
ra z
Fig IV-30
Cese 1 Symmetricael case Fig IV-50
Due to symmetry M5c =0 , ”5a = I5b = 15
by = H6 , Hl = H3 & Ee =0
Hence
J—i5 2M CKl + 1) + Mo = - 2o —EE (a}
4 5 2 4 1
— = = — b
456 M, + Lms + Mg 0 or M, ¥ (v

Equations (a) and (b) gave

wha){_-L hhz‘y

My = - ————=2-—  and Mg = + —l
(4%, + 3) B4 Lo 2)
2 -
But th - wh™ /4 = M, so that Hl = M4/h + wh/4
and H, = H, = 2%0 Xat

1 3 4 lD’»l+3

Case 2 Anti-symmetrical case of loading Faig IV-51

~lg




Due teo anti-szometry l‘-16 = - Mq ’ MSa
So that MBC
Further Hl
A
e have \PLI_ + A‘D5(a-c)
2M, O, +1) + M . hzx
4 1 Sa * 2_ ";_

Replacing D5a by ¥ r-lsc

2M4(2K1+3)+M5c(4')(.2+5)

Refering to figure IV=51

2
Mq_ = th - wh™ /4

Sb Sa 5b
= EIL,;E
=H3a.ud. H2=\h—2.Hl
= 0 hence

equation & can be given in the form

wh2
i

we find that

==-E

MSC

2

+ 42 %

1 =0

h=—(wh—2£l)h

Substituting these values 1in ecuation b , we get

3)11 + 16}\’.2 + 18

wh
B - ® %
16 1t 2 2% 3
As H.2 = wh - 2H‘.L we get further
. wh 5'}{1 + b
2 8 'Kl + 2)(2 + 3
By superposition of cases 1 anc 2 we get
wh 3')(.1 + 16'1&2 +18 12(1&1 + 1)
Hl ~ +
16 Wy + 2%, + 3 4%y + 3
5K, + 6
H2 o wh 1
8 'H.l + 2')4.2 + 3
. wh_ [511 + 16U 2+18 _ 12(')4-1 + 1) ]
5 =T
16 'Kl+2')(.2+5 4')(.l+3
AsSsuming I = 211 812 and { =2h then
1-1.1 ki 12 =4 and
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H, = 0 o538 wh B

1 = 0 115 wn and B, = C 227 wh

3

The bending moment digprams are snovn in fagures IV-42 20 o 51

2

The following tebles give the values of tne bendirg moments at
the corners of continuous fremes naving two three and four equal
spans subject to uniform and wind losds The moments of iner+ia of
tne girder (Io) and of the columns {I) are assumed to be constan®
The relative strffness ¥ 15 given by

I

W e =2 -2

I L

The bending moments are given in the form

M =a(+ p12/4 ) for uniform ve~tical load p/r

b o=a( wh? )] for horizontal vind load w/m, and

1+

H =a(+ Wn ) for concentrated wind load W
It has to be noticed here that

In case of roofs supported on continuous frames of the form
shown 1in *he following tebles +the live and wind loads are generally
smell relative to the dead loads so that for the main ver*ical siper-
amposed loads, tne frames are symmetracal and symmetrically loaded
and the bending moments on the intermediate columns sre eirther cul.
or nil In such cases, the intermedimste columns may be chosen slen-
der and act as pendulums capable of resisting vertical reactions only
as shown 1in figure IV-33

Symmetrical cases of loading can however be calculated by *he
equatipn of three moments given on page /9 while unsymmetrical
cases can be replaced by symmetricel and antisynmetraical cases

Intermediate rigid columns are to be used in cases of unsymme-
tiicael frames, heavy live or wind loads
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Bengipg liooent. 2n Continuous Frems 11th Two Tgual ._pans

F —<
s 1{_ ?{.
Case 1 Case 2
" R My M1 Ppo Big
C 05| C 3125 | 0 3438 C 3150 C 3306 0 0132 | O 0025
0 10| c 2941 | 0 2529 0 2986 C 3280 C €250 | © Co45
020 026322 | C 3684 0 2705 c 3231 O O453 | © Q073
C 30| 0 2381 | ¢ 3810 0 2473 0 3187 0 Oo23 | 0 0092
C 33| 0 2315 | 0 3Ba3 0 281l 0 3174 0 CewB | O 0096
C 4| 02174 | 0 3913 0 2277 0 3147 0 0766 | O Clo4
C 50| 02000 | C 4000 0 2111 0 3111 0 0889 | 0 0111
C 60 [ 01452 | 0 4074 0 1968 0 2079 C 0995t 0 Cllé
0 75| C 1667 | 0 4167 0 1786 0 3036 0 1131 | 0 0119
100 | 01429 | C 4286 0 1548 0 2976 0 1310 | 0 0119
125 0 125 | 0 4375 0 1366 0 2928 C lux7 | 0 0116
150 | 01111 | O ssan 0 1222 C 2889 0 1556 | C 0111
2 00| 00309 | O 4545 0 1010 0 2828 0 1717 | 0 0101
2 50| 0C769 | O 4615 0 0861 0 2784 0 1822 | 0 0092
300 | C 0667 | O 4667 0 0750 0 2750 0 1917 | © 0083
350, 00588 | O 4706 0 0665 0 2723 C 1983 | 0 0076
4 00| 00526 | O 4737 0 ©597 0 2702 0 225 | 0 0070
500 | 00435 | O 4783 0 0495 0 2669 0 2114 | 0 0060
6 C0| 00370 | O 4815 0 0423 0 1646 0 2169 | 0 0053
Fultiplicator D e /o
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Bending Moments in Continuous Frames

1th Two Egual Spens

Case 3% Case 4
" e "1 2 L T S
0 05 0 1221 0 1221 0 1260 C 1299 0 2540 0 2460
0 10 0 1196 0 1194 0 1268 0 1343 0 2570 0 2424
¢ 20 0 1153 0 1149 0 1281 0 1417 0 2639 0 2362
0 30 0 1120 0 1113 0 12901 0 1477 0 2692 0 2308
0 33 Q0 1131 0 1103 0 1294 0 1488 0 2707 G 2293
O 40 0 1093 0 1081 2 1299 0 1527 0 2737 0 2262
0 50 0 1069 0 1056 0 1306 Q 1569 0 2778 0 2222
0 &0 0 105G ¢ 1033 0 1311 0 1606 0 2813 0 2188
0 75 0 1027 0 1004 0 1317 0 1652 0 2857 0 2143
1 00 0 0997 0 0967 0 1324 0 1711 0 2917 G 2083
1251 00975 | 0 0929 0 1329 | 0 1757 0 2963 | O 2037
150 0 0958 0 0917 0 1333 0 1792 0 3000 0 2000
2 00 C 0934 0 0884 0 1338 C 1844 0 3056 0 1944
2 50 0 0918 ¢ 0861 C 1241 0 1880 0 3095 O 1905
3 G0 0 0906 0 oBu44 0 1344 0 1906 0 3125 0 1875
3 50 0 0897 0 0831 0 1345 0 1927 0 3148 0 1852
4 00 0 0891 0 0820 0 1346 0 1943 ¢ 32167 0 1831
5 00 0 0880 O 0BOS 0 1348 0 1967 0 3194 0 1806
& 00 0 0872 0 0793 0 1349 0 1984 0 3214 0 1786
Multiplicator W h2 V' h
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Bending | omen*s in Centinucus Frames with Three Zquel Spans

I
n o= -2 lll_ 005[010| 020032 |033|cso|cC 500 60(0 75
1
Ny o= by 313| 295| 266| 242 | 2% | 223 | 207 103} 175
Case 11, - ch 43| 351 3e2| 370 | 372 | 375 | 376| 383| 386
Tpom Vep| 334 o3| 337| 339 3240 | 342 345 3u7| 351
Ly = ¥y 322 | 312| 291| 273 | 268 | 236 | 2s1| 228| 211
Case2 | Nyj=VF 5| 323| 315| 301| 201 | 288 | 283 | 276| 167| 263
Ppo= M5 | 0107 020| 035 049 | 052 | 060 | 089f 077| 088
by = by 009 | 016| 025 030 | 031 | 033 | 035 035| 035
Case 3|Ii;)= ¥ 5| 020 036| 06l| 079 083 | 093 | 104| 112 122
Two~ Yoo | 323| 315] 301| 291 288 | 283 | 276| 270| 263
Mg | 38| 300 | 378| 391 394 | 401 | 408} 414 421
Case &4 Myp | 339 344 | 352 363 | 365 | 371 | 377| 383| 390
LI 080 | 077 | 03| 069 068 | 066 | O64| 061 059
My 082 | 080| o78| 077 | 076 | 075 | Q751 o74| 073
Case 5 boop| 083 | 083| o082 082 | 082 | 081 | 081| 081| 081
L 083 | ©82| OBl| 079 ( 079 | 078 { 077| 07&] 075
es 085| 087 089 090 | 091 | 091 | 092| 093{ 093
My 088 | 092 | 096 103 | 105 | 108 | 111| 114| 118
fy =y 1721 177| 184| 191| 192 | 196 | 200| 204| 208
Case &ty y=-t 3| 167| 167| 1o7| 167 | 187 | 167 | 167| 167| 167
Poo=tea| 1621 157| 1s9f 143 181 | 138 | 133| 130| 125
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Bending lLioments in Continuous Frames wath Three Foual Spans
Vol diad

100]125(150200]250(300|350]|400[500]| 6 CO|Fultiplica—
tor

153 1325 1211 101 0BG 075 067 060| 050 ou3
390 | 392| 3o9u{ 306| 397| 398| 298| 309| 399] 399] P
3561 360| 364| 269 | 373| 376, 379! 380|.284] 386

186 167 152| 128 | 110| o097 oB&| o©O78| 065| 056
2541 a8 242 2351 230 ze2e| 223 | z21] 217 215
102 ( 113 2121 124 144! 151 156| 160 167 | 172

O34 | o32| 030| 027 o024] o022] 020| 018| 015! 013
126 | 145, 1s52| 1612| 168 172] 176| 178| 182| 185 n
254 | oup| 242 235 227| 26| 223| 221] 217! 215

429 | 435| 439] 445 | 449 | 452 454 | 455 457 | 459 "
400 | 408 | 414) 425 | 4301 434{ 438 | 44l| 445| 449

0551 053! O0S51| 047 | ou45( o043 | ouz2| o4l| 039 038
072 o72| o072{ 072| 071) 071 071 071f{ 071| O71
082 | oB2| 082| 083 | 083 0B3| 083 | 084] 084| 084 2
073] o072] 071 069 | 068 067| 066 | Ovo| 065 | OBH4
0941 094} 095| 095| 095( 095| Q96| 096 096 | 096
123 | 127| 130) 135 138 140 142 | 143] 146 | 147

214 | 219 222| 2271 231| 233| 235 2371 239| 2m1
167 | 187 167| 167 | 167| 167 167 | 167| 167, 167 ¥h
119 115| 111| 106 | 103| 100| 098 | 097| 094 | 093

~ 93 -




~nding Pcoczments in fon*inuaous Frames with Four Eaual 3pans

rde To

7zt

gy

=

SE£7

AL /

A= Lo %} 050(0 106 20|10 30/03%3,040[050|060|C 75

I
1, =1, | 213|295 286 2t2| 236| 222 206 | 192 174
case1| by = Fau| 343| 3511 363 | 370) 373| 377| 383 | 386 391
Foo = Taz| 334 335| 339 344] 346 3490 353 | 357 | 363
Peo 1"‘03 333 332 330 | 328] 327:¢ 326| 324 | 322| 2149
h, | 319) ®05| 281 28l) 255( as3| 227 | 213| 195
¥o1| 327{ 321| 310{ 302| 300 29| 289 | 283| 277
Ppoa| 007 0la| o028 | o40) o4s| O51| o6l | O70| o082
Foo| O14| 0250 o#3| 055| ¢59| 065| 0731 o8c| c87
Case 2 bos| 29| 307| 288 | 273| 269| 260| 250 | 2s2| 232
Mgs| 327| 32| 312 304| 302| 297 292 287 | 281
Mgy | 016 030| ©0352| 069| ops4| ©083| 094 | 103 115
M, | 006f 010| 016] 019| 019| O20| 021 | O21| oO21
case 3 Mg | 384f 353| 367 | 379| 382| 388| 396 | 402| 410
Mpo| 34| 352 367 | 378 381 | 387| 395 | 401| 409
Case B M o =Mozy 343( 351 363 | 371 373| 377| 382 | 387 391
Mg | 059| 055| 050 | ou5| ossa| ow2| 039 | 0%6] 033
Mpy| ©61) 059 057 | 055{ 055| 0541 053 053| 052
My | 063| 063 | 064 | 065| 065| 065| 066 | 067 068
Sese 5 M o| 0B63| 063 | 063 O64) O64| OB4| 064 | 065| 065
Moz | 062| 062)| 062| 062| 061| 061 | 061 | 080 | 060
Paz| ©62] 082 | C61| 061} 060 | 060| 059 | 058 | 057
tay| 04| 066 | o068 | 070 070| o71| o072 | 073| G73
e | 066) 070| 075 C80| 081 083 086 | 089 092
Mg =M, 1301 1347 141 | 17| 18| 151 | 155 | 158 182
cese 6l 1ol = au| 126f 127 127| 128) 128| 128| 128 | 128 128
Mpo =-Myz | 122| 120 113} 112§ 111§ 109| 106 | 1los4 | 101
Tep ==liez| 122| 120} 117 114 113| 112| 111 | 110| 108
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Bending ! oments in Continuous Frames with Four Eoual 3pans

LD,

100[125[15|2C0|25|300f350|400|500|6 00 Multtgilca
151 | 133 ( 119| oe9| o84 073 o065| 058} c49] o1

397 | 402 | 405 | 409| 412| #15| 416| 418 420 421 2
370 | 376 | 381 | 289| 394, 398 | 402| 404| 408 | 411 pLo/
215 | 312| 310 | 306| 303 | 3201| 299| 298| 296| 294

171 152 137 | 114f 098| o086 | OP6| 089| 057 049

268 | 262 | 257 | 2u9| euws| 240 2371 235 31| 229

cosl 111 | 121 | 136| 147 156| 1e2| 167| 175| 181

097 | 103 | 108 | 115| 120| 123| 126| 128! 130] 132

218 | 209 | 201 | 191) 183| 178 | 174| 170| 166| 162

272 | 265 260 | 253| 2u7| 243 | 240 237 233| 231

i2g | 140 | 148 | 160) 168| 175| 179| 183| 188 192

o20| o019 | o18| o1e| o14| o13| o11| o10] 009 | oOCE

u4p1 | 428 1 434 | 443 449] 853 | 457 459| 463 | 466

419 | 427 | 433 ] sa2| s48| 452 456| 459 463 | 465

397 | 402 | 405 | 409| 412| 415| 416 418( 420| 421

028 | cos) oz2| o19| o16| ois| o12| o11| co9i oos

051 | 050 | ou9 | o48| O48| Ou47| O47| O47| O46| O46

069 | o71| o71| o73| o7s| o7s! ©75) 076 077 | 077

066 | 067 | 067 | 058| 0681 069 | 069 | 069y 070 | 070 Y
059 | 059 | 058 | 057| 057 056t 056 0556| €56 055

56| 055 OS4 | 052 051 OS50 | 050| 050) 048 | 048

¢?75| o675 | o76| 077| 077| 078} 078| 0OY8| 079 | 079

097 ] 100 ] 103} 107| 109| 111 | 113| 114| 116, 117

167 | 171 | 174 | 179| 182| 184 | 186] 188| 100} 191

128 | 128 | 128 { 128| 127| 127 127 127( 126| 126 .
098 | 095 | 093) ool 088 | o086 | ©85| oOB4| 082} 081

107 { 105 | 105 | 1C4| 10»] 103 | 1C2| 1C2( 102| 1CL
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Pulti—le frames with moving 10ir*s

Joints of mul*aple frames subj)ect to unsymme*=rical loads (e g
wind pressare) move horizontally The equations of elastici*y are

(Faig IV-52a)

1

Theair nuzber 15 10 and <re sufficient to determine the 10 unknown mom-

b9, +A9, = 0, Av +A¢58c= 0 Awa +he, =0 etc

ents although they need a lot of time

The solution can be much simplified i1f the unsymme*rical waind
load shown 1n a 1s replaced by the symmetrical load shown in b
and the anti-symmetrical load shown i1n ¢

Ky [ Ky < Ny <
E [ I T

i ] [

AP b ¢ I dEH EF tF 4
\§EJ c -'r' ;-‘_“r’c ,-\{\ Q‘:J E ¥
R a 3: [ iy 3":' 3 q
- = :] + ;

/ F4 t/ ? ; 2
73T, T Ay 4 yAYd 7 c a4

Fig IV-52

Tue to symmetry of case b,
we have
By =My o Mgy =M, Mgyo= My,
MBC_ }43 and MS = F6

whereas due to anti-symmetry of
case c, we have

3a = Mygs Vap =y,

Lillll!lill]l[l![ll'lll']l

M= =Py, M

Fig IV-53

M, = ~ h#c and M5 =—F6

3¢
The bending wocent airagram 1s shown in figure IV-53%

The distribution of the bending moments n building frames dep-
ends mainly on the relative s“i1ffness of the members*és shown 1n fig-
ure IV-5&
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Fig IV-5&

In practicel cases of building frames, the bending moments can be

estimated 1n the manner shown 1n fagure IV-55

/]
== Owy
H
::L-_ @JJ
Fs
=4r= @d
K
== Cx
{45
A
7

Fig IV-55
One may assume that the total shearing force E:H acting on any of
the floor= i1s distributed on the columns n proportion to their mom-—

ent of inertia” Hence
1 I
Qlﬁ S'H S ’ Q2 3 S
E(Il + 12) 2(Il + 12)

The bending moments in the girders at inner supports may be ass-—
umed equal, they must keep the equalibruim of the joints as shown in
fig I¥-56 which shows the eguilabruim of the joints at exterior and

¥ G PFranz ZKonstruhtionslehre des Stahlbetons Springer—Verlag Berlain
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interior columns

iy AU

M, M,
M+ M, ?HJ Myt My H‘q
Intar or  cotrnn Lrler ar collinm
Fig TIV-56

Cantilever Frames

Cantilever frames are extensively used in simple statically det-
erminate plane forms as shown in fagures IV-57 , 58 and 59

Figure IV-57 shows the cross-sec*ion of an exhibation hall a+
winich Tpe ha.l 1s 40 ns wide and 12 ms high, each of *he main supp—
orting elements 1s composed of two double-cantilever statically det-
erminate frames The upper cantilever arm 1s 15 ms long wmle the
intermediate one 15 10 ms only Tne intermediate 10 ms 2n the roof
are covered by crytal glass windows The so1l being rocky 1t was pos—
s1ble to use isolated footings of the form shown 1n figure

5
-y i
t+
= 4 p_ = e
-]
4 ro 5 18 15
% T -

Ead . E.% -
h’
1 - CANTILEVER HMALL

P (A Lhadarad a5
|__‘:l‘ ﬁ_l

LXMIEITION AREA MUMICH

Fig IV-57
Figure IV-58 snows the main stand of the parade area at Cairo
The main caotllevers are 21 5 ms long and 3 O ms between centers Due
to the architectural and structural regu.rements, the folded slab of
tone roof 1s located at the bottom of the main cantrlever garders
walch have a maxamum dep-n of 2 B7 ws and a breadth of 30 cas{Sec 2-2)
Due o the big anoun* of tension steel requared i1n the outside faiber
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at the joint betweend the cantilever and the main coluan, 1t was nece-—
ssary to mdd diagonal corner pars of the fort shown 1n fagure Iv-14

to resast the possible splitting tens1le stresses

275 17 55 307

1275 T 1

R 51_ 1126

a3
3

+F -3
1-1 2-2N o r~ I;:::i
E -t &&% o222 g
09

30 | 25 _,!’;’J?y’é’»iti

<)

0 5 Idle
OI 1234 2 "'A,o.
o
of | 1y [0
I £5
o 00 ] 8
e w I o
04 4 !
E !
™ o 3
- ™
as50 d$ - - : = o—_'t: =
. ¥
.19_'3‘.6 1 k-——l

-Flji+ +—4
Fig Iv-56

Figure IV-59 shows the layout, main dimensicns and deta1ls of
relnforcements of the televisicn and broadcasting cabin 1n the parade
area at Cairo The maln gupportlng element of the cabin 18 composed
of two curved simple cantilever frames at 1 7 ms between centers The
max cross—section of each frame 18 30x250 cms reinforced by 30 61
on the tension gide Durlng copstruction, the main tension reinforce-
ment was revlaced by 21 & 25 mu cold-twisted tor—steel of wh ch, not
more then two bars were soliced 1n any gection Due to the high coop-—
regsive stresses 1D the glrders, each one W&s provided with an unsy-
mpetrical compressiol flenge as shown 0 figure The reinforced conc-
rete landings of the staircase together with the foundation slab and
sross-rib, and the top slab at level 18 75 goin the two girders and
prevent any 1ateral buckling Due to the concentration of the main
loads 1n the cabain, 1t was necessary to extend the combined footing
of the frames to 15> mS The breadth of the footing, necegsary to limib
the stress on the sandy layers 1n the s1te to 1 5 kgfem wWas 8 ms
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Bpecial Foras of Frames

Simple and conmtinuous frames cen further be used in various forms
to satisfy certain requirements as shown in the following structures

1) Unsymmetrical simple or continuous saw-tooth frames as shown 1in

f_gure IV-60
S w

3
4
*

—

3
.
-

l 70 ™ | 720 i

COMTINUOYS SOW-T007H FRAIME
Fig IV-60

2) Continuous frames as shown in figure IV-61

~

L Y

)

»

-

L

—
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2 . m < -y
l ;™ 1 s R s '

I ] [ !
CONTINGOUS  fRAME

Fig IV-6l

The system spoown in figure 1s provided with hinges at the foot of
the columns and hence 1t 15 five times statically indeterminate for
general cases of loading and three times sta*ically indetermimnate for
syane*rical cases of loadang 1f the main system 1s chosen statacally
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determinate for exaaple, by removing tne hinges da « & d and replac-
1ng the hinge at ¢ by a roller

The statically indeterminate values and the requirea =auations of
slasticity for both cases are as follows

a) General case of loading e g waind loads (Fig IV-62)

L

Fig 1IV-62
By =0=84 X b)) v X, B, 4 X5 8,5 48, 8, + 758
32=o=620+11621+x2522+x3623+x4624+y5525
63 =0 = 530 + Xy 631 + X, 532 + XB 535 + X, 554 + X5 535

etc

b) Symmetrical case of loadiag e g dead loads (Fig IV-63)

Ix) L R Pz
s A hoop
XL_-_ _._/_1’_3 __-\_'!
|
Xe 'IZ
Fig IV-63
51=o=510+xl511+12812+x3615
52=0=520+12521+X2522+X3525
53 =0 = 530 + Xl 531 + X3 552 + 13 553

The displacements with double indeces 5ak can be aetermined acco-
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rdaing %o the thneory of vartual wark from the general equation
1 531:: Jnamkds/m

Tre general case of loading given under a can however be simp-
11fied 1f 1t 15 replaced by a symmetrical case of loading and an anti-
symmetrical case of loading

For the symmetrical case, figure IV-64, we have

W /r W, /r

w2/r
wils

and __ﬂﬁU?

Fig IV-B4

Wnereas, for the antisymmetrical case, figure IV-65, we nave

- X Wifr Wifz

X1

L e ]

It 15 also possible to choose a statically indeterminate main
systemn by dividing the frame into three units and introducing rollers
at the joants of tne side halls with the intermediate columns as shown

1n fagure IV-66
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In this manner, the main system of the two unmats I and IIT 15 static-
ally determinate while that of umit II is once statically indeberzin-
ate

For general unsymaetrical cases of loading the unknowns are Xl

XE , X3 and X# For symmetrical frames symametrically loaaed, Xl = 3
and X, = X, while for antisymme“rical cases of loadang xl = - X3

3

and XE = - XQ If unsymmetrical lcads are replaced by syanetrical and
antisymmetracal loads, the unknowns are generally not more “han two
and the problem 1s much simplified

If a tie 1s allowed at tone foot of *he arcned girder, the system
shown in figure IV-67 may be used

M G A AR KA A A AN (A Ao G T b LAY A SN G LA Al S

{ - | o™ | 0™ |
i ] | —

Faig IV-67

Each of the two main side elements may be considered as a two
hinged frame while the intermediate polygomal girder with 1ts fi1e may
be considered as freely supported on the two upper slender columns

3) Frames supporting sports stands as snown in figure IV-58

It 25 recommended 1n such a simple wwo-bhinged frame to choose 1is
form such that the bending momen* along d-e 15 partly nega“ave o 4
and 'e apd partly positive at 1 and tnat the maximum positive and
negative bending moments are approximately egual

Figures IV-69 and 70 gave the general layout and details of rein-
forcement of the arena at the Cairo International Faar-ci~y It shows
an 1ngenious application of a simole 1deas to gire a masterpiece in the
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1n the field of s*ructural engineering JIn order tc give the required
forz for tne main girders, it was necessary Lo increase thear breadtn
at the outside support &s snown

'Y

Fig IV-68

4) Radial frames supporting the Planetarium at Cairo Fagure IV-71

It was required to construct & floor for the FPlanetaraum inside
one of the main buildings i1n the exhibition land at Gezzrmh. It was
further specified that the new structure must be completely separated
from the originasl building and to arrange the supporting eoluins 1in
such a way that the use of the ground area for exhibition purposes 1s
possible in a convenient mamner The hall reserved for thas purpose
wag circular, 30 ms diameter a* ground level and 23 5 ms diameter at
floor level

In order to satisfy tnese requirements, 1t was decided to support
the floor on 10 columns arranged radially siong the rays from tne cen-
ter of tne hall %o the main intermediate colurns of the exasting buil-
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ding and at 6 ms from them in order to have adequate space between toe
two rows of columms Figure IV-71 ghows the general layout of the new
floor and i1ts supporting circular beams and radial frames

Due to the loading, the fraze ab hes the tendency to ro+ate
eround the lower hinge b pressing the imner carcular ring beam at a ,

l 'iﬁL’ji“'% ~ o qg%%%tznl-r-

\

A

Fig 1IV-72

s0 that each of the frames caen be assumed as hiuged at b and supported
on the circular beam at a as shown 1n fagure IV-72

The concrete dimensions and details of reinforcements ere shown
in figure IV-73

S) Continuous frames wath ties as shown in figure IV-74

The systems shown in figure IV-74 represent ecomomic solutions
for halls of moderate spans because the slabs end secondary beams are
arranged in such a way that the axas of the polygonal girder colncides
approximately on the line of pressure of the loads If the spans are
equal to or smaller than 10 ms, the effect of the eloogation of the
tie on the columns 28 small and may be neglected In this case, the
polygonal girder with 1ts tie may be assumed as a shed givaing for ver-
*1cal loads cn the girder, ver*ical reactions on the coluzmns

The _nternal forces can be determined for opme single span both for
vertical loads and wind pressure rdowever, adequate top reinforcenent
ouast be arranged and well ancaored at the supports te resist the conn-
ecting aoznents that are liable to take vlace
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Fig IV-74

For vertical roof
loads, the girder may
be treated as a two
hinged frame with a tie,
externally statically
determinate and inter—
nally once statacally
indeterminate as shown
i fagure IV-75 The

.4 A

i £ o

Fig IV-75

bending momnents due to this case of lcading are generally very small
giving relatively small concrete dimensions and reinforcements

For wind loads, the
internal forces may be
determined for ome single
polygonal frame without a
tie as shown in figure
v-76

The detzils of re-
nforcements can be done
as shown in figure IV-77

Fig IV-76
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V- VIERENDEETL GIRDERS

1f the depth of the main supperting girder 1s reletively big, a
Vierendeel girder as shown 1n figure V-1 may i1n some ceses be used

£
Tg——:—f—fm
OO0

— + — 1
| |

i

1

1

4

e

Z
Fig V-1

L

A Vierendeel girder is a hagh grade statically indeterminate
structure composed of a top chord, a bottom chord and ver*-icals only
Internally, 1t 1s 3 n times statically inaeterminate n being the num-
ber of the panels (fig V-2), whereas, externally, 1t mey be stetically
determinate as 1in simply supported girders, or indeterdinate as 1in
continuous girders

The eract soluticn of a Vierendeel girder 15 relatively compli-
cated but essentiel f the members are thin compared to the height
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of the girder In reinforced concrete the cimensions of the differ-
ent members chords and verticals re generslly big and the following
proposed avproximate solution 1s simple and gives acceptable results
1or normal Vierendeel girders iith parallel chords and verticals hav-
ing eguall stiffness The metnod can however be avovlied if tne top
coord 1s polygonel siligatly curved or inclimed (k1g V-1)

17

L
]

ffnfcqt’z? elarm nale man ?’.rlf:m and :fafmt’(;v nolelerm nale f’ar'ce.r

-
jﬁ‘*:{

“96*:5

Lo

n e A.-n:e ?S‘Z‘tm FTa fme;r nt‘wn!’&é’ .rf&fcaf:{r n-/e?f.-rm na_fg

Fig V-2

Let us consider a vierendeel giraer subject to concen*rated load
o and B, acting «t the goints of the top and bottom chores{iig v-3a)
Lhese loads cause tne external pending meoments mp o, Mgy etc at
the joints (fig V-3b) and the shearing iorces Ql Q2 etc an

Ghe panels a etc (rig V-3¢)

1 %

Tne bending moments in the difierent mempers - peing not darect-
1y loaaed -~ are linear (fig V-3d) and can pe determined irom tne exte
nal pending mouweuts 1t The points of zero pending moments 1n the mem-

pers are Xnown

ln case of symmetrical Vierendeel giiders with equally stafi
chords and verticals supject To symmetrical loads, the point ot zero
bending mou.ents 1n any ol the panels or the top and pottom cherds and
1n the verticals may be assumed at the mddle If we imagine that
ninges are in*roduced at the above mentioned voints of zerc bending
moments the girder will be internally statically determinate and the
anternel forces can be celculated as follows

Assuming
It = ID and I1 = 12 = ete are tne ooments of inertia of
tone top crord the bottom chord and the verticzls 1 2 etc

- 1312 -



! 7 J
Y
-; ' ¢ |7
—3— t+—-=—} —_
£ afe L alfr lapfe 1 ay/r
7 .

73 T 1/21 I l&J

a L ars [ Qy l
— [
| ’
-
s d
N oW
SERE
4 & i
o
<
% ( Maz-Mai)
Mate Mezfe

M

? \% Mezs o
Mufz

Mrofz

7 Mo
=4

Fig -3

- 113 -

'



Ht’Nb’Nl’H2 etc are the normal forces i1n chords and verticals
Qe % 01 9 etc shearyng forces

Ht Hb Hl H2 etc berding moments "

Then (faig V-4)

The normsl forces 1n any of the panels say 8, are given by

Fpp = ~ By =My A

tension in the bottom chord and compression in the top chord The

shearing force Qal wi1ll be equally resisted by the two chords,

z
ey
;/ﬂ ﬂtﬂ ’ A
. Me T | ’
T T—
} Mt [@ﬂ 7 |
—— &r @r —.{
OAJ '
&
1 My % l
AT“— My _Wg,? —
F‘ —I\duuuﬂhf%n 1@%1
efp | afe | s | ase
L, s
2
Faig V-4

ther~fore
QW1 = QU1 =Q 72

it hes to be noted here that le = Qtl shown in figure express
the vertical component of the resultant of the loads and reactions to

the left of the vertical through the middle of 2y and hence their

sense 1s upwards whereas sz = Qt2 give the vertical component of

the resultant of the loads and reactions to the right of the vertical
through the middle of By and hence thelr sense 1s downwards

The bending moments to the left of vertical 2 are given by

- 114 -~



Hpio = 9y 8172 and Moo = Qpy 8172
Therefore
M a, /4

Mpiz = Mo = Qg

Simalarly

Mooz = Mgz = Qup 8 /%
Tt 18 recommended to draw the bending moment diasgrams on the tension
side as shown

The normal force in vertical 2 can be calculated according to figure
V-5 from the relation

By = Qup = Q2 -~ Byp
1
E-E-(Qal_QaE)_PtE
1
e ( Pyp + Py ) = By 1 e

1
B ( Ppp - Py )

The bending moments in the verticals can be determined from the equi-
labruim of the joints as shown in figure V-6 thus

M = M

2t t12 * Mgo2

G%Jt

I l Mere C Meze
- Y

Fig V-5
It bas to be noted here that the known moments Ht12 and Ht22 are exp-
ressed 1n figure V-6 by arrows giving their sense 1 e Ht12 1s clo-

ckwise {positive) causing tension at the lower fiber and compression
at the upper fiber tc the left of joint 2, 1t will therefore be expr-
essed by a clockwise arrow from the tension side to the compression
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side Whereas Mt22 1s also clockwise but causing tension at the upp-

er fiber and compression at the lower fiber to the right of the =ame
Joint The unknown moment M2t at the upper goint of wvertical 2 wmust

kEeep the equilibruim of the two moments Mt12 and Mt22 y therefore 1ts

magnitude must be equal to their sum snd 1ts sense must be anti-clo-
ckwise 1 e causing tension on the left side and compression oan the
right side of verticual 2

The final bending moment diagrams drawn oo the tension side are
shown 1n fagure V-4

The shesring forces at the points of zero bending moments in the ver-
ticals can be determined by dividing the bending moment at any of the
corresponding joants by b/2

The shearing forces Q2 and the bending moments MEt and MEb acting on

vertical 2 can also be determained as follows
Referring to figure V-4, we fand that
QR = Ny = Bpp = Fyy =By == (M -M;y ) /0

1

-M = -—Q2 h/2 -—E-(Ma2—Mal)

Moy = 2b

The bending moments in the chords can be de*ermined graphically
by drawing vertical lines through the points of zerc bending moments
of the chords to meet the sides of the externel bending moment daag-
ram Through the points of intersection draw horizontasl lines as
shown 1n figure V-3 the diagrams enclosed between these bhorizontals
end the sides of the external bending moment diagram- hatched aragrams
give the pending moments to be resisted by the two chords If the
chords are of equel stiffness, then each chord will resist half the
bending moment

Peving determined the bending moments in the chords, the bending
moments 1in the verticels can be determined from the equilibruim of

the jdints shown i1n figure V-6

The final bending moment diagram drawn on the tension side for
the whole Vicrendeel girder is shown in figure V-3d  Such an ail.ust-
ra“ion 1§ very convenient as 1t gives the tension side and respecti-
vely the position of the longitudinal reinforcement in every part of
the girder It bhas been further found that the diagonal tension 1n a
bean 15 1in the direction of the sides of the bending moments diagram
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1f 1t i1is drawn on the tersion side Hence, the direction of the dig-
gonel teusion corresponding to the bending moment shown in figure V-3d4
will be in the chords and verticals +to the left in the left half

‘ S E y» &nd to the right 1o the raight halrl! Z Z I, see faig V-9

If the moments of inertie of the chords or the verticels are not
equal, the points of zerc bepding moments cannot be assumed at the
maddle of the chords or the verticels and can approximaetely be deter-
mined as follows

Assume It ’ Ib , Ivl ' Iv2 are the moments of i1nertia of the
top cherd, the bottom chord and the verticals 1,2 etc , and
a It
}(gt - — —— = ] 15 the relative rigidity of the top chord
It a
I I
" -8 ELE n bottom chord~
gb 1 a T
b “b
I
r, = <N n verticaels
Iv a

If we copsider the panel 2-3, leagth 8sy and asssume that the point
of zero bending moment in verticael 2 lies at a dastance Ja from the

top chord, and that the point of zero bending moment 1n the chords
2-3 lies at a distance x2 from verticel 2 fig V-7 1t 18 possable to
prove that

-P_IEF.. 2 .gy"JrKSb.c
t
Mop B-Tp A +% gy
and
..?.1322, 2 Mgt c
=G
Mioz 8p%p M+
So that
C
5, =-—%- b=k &
Ct +1
and
C,
x = - 8, 58 h, 8
2 c, +1 2- "2 n2
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The external shearing force acting in panel &, 15 given by Qaa and

1s dastributed petween the top and bot*om chords according to the rat-

105
Qo =k Qyp
and

Qo = (1 =% ) Qyp

Having kmown Qt and Qb

in the different panels the
other interne. forces can be
easlly determined as shown
befcre

If the loads amct direct-

ly on the tov or bottom chords,

the bending moments die to these

direct loeds are to be deter-

mined for each chord as a cont-

rouous beam supported on the

verticals Such bending mom-
ents are to be added to those
due to the concentrated loads

acting at the Joints FigvV-8

In thas case, P, and Py

are toe sum of the direct
loads on the joints pius the
reactions of the top and bot-

ton chords as continuous beams

The corners of & Vieren-
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deel girder are subject to bhigh
secondery stresses so that gir-

ders free from cormer cracks can
cnly be obtained by careful s*udy
of the reinforements and very good

execution

The use of haunches zxn

Fig V-7
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the corners 1s 1in this respect ,

where possible recommended

)y,x

az

L~

Fig V-8

Tne bending moments of this system change their sign in every
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panel so that a simple arrangement of the reinforcements can only be
obtained by careful study I1ts deflection i1s genermlly bigger than
that of solid girders

It 15 generally recommended to use this system wben 1t gives the
only convenilent solutaicn, especially because 1t 15 relatively expen-

s1lve

Example

It 1s required to determine the 1nternal forces in the Vaierndeel
girder shown 1n figure V-9

As the moments of inertia of the top and bottom chords are equal
(= I) and the moments of inertia of the verticals are equal (= Iv ¥,
then the points of zerc bending moments can be assumed at the maddle
of every panel or vertical

In order to determine the intermal forces
1} Draw the external bending moment and shearing force diagrams

2) Draw vertical lines through the points of zero bending moment 1in
the chords (middle points) extend them to meet the sides of the exter-

nal END

3) Through the points of intersection draw horizontal lines The hat-
ched dragrames between these horizontals and the sides of the extermal
BN D give the bending moments i1n the two chords Eash of the chords
1s subgect to halfl these values

4) The bending moments at the upper and lower joints of the verticals
can be determined from the equalibrium of the joints

5) The shearing forces in the chords and verticals can be determined
by diving the moment at the joint by half the length of the correspond-
ing panel

&) The normal forces xn any of the chords can be determined by divid-
lng the ordinats of the external BH D at the middle of the chord by
the height of the Vierendeel h = 47

Fagure V-10 shows the detmils of a Vierendeel girder designed by
the auther in 1968 It gave the only convenient solution for the con=~
trol area of the main studio in the television building at Cairo In
spite of the change of the sign of the bending moment in every panel
and post and the relatavely bagh disgonal stresses, it was possible
by a careful study of the reinforcement to get the shown relatively
s1mple formes for the hars
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Vi- TRUSSES

PTrusses 1n reinforced concrete are seldome used, their shape is
generaly chosen similar to those cometructed in steel (Fig VI-1)

r%‘/Aj—/ INININ
| } - [

1

e

o

Faig VIi-l

Figure VI-la shows a reinforced concrete truss bridge with par-
allel chords whereas figure VI-1b shows & reinforced concrete roof
truss with polygonal top chord In both trusses, the members are main—
ly subgected to axial forces and swall bending moments due to the rig-
1d joints iIf, 1n cese a, we dispense with the diagonals, we get &
Vierendeel gairder with parallel chords, in which case sll members must
be sufficiently stiff ta resist the bending moments, shearing forces
and thrusts acting on them as was shown in the previous article If
in case b, we cancel the diagonals, choese a stiff polygonal top chord
and a slender bottom chord, the main girder may be treated as an arch
(or polygomel girder) with a tie, a system which 1s generally well
adapted for reinforced concrete structures as will be shown later

In special cases of saw-tooth roofs in which the north 1s parallel
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to the span of the ball the truss may give a convenient solution
which adapts very well to the case under consideration {(Fig VI-2)

fad |
KA
- T kN
{ Sec7ioN
——d - -

Fig VI-2

It 1s possible to get a convenient distribution of the forces in
the members 1f the compression diagonals of the truss are chosen such
that they bisect the angle between the tension diagonals and the bot-
tom chord as shown in figure VI-3 1n which case the force in the ten-
si1on disgonal 1s equal to the difference between the tension forces
in the bottom chord at the connecting Joint Accordingly, the steel
reinforcement in the tension diagenal will he equal to the difference

PEavAYAVAVaNY

between the reinforcements of the bottom chord at the joint as showm
1n figure VI-4 whrch gives the details of joint J

The disadvantages of reinforced conerete trusses are

1) Formwork of concrete and form of reinforcements are complicated
and hence they are relatively expensive

2) Safety against cracking 28 low

In order to avoid cracking of the temsion members, Finsterwalder
proposes to concrete the compression members only first after harden-
ening and removal of shuttering, the truss can be artificizlly loaded
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50 as to stress the steel reinforcement in the tension members to hagh
tensile stresses With the truss loaded, the tension members are to
be concreted and when hardened, the load can be removed

The i1nternal forces in the members of a truss are

s 7 -7 <
Aﬂ-nl—Au \ /
Ass
o
— / < _|
Je )7 Y )
L y/Al/ ]
! AJ'! AJ‘] 1
Fag VI-4

1) The axial forces N due to the concentrated loads at the joints

2) The bending moments and shearing forces due to the eventual direct
loads on some members of the truss, and

3) The bending moments and shearaing forces due to the rigidity of the
Joints

The axial feorces N due to the concentrated loads at the Joints
may be determined by any of the known methods of trusses with hinged
Joints

The bending moments due to the direct load on any of the members
can be determined by the moment dastributron method in whaich the mem-
ber under consideration s first assumed fixed at both ends and the
fixed-end-moments due to the direct load on the member are determin-
ed, then the unbalanced moments 1n the Joints ere distributed in the
usual way

The sheering force Q acting on any member 1s given by
M. - N
Q=Q°+—£l
1n which
Qo = the shearing force due to the direct load on the member assumed
as a4 simple beam

Mr and Ml are the final connecting moments at the raght and lcft ends
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of the member
| = the span of the member under considerstion

Based on the agsumption of Mohr which states that the deformation
of & pin Joined truss i1s not so far from the deformation of the corr-
esponding truss with Tigrd joxnts the bending moments and the corres—
ponding sheering forces due to the rigidity of the joints can approx-
1mately be determined as follows *

a) Due to the loads on the truss determine the axial forces N in the
members assuning hinged Jolnts

b) Draw the Williot-Mohr displacement diagram then determine for the
various members, the relative displacements of the endsp  that are
normal to the members

c)} Assume that the members are fixed at their ends, and compute the
fixed-end-moments K due to A from the relation

= BEL 4

M =+ ==
L
The signs may be taken according to the known Grinters notations in
which the clockwise direction arcund the joint 1s assumed negative
and the anti-clockwise 1s assumed positive as shown 1n figure VI-5

Fig VI-5

d) Applying the moment distribution method, the unbalanced moments
in the joints can be distributed in the normal way, leading to the
final connecting moments 1n the different members of the truss

Example 1

To 1llustrate the application of the method, the axial forces and
bending moments in the members of the main trusses supporting the saw-—
tooth roof of the machine workshop i1n the forging plant at Helwan
shown 1n figure VII-17 are given for the following data

——— et e s ——— —

* Reter to plane Analysis of Indeterminate Structures by Prof Dr
A Shaker  Fublished by the Arab Uriter Cairo
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span of truss = 18 ms height = 3 ms spacing = 6 ms

The inclined slabs are 9 cms thick They are supported by the dimgon-
als of the truss and inclined secondary beams arranged midway between
the trusses, so that the slabs are one-way with a span of 3 ms

In this manner, the diagonals of the truss are directly loaded
from the slab by a direct uniforaz vertical lcad equal to 1 25 +/m!

Due to the own weight of the roof elements and slab loads, each
of the lower intermediate joints of the truss is gubaec* to a concen-
trated load of 32 *ons The normal forces in the mecbers of the truss
N due to these concentrated loads are shown in figure VI-7a  The
W_lliot-Mohr diragram grving the drsplacement of the Joints 18 shown
in figure VI-6 The bending moments due to the displacement of *he
Joints, the direct loads on the diragonals and the final bending mom-
ents are shown an figures Vi-7b, c and 4

It can be seen that the values of the bending momen*s i1n the mem-
bers of such a truss are not big and 1t mey be allowed to design 1ts
members for their axial forces plus a bending moment equal to

M~2(Mt/10+08H) in which
t = the thickness of the member in the plane of the trues
HQ = The baggest maxzmum bending momentain the diagonals consider—

ed as simple beams under their direct load

Pigure VI-B shows the general layout and main dimensions of the
workshop and figure VI-9 snows the detarls of the saw~tooth trusses
used as main supporting elements of the roof of the structure

In order to have a convenient ghape for the members of the truss
and a relatively low percentage of the steel reainforcement in the ten-
sion members, the top and bottom chords, the diagonals, and the ver-
ticals have been cheosen with “he same concrete dimensions for each
of tae three groups

Due to the direct loads of tne slabs on the diagonals and the ri—
gid Joints of the truss, the members are subject to bending moments M
and shearing forces @ These bending mozents being small relative %o
the axial forces N, the members sre reinforced with symmetrical strai-
ght bars only (1 e 0o bent bars are used) This 1s explained 1n the

followang

~ 125 -



- 126 -

t 121 3 -172 3
a =
,/ -J ,// l! -tis/ \';-
_ :"* /// . o \
****** ] /j ‘4’1 Cpy—— &
e SRS T S, A
= 2
Ka :\ -}é The uﬁe: / va{l’f{n{eaf' Aoym
A
|
{ \\{ are ar Hox on each member wlf
\ N s LA
_-é_ \\ ;\\ i il s .wla (+) means Et’un,tfcn
|\l
i k_._&‘ ?
\
\ i
o,
R S VI,
ant (PJ /nr-/ fxmf
Member (2-¢) ﬂn.--/ of recton
-rt-‘u{: fem e rfCm
7
v Y Fag ViI-5



S »ef 2 .Gy 4 ° it
i5 Aria® forces
>
'3
e oS 3 /9 vz
¢
= 'y
¢ = e e
a¥ g c1101111 1) R ¥ ¥
Pt 4
b LML le edaste Al
_E’_" rmaliens
1
31 rs ¢! y
. id
N &m ’5
T - I ‘
’oi re
£7 ¥
'3 ]0 L] 2‘ d 71;
I 4
b= MU s
13 ’ rs
£ A MY o to ofwrecl
-lfaa.-/nr,
4 z°
14
17 20 rr cr
ers
s Al : D W
I
e 2] =
\
a 77 3 e
o1 \\ ; © 37 7, =
1 ¥y ? | o
;J_.ﬁﬂﬂt’ ﬁ”! 5



If N 15 compress.ve and tne norasl stress U due to w and N .s
hagh say 50 kg/cm2 wnile tne corresponding shear s*ress T calculated
from the relation

T=Q@53/1Ib wnere
5 = statical moment of arsa of the part of the section above the pl-~
ane under consideration about the ¢ g axis,
I = moment of inertiz of section about ¢ g axis, and
b = breadth of section under consideration

1s egqual to say 15 kg/cm2 , then the pramcipal dizgonal tensile stress
U 15 gaven by

TomFe YF T o R BR e a

which 15 relatively low and does not need aany diagonal reinforcement

- 25+ 292

1}

4 2 kg/ca®

If B 1s tensile and the normal stress due to Y and N 1s high, say
80 kg/cma, and the shear stress T 1s say 12 kg/cm2 then tne prancainal
tensile stress Gi 1s

Ul=§g+|/i‘ﬁg9.+1u4=40+42=82k5/cm2

i1ts inclination to the axis of the meaber 1s given by
tan 2 = - 2T/0 -2 x12/80 = 0 3

walch means that
o
2oL 20 and o= 10

1 e ‘the prancipal tensile stress 1s nearly parallel to the axis of
member and again here no bents are reguired

Giromy Correct

It has o be further noted that
the tension bars are anchored 1. the
darection forming an obtuse angle
with “he bar because 1f the are an-
coored so that an acute sng 15 cre-
ated, undesirable high splitting ten~
sile stresses Oé are developed (Fig ¥I-10) Fig VI-10

P
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Example 2

In the following exmmple we snow the use of a truss, rigidly con-~
nected to the columns, as the main supporting element of a hsavily
loaded girder of relatively big span

Prg VI-1lla shows the general layout of the stage-roof of Helig-
polis Cinema and Theater It 1s about 42 ms long and 12 5 ms maximum
width The reinforced councrete roof slab, 12 cms tnick, 1s supvorted
on cross-gairders of 12 5 bs maximum span and having cantilever arms
of 7 0 ms maximum projection of the form shown in figure VI-11b the
distance between the center-lines of the cross—girders 1is 5 ms The
slab i1n the projectang part is arranged at the lower fiber of the can-
ti1levers so that they act as T-beams The cross-girders ars supported
at their outer edges on two columns creating & couple to fix the gir-
ders and reduce their bending moments their details of reinforcement
are shown in figure VI-11lb

This stage was originally constructed for the national theater of
the O A R The hmain supporting element was & frame, 31 ms clear span
and 11 25 ms clear heaght as shown in figure VI-12 In order to reduce
the bending moments due to the own weight of *he girder of the frame,
5 openings 1 6 ms high and 10 20 ms total length were arranged at the
middle third of the span The effect of the possible concentration of
the stresses an the upper outside corner of the frame due to the
change of direction of the tens.le forces has been reduced by bending
the tension reinfercements around relatively big radai increasing gra—
dually from row to row as shown in the detarls given in figure VI-12

Turing construction and after executing foundations, 1t was deci-
ded to raise the level of the roof by 2 5 ms 1n order to have the
possibility of hanging timber floor for operation and control purposes
Dwe to this change and because of the big loads on the main girder ,
1t was decided to replace 1t by a truss rigidly comnected to the col-
unns 1n the form shown in figure VI~-13 which gives full concrete dim-
ensions and details of reinforcements

In order to reduce the regquired area of reinforcing steel and to
have a good distribution of the tension cracks high grade steel was
chosen for the tension reinforcements of the cross-girders, the main

frame and the truss

To avoid splices, *“he main reinforcing bars have been supplied
with their full required lengih altnougn they were relatively bag
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VII-SAW-TOOTH ROOF STRUCTURES

In big covered halls whers a uniform distribution of natural
light, that 1s not possible from windows in outside walls, 18 TequiT-—
ed, the saw tooth roofs in whach the light from the windows 1s direct-
ly reflected by the roof inside the hall,gaves & convenient solution ,
fag VII-1

For aindustraial buildaingse, 1t 1s generally recommended not to allow
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any direct sunrays to fall inside the hall for which purpose, saw -
tooth north light roofs, in which the windows are arranged to face the
north, are use?

The convenient slope of the roof slab lies between 20° ana 30°
with the horizontal sc that the comncreting can be done without double
shuttering The windows are either vertical or inclined with &8 max-
amum angle of ca 15° with the vertacal

In order to have sufficient uniform light i1nmside a hall, the area
of the windows must be bigger than 20% of the haorizontal area and the
spacing between them to be mexamum 10 ms The steel sections required
for the windows berng proportional to their area, i1t 18 recommended to
divide the windows by reinforced conerete posta at 2 to 3 ms between
centers

The saw-~tooth slab type shown 1n figure VII-2 gives the simplest

maex _I9 e

form of this system Its structural elements are

The inclined slab supported at its top edge by the ridge beam and at

1ts bottom edge by theY -beam, the upper continuous ridge beam supp-

orted by the 1nclined posts which are ggain supported on theY - beam

and, the continuous Y - beam supported by the main columns If the in-
clination of the posts 1s bag, a tie 15 to be arranged to resist the

horazontal thrust of the systenm

As the rain water is accumulated at the lowest point of the slab,
1t 1s essentiasi to choose the form of the T- beam so0 that there as
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cufficient space for the rain water and the necessary slopes of the
gutter (Fig VII-3)

The staticel behavior of the system can
be shown 1f we consider the eguilbruim of a
frame composed of a slab of breadth B hinged
at a and supported at b on the post be (Fig
VII-2) Assuming that the slab thickm=ss

t = 16 cms
the post be 20 x 16 cns
the distance between centers of posts

B = BOO/3 = 266 cums

the span of the slab lg =25 length of post lp
then, the moment of inertvia of the slab is

I = 266 x 16°/12 = 91130 ca”
and, the mowment of inertia of the post as

I 20 x 162/12 = 68%0 cm

The relative stiffness W of slab to post 1s therefore givemn by

T L
o8 P 90 5
lg I, 25%x6830

Thas means that the post 15 very slender relative to the slab and can
be assumed as a pendulum that can resist axisl forces only 12 e hing-
ed at both ends b end ¢ Therefore any of the units of the saw-tooth
may be assumed as three hinged

Assuming further that the dead weight plus the superimposed loads
on slab ab for a breadth B 18 W, then the reaction at b is equal to
R1 acting in the direction of cb and the reacticn at a 15 equal to R2

acting in the direction of ao where ¢ 1s the point intersection of W

end Rl

Considering now two adjacent panels of the saw-tooth , we find
that the reactions at the intermediate support are equal to R1 from
panel abc and 32 from panel cde, their resultant i1s again vertical and
equal to W  The horizontal components of R2 at a and Rl at e are the
same and equal to H If the posts are vertical then H = ¢ and 1{ toeir
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o
inclination with the vertical is small (15 ), then E 1s small and
can be easily resisted by the outside columns If the ineclination of

the posts 15 big, H 18 big &nd arranging a tie 1s recommended

The previous 1nvestigation Shows that the anclined slab may be
considered as simply supported The reaction at 1ts top edge can be
agsumed 1n the direction of the supporting posts (Pig VII-&4)

™~

The radge beam 1s continuous A
over the posts It carries in ad- /{\
dition to 1ts own weight, the re- T
action R, of the slab acting along f 1\
its axas ! \

\

|

|
The posts cerry the reactions I \
of the ridge beam they can be ass- / !
umed a3 exially loaded ] !

Wm A

The intermediate Y-beam 15 con-
tinuous over the main columns, it
carries 1n addition to 1ts own weight
the reactions of the slab, R2 at 1ts
lower edge as a unxform load and Rl ‘Q’/m
as concentrated loads transmitted F1 VII-&
through the posts If the ainterme- 2B A==
diaste posts in a span are two or more, the load on the beam may be ass-
umed uniform and vertical For resisting the faeld moments of the Y-
beam, the section may be assumed as rectangular with breadth b and depth
t (fig VII-3), whereas, for resisting the connecting moments, the bre-

adth 18 b and the theoretical depth over the columns 1s equal to the
distance from the center of the tersion steel over the supports to the
lower surface of the compression zone

The outside beams are continuous over the outside columns, the
load on the beam at a (fig VII-2) as uniform, anclined and equal to RE’
the loads on the beam at e are concentrated, equal to the loads on the
posts and act 1n tkheir direction  If the ainclination of the post 18
big 1t 1s recommended to arrange a horizontal beam as shown

From the economic point of view a one way solid slab as that
shown 1n figure VII-2 may be recommended 1f 1ts thickmess i1s smaller
than or equal to ~16 cms which corresponds to a distance between the
wzndow5¢g§ ms For bigger spans, a one way hollow-block or ribbed slab
may be used Cross ribs having the same cross-section and reinforcement
2e the main ribs must be arranged for a slab span (B ms one ¢ross rib
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and for 8 m{ { {10 ms two ribs (Fig VII-5)

For big saw-tooth spans, 1t 15 possible to get very economic scl-
J4tlons by arranging secondery inclined beems (@ 2-3 ms, supported at
“heir upper edge over the posts and at thear lower &dge over the Y-
beams, giving a one way slab whose main supporting direction 1s normal
to tre inclined darection (refer to fig I1I-15) In this manner, the
thickness of the slab 18 B to 9 cms  For the mentioned structure, the
span of the saw-tooth 18 10 ms, the spacing between the secondary in-
clined beams 1s 2 5 ms which means that the slab 12 one way and con-
“inuous over the secondary beams Ite span 18 2 5 ms and 1ts total
load normal to the roof 18 max 350 kg/m2 givang a thickness of 8 cms

The inclined secondary beams may be assumed simply supported As
the posts are vertical, then the reactions are also vertical and the
mex bending moment 1s given by (Fig VII-6)

'3
Hmu = wll /8
‘l
where f L
w = total vertical load per meter beam FPag VII-6
| = horizontal span and | = ainclined span of beam

In our case ! = 10 ms and the beam 18 20 x 63 cms only because 1t be-
haves as a T-beam

The average thickmess of the slab and secondary beams 18 therefore
B+ 20x55/250 =84+ 44«12 4 cns  only

In some cases, e g dusty
and smoky balls, & plene roof
18 required 2in such cases the
beams may be 1nverted {refer
to fags VII-17 & VII-21 ) ,
but becasue the slab lies 1in
the tension zone of the beam,

the sections behave as rect-
angular and need bagger dep-
ths In some csses 1t may be
convenlent to choose a beam of veriable depth as shown 1in figure VII-?

In oraer to be able to drein the rain water, a steel pipe of 3 min
dizneter must be concretea anside the web
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The maain columns are to be caloulated for the wvertical reactions
of the Y-beams plus the bending momen*s due to wind, these may approx
be assumed as shown in fig VII-8a, 1f the columns are of egual moment
of 1nertia and the wind icads are assumed concentrated

urr w/ie w
we _E_Jﬁ

o M rwdin

1]
P

Jf the wind loads w are assumed uniformiy distraibuted we get

For two columns of equal moment of
inertie (Fig VII-8b)

3
x EH e wh
16 !

For three cclumns where the moments
of inertia are not egqual we get

(Fig VII-8c) Xy Xz
tfm I r|#
X, 2 un ik and / I ‘
8 2+ k
X,= 2oy -1 where k=I./I F—ﬁi—4 FJH F—q
Therefore 2 -
N oo WnZ 5+ X 3wh 3wh 1

X
= = X and I, = 22
8 2+k’n1 8 2+ k 2 8 24+ k



“or four columns , we get {Fag ¥VITI-Bd)

X X2 X2
l.r/m I I; I’ ! 71'
Fig VII-8d
3 m 1l 2k . -2 wh
! 16 1+ X %2 16
. P wh —E_
3 16 1+ k
and
whe 5 & 2% Whe X
M o B 2% 2k by o= YA 2K I, =1
16 1 + k 16 l+k
¥ 3wh2 1

=
32 16 1+k

It as hovever possible to get reasonable dimensions for the saw-
tooth roo: elements i1f triangular frames are arranged at convenient
distances verying between 5 and 6 ms es shown 1n figure VII-9  Thas
system 15 generally used for distences between windows verying bet—
ween 7 and 10 ms

N b
Py dygd
a L S S s s Yt
7 be
/Ilhr‘/c ! ! !
I T | |
£ iom [ 2 710m Il £ scm j sem
I
|

Pag VII9

In this case the different eleren*s of the saw—*ocoth roof sre
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1) The slab

Tra. generally two way i1ts rectangulerity i1s to be determined

tor £he @rae lengths |, and -

Fost
2

o]
. neasured 11 the plane of 1 | 93 03 B
the slab Tire component of :
the load normel to the slab L I
only causes the bending mom-

=——]

jg?
]
|

ents and sheering forces
{Fig VII-10)

/';'amn'
frame

2) MThe ridge beam

It 18 continucus over the i
posts and frames, 1t carries F 4 ! £ 444
in addition to 1ts own weight
the trianguler load shown act- Fig VII-10
ing in the direction of the ax2s of the bean The eguavalent uniform
loads on the different spens are mot egual

3) The posts

These are axially loaded, carry the reactions of the ridge beam
end transmit them to the Y-beam

4) The Y-beam

XYt bebaves as 8 continuous beam, of spans 1 , supported by the
main columns It carries, in addition to 1ts own weight the triasn-
guler load at the lower edge of the slab plus the concentrated loads
from the intermediate posts If these posts are two or more, the Y-
beam may be calculated for en equaivalent uniform vertical load in the
usual way

5) The triangular frame

It carries the tapezoidal load from the slab plus 1ts own weaght,
both may be replaced by an equivalent uniform load in the usual way
The internal forces can be determined by one of two methods

First method as a continuous beam

Keglecting the elastaic deformation of the tie ac, then points a,
c and e may be assumed fixed 1n position and concequently points b arnd
d gagx also be considered as fixed in space In this manner, the con-
tincons frame can be considered as a continuous beam abcde of unequal
spans | and 12 , unegual moments of inertia Il and 12 and uregual

loading ¥y and wo The moment of lnertldhfi 1s to be determined for
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a T-section vith Dbreadth of flange B = 6ts + b an which ts 1s the

thickness of tpe slab and b 1s the breadth of the web and 12 to be de-
termined for the rectangular section of | > The load Vo on | > may

be neglected without making an appreciable error (Fig VII-11)

a_ wy L wure € nry < uwr e
e I T I g T Fp) T
‘ & &2 & Y
i | |

P L T T

Second method es 1solated triangular fremes

I{ the contimui*y of the two triangular units a* c 15 neglected,
each unit may pe calculated as a triangular frame with a *1e 1n the

usual 1=y as follows (Fig VII-12)

4
W
11 ’
a A £ <
v g A
| £ |
| [
Fag VII-12
’[132"_11 i
&g poud
The tensile force H in *he tie 1s H=~ =5 - 3
61 ¥ ds 1
—l——— ——:—
EI Ay

According to figure VII-1I the conpecting moment at ¢ may be es“ima-
ted ~eoual to Fb

It 1s prectically sufficient to determine the anterpal forces
aue to vind pressure for a single frame neglecting the tie (Fig VII-13)
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The details of reinforcenents are shown in figure VII-14

1f north light 1s required in bag
gpan. halls witnout intermediate supp—
orts, the choice of the system of the
main supporting element depends on the
dimensions of the hall and 1ts dispo-
sition with respect to the north For
a hall with the span parallel Lo the
north, frames at 4—6 ms between centers
spanning the shorter dimension of the Fig VII-13
hall supporting saw-tooth roofs arranged according to any of the forms
shown 1n figure VII-15 may give a convenient solutron

Figure VII-15b shows a saw-tooth roof arranged above the frames
1t gives a big construction heigat which may be reduced if the saw-
tooth slabs are arranged i1n between the frames as shown an fig VII-15c
Thaig new solution may need a bigger depth for the main girder givang
suffacarent space for the windows and the beams supporting the slab
The rain water cemn, an tpis case, be drained by i1mserting 3 steel
pipes 1n the web of the main garder at the lower edge of the slab One
can drepense with the pipes i1f the saw-tooth slabs are arranged es
shown 1n fagure VII-154 1in whaich the rain water passes free below the
main girders and the lower beams are hung to the frame by steel rein-—
forcements sufficient to resist the reaction of the beam

The truss shown in figure VI-2 gives another typacal solution
for the hall shown 1n figure VII-15a The construction height of trus-
ses (ca 1/6 — 1/7 L) being relatively big, this solution can be well
adapted for bigger spans

We give 1n the following the details of two typical structures
The first structure 1s the main factory hall of the Paints and Che-
mrcal Industries at Matarieh Figure VII-16 gives the general layout
and the concrete dimensions of the main supporting frames of the fac-
tory hall, the details of reinforcements are shown an firgure IV-13

The machine workshop of the Forging Plent at Helwan (Fig VI-8,°)
gives the second typical solution for thas type of structures

If the north is parallel to the longer side of the hall, 2 e ,
normad. to the span, the followaing systems for the main supporting ele-
went may be used (Figure VII-17)
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1) Two-hinged frames (Figure VII-17b) spaced every 4—6 ms the reg-
red depth for the main girders varies between 1/14 and 1/16 L

2) If the clear construction heigh* necessary for the hall does not
allow for the required depth of the main garder or for bigger spans
where the use of a simnle frame gives heavy cross-sections, a Vieren-
deel girder (figure VII-17c), in which the saw-tooth roof 1s supported
at i1ts upper edge on the top chord smd its lower edge on the bottom
chord of the girder, may be used The depth and spacing of the girder
must be so chosen that they gilve a convenient slope for the saw-tooth
slab

3) The two-hinged arch with a tie shown in figure VII-17d gives ano-
ther convenien“ system in which the saw-tooth roof 1s supported at its
upper edge on a horizontal beam, parallel to the main girder and supp-
orted by 1*, arranged at the crown of the arch and at i1ts lower edge
on the tie hung to tne arched girder by hangers spaced every 2 5-4 nms
It 1s recommended to arrange the bhangers and the posts along the same
line so that they form one element

The main workshops of 'El-Nasr Forging Plant at Helwan give a
typical example for this last solution Figure VII-18 gives the gene-
ral layout and main dimensions of the workshop and figure VII-19 shows
the details of reinforcements of the parabolic arch used as main supp-
orting element as well as the details of the crane girder carrying the
rails of a 10% crane givang the wheel loads shown in figure VII-18

This workshop 1s 24 ms wide 8% ms long and 12 5 ms clear height
It 18 used for forging overations and aincludes a series of furmaces
which necessitate sufficient uniformindirect light and good ventilation
Gecause the hall 1is dusty and smoxy, a plane roof surface i1s specified
The hall 15 provided with a 10° crane the clear height below the cra-
ne raxl 1s 9 9 me and 18 2 5 me above 1t The workshop 1is davided into
3 blecks, 28 ms esach, by two expans.on joints

To satisfy the specified requirements, & north-light saw-tooth
roof wath a plane bottom surface was chosen

The span of “he hall being relatively big, an arch with a tie as
the main suppor-ing element for tne roof was prefered To reduce the
construction height of the structure and to get a reascnable distance
between the arches, the mwnimum rise of 1/8 = 3 ns was chosen To
get a convenient slope for the sar~-tooto roof, & mipimum spacing of
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7 ms between the arches was necessary In order to reduce the thickn-
eas of the slab, inclined secondary beams @ 3 ms are arranged the
beams are inverted to give the specified plane bottom surface of the
roof

In this manner, the roof is composed of a one-way continuous glab
3 ms gpan and inclined sample beamy 7 ws horaizontal apan  The total
vertical load being 350 kg /m2 surface, a glab thlclmegs of B cus and
secondary beams 20 x 60 cms were sufficient

The arch carries its own weight plus the loads from the recef
which are transmitted to the arch ad concentrated through the second-
ary beams and the gupporting posts and ties In order to simplify the
construction of the main girder and to redice the bending moments to
a minimnm, its axis was chosen polygonal with the corners colnciding
on a parabola following the equation (Figure VII-20)

. AR AN

g
[}]

_x X
in which 1

S

x/\  and §= x'/1 Fig VII-20

Assumng the loads as uniformly distributed, theo the internal forces
in the arch can be estimated in the following manner

Loads from slab 030x7x115 =2 8 ¢/m’
Loads from secondary beams 02 x 052 x2 5x7 x115/3 = 0 7 t/m!?
Own weight of the main girder 12 t/m'
Concrete for slopes of gutber+raln-water+windows =0 3 t/m!

Total weight =50 %t/m'

Due to the elongation of the tie and the elastic deformation of the
arch girder due to the normal force, the horizontal thrust H may be
eatimated by O 95 of that of the corresponding three-hinged arch Ho'
ie,

2 2
For a three-hinged arch H = -l- = 2.Xx24 = 120 ¢
o 8 f 8x3
For the two-binged arch H =095 Ho =095 x 120 =114 t
AH = Ho - B = 6t
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The maximun bending moment &k 1s therefore

max M= B =6 x 3% = 18 ot
Accordingly, the arch girder can be estimated for & normal force N
egqual to 114 t and a bending moment U equal to 18 mt 4 cross-section
%5 x BO cms {(t = /30) reinforced by 0 8 to 1 2 ¥ normal mild steel
was sufficient The reinforcement 1s symmetrically arranged in +the
cross~gsection and the splices are staggered so that not more than two
bars are spliced in any section

The tie can be estimated for a normal tensile force of 114 t Its
tension bars are symmetrically arranged i1n a cross-gsection 35 X 40 cn
without any splaices It i1s however recommended to use high grade or
cola~twisted steel 1n the tie as 1t 1s of higher strength and has big-
ger bond with the concrete

Tne arch was agsumed externally statically determinate (givang
vertical reactions oniy for vertacal loads) due to the existence of
the slender parts of the supporting columns

It 1s clear that the systems shown in figures VII-15 & VII-17 mnay
be of one or more spans As an example, we show in figure VII-21 con-
tinuous frames spaced every 5 ms and supporting a saw-tooth roof with
the north normal tc the span

h

] 1 L 1 1

Fig VII-21 A symuetrical continuous frame with intermediate pendulium

Because of symmetry in shape and loadaing, the intermediate columns
w1ll be, due to roof loads, subject to axaal loads only 1t 1s there—
fore recommended 1nm such cases to choose a continuous frame with a sl-
ender pendulum support in the middle

Factory 135 at Helwan shown in figure VII-22 gives another tyoi-
cal solution In thais factory the roof 1s saw-tooth 10 ms span suppo—
rted on main girders {normal to the pnorth) 15 ms span The details of
the different elemen+s are shown in figure III-17

Folded plates and shells have beer recently extensively used es
roof structures for halls in woich indarect light 1s svecified
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VIII- ARCHED ©STLABS AND GIRDERS

AIn. simple beams, commonly only one cross-section is subgjected to
the maximim design moment, and concequently, aif the member 1s prisma-
tic, only one cross-section of the beam 18 working at the maximum all-
awable stress at design loed  EKnowing that the mentiocned meximum str-
esses act at the extreme fibers only and that all other fibers are un-
derstressed one can directly observe that the simple beam 15 one of
the least efficient of structural forms This s:tuation i1s somewhat
improved by continuity because the maximum field and conpecting mom-
ents are commonly smaller 1n magnitude than of & simple beam of the
same span and the beam can be designed such that the extreme fiber
stress 18 equal to the allawable values at sections of meximum posit-
1ve and negative moments

Arched garders of convenient form are mainly subject to high com-
pressive forces and low bending moments and shearing forces so that
nearly all sections of the arch are approximatly subjected to the same
average compressive stress which means a haigh effacienay in the use of
reinforced concrete as & building materaal

For these reasons, arched roofs give a convenient economie solut-
lon for long span roof structures without intermediste supports in
cases where a plane roof surfate 18 not necessary to meet the funct-
lonal requirements of the structure, hovever plane roofs or floors can
cccasionally be supported on arched garders

Accoraing to the conditions at the supports, arches generslly
used an reinforced concrete structures are of three main types

&) Three binged arches supported at each end by a hinge resting od
the abutment and provided with an intermediaste hinge, generally plac-
ed at the crown

b) I* the intermediate hinge 1n the previous system i1s not arranged,
fhe arch 1s two hinged:s

c¢) If the arch 1s rigi1dly connected to the abuments in such a way
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*nat no rotation and no ver-ical o= horizontal displacements are all-
owed taen the arch .s fixed

The bes* form feor the axis of an arch 1s that which coincades on
tone line of pressure of toe lozds +taus for uniform loads perabolic
cCcnes are most convenient

We give in tne following, the theory and design of arcoes exten-
sively usec in reinforced concrete structures

a) Three Bainced Arches 2 # A
] < ——
4 three hinged arch 1s Ty
statically determinuate 1ts J 5', p
-
norizental thrust H c¢an be # ¢

aetermined from the condit-
1on that the bending moment
£t the intermediate ninge c Fi =1
1s egual to zero {.igVIII-1)

A Z Ay

Assuming that Ic 18
the bendang moment et the position of the intermedimte hinge ¢ of the
erch ab assuned &s e simple beam then the horizontel thrust B can be
celculated from the equation

H«= Hc/.f

The bending moment M, shearing force Q snd thrust N in any sec-
tion x,¥y are given by
= Ho - By

Q = Q, cosw ~ B 5109

N = B cosy + Qo simp

an which

Io ana Q  are the bendang moment and ghearang force of ab assumed es
a simple beaz and

¥ = @ngle between the tangen- to the section upder consideration and

tze horizontal
iz flat arches one can aprroxinately assume

! = B gsecwy
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Parabolic Arches

As stated before, parabolic erches .g1ve tne most convenient form
for uniform loads

The equation of the axis of the arch according to figure VIII-2
1s given by

g - BIE () g

Fig VIIT-2

Due to a unaform icad g over the whole spen and a live load p act-
1ng on Xy = 21 /5 or | /2 (fig VIII-2) the approximate value of the thr-
ust at the querter points i1s given by

N-H[/l+(gl£-)2

The vertical reactions Al and Aa, the horazontal thrust H and the

bending moments M at the quarter points are given in the following
table

Parabolac Arch

D1 g acting over L I p acting on

the whole spanl Xy = 2L /5 Xy = 1 /2

Vert reactions 31“51/2 8p| / 25 p1/ 8
Ay=gl/2 1 2p1 / 25 pL/ 8

2 2 2
Horiz thrust Hegl®/8f| p{~ / 251 pl-/1l6f

B} av quarter pts M =0 |+ 5P12/460 + P12/64

Flat arches subgect to uniform loads may be constructed with a

pirculer axis in which case we get the following internal forces

Due to a uniform load g over the whole span and a live load p
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acting on half the apan ( x, = 1 /2) , the reactons are

A; = (g/2 + 3p/8) 1 ' Ay = (/2 + p/B)!

BE=(g+ p/E‘)l2 /8f

The bending moments M and the approximate normal force N at the quar-
ter points of the arch are given in the follewing table

Circular Arch

Ratio Dead Load | Iave Load On % span | ppprox N
I /1 - Mg - Mp + Mp at X points
0 10 0 0009 0 0161 0 0152 1 0198
015 0 0019 0 0166 0 0146 1 ouio
0 20 0 0038 0 0175 0 0136 10771
0 25 0 0061 0 0184 0 0124 1 1180
0 %0 0 0088 0 0196 0 0108 1 1662
0 35 0 0122 0 0210 0 0088 1 2207
0 40 0 0152 0 0225 0 0063 1 2806
0 45 0 0189 0 0241 0 0034 1 3454
0 50 a 0259 0 0259 0 0000 1 5142
g2 pi? PI2 B

Example Of in Arched Roof Slzb With Ties

A hall 18 ms wide 1s to be covered by a reinforced concrete cir-
culer slab vith a tie as sbown an figure VIII-3 At crown, the rise
of the arch 15 3 0 ms and 1ts thickmess t 1s 10 cms, at quarter points

t = 12 5 cms and at foot & = 14 cms The dastance between the ties is

5 ms and the developed length of the archb i1s about 19 ms
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Because of the relatively big normal compressive force snd small
tendang moments, such arched slabs are generally symmetrically reinf-
proed Mith a minimum percentege of O 8% of the average concrete sec-—
tion

§
: :
N
§
~ E 1
N &
| A
“‘ tpﬁm !
e
¥
]
™
Fig VITI-3

With the help of this choice and due to the slenderness of the
concrete sectaipn, 1t 18 genermlly allowed to calculate such slab arch-
ed roofs as three hinged

In order to saimplify the calculatiomns, the dead weight of the
8lab may be assumed &s uniformly distributed The live load 18 egui-
valent to 50 kg/'m2 horizontal and the wind load 13 assumed equivalent
to another 50 kg/m2 horizontal scting on half the span

Accordingly the main steps of the statical calculation can be

done in the following manner

1) Ioads

n

Own weight of slab assumed un.lformly dastributed

dg 125 x 2500 x A2 330 kg/'m2 horiz

]

18
Roof cover = 70
Totzl dead lomd g = 400
Wind + laive load p = 100

2) Maximum bending and axial force in circular arched slab

Accordaing to table gaven om page 152 ', we getb
For £ /1 = 3/18 = 0 166
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M =M +M =- (00025 ¢g + 0 C169 p )°

v

-~ (0 0025 x 400 + 0 0169 x 100) x 18 = - 870 kgm

1055 (g + p/2)12 / 8t

Niax =1 G55 B

1 055 (400 + 50) 18° / Bx3 - G400 kgs

3) Check of stresses

Thickness of arcbed slab at quarter points t = 12 5 cms
Assume section symmetricelly reinforced endus=p = 0 4%
v

1e =2 =% x125x100 -5 cm? chosen 7¢> 10 mm/m
s 5" 100

M = 870 kgm ’ R = 6400 kgs
Eccentricity e = M/N = 870/6400 = 0 135 ms
Eccentracity to tension ateel e, = e+ t/2 -2 =135 4+ 12 5/2.2

s 17 75 cm
eE/d =17 75/10 5 = 1 67

Moment sbout tension stesl M =BRe = 6400 x 0 1775 = 1140 kgnm

Max compressive stress 1in concrete

2

O, = C, M /ba%  « 51 x 1140 x 100/100x12°= 40 kg/cm?

Max +tensile stress in sBteel

g -, M./ba° < 140 x 1140 x 100/100x12%= 1100 =

The longaitudinal reinforcement A'E must be mamamum 20% of main steel

1 e

min A'B =02 A, w02x 5 =100 cm2/m chosen 546 mn/m

4) The tae

Mex bhorizontel thrust H . = (g + p)l2 /81
- 500 % 18%/ 8 x 3 = 6750 kg/u
Max tension in tie Tiax = 5 X 6750 = 33750 kgs
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Using high grade steel with a max allowable stress 0'3 = 2000 kg/cmz‘

then the regquired ares of steel as
A, = T/0 = 33750/2000 ~ 16 875 em®

chosen 6919 om

5) Vertical and horizontael beams Span = 5 0 ms

The maxamum vertical reaction A of the arch will be resasted by
& vertical beam, thus

Apax = (B + p)l /2 = 500 x 18/2 = 4500 kg/m' and

the maximum horazontel thrust Hmax = 6750 kg/m' will be resisted by

a horizontal beam (Faig VIII-4) Te

Assuming that the Ama ek 5- §

Vertical beam is 40x60 cms & fore_Leam Wt:”"
L — N

the horaz n  20x80 cms —— " §‘—
i Very de m .

The load on the vertaicsal o8 ot l- fee

beam is EE.______VIII""'

w-4500+(04103+02104)2500-5000k5/m'

Its max bending moment 12000 kgm and

1t8s max tension steel 6419 mm

The load on the horizontal beam as Bmax = 6750 kg/m

1ts max bending moment F16000 kgm and

1ts max tension steel 6419 mm

It 15 recommended in such beame to resist the diagonal tensile
stresses by stirrups and to use straight bars for the longitudinal
reinforcement of the beams

6) Details of reinforcements as shown in fig VIII-5

7) M¥ind pressure and crane loads

For resiasting the wind pressure (and eventual crene loads) the
Bystem may be assumed as composed of two stiff columns fixed at their
botton end and connected together by a rigad tie 1 e 8 simple once
statically indeterminste system (Fag VIII-6) The main system can
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be obtained by cutting the tie , 1n

which cese, the statically indeter- W o X ryd le X,
epinate value is X and
wr 'Y
X =~ M M, as/[M.% as =
o 1 1 =
VL
1n which M, Ml and ds are the no- F“ 1
tations normally used in the theory
of vartual work Fag VIII-6

We give in the following some other examples showang the use of 3-
hinged arches or arched frames 1n covering relatively big spans

Fig VIII-7 shows a progect for prefabricated 3~hinged arched roof
prepared to cover the ammonium nitrate limestone silo of El Nasr Fer-
tilizer and Chemical 1ndustries at Suez The span of the arch is 26 5
ms, 1ts raise 1s 10 375 ms, the distance between the cenbter lines 1is
2 2 mg, the roof cover i1s composed of precast reinforced concrete slabs
(Fig VIII-7a) In addaitaon to the dead and live lvoads acting on the
arch after constructlion, each half must be checked as a beam for the
1nternal forces due to its own weaght under transportation and lifting
condatirons before and during construction Fig VIII-7?b The sections
of the arch shown in this figure are chosen such that they give max-
iamun resistance and minimum wesaight

Fig VIII-8 shows the 3~hinged superphosphate hangar at EKafr El-
Zayat, its span 1s 26 ms and 1%s rise 1s 13 mg This big rise is chos-
en 1n order to have minimum air volume between the roof and the stored
syperphosphate because of the bad undesired effect of the air humidity
on the fertilizer The side cantilevering structure is used as a shed
covering the raiway lines serving the hangar In order to reduce +the
loads on the arces, the roof cover is made of corrugated sheets weoigh-
ing 20 kg/m2 only

Fig VIII-9 ghows the details of the main frames supporting the
roof slab of the urea silo at Abu-~EKir Fertilizers and Chemical Indust-
ries plant Thas si1lo 1s~ 50 ms gpaxm, 186 ms long and 20 ms hagk The
max hexrght of the stored urea 1s 14 3 ms The so01l at the site 18 ex-
tremely weak and for this reason, the floor slab carrying the urea and
the roof sbructure sre supported on cest 1n-situ,~ 25 ms long piles
A three hinged structure‘wath ties 1s found to be the wost convenlent
for this case The roof 1s chosen caircular with inverted main frames @
6 mg The one-way roof slab 1s chosen at the bottom surface of the main
frames to enable the use of mechanically moving forms and to have the
frames acting as T In this case, 1solation of roof 1s essential
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b) Two Hinged Arches

A two hinged arch 1is A P
£
once staticelly indeter- .
minate Choosing the sim- : 2 —_ —
ple girder with a hinge ram a A /
at 8 and a roller at b as ! -

main system, then the
equation of elasticity
1s  (Fag VIII-10)

6-0-60-»1-'115:L
and
L

%)

Ha -

Due to E = 1 , we have

!l-—l Yy

l\l =]l cosy

Ql--l siny

Accordang to theory of virtual work, we have

b .o JHoyda* JND coaths_J’Qo sin vy ds
0

EI EA GAY
and
51_ J.fds + Jcosa\?ds +Ism2¢ds
EX EA GA'

In these equations, we heve

1) The elastic deformation due to sheir s*resses 15 generally small

conoared to tnat due to normal stresses go that I.Q.n_..s_:ﬂﬂﬁ_ nay
Ga'

be neglected without makaing en aporecisbls error
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2) The_normal force I\z in any section of a two hinged «rch subject
to vertical loads only can be calculated from the relation

Nx cosYw § 1e RX-H/cosw
But Nx = No + H coawp
Therefore B/coayp = Ho + B cosy
2

or H ‘Ho cosy + H cos™y

For flet arches GOBEKP =1 end accordingly NO coswred(}

3} I* 138 known that G = —.E
2(1 +v)

in which

v = Poissons ratiox0 2 for reinforced concrete

So that G=~0 4E , end

AY = 220 A for rectangulsr sections , hence
6

GA' o« 1_ EA
3

4) As cos®P = 1 - s10°9 y wWe get

2 2 2
Jcos Pds_ Jsm ®ds_ J(l-slnzxp)—-éls—w J5 sin”¥ds
Ea GA' EA EA

2
”-[ _ds_ +2J‘sm vas [ _as
EA EA EA

The second term has been neglected becase in flat arches ¢ is small ame
smElP 18 & very small value

Accordingly, in normal cazses, it 1s sufficiently accurate to assume

that
¥ ds
SN IRTR
o

EXl

6. . E_§§+,£§_
1 o3 EL
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and "Mo y ds
I

y2 ds Ida
-+ —
I A

Due to en 1ncreased| of the span , we get

E Al
Iye ds I ds
+ ——
I A

and due to a Lemperature i1nocrease of £° , Wwe get

Eatl

Symmetrical Parabolic Two Hinged Arches

The axis of a sym-
metrical parabolic arch a {

18 given by the equaticn & '

41

A F s

If the moment of inertia pLla o
I and the area A of any Ed Fig_ VIII-11 7
gection are chosen such
that

Icosxp:Io and A cos ¢ =Ao

where Io and AO are the moment of ipnertis and the ares of the cross-

section at the crown, the integrals in the equations of E can be math-
ematicelly evaluated as follow (Fig VIII-11)

Fnr g concentrated load P acting at a distsnce a from the left sup-

port, we get
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M ¥ ds M 7 cos¢g ds 1l
J' ° gjo - m— Hoydx

I I cosy Io

a

1 P(l - & 4f

--.:E—j—&——[-——z X —i-z— X (t"'x)
o]

0

{
+J-I_ET_E(|_;‘) ..f".g_ y (I - x) dx
a

Io 1

- 1 _EE P a (lt-a) (12 +la - a? )
Io 31

Purther

L
2 2 2
Jz as_J’x cos9 ds _ 1 J‘lsfz 2 (-3 ax. 81
I
0

o i
I I comy o t 15 I,
and
l l {
J' as_ _ J' das cos® 1 (a4 . Lo
A A coay Ao AD

[s}

So thet, for a series of concentrated loads P , we get

{
52 Pe(l-n) (1 +1a-a)

H

15 I

3 ©

8f | (1+-——-—§-)
8a_ f
o
in whioh

15 Io

2. wE 18 B Correction factor due to the elaatic deformation of
2
BAO £

the normel force, for a rectangular section of bresdth b and depth t
we have

I, = bt3/12 ., A =0t and £w 0 155 t2/£°
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Therefore

!
5§Pa(1-a) (12 4+ 1o - ad)

Ee
81‘3 (1 +¢8)

Thas eguation cap be used for de*ermining the ordinates of the influ-
ence line of H 1f P 15 assumed equal to 1 and acts at a series of dis-

tances a
For an ancrease At of spanl , we have

- 15 E Io Al 15 E Io Al

E = =

al
ar? | (1+€ ) BfP1

whereas for a temperature increase of t°, ve getb

_ ISEI o b I5EXI at
2

Eg
2
82 (1 + € ) Bf

For = uniform load g acting over the whole span, we get

2
Hg S - S
Bf (1 +£)
Assumang 1. kE , then
l +6€
2
H =k Blo
g 8 £

For different values of t/f, the magnitude of € and k are accordingly
as follows

t/f E k

02 0 00621 O 994
03 O 014 | O 986

04 00625 | 0978

- 163 ~



Fig VIIT-12 shovs the general layout of a two hinged arch 55 me
span and 258 7 ms high used as the main supporting element of an airo~
plane Hangar

S 0am

Wbl o AVALY bl A ALF A S M PRl /L] dar S il bl P e Eadl Wbl At el et [ M i i/

Fog VIII-12

‘e

Fig VIII-13 shows the general layout, concrete dimensions and
aetails of reinforcements of & two hinged arch used &3 the main sup~
porting elenent for one of the halls ip the Covper Factory at Alexsn-
dria It has to be noticed here that the slabs are so arranged that
the ball bas sufficient light, and that the cantilever arms suvport-
ing the crane girders are smoothly connected to the arch in such a way
that the bending moments transmitted to the arch are easily resisted
The reinforcenents are arranged with staggered splices and such that
not more *nan 20% of the reinforcement bers are spliced in any aection

¢-Two hinced Arch with a Tie

This svstem 1s exter-
nally stat.cally ae“-erminate
and internally once s*atic-

«lly indeterzinate The
nain systez 1. chosen by cu‘-~ J |
“ing toe tie Tce eguation - VIIT-14
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of elasticity 18 given by Fag VIII-14

ba--Bll ob 4 HS

(s} 1
AEe

s¢ that H & - crmmme—na

4 ———

AgBy

Proceeding in the same way as 1in the previous case we get

2
Jml de J ds L
—_— 4 _——— et ————

EA AtEt

For a symmetrical parabolic erch with I cosy= I° and A cos¥ e AO
subject to a series of concentrated loads P, we get

1
2 2
P | - l -
. 52; a ( a) ( +l=a a“)

151 3 E

B:I'.‘l3 (1 +8) +

T A E

t L7

For s uniform lopd g , we get
2
H - B!

I
8f (l +E 4 .J.'.E__QE_)
2
r At Et

Agsuming that the section of the arch i1s rectangular with breasdth b

and depth t then y _b8” _ . . E _ 1 o
E ..l .
° 12 E, 10
BLLE e
2 2
£% A B,  80f° A,



€' 13 a fac“or expressing the effect of the elongation of the the
Therefore

2
H = gL
8f (1L +E + &)
Assuaing 1 = k' , we can wrate
l+E+g!
gl
- 1
B=k B f

For an arch with b = 30 cas, t = 80 cms, £ = 3 00 ms and 12 ¢ 25 nn 1n
the tie (At = 60 cma) we get

2
g _ 0155t _ 0155 x80° _ 4o

300
€. D8 _ _30x80° 4o
80f< &, 80 x 300°x 60
f st = L = 0 956
1+ E +E 1 0466
2
So that H=0 956 g—f

This aeans that the horazontal thrust of a two-hinged arch wath a tie
15 generally 4 to 5 % smaller than that of the corresponding three—
hinged arcn The bending moment at the crown 1s therefore

2
=004 te 005 E%—

The parabolic arch shovn in figure IV-3 gives a typical example
for tnis systea The polygonal frame snown in the same figure gves
another example in which the corners of “he polygon coincide an the
line of vpressure of the loads The slabs are arranged 1n the mxddle
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third at the level of the arch and at the outsade thards at the level
of theé tie Such an arrangement :5 well adapted to halls containing
snoke or fumes The cross ventilation between the upper windows do
not allow the fumes to accumulete inside the hall

Figures VII-Z1l and VII-22 gave the gemeral layout and details of
reanforcements of the main workshops of 'El Nasr Forging Plant at Hel-
wan in which arched garders with ties were used as the main supporting
element for the saw-tooth roof

Figure VIII-15 gives the general layout of the Covered Gymnasium
at the Faculty of Police, El Nasr City Cairo The roof 1s flat at the
m1ddle part of the hall end 1s composed of curved inverted shells on
the two sides, all are hung to the arched girders as shown  The tie
between the footings of the main arches 1s post-tensiomed by two Frey-
ssinet cables 12 ¢ 7 mm each

d) Two Hinged Arch with Polygonal Tie

Two hipged arches with :b(
parabolic ties as shown in
figure VIII-16 may be used
in roof structures as well

as in bradges

The statically indeter- l 7 P
minate value 1s the horiz I ]
component B of the forces Forcer &{;:ion
in the tie 7 —;

farces £ w Lie & T
The horazontal thrust

Hangars olvalo K ? Na
H due to a series of concen— 7 [L* ! l

trated loads P 13 given by

ZFOF' 5 jnoy ds Flg VIII-16
- +

b_En A EI
ZF'25+EF'28+J12dB +J’ds
t

EtAt hEhAh EI EaA

1o which

% » ‘tz = gum of forces 1n hangers and tie respectaively

Eh ’ Et = modulus of elasticaty of hangers and tie respectaively,
generally = Ea
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Ah ' At = effec*1ve area of cross-section of haengers and tie respec* -
avely, generzlly equal to the erea of steel in the meaber

F = forces i1n hapgers due to loading P and are equal to P 1f the
loads act at the level of the tie and are equal to zero af
the loads act on the arch

F = forces i1n tie and hangers due to H = 1 and can be determined
from the force polygon shown 1n figure VIII-16

B = length of any of the hangers or elements of the tie
f
e) Fixed Arches 5 ) A

Ak fixed arch 1s three
times staticelly indeter-
minate It cap be treated
in the seme way as fixed
franes Choosing the simple
cantilever as me1n system ox
and applying the statically
indeterminate values H , ¥
and M 1n the elestic center
0, we get (Fig VIII-17)

I o7 s
5 I
j ¥ as . j_gg
I A

The bending moment 1n any sectionr can be determined by superpo-
sition, thus

H-}-o+Hy+Vx+M

Due to a change of temperture of t°,
we get only the reaction -7

Eatl Hy o Hy

g =
t .[12 ds , I ds
I A

¥
This force acts at the level of tke F;_ 4 ﬁ%
X — e2x1s &s shown an faigure VIII-18

Fag_ VITI-18
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Fixed arches or frames are to be used only 1f they are constru—
ctedi on firm soils and the foundations are chosen such that they do
not Allaw an~ displacenent or rotation of the supoorts Such daspla-
cedents as well as temperature changes and shrinkage cause relatively
higbh internal stresses and hence must be considered i1n the design It
1s recomnended to take mll possible means to reduce the shrinkage str-
@sses For this purpose, a key ca 30 cms wide 1s concreted only when
most of the shrinkage of the arch bas teken place (say after 3 weeka)

£) Continuocus Arches

sy
sl L/ 2 2

3 | ] Hom Syotem ||

.

Pa—

|
} ! i

i i

"'"'"'ﬂumnllllllllﬂ""“mm I m Hrn, T

/X? 7

Fag VITI-1D
A symmetrical continuous arch with a tie symmetrically loaded as
ghown 1n figure VIII-19 1s twice statically indeterminzte The mean
syatemnt Way be chosen by removing the 1ntermediate support and cutting
the t1€5 The statically inceterminate values ere Xl and I,
ations of elasticity are
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1) 8= 0 @ bia+ X8+ X6,

21,5t

2) °2"“A""‘E“‘ Bog + X3 05y + Xy 0,
t 6

Neglecting the elastic deformations due to the normel and shear-
ing forces we get.
t L l
ds X 4 ds ds
== = - =) =2 = - | Hx ==
EJ‘HOM:L . 2 J- Mo { 5 ) . J’ oX

b} ) 0

ds
1) Eblo =JHohl -

1 l

2) Eall -J‘Hi _d_..‘l_ 2] (- 3)2 ds - 1 12 ‘_1?:
I 2 2 I
0

l l |

[ ds X ds as
3y Eb = Eb = 2| MM, = - 2 |(- __)(_y) =2 = xy ==
12 21 172 T J > I . T

o 0

( ds I ds ds
4) EB 20 = MOPE -I— - 2 Ho(—y)—I—-z —_ EJ‘MOE' —I—

J v

o 0
) 1 L
2 d 24 2d

5) Ed 22 = 112 —IE a 2 (—y) -E-: EJy —f

- D-

For s continuous parabolic erch with I cosvw = Io and subject to
uniform load p/m', we get

y = 4 ———— (1 - I)
and l
h = P—Z— (2l - x)
e 2
So thet
l l t
£, .-fﬁoxés - ngr feses . - Ll x e
o I o I cosv I0 e
1 > o
1 [ x Spl_
T o= ——— P (21 - x)dx = -
I0 2 2410
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| 3
_3511-_.1_. X2 88 . L 1,2 ds cos® _ 1 jzzc_x-—l—
2 1 2 I cosvy 210 o 61

0 o
1 1 |
”12.]”9.5 'J“‘"’ ds cos® 1 ]xydx
0 I o I cos¥ Io g
2 2
- qu (1 -x) dx A
Io 12 3'Io
L l |
EG 5q = - 2 Imoy as _ _ > Inoy ds_cos®_ _ "Ji'IIby dx
N I 0 I cosy Ioo
— fp-E- (2l -2, 4 E (1 -x) &
I°o 2 1
! 3
= - EE% ‘[(21‘2 x2 - 3] Jc3 + x4) dxm= - 7pil”
Il . 15 I,
| l [
o I o I cosy o3
2 2 2
2
-2 r16 L2 (1-n?. 2§£E,[‘2 (1= x)2 ax » 282°L
Iogd ! Il 151,

~ubstituting these values in the equations of elasticity we get

4 3 2
1) 0 - - 2Bl 1, L2 X, I
24 I 6l 31
[s] [} [s]
lE 3 e
2) - 2 gony .1, n? | 1, 1659
At Et 15 Io 310 15 Io

These two eguations gaive

2
. BL
- SE T
Bf (1 + —52-)
£°8.E,
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5E I, 1

Assuming  —— =1 and —=— =k ’ then
f2 AtEt l+H
2 2
xz.___._EJ._._..nkE.L_ and
8r(1 +p) 8 £
4 -
1'1:2.1... +2-(5 k)pl
4 l+ K 4
Exaople

Parabolic arch, comtinuopus over two spans 24 ms each, rise 3 0 mt
cross—section of arch at crown 30 x 80 cms, reinforcement of tie
12 & 25 mm (At = 60 cm2) , E = 210 t/cmz, E, = 2100 t/'cm2 and loaa
p=5t/m

51I 3
g o=—2 E_2x30x80 .02
A, E, 12x300°xe0 10
k -.._L_ l:n——-—l N09
1l +p 112
12 X 242
I, =x Bl «092%X2% _09x120 = 108 ton
8 1 8x 3

I (2_2_5) pl = (5_:29_2) 5x 24 = 1 025 x 120 = 123 ton

Reaction et outside supports

4 =B« .i_ (5x48-123 ) = l%Z = 58 5 ton

liaxamum bending moment hm at crown

2 2
My =h ——-B_ g . BIXB_2xM 10543 18unt
2 8 2 8

]
liaxamum bending moment hs at intermediate support

2 2
Mg Al Pl o cg5yxop - 2%X2% . 350y
2 2
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For preliminarv celculations one may assume nere also thkat the
meximum DLenalng moment im at the crowvn end the rawimum opending moment
Ms at the support are gaven by

2
b m~0 05 BL-
o 8

2
Me- 010 Bl
s 8

Applying these two eguations on our exmmple , we find that

2
M =005 x 2.X 24

- = 18 mt

5 and
M, =-0 10 x 2% 2% 35 oy
8

Tables of Internel Forces in Twoc Hinged and Fixed Parabolic Arches

with I cosy = Io

[,
b

i x |
The sxis of a parabolic arch L o
fig VIII-20 1s gaven by l )(
y = HX (- x) or
12 J
~
x X
= o L -
¥ TfEE where g 1 and E H Fig VITI-20

The length of the axis s for pasrabolic srches 1is epproximately given
by

5 =1 1+—§-1\2) where 1 =
3

\.‘N|H

The following tables+ g1ve the reactions and maximum moments in
two binged and faxed arches, they help much in the preliminary design

* n Design of Conerete Structures by \inter,Urguhart,0 Rourke &nd
Nilson, Fublaished by McGraw-Hill Baock Company hew York
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MOMENTS AND REACTIONS OF TWO KHINGED LPALAROLIC APCHES
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. et
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MOMENTS _AND PEACTIONS OF f7XED FPARAROLIC ARCHES
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Posi*iops of loads and values of a which result with good accuracy in
maximun moments at the crown, quarter point, or springing are given
for both types of arches in the fellewing table

C_rawn {eft‘ ?Uar?‘er Pa nZ' -t.’eff .37)1' n;zn;
- ] al X4 ad

I I [ 8 o wo o ! O T
Pt |
Mament Two :rfnlec/ aro Z5o | Tue a’n’ec/ & o vzl fixeo a Yo

[reaa s S75 Foxes a o ¥oo

| at | ot ‘ ad ad af l

o o m) o o i | o o o o m T
Ngqﬁrf L/—\! /_\\!‘ V_—\
Moment Twe £ n;e:/ a oJSa | Two £, "J‘J a-oS75 | Fived arevéo

Freca a o3| Fired aro ¥oo
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IX~- CONSTRUCTIORAL DETAILS

IX-1 INSULATION AND ISOLATION OF ROOFS

In big span roef structures supperting mainly their own weight,
1t 18 recommended to chocose the shape of the main supperting element
givaing the minamm dimensions  The spacing between the main garders
and the secondary longitudinal beams should be 8o chosen as to give a
thickness of slab varying between 8 and 10 cms  Such thin slabs are
generally not water-tight and must be given a sufficient slope(»1/100)
8o that rzin water can be directly drained and is not allowed to ga-
ther on the roof An effective 1solating materisml such as pluvex or
aspbaltoid in 2 or more layers may be used

Insulation of these thin slaebs by the use of 5-8 cms celton,
airocrete, thermocrete, no fime laght concrete etc 15 also essen-
tial Cement tiles may also be used as & covering material for hora-
zontal and lightly inclained roofs The details are shown 1n fig IZ-1

Lemes fove concrele rE-Pow camenl £ les

o
5 & amr m.rafafn, mal 15 F o rmorlar

!..re/ af or .rl!ac?.r
RC slad

S s nm&!‘nzmnfa- ol
L

7 s o e - - >
: D:'-Ia‘c::nr’l? C?_qué P

- -
| PR " ka4 »

IX-2) BEBCORDARY BEAMS

Secondary beams are generally arranged normal to the main sup~
porting frames or arches giving together a stable space structure and
davidang the slab in convenient areas giving economic dimensions The
Spacing lies generally between 2 5 and 5 O ms, while the span varies
between 4 and 8 ms These are determined by economircal and practical
congiderations They wall be affected by the use to whicn the struc-
ture 18 to be put, the size and shape of the structure and the load
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which must be carried A comparison of a number of tria)l designs and
estimates should be made and the most satisfactory arrangement selec-
ted

If the slope of the roof 1s smaller than 1 3 4 1, the
secondary oeams are made vertical, for bigger slopes, the I;Eams are
made normal to the slab The arrangement of intermedaate, edge, wall
and crane beams can be chosen according to figure IX-2

]

Fig IX-2

The slabs in the structure shown project ~ O 5 ms outside the
windows Bo that the rain water does not seep on them The rain water
15 either left to fall freely from the roof of the monitor to the roof
of the hall and then to the free area outside the structure or it is
collected in a gutter as shown in by b, or b..5 The beam at a 18
inverted in order to allow for a good fixation of the window crytal
frame and to prevent seeping of the rain water at the lower edge of
the window It gaves more stiffaness if the wall beam and the crane
girder ( if any ) are arranged 1n the same horizomtal plane and con -
nected wath a slab which may be used as a foot-path at the windows end
helps in resisting the horizontal component of the crane load
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T¥-3) SHORT CANPILEZVERS ( Fig IX~3 )

a.,{__c/ & o2
P
[- 3
— TAS N A
R
Q/ 1 A%%
b7 1 X 7
< Y : /AC'\\ ;‘\ B
(P / \\ | M
Ase 2 fo 1), ¥ \\a’}i
Ay Ac)v 1 N&4
TP W AN
™.
\}

Crane girders are generally supported by short cantilevers as
ghown in figure IX-3 If the projection a 1s smaller than 4! (=0 8 d)
or equal to 1t so that ¢ > 45 , the tension T can be determined by
direct resclution of forces for the same reasoning given 1. ( X-5 )
Hence

7/P = a/4" but T = AB Tg and dt =084

then A, = Pa/08d o

Horizontal stirrups baving an area Aé = AS/4 to resist the
possible tensile forces normal to the direction of the compression C
are essential

IX—4) EXPARSION JOINTS

Long structures are to be divided into blocks of maximum length
or breadth esqual to 40 ms by expansion Joints according to one of
the systems shown in faigure IX-4

IX-5) END GABLES

In order to resist the wind pressure agting on the end cross -
walls of bag span bells one has to arrange a sieres of columns, gene-
rally framing with the lopgitudinal beams of the roof at distances of
446 ms To reduce the bending moments on such columns horizontal beams
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at convenient distances — 4 0 to 6 O m3s are essential As an exanmple
refer to section C-C of fig IV-34

-

Bt fller Copper plate
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X-EINGED AND FREE BEARINGS

A free bearing 1s arranged to give a reactiozn at the point of
support 1n a specified direction without any restraint It must there-
Tore be free to rotate and slide normal to the specified direction of
the reaction so that the reaction at a free bearing ancludes one un-
known only

A hinged bearing i1s free to rotate without any restreint so
that the point of application of the reaction 1s kmown but its darec-
t10n and magnaitude are unknown 1 e & reaction at a hinged support
includes two unkmowns as shown in faigure X-1

#1/”
l
/¥ 4 P

a
J'.,/;./7 Flane m//fn:c //ﬁ /.47“, &
2 e /. S
N = ﬁ/tz,l IVA i // ///
¥ 4 /52 : // ///
. 7
Fig ¥

Sueh adeel free and hinged bearings cannot be constructed ,
8ince fraction or other imevaitable restraining factors cannot be avo=
1ded

A  HINGED BEARINGS

The maln practical types of hinges used in concrete structu-
res are

X-1) STEEL HINGES

The steel hinges e g as shown in fagure X-2 result in more
perfect hinge action than the concrete hinges, but are considerably
more expensive Their use today, is restricted to bridges and unsual-
1y heavy concrete structures
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I-2) [ESNAGER HINGES

In this type of hinge, the resaction R is trapsmitted through
the crosging bars le and Asz Their inclipation with +the free
Tace of hange lies betweaen 30° apd 60° They are protscted from
rusting by 2 5 cms oridized asphalt, bituminous cork or bituminous
felt arranged as shown in figure X-3

The crossing bars are in this manpner subject to compressive
stresses C , which must not exceed 0 3 O This low BtTeS8 18 assu-
med because any rotation actually occuring at the hinge bends the bars
and induses corresponding flexural stresses Such rotations actually do
take place during the lifetime of the structure and are caunsed ;rma-
r1ly by changes in live load and temperature These flexural stresses
superpose on the computed compression and correspondirgly increase the
value of the actual msximum stresses in the bars Rather than to atte-~
mpt computing these additionml stresses, it is generally amtisfactory
to keep the compression stress G 1‘3 sufficiently low so that the bars

will pot be overatressed by superposed bending

The crossing bars, transmitting their force to the concrste
by bond along the embedded length, exert a bursting force which must
be resisted by additional ties Qnly the part of the lateral reinfor-
cement within a distance & = 8 ¢ (< being the diameter of crossing
bars) from the face of the concrete 18 considered effective in resis-
ting the bursting force The tensile stress 0’“ in the taes Lst can
be computed according to¢ figs I-3 & X4 from the relation

(N/E)tan6+Ha/yCT
5% 0005 ab+dg
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where, 1o addition to previously
defined quantataies, Ast 15 the
combined area of lateral ties lo-
cated within a = 8¢ from the free
face of the hinge and Jop = 0874

Example
A Mmsnager hinge of the form
shown 1n figure X-3 1s subject to fag I

an 1nclined reaction R whose component normal to the free face of the
hinge § = 25t and 1ts compcnent parallel to 1t EH = 5t The breadth
b and depth + of the foot of the column are b = 40 cms and t =
60 cms Determine the reinforcemepts regquired for the hinge using
m11d steel With O, = 2700 kg/cm®

J
Referring to figure I-3, assume
R, =14 ton s that A, =R /0L = 14/08 = 18 cn’ 4d25
and
_ - _ _ 2
R, = 17 6 ton B0 that L, =R, /o*é =176/0 8 = 22 cm“ 4¢28

The stress i1n the lateral *ies required to trarsmit the forces
in these crossing bers by bond along a length a = 8 ¢ = 8x2 8 =22 4cm
to the concrete 15 calculated in the following manner
Assuming the ties are B¢ 6 spacedat ~ 7 5 cms , then we will have
four rows of ties mith 4 x 8 = 32 ©branch and havang a total area

Ast=52x024=?68cm2 and tan 6 = 0 B

We have further d = 55 cms and ycT=087d=48cms

So that

g, - 122500 x08 + 5000 x 22 4/48 _ 1415 yg/ea® < 1400 Safe!
st 0005 x22 4 x40 + 7 68

This type of hinges can only be used for rela“ively small va-
lues of B ( ~ 30 tong ) and 1s limited by the maximum amount of
crossing bars that can be piaced in the breadth of the foot of the
colurn giving a clear distance of minimum 3 cms between the couples
of erossing bars as shown in figure X-3

I-3) COWSIDIZE HI¥GES fig X-5

In this tyoe of hinge, +the normal componment N 02 the reaction
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A COMSTDERE HINGE ~ 7[
|

7S em bil
maler al

V4

V4
(BT
.%[ N

)

5

Pt
18 transmitted to the foundation by the short spirally reinforced

concrete column arranged at the middle of the foot of the main column
where as the thrust H 1s resisted by the crossing bars Asl and AsZ

In corder to have an acceptable hinge action +' must be /3
The spirally reinforced short column may be calculated from the known
relation of the elastic theory

N=UbAk+OéAB+25 U'EAé._gZ(UbAcd-O'éAS)

in which
4, = the area of the core inside the spirala ( hatched area )
Ac = b t*
4, = area of cross-section of longitudinal reinforcements inside the
apirals
Aé = 2amaginary lengitudrnal reinforcements having the same volume of
the spirals with cross-sectional area Asp , Ditck e { < 8 cms)
1 —
and diameter D 1 e AE = Asp T D/e
3
U'b = Uco T a/a0 <0c28 /2 the bearing stress of partially loa -
ded aresas
Uco = allowable ccmpressive stress of the concrete used
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= bt = area of foot of column

= Ak or Ac eflfective loaded area

stress of longitudinal reinforcement

Ué = allovable compressave
g = allowable tensile atreas of apirals
n = 15 = wmodular ratio

If the ultimate strength theory 18 aoplied the corresponding
equa*ion wWith the specified load and reduction factors can be used

Due to the concentration of the stresses in the hinge horizon-
tal splitting tensile forces are created at tne foot of the columm

The stirrups along the heaght h = ¢
sist these splatting forces

are generally increased to re-

i ]/ A [ FAD HINEE

I-4) LEAD HINGES  fig X-6 { i |
In tni1s type of - _}
hinges the normal com- 4 If 2om L F

ponent N of tne hinge
18 transmitted to the
foundaticn by bearing
through & 2 cms thick
lead plate arranged

at the middle of the

column foot The hori- r
zontal component E is

resisted by the shear
resistance of the con-
necting bars As which
are protected from

Loy lfmc/

rusting by 2cms thack
bitumincus cork, bitu-~
minous felt or oxadized
asphalt arranged as
shown in fig X-6

In order to have
acceontable L_nge action, the length
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of the lead plate +t' must be



smeller than or equal to one third of *“he depth of the column at the
position of the hinge measured 1n the direction of the reguired rota-

tion
The lead hinge can accordingly be calculated in the Zfollowing
manner
3
N/t < Oy = O V aar < 0'028/2
A, = H/'EE where T, = 08 O_ = allow shear stress of steel

If 1t 18 required to reduce the amount of the conmecting steel
A, to a minigum, the lead plate 15 to be arranged normal to the di-
rection of the reaction due to dead loads as snown 1n figure I-7 1n
which case, A_ can be calculated teo resist the thrust due to live

=}
loads only

at
Y i

Due to the concentra-
tion of the stresses at the
positicn of the hinge trans-
verse temnsile splitting for-
ces are created These can

I-7

3

¥
be expleined as follows
( f1g X-8 ) R ~ -

- o - -
- - A - -

The transmission cof the normal compressive stresses 18 assu-
med to take place from the breadth of the column + to the breadth
of the lead plate +' 1n a height h approxrimately equal +to toe
breadth +

AMr My .
7. AY .
[T Hllol] —f_ R, {11
» = &~ Zetecﬁrn:s
"\\I %jr 1 N——L—J——
___:f'-l F.?v -— e P ™
l s MHI ~N Zens on
S NS | tragectorses
~M/? N7 il
(4) LA R P
Il 4 Jhg I-8 3 4_}




of the column so that the compresslon trajectories and the corres -
ponding tension trajectories will be as shown in fig X-8a

Considering the eguilibrium of apy half of the concrste blogk,
neight h = t, at the hinge, we can see that the two forces N/2 ars
equal and opposite butbt not colinear and equilibrium is only possible
1f & transverse force FEI 15 assumed acting &8 spown in figure X-8b
Its magnitude can be determined, s&according to Moersch, i1f we take
moments of “he forcea acting on say the right half about point O

Hence
Pt _ty,. t
2 4 5 8p -

8o that

FBp =R (t~-%" )/ 4t~ K4

Fap is temsion and called the tramsverse splitting tensile force,it
pssumes 1ts max value of N/4 for ' =0 It must be resis -
ted by horlzontal stlrrups of area Ast = Fsp / Og arrenged

at the foot of the column in & height h = ¢ Refer to figures

x—5| 6 &'-7

X-5) CONCRETE HINGES
TI— N
L |

— -

Nyl

o [

—
b
—
—
——
s

}
a [

o o m .l"c.r F Cnl'lc-"l fl
INEEI 5 %;é_éiﬁ;- Cyoo
_.] g
I

b U Jou
prc

=t
-

Fig %9 |

This type can only be used if the hinge 1s subjected *to
small angles of rotation The vertical component of the reaction
is trensmitted to the supporting element by bearing on concrete with

3
astress Oy =0 5 A/A LOeo8 /2 - 150 4o 200 kg/em® The

horizontel component of the reaction is taken by the Bhear resistan-
ce of the vertical connecting bars

It 18 recommended to arrange reinforcing meshes ¢ B mn ox
both Bides of the hinge as shown In figure X-9 It 18 not allowed
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to make & construction joint through the hinge and to make 1t of high
grade concrete

For this reason precast hinges ( or rockers ) as shown 1n figu-
re Z-10 may be used

1] v

s

——

=
=ktem ;——'\J —fzem

-
— 5
At

PRECAST HNGE FPRECAST ROLKEP
s /4
U
Fig X-10

It 28 however essentiel to arrange sufficient cross-reinforce-
ment to resist the possible splitting forces

In all previous types +the minivum anchorage length of cress-
.ng or longrtudinal bars must be » 30 ¢ and > 50 cms on each side
>f the hinge

B FREE BEARIRG

The main types of free bearings used in concrete structures

are
I-6) STEEL BEARINGS

The different types of steel bearings may be used i1n concrete
structures  Types of low cost and low construction height are recom—
mended

X-7) ROCEER BEARINGS ( Fag X-11)

A rocker 18 a short teinforced concrete element between two
hinges &s shown in faigure X-11 As the rocker 18 not laterally loa-
ded, the reaction supported by e rocker will be i1n the direction
of the line connec¢ting the two hinges It8 height h depends on
the required dasplacement send rotation It supports the reaction
by the combined action of the conecrete , the longitudinal reinfor-
cement =and eventually the cross reinforcements whiach 1f placed 1n
leyers et & small spacing e < B ocms , they increase the resistance
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of the rocker by an amount equal to 2 5 n A} 0'5 gimiler to that
of spiral reinforcement AE'l 18 1n this case equal to the volume
of the cross reinforcements per unit height i e total length of
cross reinforcements multiplied by their cross-section and daivaded
by their patch e

Crorr r'cmf orcemenis

=1l

I-8) RUEBER BEARINGS ( Fig X-12 )

A rubber bearing 1s composed of steel plates or wire meshes
embedded in a apecial material - the neoprene - made of artificaal
synthetic rubber It possesses very
high resistance to ¢lymatic changes
and chemical actions of acids or al-
knlies that are liable to exist 1n
arr or water The steel 1n these bea-

rings 13 completely protected against sleed Lyl ler (reopreme)
rusting A neoprene bearing posses- Ig[‘{g; Ta!er.r 7

ses the high resistance of steel and

the elasticity of rubber It can Fig X-12

resist high vertical forces without appreciable vertical diaplacements
It allows for horizontal displacements é and rotations @ in two normel
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darsctions as shown in figure I-13

2 T}
"'"M’"’W«7«” % S = 2
FITITTTI TN II T T TN ITTI ITTTNT TITTITII XTI T I IIITN IV I AIT
Horre despl & Rolatron X
Fag X-1

This kind of bearings 18 tc be assumed as free allowing rota-
tions and horizontal displacements in any directicn

The exact streas distribution in a neoprene bearings 18 very
complicated but for practical designs, the following method may be
used One bas to check
1) The axial compressive stress

maxr ¢ = max N/A §allew 0 = 100 ls:g/cn:l2

2) 8liding angle
tan Y = 8 /he < &llow tany

3) Hor:izontal force
E = G A tany

4) Angle of fraction between neoprene beering and concrete
max { = max H/min N < allow H

5) Angle of rotation of every rubber layer

B Lallow B
in which
max N and man K are the marimum and minmimum normal components of
the reaction

A 18 the area of the bearing in plan

5 the horjzonmtal displacement of the point of supoort

he the net height of the bearing (sum of all rubber layers)
h the height of the bear._ng

n number of rubber layers

G bulk modulus of rubber

The following two cases of loading must be recognised

Case I - Permanent Loads
( dead lcads, prestressing, cresep shrinksge, temparature )
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Case II - Live Ioads (acting for a short time)
(tractive & wind forces)

The following values must not be exceeded

Table 1

rbase of tan[ allow normal J in kg/cmE allow B 1n minutes G
loading| Y [ 20 | 40 | 60 | 80 [100 1150x200]200x300]300x400] kg/cf

[ 1 |o 7o 500 45(0 s0lo 35| 0 30| 10 0 7 5 50 | 13
11 |0 3o 30]0 26{0 22]0 18| 0 15| &0 30 20 | 20
I+ 1I|09loscloasloaofo 35| 030140 | 105 90

all values are related to the effective depth h,

The compressibility of the neoprene bearing due to vertical for-
ces 15 very small and hae no effect on the internal forces in stati-
cally indeterminate structures

The standard dimensions are

3500 kg/cm®
200 x 300 tm for max N 7000 kg/cm®
300 x 400 mm for max N =120 + waith E =14500 kg/cm

30 % with B

150 x 200 mm for max KN

60 t wmith E

H
fl

Its heaght 18 chosan according to the statical requiremsnts
and should be 4;115 of its breadth The rubber layers are 5mms thick

Table II

No of Tubber
layers n=| 2 3 4 | 5 6 7 8 9 10111 |12

effective (h =] 10 |15 |20 (25 |30 135 |40 | 45|50 |55 | 60 |mm
depth

total depth | h=| 14 |21 |28 |35 |42 [49 |56 | 63| 70|77 | &4

for cagse of | w=|7 O 10.514.017521024528.0}15350?8 542 0
load I

for bearinglmax | 30 130 30 |30 [ 30 | -] - | - - - |- £
120 x 200 V=

for bearing 60 |60 |60 |60 | 60 (60 |BO | — -| - |- t
200 x 300

for bear._ng - |- - -
300 x 400 120 |120(120|120 R20 (120|120 | ¢
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Example
Design the requared neoprene bearings for the shown simple pres-
ressed foot bridge ( Fig X-14)

l 4 oo |
! ~
\ 0000600 7
=_ J 75 ]
Fap X-14

data
Crozs-section A=28 m2 Ic =008 mt
Initial prestressing force F, = 900 ¢t
Span L = 20 ms
Temperature change st =+ 20°
Creep stra:.nEbrz % times elastic strain Ec
Shrankage strasn O 20 mm/m g, =02x 107
Modulus of alasticity of concrete Ec = 300 000 kg/cma
Bulk modulus of bearing G =13 kg/cn®
Dead loed g =75 t/a
Live load p =25 t/m
Average concrete stress Uc due to Fo + § 18 given by

g, = F, /A = 900/2 B = 320 t/un° = 32 kg/cn®

The horizontal displacements of the bridge are

Due to prestress £, O./B, = 32/300 000 =0 11 x 1072

Due to creep E,p =3 X E = 310 115102 =0 33 x 10°2
Due to shrinkage € =02 m/m =020 x 107
=20 x 10~ =0 20 x 1072

Due to temperature €
t -—
total £ =0 84 x 10 3

Horaizontal displacement of point of support

1
o]
&
B

w=LE/2 = 20000x0 B84 x 10 2/2
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Reactions
100 ¢

75t

{75+25)x2/2
7 5 x 20/2

(g+pJL/2
g1 /2

For sach s1de of the bridge, we choose
2 necprene bearings each 200 x 300 x 20 mm

max N

min N

1]

Bearaing area A= 2x20x 30 = 1200 cm?
Height of bearing b, = 20 mm ( 4 rubber layers 5 mms each )
Normal stress G .5 mar K/A = 100 000/1200 = 83 kg/cu”<100

8 4/20 =0 42 <07

Displacemsnt angle tan y = w/ho

Max horizontal force Hmaf G 4 tam¥y= 13x1200x0 42 = 6500 kg = 6 5%

Coeff of friction Flmai max d/mn N = 65/75 =0 087 <0 40
Wote =0 40 13 the allowed walue for Gﬁln = min N/A = 75 000/1200
= 62 ks/cma )

Angle of rotation p per layer of rucber

% 3 - -
_ 1 L 1 2 g x 20 _ A
= 7 _Z_EEE_I_C 2 = g . <0850 = 0 B6 =2 95<3 0

Neoprene bearings do not generally need any sort of fixmticn
and are loosely placed on the bearing surface Tney can be used both
for steel and concrete structures It i1s, however, of utmost impor-
tance that the bsariag surface 15 smooth clean, plane and dry

For the construction of neoprene supports i1n concrete structu-
res, they are to be encased in such a way that the shuttering can be
easily removed For supports of small height, cork plates are to be
used The surface of the neoprene support must be flush with the shu-

ttering

After the removal of the shuttering ( or cork ), the lateral
surfaeces of the gupport must be entirely f£free so as to guarantee a
smooth functioning of the support ( Fig X-15)

For small bradges and buildings in which the reaections are
generally amall neoprene supports without steel plates may be used
The max normal stress 18 to be chosen smaller than 25 kg/cm2 and
tany <l 0 5

Heoprene strips car be conveniently used as supperts for cylin-
drical tanks with sliding base where they trapsmit the load of the
wall ( and eventually the roof) to the floor and, allow for the
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II-FOLDED PLARF STRUCTURES

XI-1) DEFINITION AJD TYPES

Poldsd or hipped-plate structures consist of an assembly of flat
plate strips intersecting at fold 1ines and arranged such that they
form & stable toree~dimensional structure Fig II-1

Simple prismatie
folded-plate roof

’i; I
AL
End D qpﬁraqm \

Fag IXI-1

They may be prismatic, prigsmoldal, pyramadal, etc , they fimd
application as roofs, coal bunkers, cooling towers, bridges, stair -
cases, etc Fig XI-2

Prasmatic structures must be stiffened by diaphragms in at least
two cross-sectrons

The plate elements of a folded structure being straight, *hey are
subject to bending momenis between the fold lines and hence, they con-
sume a little more material than continuously curved cylindrical shells,
but +he extra cost on this account 1s much smaller than the saving in

$ha fooms
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Exanples of prasmatic folded-plates

Wide folded-plate Continuous folded-pl

~ N
!\Dlanh.ra@ ’

Diavhragn

Saw-tooth folded plate Multiple folded plate

Examples of non-prasmatic folded-plates

=) v

Prismoidal folded-plate Pyramidal folded plate

Fag XI-2
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Examples of non—priamatic folded-plates (continued)

Triangular folded-plate

Fag IT-2
(contanned)
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XTI -2) ASSUPTIQLS AND STRUCTURAL BOaAVIOR

Being primarily interested in folded plates as roofs, our study
1111l be restricted —o prysmatic folded plates consisting of rectangu-
lar plates, each plate being of uniform thickness

The rollowing assumptions are usually made 1n the compubtations

1 )} The structure is monclithic and the joints are rigd

11) The material 1s elastic, homogenecus and 1iso“ropic

2211) The length of eaca plate 1s more than twice 1ts wadth

1v) In all plates, plane sections remain plane after deformation (It
1s, however, to be carefully noted that a plane croas section of
the entire structure does not necessarily remain plane after de—
formation)

II-5) SLAB AND BEAM ACTIDN

shear T

A \5;
Slab action
giey 2y td (c) P
Sa/m 5;
T T T—T1 L T T 1T T 1T T 11 11 1T 1713 01

z
1 Stress dis-
hf ) Plote 2 b trabutzon
due to 52/m
+.—

| ' Soar { Obz
4 fded
(@ 4 +# 0]
Beam action
Fag X1-3
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4) 81lab Action
In praismatic folded plates, the length of each plate .5 more than

twice 1ts wadth (assumption 111) that the surface loads are carried by
each plate as a cne way slab supported on the fold lines This 15 term=
ed ag olab action A typical transverse strip rs shown in Fag XI-3 a
The corresponding bending moments as & one-way conbtinnous slab are
ghown 1n Fag XI-3 b
B) Baam Actaion

The reactions F/m from such slab straps are applied as line loads
to the fold lineas The only darection in which each plate can apply a
reactive force to resist this line load 18 parallel to 1ts own surface
The resultant line load F/m (see Fig XI-3 c¢) therefore resolves into
eompanents parallel to the two adjacent plates The plates i1n turn carry
this edge loading longitudinally between the end Qiaphragms 'D! by beam
action es shown 1m Fag II-3 4

a) Rxdge and plate loads

1
Py =5 (pp By + P, Bby) XI-1
1
Py =5 (pp b, + Py By) XI=2
Sz =831 75,2 XI-3

5\

Fig XI-4

Loads such as P2 applied at the ridge 2 are ¥mown as ridge loads
Considering a umit length of the folded plate, then P, = ¥ (p2 b, + P3

h5) P, may be resolved into plate loads 82’1 and 52’3 lying respec‘~
1vely 1n the planes of the second and third plates by means of a trian-
gle of forces as shown mm Fig XI-4

In the designavion of plate loads such as 52’1 the first subscrzpt
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gtands for toe joint at whach the load acts ama the second subscrip™

1ndicates the joint toward wh.ch the plate load 1s darected Thus the

plete load 82 1 1s directed from joint 2 to Jornt 1 av radge 2 The
’

pla*e loads 5 may include the effect of the cornecting mcmants in the
eross direction It 13 clear that the met plate load carried as a bgam
by ¢ g the secona plate 1s

8,1~5.2 XI5

From the triangle of forces given in Fig XI-4, 1t 1s easy to
prove that

s, . = 250543 and s, . =2°%% 4,
2,1 810§, 243 sin %»

b) Frée edge stresses and compatibilivy at the ridges

The distritution of the normal stresses in any section of a free

plate subject to a pending moment Ho 1s gaven by
Cp,t = TM/Z

where 7 18 the section medulus of a plate, Z = b ho/ 5 for rectangu-
lar sections of breadth b and heigbht b as shown for plate 2 i1n Fig
IT=5 d and e

T+ conditions are such that the free edge stresses are *“he same
on bota sades of all fold lanes, then they are identical wath Hhe
final stresres Tnis would be the case, for example, at the edges of
en anterior umit of a roof consisting of many identical units (e g
intermediate joints of the Vee folded plate of Pig XI-2} If, on the
other hand, the zratial plate anmalysis indacates a s reas dafference
on eilther side of a fold line, an incompatibility 1s indicated which
cannot actmally erisgt, because the strains on elther sides of a gaven
fold line must be equal This indicates the presence of longitudinal
shears acting along the joint d4s shown in Fag XI-Z a

The stress dne to an edge shear

T can be calculated as follows T Oy = 4T/A
Fig XI5 -
+

Uk’b = T/4 = M/2 where

M =Th/2 and Z = bh°/6 , so that

h
2
b
h
1P
T
2T o

.

g, ., =L*Th & T+

T T a2 b ne & b aL = =2T/4
g, =+ L A 0. =-212 T

=T e b= 7% Fig XI-5
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XT-4) DETERITIMATION OF EDGE SHEARS AND FTNAL STRUSSES

4) Theorem of Taree Edge Shears

Stress at joint 2 in plate 2 1s gv- L,———-.-___.._I,__.__,__:J]T3 33Ty
I
en by “ig XIS ( ) |
o, 2t T 20 AU
2 - z !
: K e [——“—“‘""‘"‘""Ta It 2 Ta
Streas at joimt 2 an vlate > 1s giv- 2
|
en by )
27 1 2
2=+——2—T ——é FP \02 \ %
% A |
=" S ——a—a ———
’ ’ ’ Tlat T

But the fiber s'ress at joint 2 from
plates 2 and 3 has to be the same as Fig XI-6
the plates are monelitnmically connected, we may equate tne two prev-
1o0us expressions to get
2o (2,2 )+-2 B (2. +—-3-) XI-5
A = A 4 L I

This relation 1s called the theorem of three edge shears similar +to
the Imown theorem of three moments

Havang determined the edge shears T, +the final stresses can be

computed.by superposition

B) Stresg Dastrioution Method

The final stresses 2n a Ffolded plate cen be determined by the
stress distribu“ion method in the followaing manner Fag XI-7
- | %2 !
> ]
Pl 2 | b, |
| comp é+ =
T T T 02 bp

= L. a 41y
tension ! <=
1
P11l n, |
L | gT__l

%1 4y
Stresses i1n indi~ Stresses 1r indi-
vidual pl Ffor HO viduel pl for T

Fig IXI-7
1
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The cemmatibility of strains at joint 1 necessitates that the
streas &t both sides of joimt 1 be the same Hence

8 71 4Tl 1 1
[¢) ---—J-'=O'-,+-—— or Ty =0 =48T, {(5=+=) 1€
4 7 A‘E 37 A
1 1 1
— (0 ~0 ) o= and o =—=—==={(0, -0_,) = XI5
Al o2 ol 314.32 32 o2 cl Al+.&2

This means that the correction of the stress 0 ; due to Ty which 1is
& T3/8y 1s egual to the difference (O, ~0n) gyitaplied by the dis-
traibution fector "2/ (A1+A2) and the correction of the stress (4 0% due
to T, whach 1s —4T;/4, 1s equal to ~(0, - 0_1) oultaplied oy the
dastrabution factor Al/ (A1+A2 3__

These relations show that the difference of stresses in a Join*
can pe dastributed on the plates 1 and 2 mee“ing in joint 1 in the

follomng ratio
Instraibution factor for plate 1 equals A, / (11 + 12), and
L} 111 t L] 2 n Al / (Al + A?)

It 1s clear that the carry=over-factor is - 1/2
This method can be directly used instead of the three shears eqgua-

t21on XI-5

ZI-5) SHEAR STRESSES IN FOLDED FLATES

Tae shear stresses due to slab action are generally very small and

nead not to be comsidered

The mein shear stresses are due to the beam acticn of the differ—
ent plates they are caused by the shearing forces of the plate loads
S and the edge shears T

{ur s*udy v1ll be restricted to simple priamatic folded plates
only

Due to tne force 5/m acting on a plate of breadth b, cepth h 1 ¢
(arez 2 = b h) and span 1, the maximum shearing force Q .. abt the dia-
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phragms 1s given by

Q =81/
It causes parabolic shear stresses T o? with a maximum value at the
mi1ddte height of the section of the plate equal to Fig XI-8

3 Qmax IT-7

E—

TOIEE.X:E A

‘.

S/m 1

L e o S 5N I 0 D R S

"
: s

J_', 1
n Q ET mox, —
Seax M2 2 2 | '
- /2

A "

i
Pig XI-B "i"‘"’bu Shear stress diag
When calculatang the shear stresses 7 due to the edge shears T,
one has to notice that the edge shear diagram at eny fold line iz
sumlar to that of the bending moment due to S, 1 e parabolic with

mayamun velue at midspan and zero at the supports in case of simple
folded plates It 13 therefors easy to prove that the edge shear T
at a distance x from the support of a plate is given by

= 4 x - X
T = Tpow T (1 1.) XI-8

waere Tm.ax ie the marimum edge shear at midspan , it may be celeulat—
ed frum equation II—-5_

The shear stress distribution om m section at a distance x from
the support due to an edge shear T at one of the edges of a plate 1s
elso parabolic as showan in Fig XI-9 Its mardmum value 7 at the edge

i 2‘ ‘-

T Ve e ; h/2
.,T._.zc_,}r. : h __74 v

th/2

Fig XI-9 —; _Jo_

-
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where T 15 apnlied 15 gaiven by

§ T
_ max _2x
= 1 =) II-9

The ghear stress st midheight of plate 1s equal to 1/4 Pig p ST TY

If the plave is subject to two _T— Ty ?
1

edge shears Tl and T2 at ats top
and bottom edges, the distribution

h L T +Te _'L
of shear stresses wall be as shown | “
in Fag Xi=10 I ‘hJE
— T :é
A% the end dzaphragms of a plate 2
kb
(x = 0), the sonear stress due to an
Fig ZXI-10
edge shear T 1s therefore
LT
T = —b—%.a'"z XI-10
and tne value at midheight of plate is
T
T _ Imex XI-11

- b 1

In simple folded plates, Tthe sense of the shear stresses dune to
edge shears 1s vositive at the top end bottam edges of the plate and
negative at midheight and hence, these last values are to be subst-

racted fram Tomax

The determination of the longitudinal and transverse reinforce—

ments as well as the web reinforcements will be shown in the follow=
1ng examples

XI-5) ILLUSTR.TIVE EXAVPLES

1) It 1s reouwired to cover an area 32 8x200ms by a folded plate

roof Columns are allowed in the outside perameter only Faig XI-11

The arrangement shown 1n Frg XiI-11 gives a convenient simple

solution for tne following reasons
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_P' —1‘— 4 4 ' -
Fig XI-11

e) The span of the folded plate roof 1s chosen in the shc:rter direct-
lon

b) The span being relatively big, the system 1s chosen such that the
campresslve stresses can be easlly resisted by the horazental part
of the folded roof and the big amount of the tension steel can be
eaally arranged iln the edge beams

¢) The height of the folded slab is chosen 1 8 ms and that of the edge
beam 1s —thecoretacally- O 70 ms so that the total height of 2 5 ms
18 @ 1/7 5 the span 1 of 18 4 ms

d) A1l interior folded plates have the same length of 3 O ms

The chosen conerets dimsnsions are shown in detairls in Fag XI-12

Degign of zmterior bay of roof in transverse direchion (slab action)

Assume slab thaickoess = 12 cms Loadjma surface = 0 12 x 2500 = 3002
" guperimposed load (L_L, cover & plaster) / m2 surface =kis./i
Total loaa on horxzonbtal slab w = 400

Total load, causing bending mcments, on imclined slabs
w'= w cos g = 320

Tne glab may be assumed as fixed at b and e, so that the nending mo-
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ment in the transverse direction as 1c..uws (Fig aJ-=ls,

20 kg/m . 400 kpg/m 0 kg/m by = by o

Slaeb action 110 170 110 Fig XI-1»

Zdbx30+mcx30=-6x29-—y—é—05- oxr 211b+LIc.-_--720

24

L6 (329E3 o® , 400 x 3 03)

0=
hbx30+2Mc:560+ch3 o e
or Iub+51.!c=-1620
glving L*.b=—220Lgn and Mc.—.—280kg:

Hence, the pending mcoment diagram 1s as shown in Fig XI-13 Hovever,

the field mcment in panels b ¢ and d £ should no%t be smaller tnan

W, = 320 x 3 02
24

The bending moments are very =small for a slab thiclkness of 12 cms,

120 kgm

]

hencs, a minimm main steel of © @ 8 mm/m may be used The distribut-
ers are chosen 5 @ 6 mm/m

Design of interior bay cf reof in longitudinal direction (beam acticn)

Sance each of the 25 cma wide beams 1s common for two bays of the
oldwd roof, the beams belonging to one bay are to be introduced with
a breadth of 12 5 cms

Ridge loads per bay

P own welght of ridge beam + % load of vplate b ¢ + weignt of slove

b =
concrete plus ramn water in gutter, or

0,125 x 0 85 x 2500 + 1 5 1 400 + 135

265 + 600 + 135

1000 kg/m
1200 ksfm

b=

11

P = 30 x bH0Q0
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Resolution of ridge load (Frg XI-14)

Load on plate 1 = P, = 1000 kg,/m‘j/
"omoM 2=5;, =200
" - -—
3=3:,a" 84,6e=09
because of symetry
Sc,a = Sq,¢
dgmentis and propertres of indivadual plates
2 2
. b b |a=b2 z:"s_h s | L= 188"
late n o I5.2 3 ks/n K o
1l 0 125 0 85 Al=0 106 le.-O 0151 | 1000 M01=42320
2 0_120 5_00 32=O 360 22:-.0 180 2000 ]L02=8f+640
—_ -] r —_—
3 0_120 3_0(1 AB_O 360 25—0 180 0 h‘o}‘ 0
Edge shears
The applica*ion of equatzon XI-5 to Joimbts b and ¢ respectively
g£1ves
T T T M M
Joint b 0+2(-B+-B)+£=%(_El+_i) or
4 & b 1 ®
T T T
042 (Bm 4 —D) 4 . o L 2320 B4GKOy
C 106 C 36 0 36 2 0 0151 0 18BC
B 72T, +T_ =589 x 107 ard
T T T L
Joant ¢ -2+ 2 (—°-+-—°-)+-9-=£=(—9§+0) but Ty = - T
fa A5 4 %
T T T B454
then -—b—+2(°+ £y~ c=lx 0 or
0 36 0 36 0 36 0_36 2 C 180C
033Tb+mc=28213x103
Therefore T, = 66308 kgs and T, = 6113 kgs

The final normal stresses in *he difPerent plates wall be determined
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by superposition as feollows

Hormal stresses in tne different plates due to beam action

Plate 1 Fag XI-15

ol ]

— BTE 5 B
-'H"‘ 125 +280 =125
Myy= 42320 kgm Fig XI-15

"
= Mol = 4232000 _ - 2

—= = ¥ Z=2=—= = ¥ 280 kg/cm
Y7 % 15100 * k

Stresses due to Mcl = 42320 kgm Oy

a
47 -
b 4305308
T = 66308 s 0O, = -_—= = 250
b 3 kg b + A& 1050 + 25 n
o 2h_ _ 2x66308 _ _ .,
®a =T I TTTm0 - T
Final stresses Ga = + 280 - 125 = + 159
G’b = ~ 280 + 250 = - &) "
Height of tension zone =085 x —125 = 0 712 ms
155 + 30 -
Plate 2 TFig ZXI-16
T =+611
| ToTteHl ks +36 8 +o 8 -3 4
~ o W“
o MOE
© H
- b L
I T,=-66308 kg +47 -73 7 -3 4 =30
R M, T, T, Final
M ,=B4640 kgn Fig XI-16
b
Streases due to M . = 84640 o, = * 92 . + B4GH000 _ + 2
~o2 kgn Oy Z, 1800 00 - 47 ke/cm
c
47 .
b +x663068
7. = —66308 = & —0 5  3ETSB308 _
" 308 kgs Oy = + 5 3600 737
. = - b, 236308 _, 5
c = L 3000 ~ © °° '
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Mlate 2 (contd)

S*resses due o T

Fanal s*resses

Dlate 3

Stresses due to Tc

Final s—resses

C

= -6ll3kgs O = =

= «61152 kgs O_ = +

Q
f
2
n

4T .
= + 6113 kgs O’C=+Iz—° 4:2333 +’8kg/cm2
o = el 2x6113
b= "I o0 -~ 2% m

O, =+82 =737 -3 4 = = 30
0o =-47+368+68==34

R
A’3 2600

2am, 2x6113

a5 C T Te00 T

n

-68+ 34 =54 _

The fipnal normal stress aistribution in the folded plate 1s shown

ian Fig IT-18

The finel stressss calculated above can be dstermined using the

stress-distribution method 1n the following manner

Areas Al = 1060 cm2 A2 = 3600 c.m2 .9.5 = 3500 cma
D F D. = 1060 o 227 D = 3600 - 0 50
1~ 1060 + 36800 - 2 ~ 5600 + 3600 _ -
| |
Plate a 1 b 2 3
Dist Factor 0 773 |0 227 0 500(0 500
+280 -2 80 +47 0 47 0 0]
Distrabutron +252 =75 0 +23 5|=23 §
WATTY Over =126 0 -11 75 +37 5|+11 25
Di=tribu*-ion -9 10 |+ 2 65 -13 1%+13 13
Carrvy over +H 6 9] + & 57 -1l 331- 6 56
D_s-ribution +5 07 |- 1 50 -2 &2+ £ 62
Carry over -2 oh c + 131 +Q 571- 1 31
Distribution +1 01 |- O 30 -1 031+ 1 03
F.nel stresses | +1556 -31 -31 =3 4 =3 4




The results ere apuroxrimately the same as in the previous solu-

tion

Determination of longrtudinal tension sheel

The longrbtuding] tension steel is chosen such that it resaists all
Tvhe tensile force T in the section Accordingly, the tension in any

intermadiate edge beam 25 x 85 cms 18 given by Fig XI-17

T=155x7?1:2-x25=138000 kgs

Using high grade tension steel with
£ = 3600 kg/cn® and O = 0 9 x 2000
16 0O, = 1800 kg/en®, we gt . i 3428

[ A—

138 000 s

T o 2 25
B, = Togse =765 an® 15428 422

Shear stresges in vlate 1 Fig XI-17
- 2000x18 4

Max shearaing force at diaphragms Qmax = = 9200 kgs

Shear stress at midheignt of plate I = 5% =550 © 13 kg/cm

Shear gtress at diaphragms due to Tb max = ©630B kgs is

4Tm 4 X 66 308

b1 - 125 x 1880 ~

at top edge o=

at mid-height Ty = 116 /4

I
1%}
0

Total shear stress at mid-height 13 =29

n

[
(@]
]

In plate 2
1
Max shearing force at diaphragms Quax = . = 1840Qkgs

Shear stress at midheignt of plate Tomay= 5 —— = = ———= 7 7 xg/en
3

4 x 66308
Shear stress at b due to T = 66308 kgg .8 =—————a = 0
b max B8 ¢ T ramo - 22

Shear stress at ¢ due to T

J—— 6113 kgs 1s given by

- 4 x 6113

= =2 =110 2
e = o img - ~=20 ke/en”
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» 11

Spear s™ress at middle of b o =7 7 - - =4 42 1_1543:.2

accordnply, the shear stresses mey be assumec as showvn an Fig
X1-18 a .n vhich the maximun value of 12 kg/cm2 can be assumed uns-

tant 1n tne tension zone of the sec*ion
c I

34
4 43kg/cn®
31
12 =
2
15 kg/cm a)
KNormal stresses Shear stresses
Fig XI-18

The reguired diagonal web reinforcement can be calcoulated as 1n
beans 1z *ne folloaing manner Fig XI-18 b

12 + 10 2 1
= e x 222 3 102 = 8 § 13

Ir zone 1 (l os8 ]3'.) ABb = ---2—---32 12 3 m =
10+ 8 325 1 >
2 As-b_ > I]2X7Im—855cm
8 5 325 1 4 @ 13 + 4 @ 10
A + ——— ——
3 n As‘b" 5 :12:3:1400_5_5 cmZBG.LO

I 1s however pogsible to resist a part of the dimgonal tensicn
at the draphragms by tne cross reinforcemnent 6 £ 8 mo/m 1n wh.ch case
1t 15 advisable to have symmetraical reinforcement in top and bottom
fibers of the slab as shown dotted 1n Fig XI~19 In such a case, one
procaeds as in beamg by determaining firs™ the diagonal +tensian ('rst)
resisted by the cross reinforcements, where Y, = 4. @/b 85, a.ud the

rest of the dimgonal tension diagram is to be resisted by bent bars

! n _2105::1400
ce Tt = T x 20

and the area of ben* bars in sach xone 1s thersfore

= 585 ke/cx®

12410 325 1 >
> -585)x12x—3—xm_4_8cm &6 ¢ 10

Similarly, one needs in zone 2, 6 £ 8, and i1n zone 3, 5 £ 8 / 1 0B ms

In zome 1 .&Sb:(
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The detalis of reinforcements are shown 1n Fag II-19

2) It 15 reguired %o design an inbterior panel of the simple saw~tooth
folded plate roof (20 0 x 32 0 ms) shown in Fig IXI-20 for its owmn
welght plus a superimpogssd load of 100 k.g/m2 surface

A -+ \‘
B 1/ Ge | e ¥ hGo

—
— —
-

*
I
il
L]

AL —s1nd=,6 .

o Jo

ole 54, ) 24 54 78

Jo
? D
0
b
| o oo ]
‘[ IL
L Fig IT=20 oL

Design of intertor pgnel of roof in transverse direction (alab actaon)

The bending moments of the slab in the transverse direction shall
be determinsd by the egquation of three moments in which N, =Il3 due
‘W symmetry Mg XI-21

Furthar, the plates 2 and 4 are short relative to plate 3, thenm
their-elestic-reactions at cornars 2 and 3 dne o loading of <+these
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plates may be neglected Hence

v 13
. 12 1 _ w
2H2(T£+i§)+u5%_-62415
L L 1
Multiplying both sides by 1—-and assuming = — 2 y wWe get
2 I3 1z
2
w1
2, Q+) + it = - 2 X but
@24y ,60_
X-(Ola) x 2= =174

Agsuming w' = 320 l:g/m2 {refer %o example 1)}, then

2
20 x 6 0
2 5 41 =-220X60 1954
H2(1+l7 Y+ 17 L, m x 17
Therefore H.2 = M3 ==920 kgm and

2
w' 1
um=-_-8-§-920=12.9._§5_02-920=1440-920:520 Xgm

By redrstribution, one may assume H*m = - H2 == H; = 720 kge  so
that a thickness of plate 3 of 12 cms and m=zin ren.orcements 7 @ 10
mm/m may be safely accephied The distributers are chosen 5 £ 6 mn/m

Ridge loads P Fig XI-21

Own weight of plate 1 (and 5) =02 x09 x 2500 = 450 kg/m
Load on plate 2 (and 4), 20 cms thick, + concrete cCover + sSuperimpos—
ed load =02 x 2500 + 200 + 100 = BOO kg/m
Load on plate », 12 cms thick, =012 x 2500 + 100 = 400 kg/m
7és
doo Lyml /’7? pe
i L swnei=0 b , cogA =0 8§ [—;[ﬂﬂ,[ =S
tan& =0 75
/ o, [ PLe 2
o
M, 7t
P; 5?6 I ;”H—[ 5
S > f D] 5
\514501 ~ “o i
3 "4 8 Plda 4
Fig XI-21



Thereforsa

P1=Pq_=cnnwtofpla1:el+}éloadnnplat32+glaz:l.ng-u—z-

=450 + % x 600 x 1 6 + 100 ~ gég = 740 kg/m'

half loads on plates 2 gnd 3 + ;E + féig_fa

+0=2290 kg/m'

P.=F

~J
o

2

(800 x16+400x6 0)+

[}
[#)]

Resolutaion of ridge loads Fig ITI-21

1
Sl,O = 85'4 = Pl = P4 = 740 Xg/m

2290 / 0 75 = 3053 kg/m'

s P2 / tan o

2,1 = 55’4 =
Sp3 =85, =Py/sana =2290 / 0 60 = 3617 ¥g/m'
Potal force on plate 3 S = 2 x 3817 = 7634 kg/m

Free moments and properties of individual plates

)

~ 5
" b h A =2b h Z = EEE- s M =5 39593
m mn o m3 kg/m kgm
1 {020 {090 |4 =018 | 2) =00270 740 | M_;= 37 00x10°
2 | 020 |160 |4, =032 | Z,=0 0853|3053 | M_,= 152 65x10°
3 | 012 {600 | 452072 | 2; =0 72007634 | M z= 381 70x20
£ | 020 |160 |4,=03 | 2, =00853/3055 | M= 152 65x10°
5 {020 |090 | 4;=018 | z; =00270| 740 | ¥ = 37 00x107
Edge_shears
The applacation of equation XI-5 to Joints 1 and 2 raspectively
glves
Joint 1 0+ 2 (El + E&) L2221 (Esl + Heé) or
4 &’ Ty 2L T

T T

P
0+2( i)

2__ 1 (37000 152650,

1?7 36 T1 + 3 125 T2 = 1579968
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and




T T T
2 24,2 2 -1 ._2 =

Joint 2 i + 2 (Az + 3) + el 22 ) but T, = 'I‘5
T T T T

then l ., ¢ 2 2_y 2 (152550 381’?00) o
0 32 032 072 072 2 ‘0 0853 0 72

3 125 T + 10 40 T, = 629713
Therefore T1 = B4699 kgs and = 35071 kgs

The final normal stresses in the different plates will be deter-

mined by superposition as follows

Normal stresses in the different plates due to_beam action

Plate 1 Fig XI-22

1 T.=B4699 =137 0 +188 2
™ 3 ¥o1 Mo1 Er: Ty 5:
i 0 20 +137 0 -94 1
M 1=3?000 kgm Fig XI-22
M
- 7 ool _ 3 3700000
Stresses due to M ; = 37000 kgm 08 =+ 7 55000
n
1 4xB84699
= g, = ——
84699 kgs 1 =+ a7 1800
6 o 2T1_ _ 2xBu6
07 a4 1800
Final stresses 61 = -~ 137 00 + 188 22
Ub =+ 137 00 - 94 11
Plate 2 Fig IXI-23
Ty= 35071 ~179 +53 +43 B
o Hoa 7
1 ééég
=B4699 +179 -105 9 =21 9
0 20
I'lc.12=152650 kgm Fig XI-23
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8tresses due to Hoz

Final stresses

Height of tension zome =1 6 x

Plate 3 Fig IXI-24
e 3 gT3=35071

60

T2=55071
012

Stresses due to "05

= B4699 kga: - =_4_T1-__‘_*§£."‘£22__1059 "
1 Ay 3200
2T
3. =+.._}-= a&.i'ﬂﬁﬁﬂ=+53o
2 A, 3200
4T, ax 35071
= 35071 kgs 0'2=+E2——= 3200 =+ 4% B
2T
_ . ot2 _ _2x 35071 _
0'1— A.?_ 3500 = 21 9 1
0y =+ 179 =105 9 -~ 21 9 = #31 2 '
Ua=-179+55+458 =-822
2120 _ _ 5g1
BE2+si2 -0 s
+53 +9 75 +l7 45 +82 2
Mo T, T, Final
-53 ~19 45 -9 75 -82 2
Plg XI-24
=531700m302=?592=31%%%9=?55 xg/cme
3 3
= 35071 kg G. =_ET_2=..%=_1945 "
2 Az 7200
2T
0-3=+I—2=+2;2001=+975n
3
4T2 2T2
=35071k83 G3=+I;—=+194590-2=—I;—ﬂ—975



Pinal stresses

0o

-5 -1945-975

03=+53+l945+9?5

- 82 2 kgfen®

+ 82 2

Bhe final normal stresses calculated above can be determined using

the stress-distribution method in the following manner

Areas Ay = 1800 co® 4, E 3200 oo A5=?200cm2
1800 _ _ 200 -
200 7200
D, = = 0 308 D, = et = 0 692
3 7 3200 + 7200 3 4 7 3200 + 7200 3
Plate 1 e | [ & | 5
1 2 3 4 5
Dist Iactor 4| 26 oY2] 508 >08] 682 50f of
Stress +137 | =137{+17° |=179(=53 +53|+179( -179|+137 |-137
+ - + - + - + -
Daistribution 202 2{113 8(87 2|38 8| 38 8|87 21113 B[202 2
- = + - + - + +
Carry-over 101 1 0 43 6|56 9119 4 | 19 4)56 9| 43 6 0 101 1
- + - + - + - +
Distribution 27 9] 15 7152 823 5| 23 5|52 8| 15 7{ 27 9
+ + - + - + - -
Carry-over 14 0 o] 26 4| 7 9111 8111 8) ¥ 9| 26 4 0 14
+ - + - + - + -
Disyribution 16 91 9 5113 6l 6 6 |13 6l 35| 169
- - + - + - + +
Carry-over 85 0 68| 48| 3 3 4 g 6 8 0 B 5
- + - + - + - +
Distraibution 4 4| 2 4| 54 2 4 2 4] 54 24| 4 4
+ + - + - + - -
Carry-over 22| 0 271121 12) 1212 27?1 0 22
+ - + - + - + -
Distraibution 17 101707 07] 17 10 17
- - + - + - + -+
Carry-over 09| © 09| 05104 04 051 09| 0 09
- + - + - + - +
Dastraibution 06 032} 06] 03 03 06 03 Q06
+ + - + - + - =
Carry-over 03 0 03 oc2| 02 02| 02 03 o} 03
+ - + - + - + -
Distrabution o1l 02| 03101 01l 03 02 01
- - + +
Final +3 01451 O|+51 082 1|82 1 82 1(82 1|-51 O}-51 O}-=43 O

The results are aporoximately the same as in the prevaous solution

The final normal-stress dastribution 1n the folded vlate is

in Fag XI-25

- 220 -
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Longitudinal marn reinforcements

The longitudinal tension reinforcements are chosen such that they
resaist all the tensile forces T 1n the section given by the area of
the tension zones Accordingly, the tension at joint 3 1s given by

(refer to Fag XI-25)
m=5—2-1—‘2‘—2@x12+32—l2-’—2§x20=229059 kgs
Using hagh grade stesl with £ = 3600 kg/en® and 0, = 1800 kg/ca®,

- B e o

The Totel tension at joint 1 18 given by

we got

2

L o 5710 _ >
s = 71800 64 5 o

T=[§E_§_‘_‘2190+21—x-5-1.1x20=115710 Kgs

The chosen reinforcements are shown in Fig XI-26

Shear stresses in the different plates

P. T 740 x 20
Plate 1 1 - _ = 7400
==8x° = Q = 5= > 7 kgs

The shear stresses are calculated as follows

_ _ 3 Smax _ 3 7400 } p
Due to Q.. &t md height T .o = S % - 536x%390 6 17 kg/cm
Due to Tma: = B4699 kgs o . _
- max _ 4 X _
at top edge T =4 SR e ESTRel =B 47
at m1d-height E = 8 47/n =212
- - _ _ -
Total shear at m.a-height = Tomax il 6 17-2 12= 4 05
52,10 2053 x 20
Plate 2 Q = 4§ = 5 = 30530 kgs

The thickness of the horizontal plates 2 and 4 1s i1ncreased to 30
cms at the daiaphragms for a length of @ 3 ms hence the shear stresses
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in plates 2 and 4 are calculaved &s follows

Qma:z 20220
3T=§50xmo=954k5/m2

Due to Q, ., at mid-height T

Due to T; o - = 84699 kgs

at joint 1 T, = _‘3*0_1;8% =565 o
Duetoszx:}SO?lkgs
at joant 2 T2= —;ﬁ% =234 n

Total shear at middie of plate 2 954-%—;95--212=755 '

S 1 _ 7634 x 20 _
Plate 3 Qmu::z._ 5 = 76340 kgs
The thickmess of plate 3 15 also increased to 20 cms for a length
of @ 3 mg at the draphragme, hence, the shear stresses sres given by

6 2
Shear stress due to Q T, max = g E%‘?g—od = 9 54 kgs/em
L at top edge { jt 2) due to To pax = 35071 kgs is

T, = 4 _x 35071 =3 S1 n

20 T 2000
Gat bot edge (Jt 3) due to ‘1‘5 max £ 35071 kgs is
4 x 55071 =
T3 = 3012000 351 =

Total shear at middle of plate 3 =954-2x14-51=779 "

Web _reinforcements

Arranging 7 @ 10 mn/m at the top and bottam fibers of the slab in
the 3 ms of 1ncreased thickness at the diaphragms, the shear stresses
resasted by these bars only (1. e neglecting the resistance of the
longitudinal reinforcements and the concrete) 18 given by

n AB G‘;,

Tst = =5 where s 168 the spacing of the cross bars (1% Zem)

Hence, 2o plate 2 Tﬂt a 2 xsg ;91: ;.400 =516 kg/cme
) _ 23079 x1a00 _ .
and " 3 Tat 20 x 14 3 7

- 2P2 -



Assuming that the concrete can resist a part '£c of the shear
stresses (@ 0 25 [/ i‘cp =30 kg/cmz), one can dispense with any bent
bars in the folded plates of the structure

Fag XI-25 shows the normal and shear stresses in the folded plats

w

8
& Shear stresses

785

sFas5
14

in plate 1-2

&35 kg/cm'
()
> §
i £
- >
Wl
4
| kg/em®
Final normal stresses 8€ 1 iy tm;q w Shear stress-
Fig X125 /51.- es 1n pl 2=3

The deballs of reinforcements in the cross section of one lnter-
mediate panel, both at middle of span and at supports, 28 shown 1n
Fag XI-26

The shown solution 18 only epproxamate, because the displacements
of the joints are neglected while they do affect the intermal stresses
For the effect of these displacements one may rafer to text books on

x
the subject

x 'Des:l.gn and Construction of Concrete Shell Roo:ts' By Ramaswamy
Publashed by Mc Graw-Hill Book Company New York and London
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I1--7 DESIGN OF DIAPHRAGMS

The stresses arising in the diaphragms supporting folded-plates
of symmetracal shape and symmetrically loaded, such as the folded-
plate structurs shown an Fig XI-27; may

7 B
be calculated in the followang manner 4 4
P R
The radge loads P, and P, acting on ll A% "
the nades of the folded-plate, Fig XI- o
!

27 a, cause plate forces 5, and 52 / m
and these exert shearing forces Ql and
Q2 on the end diapnragms The shearing
forces Q can be assumed to have a para-

bolic dastribution, Fag XI-27 b The

shearang force % can be resolved 1into

the components Vz and 32 whach are the

forces that effectively act upon the end He H
dxraphragn (the force Q, s transmitted 7 Vo

directly to the support) As 18 appar—

ent from Fag XI-27 ¢, the two smmetrc-

al components V, produce bending streas~

€s in the end daphragm ‘these can bhe de—

termined by well Xnown methods The ho—

razaontal components H2 produce tension

in the portion of the diraphragm situsted

between the two sloping plates of the Fig IXI-27
structure These tensile stresses can, likewise, be assumed to have a

parabolic distribution, Fag XI-27 ¢

Ap presented an Fig II-27 4, the end draphragms may be designed
as two hinged frames (or the like), which are loaded by the shearing
forces shown in (b) or thsir components shown in (¢) On account of
1ts far greater flexibility in comparison with & solid disphragm, the

frame 18 more conauctive to the development of deformatisns of the st-
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ructure &- tne noces

wrample

I+ 15 requured to design an intermediate diaphragn for a two-span
foldea=plate roox (Fig XI-28) Assume the cross-section and dimen-—
sirons are the same as those of the intermediate panel shown 1n Fag
XI-12 The spans are 2 ¥ 18 4 ms The loads are the same as +those

of example 1 shown an Fig XI-1l

| |
- -~ e ‘
l-‘ ¢ 4 —i - v
\\ w rd L] b
[ 2w | »JL P A
i — : | i
|24 | 3o | 2] Doe Deaphrogm
L |
ii 740 = /8 4o i 8 s 7z

{3

]

Fig XI-28

Tne disphrage shall be assumed as 1f 1t were s1oply supported a*
both ends although 1t 18 continucus with the side panels, because the
depth of O 7 ms at “he supports is small relative to the depth of2 56
ms &t the mxddle of the spans The bending moment that shall take
place at the intermediate supports can be resisted by an adequate ar—

rangement of reinforcements as shown in Fag XI-31

Dimensions of diapnragm

Suan 1l =% 8 ms Breadth b

n

0 30 ms

Deapths <t =070 ms t 2 56 ms

min oax

Toads (Fig XI-29)

The own weight 28 composed of three parts, namely

Over the whole span ¥, = 03x0?72x25 = 0 525 t/m
Triangular load over outside 2 4 ms with

max W, =03 (256 ~07)x25=2140 t/m
Uniform load over middle 3 O ms w3 =140 =t/m

Baving computed the loads, tpe internal forces can be det rmined

a3 follows
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External and internal forces (Fig XI-29)

Total shearing force Qomax ©F 1nclined plate (refer to examplel)

Q = 2 x 1840 = 36 B0 +
Its vertical component V==06x3m8=2280 ¢
Its horizontal component =08x38=z294 %
S —_—
8 £
1] M = H :
Piad 2 F I < 8
Loads E Vezs - EZ ¢ vl
2 P
-
2 fo 1[. T oo -[_’?40 L
|
7 &o % % theor value
B M D “
v
-
w
"
1L
8 E D
Thrust diag v
* N
Fig XI-29
React;onn=°525;78°+l4f4+14x15+2280 =2868 %
_ 78 _0525x5 §° _L4x2 b . 5 _
Moment Hmﬂx_ 28 64 3 > 5 x2 3
2
L‘%l—ﬁ_-aaaxa? =33 19 %
Q =R =2864 t T=H =234 ¢

The-bending moment, shearing force and thrust dlags are in Fig II-29
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Reinforcements (Fig XI-30) -
']

A'
5
b =30 cms and d = 251 cms using nor- -Ld'# —— —__TTW:
&) L] !
mal mald steel, tnea O] = 1400 kg/en” 11, l '[
Eccentricity e of tarust T is given by o %: -’|‘—""' \ ]
l(
o =M/T =3519/29 4 =113 @, o & @ | 4
s
i a the resultant T lies between the l '
top and pottom reinforcements of the ¢| ﬂ
As
diapnragn In this case, A and A ' are _,tl - &AB
2s
inversily proportional to x!' and x,
Flg II—}O
where
x
x' = 90 + 113 = 203 cns and x = 248 - 205 = 45 cms
then 5
_ 29 44 . 203 _
A, = S X 5 T 17 21 co 6 ¢ 19
y 29 44 45 2
Al = =S X 3E T 3 82 cm 38 1le
Shear angé principal stresses
Sh strese T 28640 1 kg/cmd
ear = =
087 z 30 x 80  2*7
29440
C = ——— =
Average normal stress 30 x 256 38 5 tension

Assuming that the inclination of the prancipal tenslle stress wilth

the horaizontal i1sk, thea

tan 2 O = gé; 22x137 _g, 71

28 5
17 8

2
]

or

1 e no bent bars are required 1n spite of that, 3 @ 19 wall be bent
and skin vertical and horizontal reinforcements 5 @ 10 mm/m () 0 05 %
of concrete section) are arranged

Tne details of reinforcements of the diaphragm are shown in Fig

XI-31

¥ dastance between too reinforcement and position of B
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II-8 MULTIPLE FOLDED-PLATE STRUCTURES

If more than two plates of a folded structure intersect at ome or
more junctions, then it i1s called a multiple folded plate structure
(Fig IXI-32)

Fig XI-32

In a junction b, where tiree plates intersect, there now cccur
two different shear forces 'I'bl and Tb3 ae ggainst only one such force
at each junction of a simple folded
plate structure Hence, the equation
of tree shears will be extended to

an equation of four shears

From the condi*ion of equal st-

resses at the Junciion of rntersec—

tion, {(Fig II=33) we get

P 2T 21T T M, M )
Opy =0y O E§+ Abl+ b2+_c=J§.Z_.Ol+ZL2)) and
1 1 L& 1 % g
IT-12
T 2T 2T T M
G =Ty o jow a2 P73 T 1 (e, e |
2 % 004 2 %)

Tnese two equetions thus debermane the snpears Tbl’ Tb2 and Tb}
“het ozeur at the junction b

To obtain the right hand side of egation XI-12 in the form of the
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equatiod of three shears, the sense of H03 was changed an relation to
that of M o2

in case Tc = 0, we have T-b2 = Tbl + Tb} - XI-13
and equatiens XI-12 can be given in the form
T T M M
Bazn, dadyez2odla, te) )
1 ) L 273 &L )
T T ¥ ') % T4
3 3 2 Z3 Z‘.a 3

In case of symmetry, Tb_‘r = Tb} » Tb2 =2 Tbl =2 Tb3 XI-15

The application of these equations 15 shown in the following sim-
ple example (Fig XI-34)

Illustrative example

It 25 required tc design the shed shown in Faig XI-34 for a vert
superimposed dead load of 100 kg/m® and a live load of 200 kg/m® The
shed has & span of 12 C ms between the columns and two overhangang
cantilevers, 3 0 ms each, on both si1des The slab may be assumed 10

ems thick and reinforced by 6 § 8 mm/m 1in the transverse¥dirdction of

the shed
— °¢
e
L) /e 2
i I
wrrrry Y RLLo e rd

Fig XI-34
The 1nternal stresses in the folded plate shall be determined for

the following two cases
A) Symmetrical case of loading with dead, superimposed, and live loads

onbdg
B) Unsymmetricel case of loading with dead and superaimposed load on
b d g end lave load on b d only
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A) Symmetrical case of loading

In this case, 1t is sufficlent to study one half of the folded-
plate only (1 e part a b ¢ d e) with half the beam d e (1 e 12 5 x
100 cms) and half the load Pd
Ridge_and plate loads (Fig XI-35)

Pb =02x06x2500 + 15 x 550 = 13125 kg/m'
Pc = 3 0x 550 = 1650
Pd =025x10x 2500+ 3 0 x 550= 2275

Load on pl 1, 5, =P, = 1125 kg/m!

[o]

Loads on plate 2, Sy, = end

4950 kg/m!
Loads on plate 3, Sdc =0 and
cd = 10 Pc = |/ 10 x 1650

= 5220 kg/m! Scb
Loads on k plate 4, Sy, = % Py

= 22—222 kg/m’

Scb=3pc=3x1650

S

Flg XI-35

Bending moments in longitudinal direction (Fig XI-36)

The bending moments in the longitudinal direction due to a load S

T - =

1s &g shown in Fig XI-36 Priy 'I;Es

¥ -ve =S 52 / 2=45758

s}

Fig XI-36

1 J3a | /?a | Sy
A 1 k] A
Properties of individuml plates, Moments M and stresses 05

O

122
max MO+VB=S--E-—Q-SS=1355

b h | A=bh | z=bh®/6 | S/m' |Mg=13 58 10°|q, = + ¥ /2
Fiate cm cm cn® cn’ kps kegem kg[cma
1 | 20| 0| 1200 {012 x10° | 1125 |15 19 x 10° (oa.+126 60
2 | 10 [ 300 | 3000 |1 50 x10” | 4950 |66 83 x 107 |g0=F &F 20 |
10 | 315 | 3150 |1 65 x20” | 5220 |70 47 x 107 [00%=7 < 20
%4 1125|100 1250 | 208 x10° | €522 115 33 x 107 005 ,35 o0
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Edge sghears

Applying equations XI-14 on the different joints, we get

Joint b 0 +27Ty, (-%1- + -iz-) + ‘iﬁ' =1 _ggi . _;gé )
0 +2 Ty, (5 *+ 35000 * 3??0 =5 (1266 446 )

or 7T, + T, = 2568 x 107 (a)
Joint c :;g- +2T, (-%;L + -%;-) + T%i- =3 ( -;gé + _M;Q )
3§BU +2 T, (s005 *+ 31500 * ;%EU =% 46 - 427)

or 0330T, + 13T, + 0317 T4 = 0925 x10°  (b)

Joint 4@ Because of eymmetry, Td3 acting at joint 4 of plate 3 is equal
vOo md# actipg at jJoint d of haglf plate 4, so that the equation of three
shears 1n its normal form can be applied Hence

T

m 1
. 42T, (s -d)s 0 4 (28,0
A5 d3 A3 A, 2 Zy Z,
T
¢ 1 1 -1 _
5150 + 2 Td3 (;I‘ga + -1-2-'-5-6) + 0 =3 {(~42 7 736 )
or 0317 T, + 2235 =-5815x 10° (e)

Solving the three equations a, b and ¢, the values of Ta' Tb and Tc
can he determined Accordingly
T, = 37 0L x 10° T,==-247 x 107 and Ty, = - 25 67 x 107

The stresses in the different plates due to Mo and T are shown in

Fig XI-37, whereas the finel stresses in the middle section of the
folded-plate due to this symmetrical case of loading 1s shown in Fig
XI-38

The longitudinal bending moments at the diaphragms of the folded-
plate are - 4 5/13 5 = - 1/3 those at the middle section (refer to Fig
XI-36), hence, the final stresses at the disphragms sha.l have the same
ratio both in magnitude and sense and are as shown in Fig XJI-39
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Symmetrical loading Stresses in the dafferent plates (ao kg/cm

2y

Mo T Final stresse
Plate No 2
kg cm kgs kg/co
M,,=15 19x10 T = £,=+37 0Lx10° auolmT;chb
b -126 6 0 +123 4 -3 2
1 T | D>~
qu“zo +126 6 0 —£1 7 +54 9
M =66 B3%107 T, =-37 om&m(;:-e 475107 U“oa+GTb+GTc
¢ 44 6 +24 67 ~3 29 -23,22
2 L o]
[y
] b —_—
"lLf' 10 +HH 6 =49 35 +1 65 -5 1
m03=§o 475107 1 =2 472107 | =25 67x10° |0, 3+0'T T
[«] c
| d +H2 7 -1 57 ~32 6 +B
3 )
" y
) ‘
e 10 42 7 +3 14 +16 30 -2% 26
f = A = o
M =52 98x107| T j=+25 67xl T =0 Ty +0p +0p
ol a e
-Ed 73 6 +82 &4 0 +8 8
] | A
-
e
+73 6 —41 67 0 +32
— 125 32 53
Fig XI-37
-23 25
-32 b

Yiddle Section

+64 9

Fig _Xi-38

e
+32 53




B) Unsymmetrical case of loading (Fig XI-40)

Live loads of 200 kg/ma are assumed acting on b ¢ 4 only
P _ir2s kg B_/cso kg oo kg

Ridge and plate loads

(Refer to case 4)

= 1125 kg/m', Pc = 1650 kg/m!'

025::10::2500+l5x350=1950kg/m'

% 0 x 350 = 150 kg/m*, P =020x 060 x 2500 + 1 5 x 550 =900
g kg/m?

Resolution of ridge loads

Loads on plate 1 Sb,a = Pb = 1125 xg/m"’
n ' ’ 2 Sb,c= O, Sc,b=3Pc = 3 x 1650 = 4950 kg/m!
3 Sc,a = 10 P, = 5220 kg/m!, 84,00
Tom 4 54,0 = 1975 kg/m!
m m w5 S3p=0, Sp4= 10P =330 kg/m'
m & Sg =3Py =3x1050 =315 kg/u'y, S ;=0
" w 1 7 Sg,p = Pg= 900 kg/m'

Properties of indivadual plates, Moments M end Stresses o

The properties, moments and stresses of plates 1, 2 and 3 are the

same as 1n the previous case

b | b | asbh | z<bh®/6 | S/m! |My=13 55 10°|G, = + M /2
Plate| . cm cm® cm? kegs kg cm kg/ c:m‘5
a |25 |00 | 2500 | 417 x20% | 1975 |26 86 x 107 |000=] &3 3
a_+ 2¢ 1o
5 |10 [315 | 3150 |1 65 x10” | 3320 |44 B2 x 107 [608=F 55 1%
6 |10 {300 | 3000 |1 50 x10° | 3150 0 x 10° |gPi=- 28 33
ol B > - P10 |0 Coss 2654
> |GOE-—104 17
7 |20 | 60| 1200 [0 12 x1 900 |12 15 x 107 |G E-"10 %
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Zdge shears
The equatiocns of edge shears applied to joints b and ¢ will be

tone same &5 1n previous case Hence
Joint b 7T, + T, = 256 8x10° (a)

Cc

Joint ¢ 0330‘1‘b+13'I‘c+0317'.[‘d3=0925x103 (b)

iy T M
Jont d, ‘A';‘ +2 Tyy (‘%;"”1}4_)*21%2‘%(7?2*

T T
SIS0+ 2 Tas (350 + 2500) *+ 2059 = 5 (42 7-63 9 )

or 0315 T, + 143 Ty + 0807T; = 53 3 x 10° (c)
2T T M ¥
d 1 1 r 1, Y o
Joint ds —Tq‘é + 2 Td5 ( Aq_ + 'ES ) + £5 =5 (_ZJ,—I,_ + —zgé)
21 7
_ 43 S S |
5500 * 2 Tas (5550 * 31567 * 3150 - 3 (B3 9727 18)
or 080 Tg; + 143 Tgg + 03131, =-455% x 10° (d)
D T M
d 1 1 1 0
Joint f T5+2T( + )+—55—= (T5+
% O T 2 Vs
d 1 1 1
mg + 2 Tf (5I5U + m) + ;O‘EU =3 (=22 1le+28 33)
or 0315Td5+150Tf+o333Ts=+0585x105 (e)
7 M M
Joint g I 42 Tg 1 0 =3 (=28 , 9%
: 4¢ ‘"7 2 % %7
1 1 1 !
3000 *2 % 553 * oo’ * = 5 (26 334104 17)
or 0330, + 233T, + O = - 6625 x 10°  (f)

The solution of these s1x equatins gives the required edge shears

T, =+ 36 95 x 10° Xgs T, =~ 174 x10° kes
D4z= - 28 36 x 10° kgs Tg5 = = 15 25 x 10° kgs
Tp=-3283x 10° kgs Tg =+ 2886 x 107 kgs

The stresses 1n the dafferent plates ere shown n Faig XI-4l
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Unsymmetrical loading Stresses in the dxfferent plates (in kg/cma)

M, B Final stresses]
Plate Ro ks ca kgs kg/cmz
Hll°l=15 19x10°|  T_=0 1,36 937207 U“olﬂT;UTb
b 1266 0 +123 L 1, =35
1 j Ea e [ _A;}? .
_H,,zo +126 6 0 -61 55 +65 05
(=56 83x107 [T, x=36 93x10° |T_=-1 74x10° Oy *0p +0_
¢ |46 +24 62 2 32 -22 3
=
2
P
_j 20 4l 6 +19 24 +1 16 -35
he 03=70 47x107 |T =+ 1 P4x10 |7 =-28 35:1030‘“0;0‘,1.;0'.1.
1. Fg 42 7 -11 ~36 +5 6
3 2
]
—lelo 42 7 +2 2 +18 =22 5
Mot 82x10° Ta5=-15 25x101 T=+3 24x10° U'HD;HTd;G’Tf
£ -27 16 +9 68 +4 1 ~13 38
5 %
[y ]
5 I
- 1o +27 16 -19 36 -2 06 +5 74
Fig XI-41



Unsymmetrical loading Stresses (in kg/cmg) continued

Mo T Final stresses
Plate No 2
kg cm kgs kg/co
5 _ P 3
Mog=t2 5x10 Tp==3 243x107 T=-28 30x10 O-Hoa+UTf+ch
a +28,3% +2 16 ~37 8 =7 31
g ©
Ly]
_P_lo -28 33 ~4 32 +18 9 -13 75
|
- A _
Mp=12 15x107) T =+28 36x107  T,=0 UMO? +ng
d-lon 1 +96 20 0 -7 97
P T | B
i 20 +104 17 -48 1 0 +56 07
M, =26 66x107 T,,=43"61x107 7,0 Oy, *On,,
a -6 +63 77 0 5 7
4 =]
. P I\
H 25 +63 9 =34 9 0 +29
Note ‘J'.‘dq..'l‘d3+Tld§=- (-283:5-1525):1,43 6l

Fig XI-41l {contd)

Stresses 1n middle section of folded-plate for case of

unsymmetracal loading

Fig XI-42
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Longitudinal main reinforcement

It 1s clear from faigures YI-38 and XI-42 that the main tension
takes place at the middle of the vertical plates a b, d e and gh It
18 bigger in the case of symmetrical loading

Assuming that the longitudinal tension reinforcements resist all
the tension forces T in the section (area of tension zone), then
For plates a b and g h, we get

60 x 64

= 80 x 64 9
Heaght oftenalonzone_sil_9+52=572 chs and

Total tension T = 22X 5 20 = 37123 kgs

Choosang high grade steel with an average g = 1800 kg/cm2 for the
main reinforcement, we get

Total tension steel A_ = 37123 / 1800 = 20 62 cn® chosen 7 4 19

For plate d e, we have

Total tension T = 22 2*'8 x 100 x 25 = 51400 kgs

Potal tensiom steel A, = 51400 / 1800 = 28 50 ca® chosen B 4 22

At the diaphragms, the tension takes place in the upper plates,
with a maximum value at joints ¢ and £ Hence

Max <tension T/m =7 5x 100 x 10 = 7500 Xkgs

Usang nermal mld stesl with allowable stress 0, = 1400 kg/cn® ,
we get

Total steal per m A, = 7500 / 1400 = 530 cx®  chosen 6468/n
Top and bottom

The details of reinforcements are shown in Fig XI-46

Shear stresses and web reinforcements

Plates 1 and 7 (a b and g h)

P 1
Max shearing force at diaphragms Qmax = 2 = ll2§xl2 = 6750 kgs
Shear stress at midneight of p1° T .. = g %E_x = g %gg = 8 44 kg/em?
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Shear stress at diaphragms due to Tb
4 7

max = 37010 kgs as

at top sedge T = = tﬂx goxszgég =8 a4 kg/cm2
at mid-neight Ty = 8u4s /4 = 1 54
Total snear at mid-height = 844 -~ 1 54 =6 90
Plates 2 and 6 (b ¢ and f g)

s .1
Max shearing force at diaphragus Q= °éb 4953"12 = 29700 kgs
Shear stress at midheight of plate 7, = g Qf“__g 33380_ 14 85 kg/cn®

The shear stress being high, 1t may be-advisable to increase the thick-

of these plates to 16 cms gradually towards the diraphragms over a len-

gth of 3 O ms, in which case ro max will
\ _ 29700
omax ~ 2 16 x 300 ~

Shear stress at b (and g) due to ‘.'L‘b nax™

be reduced to To y Where

=9 2 kg/em®

37010 kgs 1s

4_2@1__771 xg/cn®

T = 16 x
Shear stress at ¢ (and f£) due to T, pag= 2470 kgs 1s
_ 4 x 2470 _ 2
¢ =Tz 1s00 - 0L ke/em
Shear at middle of b ¢ (and £ g) = ga—zl;ﬂ-o—u-s—l = 7 14 xg/cn®

Plates 3 and 5 (c d and 4 £)

The thickness of these plates 1s also i1ncreased gradually to 16

cms over 3 O ms at the diaphragms Hence

2220 x 12
Q max - 2
_érﬂ}i_ -
Tomex =2 16 x 315
Shear stresses at ¢ due to Tc max =

- 240 =

2470 kgs and at d due

= 31320 kgs

932 kg/em®

to



Td = 25670 kgs are respectively
_ 4 x 2470 = 2
Te = 1851500 0 51 kg/cm

T, = 4 x 25670 _
d = 1 x 1200 ~

and
5 35

Shearatm:.ddleofcd(anddr):gsz-gzﬂ-%ﬁ:?as kg/cm?

Plate 4 (d e)

R pax = 22 2"12 = 13650 kgs
136 2
o e = & R - 02w

Due to T, = 25670 kgs

= 4 x 2§§20 = 2
Tﬁ 551 1200 % 42 kg/em

snmatuweufde=aao-2r‘@ = 7 %5 kg/cn®

The distrabution of the shear stresses on the differsnt plates is
shown an Fig II-43

-5/ 786
&f7
c? H @ 535
€) 5 a2
%) =%25
Fig XI-43

Diagonal tension reinforcements

If 6 § 10 mn/m are arranged at top and bottom fibers of plates 2,
3, 5 and & 1n the 3 O ms of increased thickness at the Adzaphragms, the
diagonal tensile stresses that can be resisted by these bars only(i e
neglacting the longitudine]l reinforcements), are given by
_BA&; 05 2 x 079 x 1400

_ 2
Ve ="gxice -8 ke/om

Phis value being bigger than the shear stresses in the mentioned pla-
tes, no bent bars are required Further, 1f the allowable diagonal
tensile stress 18 6 kg/cma, then the reguirea arsa gf steel to be bent

in the vert plates shall elso be small and may be chosen by designer
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Design_of diaphragm
Tne maxin dimensions of the disphragms in longatudinal and cross—
seciqan are snown in Fog XI=-i4

E—— el - — —j % a
o a L P £ 1 J--—l.—
T ]
%
Fag Ii-84

To be able to cesign the dreporagms, one nust determine the max-~
oum internal forces (bending moments, shearing forces and thrust)
Tne bending maments and shearing forces shown 1nh Figs XI-45 b and c
can be determingd from tne vert.ical ridge loads directly Tne thrust
diagran Fig IXI-45 e) 15 to be determined from the parabolic shearing
force distribution on the diaphragms (Fig XI-45 d)

T T fm:; !muuu!r%;/'////////;#

Main
4] 0 0

'}"'—',"i 1 '] ’, c) SED
-—

777

v |||||||liai||||"
N

- 5

fu /X

Pig XI-45

- 247 =



Loads
Assume breadth of diaphbragm = 40 cms, depths at b, ¢ and é = 60, B0 &
130 cms respectively, 1 e weight/m depth = 0 4 x 2 5 = 1 0 ton Thus
Own weright at b =06 t/m ’ atc=08+%/m and at dé= 1 3 t/m
Ridge loads

P, =. 125 x 9 = 10 125, P_ = 1 650 x 9 = 14 85, P, =2275x9=205"

Maxzmum shearing forces of different plates

Plate 1 (a b) - Ry = 1125x9=10125 t ) distributed
Plate 2 (b ¢) Qoo =4 950X 9 = 44 550 % ; parabolically
Plate 3 (c 4) Q°5 =5220x 9 = 45 980 % ; on plates l=4
Plate & (4 e) « Qu=2275x9=20475 * ) Fig XI-454d

Thrust_(along center-line of diaphragm)

- 10125 x 00333 =-0337 ¢

0537+‘i‘*—2-25109994=2260 %

At poxat b Nb

At maddie of b c
At poant ¢ (left) K, = =0 337 + 44 55 x 0 99%= + 44 186 ¢

n (raght) F) = ~10 125 x O 344 + 44 55 x 0 939 = 38 35

" a Ny = =10 125 x 0 344 + &4 55 x 0 939 - 46 98°x

x 0995 = -B 396 ¢

]
4

The corresponding bending moment, shearing foree and thrust are shomm
in Flg IT-45
Design of different asections

The sectiops shall be designed by the U S D-method assuming an ave-
rage load factor of 1 6, comcrete with fcp = 165 kg,/c'.m‘2 and high grade
steel 36/50
Section I-I at ¢ . 40 x B0 cams

2 2
n=10125x3+06x§+02x§-_-533?5::11: ¥,=16M=554nv
H=+44 186 t (tension), F, =4 186X 16 =70 698 +

% 4 08
e:H_uh—f’-i—-WG%:o'zss ns eg=0755-28+005=0205 m
Hsu=Hu eg ar usu'= 70 698 x 0 405 = 2B 53 nmt
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S
ps  d=c -f-E“—b then 75 =c¢ afsgxx4é° gLVANg ¢ = 3 6

Tne ..uL of ¢ being bagger than 2, then the failure is ductile and
no c.more~ ion reinforcement ie required Table 4—8 gives 'l: 0 85
N

A e—t1l . w2863 x10° 70 698 x 10°
5 i,,r]cL _f.'?,f:.,r 3600 x 0 B85 x 75 09 x

= 1247 + 218 = 34 29 co chosen 7 ¢ 25
Sect n - I atd &40 x 130 cms
M:10195:'6+06x3x45+9-§—x2x4+l485x3+081319x%+05x%3=2
X % = 119 182 mt at center line of column
Eending moment at face of ceolumn 15 given by
b = 10 125x5 35 + O 6x3x% 15 + 2233 35 + 14 B5x2 35 + O 6x3 19xE522

+ 0 5x‘32—l§x§;§2 = 101 13 mt \design value for section II-II)

uu=101x16=1616mt, N=-8B4%1, Nu=-84116=—1344t
_ el e _ _ 13 _
e_BM_..L‘inms, 35-1203+2 Q007 =126l So that
Hsuznu eg or Msu=134411261=1691+ mt

]
123 = ¢ 169 4 = 10 glnngc=243>2 and -2:0875

165 x 40

5 0>
169 4 x 10 13 4k x 107 _ _ _ 2
Ay = SEo0x 0785 x 133 "0 0 x 3800 - 06 -# 15 =845 o

chosen 9 ¢ 25

Section ITIT-III at top of column 40 x 100 cos

Bending moment at d on loaded sade = 119 18 ot (refer to sec II-II)
Bending moment at d on unloaded side 4 h 15 given by

u=81x5+06x3—x—2‘-‘-5+02x§x4+945x3+oax319x§

+05x%319x3/3

Bending moment oo column

86 8% mt
119 18 = 86 83 = 32 35 nmt
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sorresponding normal force N =70 974 %

Assuming an accidental eccemtricaty = t/10 =01 n then
utotal =32 35+ 01 x 70974 = 39 45 nmt therefore
L[u=16x3945=6512 mt and Nu=16x?09?4=11356t
_ 63 12 — 10 -
e_ﬁ%-ggosss ms, e, =055 + 5> -005=10Q05ms so that
Hsu = Nu eg or Msu = 113 56 x 1 006 = 114 24 aoi and
_ l/114 24 x 10° - -
9% = of “ze a0 givang ¢ =2 28 ) 2 end =076 s0 that
_11h2a x 107 _ 113 56 x 10° _ ., o5 _ 2
by = 5557 3800 x 95 ~ 05 x 3600 - 2B =350=83 e
_ _ _0 _ 2
Chooam5A5=A;_05%,thenAs_Aé_Iagxuoxloo_EO ca® or
4 425 on each face
Shear gtresses apd diagonal tension
_ 10120 _ 2
Q=101 % Ty = 58 =405 = 7 28 ke/cn
Q, =27 02 % M, =3337 mt ® tand= 232 = 0158
- ¥ tan
- _c - _ 3% 37 x 0 158 _
Reduced Q, = Q, 087:1_2702 087x0?5—19t
19000 _ 2
Neglecting the effect of H, T = 557 2a0555 = 7 25 ke/em
Qd=3168 t Hd=11918 ot tano = 0 158
_ _ 119 18 x 0 158 _
Reduced Qd 31 68 0 & 123 =14 18 % so that
14180

33 kg/ea®

Ta= g Hza0 xS ©

The gaven study shows that the shear stresses in the diamphragms
are relatively low in spite of that bent bars are arranged as shown
in Pag II-46 which gives the detaxls of rernforcements i1n both the
daiphragns and the folded-plate nearby
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Xi1 THIN SHELL STRUCTURES

II1-1  INTRODUCTIOR

The roofing of large unobstructed arsas, With a minivum amount
of materaial i1s & goel that has clesimed the attension of engineers and
architects for years Of the varicus types of roof construction, the
concrete shell by its strength, beauty, simplicity and ecomomy of
construction, offers the best possibility of attaining this desirable
end

The famous big monumental domes that have been constructed in
the last centuries ( 16th to 19th ) depended in thelr strength on the
big masses of the building materials that were used, as gan be geen in
the following three examples

o
F vy S0 -'Jl o
Fag XIT-1 Pantneon of Rome Fig XII-2 Cathedral of Florence

1) The pantheon of Rome shown in figure XII-1 wath a span of 43 5 ms
end a minimum doms thickness of 2 70 ms

2} The Cathedral of Florence with & span of 42 ms for the inner dome
and a thickness varying between 2 1 ms at the crown and 2 42 ms at
the foot~ring as shown in fagure XII-2

3} The double-walled dome of Saint-Peters Cathedral in Rome, hawving
& span of 42 0 ms8 The +4wp Slabs of the dome are Joined together at
thear shoulders giving & total thickneas of 2 B ms the inmer shell
8 1 6 ms thick while the outer one 18 1 2 ms only as shown in figu-
r¢ I1T-3
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Due to the continual efforts of engineers and sientistsand the
availlable techaical tools, it has been possible to analyse the defar-
wations end internal forces in different forms of shells and as & re—
su.t, 1t has been found that 1t 1s possible to construct very thin

Y
bD
s
L
) ¥0 00 [
! i
Fig XII~4 Scott Factory at Jens

Fip XIi-3 Saint~Peters Cathedral

shells covering relatively big spens and having wvery big strength by
g1ving them convenient structural forms

The 6ems skell used as a roof for the 40 ms &pan BScoth
factory in Jena,shown 1n figure XII-4 gives an example Of the tre-
nendous saving in the building materaels that can be achieved by the

use of modern shells
The relative roof thickness of - 1“' J q

the old and new domes shown 1in faigures : ]w

IIi-1 +to ZXII-4 18 i1llustrated in fagu- I l

re XII-5 by proportionally thick rectan- “

gles

I'4
i

i

'l

|
|

i

Hi
i
Pe/al’irc ro‘a./ I%.rcllﬂt.r_r
t.llr.r/rwcl"yr:: lI‘o T

Many different shell~forms of sin-
gle and double curvature proved to be of
very high resistance, economlc, easy to Fig XTI-5
construct and architecturally very iumpres— -5 Aesn2
sive bamples of such exating shell s*ret-
ures are shown in the following figures XII-23 and 24 for surfaces of
revolution XII-73, 74, 81, 82 and 87 for cylindrical shells and XTI~

106, 110, 114 & 115 for double curved shells
It has however been possible %o construct reinforced concrete

shells havang a ratio of thickmess to span almost equal to that provad-
ed by nature 1in 1ts protective covering of an egg
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Except for some simple forms subjected to few simple symme -
trical cases of loading, an axact anslysis of concrete shells is a
difficult, 1f not impossible, task because the design must take in con—
si1deration not only all the variablesin lgading and physical make-up
of the structure but also tne physical properties of the materials used
and their composate action under load

Howaver, a qualitative underatanding of the fundamental nature
of the behavior of some forms of shells can be gained without detailed
mathematical analysis apd 1n many cases suggests a reasonable safe me-
thod of seolution

Such solutions are generally accepted because of the remarka-
ble reserve strength of shell construction, wnich makes 1t practically
impossible for a shell structure to collapse

XII-2 LOADING

Dead weirght We shall now discuss the different loading con-
ditions that are of impor-ance in the design of dome Structures We
are prancipally concerned with the load components in the direction
of the meridien, in the direction of the rings and in the darection
normal to the shell surface The most amportant load 1s the dead load
g composed of the weight of the etructure and the roofing Using the
notations

g = dead weight per unit area of surface

P, = component of g 1n dxrection of the tangent to the meridien
- fn 1
Pa = ' ] TiDg
R, = " t ' normal to the surface of the shell
we get ( Fag XII-6 ) .
X
X
P = g siny ~
¥ :': /4
[0
Pe = 0 rr
D7
] oA
cos ¥
S
Fig ITI-6

Lave losd

The luve load P ( e g the snow load ) 1s generally assu-
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ned per m2 horizontal Referring
zigure XII-7
We ge*
P = p Slny cosSY
O
= 0
Py
- = P 0052\P
r
Wind load

to

/oc.r?r./A

FIG_XIT-7

Tne wind leoad of shells 15 composed of pressure on the wind
Only the load component acting
normal to the shell surface 15 of importance, since tne other compo-

side and suction on the leeward siae

nents are due to friction and are almost egual to zero

calculave tne wind pressure one
can use toe following hypothesis,
which has the merit of great sim-
plicity ( Fig XII-8 )

=0 =0
Py B )
in whach We= the wind load / m
surface at 6=0, ¥ =T/ 2

p = W51ny cosp
T

This distraibution can be used for
cylindrical and spheracsel shells
the introductzon of more exact laws
w1ll unguly complicate the calcu-

In order teo

W ond of reclon

—— ] ————

FIG XIT-8

lations One may assume

w = 0D2o 4 for the sphere
and

w = 0454 for the cylinder
vinere ¢ = +The specified wind pressure

For all other snells of revolution values will have to be assigned
according To tpeir shape between these twe limits

XII-3 SURFACES OF REVOLJTICON

Roofs and floors of carcular big svan areas may be Iflat and
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supported on any convenient system of girders as shown in figure XII-9a

or radial frames as shown in figure XII-Ob. c :ég<;£f
== = :
, I —
7 ~4 | £ wall 2 22| w5 725y sllirag
m “L - T 1 ] I 1
a L 7 J 4
g 1

s ] 75 /4 m

l
N 1 T
FiG_X1i-8

In many cases, the choice of a reinforced concrete surface of
revolution e g & cone or a dome ( Fig XII-4) resul*s 1in an wlti-
mate saving 1u materaals and cost even when the greater cost of the
shuttering 18 taken into consideration

In the following we give the genersl prancaples involved 1n
the design of simple popular forms of surfaces of reveolution according
to the membrane theory

1l ~ HMembrane Theory of Surfaces of Revolutaion

In this theory 1t 18 assumed that tne thickmess of the shell
18 80 small that 1t may be considered as a membrane which can resist
peridian and rang forces only 1 e  the bending moments dus +to the
fixation at the supports, unsymmetrical loading and similar effects

are neglected

a) Anglytical Method ( Refer ta figure XII-10 )

It wall be assumed that

r = radius, normal to mxas of rotation, of any circular ring
at a borazontal plane z 2
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Wy

the

FlE XI1-10 LA:I: of ra[(dlLan
L Cl

radius of curvature of meridian

cross radius of curvature slong the normal *o axas of rotation
resultant meridiarn force per unit lepgth of circumference

0; t where G, = meridian stress and t = thickness of shell
resultant ring forece per umit length of meradian

Gé t where Gé = ring stress

horazontel thrust ef shell per unit length of circumference
sum of vertical forces above zz ( expressed through the angley)

In order to have equilibrium at any horizontal section =z z ,

vertical component of the meridian forces K, must be equal to

the vertical load above z z per meter run cirrcumference Hence, we
get ( fag XII-11 ) l 1V§
th/Enr:

N, = W /a2nr sin (a)




But r = T, Siny , 80 that N-p can also be given in the form

2
N‘p = 'l,p/ErL T, sin"y (at)

The horxizontal thrust H per unit length of circumference 1S

E = th/27'r tang = K, cos9

considering the equilibrium of the element ds under the farces shown
in figure XTI-12 , we find that

Hr da K\ Hr 4
CHe SH) r ) WK 7y air codr  NE. (Hed H)(rsdr)dp
P

s M‘ s
u
. \

NAN ] At

FPap XI1T7-12 R .
”g c/.f Jg j
My os

}%ds d48 = (H+dd ) (r+dr ) d6 - Er 48
Reducing by df and neglecting dH dr being a smsll value of the se-

cond degree, we get

1%ds=Hr+dHr+Hdr—Hr or Neds=d(ﬂr) ie
§, =d (Hr ) / ds (v)

If the dome were simply supported, the maximum ring force at

the lowest strap would be ( Fig XII-13 )

DAX Ne =Hrm

This force must be resisted by tension ring reinforcement given by

A =max1’€e/cs

8
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The relstion between the
external forces and the internal
stresses c¢an be determined if we
consider the equilibrium of all the M F omeax
forces acting on an element d.sl T
d52 , 1n a radial direc¢tion nor -
mal to the surface of the shell 2, max f
( £f1g XII-14 ) a3 follows

Assume radial comporent of exter-

nal forces on the element M
pp ds; ds,
Redial compeonent of the meridian Fag XII-13
force N¢ d.52 due to change of its direction by an angle dv is
N, ds, d¢

Horizontal component of ring force Na dsl due to change of its da-
rection by an angle 48 is

He dsl as
Its radaal compenent is
N, ds a6 sing
p ,,/9‘/_,! 2] 1l
Myds, o,
P 2
e
o’
N‘ -[,:’ g“'/_,
»
Ny ds; oy
Fig XTI-14

The equalibrium between these forces 18 given by the relation

Pr dsl dsa

I(‘O usadm + Ng d.slde siny

But d.sl = I‘l ay ’ dsE r do = J:‘2 siny dbé

Taerefore, we get
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H\P T, sany d9 de + N T dy A8 sany =p, Ty ay T, 8iny dé or

]
Nkpr2+ﬂerl =pp T3 T i1e
K 5
1]
YR SR ©
Por a sphesrical surface ry = Iy = a and
1
Nq, + HQ =p, a (c?)
¥or g conical surface r, = and
- 1
He =Pr T (c?)

Accordingly, the meradien force can be determined from equaticn
(a) whxle the Tang force from eguations b or ¢

b) Graphical Method

The meridaan and ring forces in surfaces of revolution whose me-
T1dian does not follow a simple mathematacal egquation can be det—
ermined using the following graphical method (fig XII-15) whach
15 based on equations & and b

1 Q
dl’ 2
3
4 I
AN \
o N N\
r RS | L
ALY
RGN
~3E
Fag XJT-15
F4
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Assume Rl ' i‘?2 ’ W3 etc are the loads on the zomes (-1
0-2, 0-3 etc and that they coasist of the nead weight g plus

the live load p If the surface ares of any strip 1s d 4 so tnat
r., + r
eg 44 = ds 2m u _
4 4 —}—2— then d“}“‘“‘z- (g +p) Aand

'ﬂl=dwl ' W2= Wl+dW2 ’ ?3=W2+dW3 ete
If we draw through O parallels to the tangents of the meri-
dign curve at 1 2, 3 etc , the curve passing through the points

of 1ntersection of these parallels with the horazontals through W gi-
ves the values of the total horizontal thrust ¥ , where @ = 2nrE
in the different sections of the shell

This curve can be directly used for determining the meridian and
ring forces in the following manner

The meridian forces can be determined according to equation a
from the relation

W |

H¢= =
21 r 8iny 21 »

and the ring forces, according to equation b , from the relation

. . 4 (HP) _ 1 A

8 ds - 2n A S

It has to be noted that R? is always compression while N 1s
compression so long as ‘,'(f increases ( 1 e A,”F 15 outside the curve)
and tension when X decreases ( 1 e A % 1s inside the curve)

In dpmes with vertical tangent at their foot +the horizontal
thrust there 1s equal to zero and vertical reactions only are created
at the supperts so that no tension ring is required

- Application to Popular Reinforeed Concrete Surfaces of Revolution
2

a) Spherical Shells '

The relation between a,
r and y 15 gaven by (Pig XII- ¢
16) > s L r
1

2
a = *1 \
2y Z
The surface area of a r 1
Spherical shell is
4 = 2Tay Fig XTi-16
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1 e 1t 1s egual to the surface area of & cylinder having the same ra-
divs a and height ¥
Internal forces and Reactions due to Dead Load g/u”_Surface

The dead weight of a shell height y, and included an a central
sngle v 18 gilven by

W‘P = gA =g 21 ay
but

T = a sing and ¥=8& (1~ cosyp)
then 2

W‘P = g 21n &8 (1~coay)
The horizontal thrust H 18 given by

H WP cos'¥ Z

“Znrtany - B% Tyrcosp B2 T4z
The meradian force N‘p can be calculated from the relation ,

N, = —2 - 8 = _4_2._.
¢ “cosy BT +cosy B wrz
at crown g¢= 0 , cosy =1 and Z = a, then
_ _ a
N‘P = H = g = compression
at the foot of half apherical shells, wnere
v = 90 , cOs® = 0 and z =0, we get
Ry =g 2 {comp ) and H=0

The ripg force Ne 18 given by

2
d (E r 1 _ 8
g =—33-—2=ga(008¢- +cos\p)"5(z-a+z)

at crowny= 0 , cosy=1 and z = a , then
Ne = H =g g- compression
at foot of helf spherical sghells we have
Bg = ~g& tension
E, =0 at ¢ = G51° 49! and z = 0 618a
or at y = 0382 a and r =0 787a

Introducing ¥ = 51° 49* or 2z = 0 618a in the equation of H we get
the magnitude of the maxrimum khorizontal thrust, thus
Bpgy =0 382 g 2
i e the maxnmum totel horizontal thrust ngax =27 1 Hma.x 18 there-
fore given by
Hyy =27 x0787ax038ga =032 e g )
1e the maxamum total horizontal thrust of a spherical shell 23 equ-

al to 0 3 the total dead weights on half the sphere
The meridian and ring forces of spherical shells subject to dead
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loads g/m2 surface can accerdingly be expressed in the form shown 1n

figure ITI-17)
Lead :J/m,.rw' uz#{-’ .{_‘_{F

&
.
>3
"'4' = Ne
& El
C;MP - Ta-.rlcn -+
Rig XT1-17
Internal Forces and Reactaons due to Live Load P jma Horizontal
Total load w‘p = pmn r2 =p n a.2 amatp
e _ cosy /2
The herazontal thrust H = >y Tamy - P® "2 P %
H =
The meridisn force Ny = SoEy = pa/2 = constant

1 e the meridian forces due to P are constant in the shell  This
straking result can also be proved in the f£ollowing manner

The gensral equation a gives W‘P = H'p 20T rEany
But >
W‘p =pnr and r=48s8ing
So that
D T r2

Hq) e Ty = p 8/2 = constant

Tne ring force Ne = d_.leiBLl or
p e cos 20 -

By = 2 '223(2"2'32}
atcrown z =a and R, = He_z pa/2 compressian
at foot of balf spherical shells = z =0

apd Hg = - Pa/2 tension
The ring force Ng =0 where 2 2.2 = 32 or 2z =0 707a
Inas result corresponds to ¢ = 45° 1e r=2=0707a

Introducing this value 1n the equation of E, we get the magnitude of
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H s thus
Boax = P2/2 =0 3535p a

and the maximum total horizontal thrust '}Em =20 v Hp., 15 therefore

given by '}em=2n x 0707 ax0 3535p a
Or 'ﬂmax=05n B.21)
i P/:n}bo

o Y
7 el
—=
o,

AN/

Comp - Tanmsron +

Fag, XI7-.8 Blg XIi-19

which means that thnc¢ maximum total horizontal thrust of a spherical
shell 13 equal to a..® the total live loads on half the asphere

The meridian end ring forces can accordingly be illustrated aw
ghown 1n figure XII-18

Lantern Load

Most domes are not clogsed at the vertex but bave a skylight or
a ventilation opering, covered by a superstructure the lantern Assu-
me 1te weight 15 P t/m acting on the upper edge of the shell as a
vertical line load Since the shell can resist only tangentiel forces
this edge also needs a stiffening that resists the other compoment -~
P coty, ~ and gets a compressive force from it (Fig XII-19 ) The
wnternal forees are for this case given by

Ny =-w¢/2ﬂ r siny in whieh
ﬂ‘;’: 2rtroP=2ﬂ a swny, P and r =a sy
So that
Ny =—2ﬂasn.n~P°P/2ﬂa51.n25p = — P giny, / 8109 com -
pression
NB can be directly calculated from eguation ©', +thus
N +Ne =P.a = 0 or ng-N‘ple

NB =+ P siny, / Einzw
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b) Conical Shells

The surface area of a conical shell
fig XII-20 18 given by

A= 2n r s/2 but
r= ycoty and s =y /smy
then

A=nm ;y2 cosyp / s:maqa

The meridian force Ng 15 given according
to eguation & by

Hooee® . M
s ~2Wn r ey 2ny cosy

The ring foroe Ne 18 given according to
eguation ¢ by ¢

_ ] coa ¥
I\B =Pp Tp in whiech r, = T ¥ = y—m or
cos'
N, = ——
o PI.Y B:anlp

Internal Forces due to Dead Load g/m‘?' Surface

The dead weight of a oone heaght y , and included in a centrel

angle ¢ 15 given by

W =g 4 = 511;72 cosy / s:.nz‘p

The meridian force K, 18 therefore given by

¥ = W'P _ gn:jr2 cosy / sma@ or

8 2Ny cosy 21T Feosy
i) = —-5—7?— compression
8 2 san%

The ring force He can be determined from the given general equation 1f
we replace P, by g cos ¢ hence

‘g T g cOSY ¥ ﬂs% = E%F co"aup or
sln @
By =8 raly alwgys compression

Internal Forces due to Live Lioad pﬁn2 Horizoatal

The live load p/m2 horizontal corresponas fo p cos ¥ per meter sau
are surface, so that we car determine Ns and lgif we replace g byrp
cogV¥ 1n the previous ecua*ions, 8o that
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N = oA cogv

and
B 2l s;nao
3
Né = py cos- Y
8109
5> - Tables of Membrane Forces in Peoular Shells of Revolution

Alf Pfluger gives in his book Elementary Statice of Shells the
membrane forces 1n some popular forms of shells under the effect of
different cases of loading We give 1n the following tables a choice
of these cases
4 —~ Edge Forces and Transition Curves

I% has been shown that tne upper zones of domes gare subject to
compressive ring forces while the lower zones are subj)ect to tensile

ring forces In case the dome, or cone dces not end with a wvertical
tangent, the horizortal thrust H must be resisted bv a tension ring
{(Fig XITI-21a)

Or. the other hand, the meridian forces 1n domes and copical roofs
aue to vertical dead and live loads are always compreS-1ivVe glving rela-—
tively low stresges

Ir conical shells and flat spherical domes bending mom~nts will
be developed due to the big difference between the high tensile stres-
ses 1n the foot ring and the compressive sStresses or low ternsile stres-
ses 1n the adjacent zones af the shell® The bigger the difference 1in
the strains between the ring and the adjacent zone, tne higher will be
the berding moments The shape and magnitude of the bending moments at

o}
| 2
, X=06VRt M:p_“z_
a- Ring beam b- Transi-
taicn curve Edge noments
Pig XIT-21 Pag XIT-22

x Refer to text booLs on shells such as
Flugge 'Stresses in shells published by Springer - Verlag New-York
Ramaswamy Design and Construction of Concrete Shell Roofs  Publa-

shed by Mc Graw-Hill book company
MaTkus “Theorie und Berechnung Rotationssymme.rischer Bauwerke Pu~

blished by ferner- Verlag- Dusseldorf
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*he foot-ring can be es*1zated according to tne values given in Fag
+II-22

45 the bending aonents are due to the sudaen change from haigh
~ensile stresses in tne foov-ring to lor tensile s*resses or even
¢oLPressive stresses 1n tne shell, “hey can oe avoirded 1f the shape
of tne Jderidiarn 1s changed 1n a convenlent manner This change can
pe done by a transitaion curve (Fig 1II-21b) vhich, wnen well chosen
glves a relief to “he stresses at the foot-ring It 1s recommended
to meke “he change of tne stresses graduwar froam foot-ring to shell

In order %o decrease tne stresses aue to the forces a* the foot
ring, 1t 1s recommended to increase the thickness of the shell .n
the region of the transition curve

5 - Exenmples

Figure XTi-23 shows a project of & covered circaiar gymnasium,
50 ms diameter The upper part of the roof is covered by « flat qone
30 ms drameter 2 4 ms higa and 10 cms thieck It 1s provaded with a
central lantern 1 5 ms diameter and supperted a* 1ts lower edge on
9o posts 1 O m center to center Tne aome 1s bounded oy two circul-—
ar rings, one ccmpression ring a“ toe upper edge belor the lantern,
and the o~her tension ring a* the lower edge over the posts The up—
per- done 1g suoported by a truncated cone, 4 5 ms high, 10 cms thick
end baving a diameter of 30 ms at 1ts wvper eage and of 50 ms at its
lower edge This conme 1s again provided with two ring beams one at
the upper edge %o resist the compression forces created from the lo-
ads of the upper dome, and one at the lower edge to resist the tens-
1le forces created from tne horizon*al shrust of the cone The lower
r_ng beam 18 agalin here supoorted on 72 ver+tical posts 2 O ms cen-
ter to center

The three main parts of the roof, tne lantern, the upper dome ,
and tne lower cone, are supported on the posts shorm i1p order to gi-
ve the reourred architectural effect, te support the windows necess—
ary for lighting and to allow for the free lateral movement of their
lower edge

The meradian and ring forces in both upper dome and lower cone
are compressive and relatavely low so tha* a thickness o 10 cms 18
aople The thicamess of the shell roof is gradually increased to 15
czs over a length of 1 20 @ms an order to resist the edge moments
due to the local sheer
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The shell 15 reinforced by one mesh 5 ¢’8 om 1n each direc*tion
except at the edges where two aeshes are essential

Tha reinforcements required in the foot-rings of “ne upper dome
and the lower cone arTe high pecause both done and cone are rela*ive-
ly flat

Figure XII-248 gives an alternative solution for the same proj-
ect 1n whaich the upper truncated cone of the roof with i1ts lanterm
are supported on the free edge of the upper cantilever of the main
stands The detalrls of the cone and the main £rames of the stand are
shown i1n Fig IITI-24b

6 ~ Circular beams

Circular beams loaded and supported normal Lo tneir plane (fig
XIT-25) are dealt waith in de*arl 1n textbooks on theory of elastici-
ty% We give in the followang the fundamental equations reguired +o
determine the internal Yorces an & circular beam over n supports and
subjected to a uniform load p/=m

Pig E&I—25
The equations of equilibrium governing the relation between the
load p, the shearing force §, the bending moment M and the torsional
moment, Lt acting on an element ds enclosing & central angle dgof a
circular beem havaing a radius r are as follows

Refer for exagple to
Rurt Beyer Stamk in Stahlbetorbau ' , oublished by Springer-
Verlag , Berlin
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<5 = -3 but ds = r av so that

g% = -pr (a) further
a,

dn t i _ ey K

= ° == ~9=0 a&as r = const then = = 1 &

a g

= ¢t 7= = Q=0 substituting ds = r dv¥ we get

an -

Go * M, =Qr (b)

The component of the moment M aslong ds i1n the radial directi-
on must be equal to the difference of tb* torsional moments along the
same element, thus

st = Mde = H—%E or
d'b"t
HTP— - M (c)

which means that the torsional moment 1s maxrimum at point of zero
bending moments

Dafferentiating equation (b) with respect to ¥ , we get
2 dau
a- ¥ t _ dezr .24 or
dy aw aw ds
d2 ¥+ M =-7p I'2 (d)
dwz

The solution of this differential equa*aion is biven by
M = A siny + B cosvy -pr2 (e)
The integration constants A and B can be determined from the con-
ditions at the suovorts
The torsional moment Mt can be determined according to equation ( c )
fron the relation
L, = 1 ae £

The internal forces are in this meneer statically indeterminate
In many cases, they can be determined from the conditions of equili-
brium aleone bacause the statically indeterminate values are either
kknown or eaual to zero

We give in the followang the internsl forces for some cases of
¢c.reular beans
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a) Cirecular Beam Subject %o iliniform Losd p and Supported Symmetracally

on n  Supports

The scolution of equation (e) is given in the following relations

_a2=n s
2 Wo = o and \90 = —-—n
Reaction R = &L ZID

Max shearing force to the raght or left of any support
Q = i_lLELJZ

o
The bending moment M, the torsional moment M and the shearing force
Q in any section &t an angle ¥ from the center line between two suc-
cegsive supports, are given by
2

T coa¥y
M = r“p (—=E— 1)
n s:l.mp°
-] T sinyg
My =~r"p (g Biny, ®)
Q =-rpw

We give in thes following table, the reactions, the maximum shea-
ring forces, bhending moments and torsional momente in a circular beam
of radius r supported symmetrically on n supports and subject to
a total, wniformly distributed, load P

P=2T D
Nunber | Load on Max Max Bending Moment Max be%nsi;is
of each Shearing at C L over C 1L Torsional oéegolof&
Cola Column Force of span |of columns Moment nax Mt
n s Qmax M (+) M (=) Ht Degree
4 P/4 P/8 D176 Pr | 0053 Pr | 0053 P r 19 21
6 P/6 P/12 0075 Pr | 0148 P r | 0015 P r 12 440
2] P/B F/16 o042 P r 0083 P r 0006 P r 9 331
12 P/12 B/24 0019 F r 0037 P r 0002 P r 6 2117

b) Cantilever Carcular Beam Symmetrically Leoaded Fig XII-2

Due to symmetry, the shearing force Q and the torsional moment Mt
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a* ¢ are egual to zero thus

Qc=° and I“tc=°

For a8 sincle conceaxtrated load

P acting a* ¢

Reactions

_ Pr _P T
RA"— - and R —E(l+r)

Bending moment at ¢

_ Eb ar
Hc— 2 (l-b[)

Por two equal concentrated loads

P acting at e and e!

= £ - e}
RA - l andRB_P(1+L)

Pb(l-%-%—f)

(]

¥

For & uniform load n/m on c¢circular
part B Bf

S 8
RAz—pI‘\po T andRszr!PO(l+ l_)

Fif XII-26

M, pbr[\Po(l—?—%‘)- %]

in which B8 = distance of center of gravity of arch from B B!
T
and 8 = ( 81nY -9 cose® ) —"ro

¢) Totally Pixed Cantilever Circular Beam Symmetrically Loaded

Fig XII-27

Duetosymmetrch=o and M‘bc= o

This beam 1s once statically 1indeterminate ,
the statically indeterminate value M, can be
astermined as follows

a
M = - —= in whach
[+ 1~

1 L

e, =2r oI (Mo cosw "}“to"‘ siny ) @v

and
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al =2r [‘90 ( cosztp +H Binatp)
)

dLP=

% [2 (k+ 1)@, ~(H-1) Bingt.po]
for half a circle P :—’E— and d.l =r-—éT£- (W+ 1) 1n which
I
E
n= r E“lt and
= modulus of elasticity Y
G = modulus of rlgidity-———E-—l—
2 (l + E ) x —_—
%: poisscn ratlio =% L % le
E- 2o 3 -
IJ= moment of inertism about y - y = Emb—-—
(£ig XII-28) Fig XIi-28
I'= <+torsion modulus
For a rectangular sectiocn wilth E- =n>1 I' =1y v

In the following table, the values of Y are glven as a factor of n =

t
1)
n 1l 15 2 3 4 6 8 10 o)
¢ 0 130 |0 1960 229 | 0 263{0 281 |0 298 |0 307 |0 312 |0 333
t b’ b 1
Therefors L = 2 4 T = and can be extracted from
12 tybdb Sy
the following table
n 1 15 2 3 4 6 8 10 )
" 1 425( 1 020(0 875 |0 ?7260(0 711 (O 670 |0 651 O &40 | O 600
For a single concentrated loed P at ¢ we get 1
2
2 —LI ( coe -~ 1) + 8in
H 02 - 3 r }L— lpo ) lpo

c
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1
a

P
-Ersm upo—!.!c cos ¢

If

L gr(l—coswo)—ucsmlpo

t

For a uniform load p/m'

H+ 1 4y
- ST (4Bme, -2¢ ) - 57— ® cose + 51029
) 222l e _sinp
X=1 o =%
_ 2
k, =-pr° (1-cos ‘Po)-rl.lccust;po
= p 7o -
M =PT (\po-smv.poJ Mcsm:po

If the beam 1s a fixed cantilever half circle, we get

For & single concentrated load P at ¢

Pr _ Pr . P o _
e o= T a7 2 Mo = % (2D

For two eocual concentrated loads P at e and e'!

2P T
¥, = _TE_[WE‘PB '('i_"Pe)Bm'Pe]
M =-Prsgm (" -9 )
a 2 ]
_2Pr L
Hta“ = (T cosVy, - *PB stJE)

For a uniform load p/m'

2
-0 L 2
HC -p—n— (4-T1)=027%% I
2
Ma = =D
4 2
M =0 (G - g )=03pr:
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III-4 CYLINDRICAL SHELLS

1- Introduction

A cylindrical shell 1s gener.ted by aoving a straigh* l.ne gen-
erator' along a curve profile or basic curve while saxntaining 1%
parallel to 1ts original direction

Cylaindrical snells oz horizonral &xas are used in engilneering
practice either as tube-lixe closed structures (Faig iIIl-29a), as bar-
rel-like open structures (Fig XII-29b) or of +he saw-tooth form
(Fag IXIT-30) They may be long 1f their span {(distance between

foaj -Dl:l_io;ray_,m [‘J = ielm

L)
4! Zee

Z 7"——l “\%\ L

|

-+
a) Tube~like shell b} Barrel-vault shell
Fig XII-29
LFofre Fean: Fod D ¢pjr¢3w
4

\ Y

»
e ( l

[ b b

1 | |

Fig XII-30 Saw-tooth shell

diaphragns) 1s bag relative to 2ts breadth b (distance between edge
beams)} , Fig XII-29 and 30, or short i1f their span {9 18 saall rela-
“1ve to their breadth b (Faz XII-31)

In the plane of the suvvorts, normal to toe genera“ors, such
soells oust be provided wi—a end diapnragas in the fora of discs,
plates, arches, trusses, or frames to resist the central snear of the
soell
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|
A -

Fig XII-31 & short shell

2- The : exbrane Theory

The neabrane theory mey be used for determining tne internal for-
ces 1n cylindrical shells In the analysais according to this theory ,
moments, torsion, and transverse shear forces are neglected whale con-
sideripg tne equilibrium with normal forces and spear forces in the
plene of the shell onliy

In cylaincric.l shells, generators end profiles sugsest themselves
as a natural net of coordinate lines Ve choose an arbitrary vprofile
as *ne daum line and from this measure the coordinate x along the
generators, positive in one direc*ion and negative in *he other  The
second coordinate must vary from generator to genmerator In analogy to
the angle @ used on surfaces of revolution, we in*roduce here the ang-
le @ vhich a tangent to the profile makes with a horizontal plane
(FPig ALII-32)

b1
L

!

P4

YL Zfe

i e e e

We consider now the comditions of equilibraua of a cylindrical
snell Por *hi. purpose we cut from 1t an element bounded by two adj-
acent gegerators @ and @ + 4@ and by two adjacent profiles x end x+dx
(Fag XITI-32) The meabrane forces vhich act on the four edges mngt
all lie 2n tangenvaal planes to the aiddle surface and may he resolved
into norngl and spear components as snown
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The _n—ernal forces per an.” length of section .re I\x ’ I\q} {nor-

aal forces) .nd I\xqﬂ= I\Lh (spear_ng forces) Tne load per uni* area o°
shell e.elen— nas *ae coaponents © Py -R +ne daire.—xons of .ncreas—
ing » and ¥ resvec—ively ana a radial (nora.l) coaxponea* oL vositi-

Ve uowara

- Fig XII-33

Tne stress resultants I‘x , Iq, s Nxcpca.n be deter—ined froz *hree
conditions of equilibriur Tnese conditions may easily be read grom
figure XII-33 For tne equilibrium normal to *he middle surface we ha-—
ve , besides “ne external forces Prn dx r da¢, only the resul*ant

of the two forces I\q, dx, peinting inwards Thus
Nep dax dqb—pr dr r de¢e=0 (1)
For tne forces parallel to a tangent to the profile, we have

ol o
2 x®
'Ocp dg ax + o

dx r 49+ Py dx rdp=20 (2)

The egualibrium in the x-directiocn yields the equation

(<3 -ONcp;_
--_-o—x-dx r 4P+ =T ¢ ax +p, dx rde=0 (3)

Dividing by the two dafierentials, we get tne following differen*ial
equations for tne mezbrane farces in the shell

Hq_)= Pr r (4)
?{i{t_@_ - - !‘. _Dhcp 53
vE T ¢
-ON}" = - - l— .aqu) (b)
ox X = )
In order to calculate Wg , qu)= Nﬂ?x ’ Nx’ we proceed as follows
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1) First, we deterzine I o according to equation 4 Thas hoop force
depends only on taoe local intensity of tne normal load P and cannot
be i1nfluenced by tone boundary conditions This rs not of great impor—
ance for shells wnose profiles are cleosed curves and whach have two
profiles as boundaries, € g , the shell shom in figure XII-2%a But
for shells as that shown an figure XII-29b, the impossibility of pre-
scribing arbitrary values of N at the straight edzes leads to the
crucial point in tne membrane theory of cylinarical shells

2) For tne determination of the shearing forces N.'.I:q: =N, s we mteg-
rate equation 5 vith respect to x and get an antegration constant Gl

3) In order to aetermine the normal force Nx' we 1ntegrate equation 6
with respect ¥o x and get a new 1ntegration function Cy

The integration functions Cl and 02 do not permit any boundary
condations 8o tnat the problem of cylandrical shells can only be sol-
ved under some svecial supporting condi*ions as shown in the folloring
special cases

Special Cases

In the speciel case Py = o} the internal farces can be
given in the form
1) Ny = %‘r %)
ar
1 W
= - £ g=)x+C (@)
2) NI\P_NupI: (P¢+r l1P) 1
an

i ction of yeand if we call it B (¥)
Theva.luep‘P+r Wisafun

we ghall have

_o,=Fyy =~ x F(9) + Cy (W) (7)

b Y
2 gy _x 1 ¢ (8)
D N =i ER-F A 0@
In the following we &re golng to limit our discussion to ghells

st1ffened &t both ends by diaphragms which can resist forces actnng
in their plane only, and symmetrically loaded with respect to the mid-

dle cross—section In such cases, we have

= = o}
atx =0 Ne= o and C, & = ,
L -1 dFr(v)
atx=3= B =0 and  G@  =FpT  Tgv

Introducing these values in the previous eguations &, 7 & 8,
we get finelly Np =P, T
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Fre = q;x ="

1 2
Fe =-g7 (!

7 (¢)

aF (¢
-4 X)) —;1%,-1

(%)

It 15 clear from these formulae that *he shearing force NN and
the longitudinal normal-~force K vary an the dairection of the genera-
tors according to the same vattern as in the case of a simple beam of
span | loaded by & uniformly distributed load as shown in fig XII-34

¢

x

5 aphoapn
TN Y
l Z/r

L/

-

Pig XTI~

z T AT AT AL, e

Of coarse +the dastribution of the forces Nxtp ani Hx over the cross
section canno* be derived from the beam formulas but is governed by
equation 1 for the equilibrium of the shell element

Another case of boundary conditions 1s represented by fig II1-35

Here one end, x =1, of
the sbell 15 completely
bwilt in, 1 e the sup-~

port at this side can
resist not only shearaing
forces Nxxp but also
normal forces Nx The
other end, x = O,may then
be left without any sup -
port at all and we have
'E:he boundry conditions
E,-_—-,Qu—ﬁ;‘p = 0 and Nxz 0
Equations 7 and B show
that in this came Cl(lP)

- and C, (9 ) must be zero and hence we have

FIG Y11-35
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2 ap(e
Nx'\o == xF{(¥) Nx=_2—r—_del (10)

This shell is supported like a cantilever beam, and, again the
span wise distribution of hxup and Nx are those of the shear and the
bending moment of the beam anpalogue

The three-dimensional supvort of such a cantilever shell wall
scarcely be accomplished by & solxd wall as shown in figure XIJ-35,

but rather by an adjoining span of the same sherl (fig XII-36)

1L

\éy/
£
y,
xp
FIG XIT- 36
M
X

In such a structure we have again two diaphragms of tone usual <type
which resist only shearaing forces but 4o not accept forces Nx from the
shell The forces N, coming from the cantilever section mus™ therefore
be trapsmitted across the diaphragm to the adjoining bay of the shell
which therefore bas the boundary conditions

2
z 2r dy
x:].z szo

Then we determine C; (v ) and C, (v ) from these conditions, We get

12 12
l+ 2
i =( -x) F{o)
e 2 (1)
12 L2
g oLl (FF- x1t 2 %) |
X 27 l2 1 4avw

- 280 -



Again here Nx\p ana Nx have *he same distribu*ior as “ne shearing
force and the bending moment of a beam with overhansing cantilever Fhas
coincidence will also be found 1f anothe~ cantilever snell 15 added at
the other end of the main span but the analogy cannot be extended to
statically indeterminate cases as for example +tha* of a two svan con-
tanuous cylindrical shell between three diaphragms EHere *he result
w1ll be anfluenced by the deformation of the shell whica 15 different

from that of a simple bean

In all the preceeding cases I\T‘p 15 found from equ-tion 1 which
18 not affected by the choice of the boundary conditions

The Circulsr Cyliadrical Shell

A ) 'Tube-Like Shells

It 4211 be assumed here that the radius of the midale surface 18
equal to a 1e T =38 and
that the circular edges of the shell are stiffened by diaphragms capa-
ble of resisting forces in their plane only The lcads are symmetrical
with respect to the middle axmis

The 1nternal forces can be calculated according to equations 9
from the relations

N\D = Pp &
o™ Fox= =~ TF (@) > (12)

2 2
1 dF (¢
No=glg (1 - X ) L0 )
Examples
1 ) Circular Qylindr.cal Shell Loaded by its own Teicht

Assuming that the dead weight per square meter suriace = g , then
the surface load components are

Py, =8 Sy and P, =~ g oos¥

The first of equations 12 15 therefore given by

Ny ==- g acosy (13a)
The function F (¢ ) and its derivative are
1 1
F(Q)=p¢+fa§_=gsmw+g £ 4S9 =2 g sing and
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ame) _ 5

To z cos¢

accorailngly ve ged

The dis*ribu*ion of
tne £~resses on the cress

section 15 snown

XI1-57 One has to notaice
that I\x 1s l.pear as 1s
senerally assumed ip ele -

mentarv statics

ng>= hﬁ:—ngsm‘p (13b)

L =E:E(12—4x2)cosw (1x¢)

{4
1o figure v

However ,

this s*aten=nt canmot be N N A
¥ xy x

generalized fo~ other shells FIG _X11-37
and for other cases of loading

2 ) Circular Cvlinder T™illed with L.ouid

For a pive f1lled vathk liguid of specific weighty the external
force. ( the water pregsure ) are

T

- p-.p=0 Pr = Py -Yax cos¢

Here D, 18 the opressure at toe level of the axis of the pive and may

be anvthing > ya

f
!

but net less

/7

If we cooose tae boundary ¢onditions of figure {1-34) we fand
at once froz ecua*aons 12 tne s*“ress resultazts (Cig 7IZ-38)

2
e = Do a ~Ya" cose

1

I"«": wa: -Ya X s1n¢y (lq-)

ux=-é—Y(12-—412)cosqa
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The average pressure Py produces only hoop s*resses The load
term with Y represents the weight of the liquid and produces a kind
of overall bending of the pipe which acts e&s a heam carrving thas
welpht between the supports Ve have already seen that therefore the
shear wa and the normal force Nx have fhe same span wise distribu-
tion as tne spear and tpe bending moment of e beam The distribution
of K, over toe prof.le 25 incidentially the same linear dis*ributian
as that of bending stresses in common beam theory This result is a
peculiarity of the circular cylinder and even there, i1s restricted to

certain simple loads
B ) Barrel Vaults

1) Semec:rrcular Simple Barrel Vault Loaded by 1ts own Weight

49 gn wntroductiopn to the theory of barrel vaults we are golng
to dascuss the stress dastribution of the 1internsl forces, given by
egquaticns 13, an the caircular cylindracal shell suojected +to 1ts own
weight treated 1n example 1 and shown in figure YIT.37

The most remarkable feature of this force system 1s that cn the
gensrators at mdheight o=+ T /2 we bave Ay =0 If we cut away
the lower half of the shell, the upper half reed not be supported at
the straf:.ght edges and mey carry i1ts weight freely between the dia-
phragms, just as the tubular ghells do Such barrel vaults have been
used as roof structures

However the straight edges of a barrel vault are not comple-
tely froe of exterpal forces There 18 & Shear wa =+2gx ,e&nda
structursl element must be provaded to which 1t can be transmitted
This =20 called " edge beam 18 a straigbt member and if properly
placed, 1t 1s stressed only an
tensaion (fig XII-39) Its
axaal tensile force T 18 of
coarse variable along the span
It can easily be <found by in-
tegrating the s_t;a}_lxwl, Be - 4 1°
glonaing at the end x = 5 where
T =0 TFor the edge 9= + T /2
the integration gives

x

x

T = J'szdx =—2sjzsn.n~p ux:—2ngdx=Eg(l -4
-l/2 /2 -L/2

and at the other epd, we get 2 simlar result
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The statical necessity of this force may be unaerstcod from a
look at the N diagram in fig XII-4C whica shows the stress resultants
of a barrel vault with semicirculer profale

Jm® ga _g_({’?_.,u')
LJ
?
[L_;a: a __I| N?' ﬁ/". ",ac
FIG X11-40

The section has only longitudinal compressive farces Nx and 1f we
cut the shell apart in a plane X = constant the horizontal equili -
brium of each half requires that temsile forces of the same &snount
also aprear Now the integral of the forces Nx in the cross-section

+ T2 + /2
[Feade=-ze0®-a2)
- 1/2 - /2

This 15 exactly the same compressive force as the two tersile <forces

T 1n the edge beams so that they maintain the horizontal equalibrium

Jcoswdw = - % € (1% ~ 4 2 )

The resultant of the compressive farces lies somewhere in the
semi~circular profile and higher than the tensile force 2T and both
combine to form a couple equal to the external moment W#hen we consi-

der the barrel vault as a beam of span | Qince the load of the beam
per unit length 1sTm & g , 1ts bending meoment is
2 2
d=nag (! - 43X )/8

The moment of the stress resultants Nx and T 1in the cross -
section can be determined by teking moments about the lower horizon-~
tal diameter whach 1s at the same time the line of action of the ten-
sion T Hence

+ M2 + /2 2 2
Jﬂx 8 cosyY a dvy = J EEE( I -4 x ) cos2np azdw
2 2
- n/2 -2 _ra g(l —4x )8

which 15 exac*ly equal to X In the sane way check that the vertical
resultant of the shearing forces ﬂxw 1n the cross-section i1s eaqual
to the transverse shearing force —n a gx of the beam analogue

This comparison between the barrel vault and its beam analogue

gives a good general idea of the stress systez i1n the shell and yields
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a useful check for the computations It cannot disclose details of the
membrane stress distribution, since they depeml essentially on the sha-
pe of the shell

2 ) Semicircular Simple Barrel Vault Loaded by a Vertical Live Load

pt/ 1:1"2 horizontal

The load components are 1o this case giver by

_ - 2
P,= P S1n¢ cOS® P. = - P cos"y
Substituting these values in equations 12, we get (f2g XII-41)

Ne=~-pa=a cos‘?q;
Nxm=N¢x =—g-p X SinP Y
N o=- _E__E( 12_4;3)0052»0
x = 8 a

Pt
O™
i
: /;4’
!
I/ PN
\ [
' !
\ / v
\T-’
b A
IG X11-41

It s imteresting to observe that at the shell edges  whers
=% N/2 , doth N, and qu) = Nlpx equal zero Comsequently, in
this loading case, the shell need no support at its longitudinal edges

In order to meke a shell suitable for the constructaon of free-
spanning barrel vaults, the force Ny must be zero at the straight ed-
ges This 15 always possible for shell profiies subpect to vertical
loads and terminating with vertical tengents Accordingly, the sem1 -
circular, elliptical, cycloidal and s1milar profirles are considered as
convenmient forms for freespanning barrel vaults

As an example, we give in the following, the siress resultants
in a ¢ycloidal barrel shell loaded by dead and superimposed loads act-

ing per sguere meter surface
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mhe Cwvcloid.l Jarrel Shell

The eguation of the cycloid 7
( fig XII—2 ) 18 gaven by the ——
fornulae ra
y=a (2% + sin2v ), z=a(l+cos2y) { 7 ¢
The radius of curvature is there- | 7ra /! Tra ] 4
fore r ® o
T =4 a cosy V FIc Y1142
Thus
In case of own weight ( fig TIT-43 )
R & 81n% p, = — g CO3y
Ny = - & a 2
9 = g &8 cos’y
|
NIQ":MDI:—BSISMLP /T\ij ? %
2
N_=- ZE ( -4 12
= constant FIc Xi11-43

Bere the force Nx 15 constant over the whole profile  This may
scmetimes be desirable since 1t andicates that all matermal 15 effi -~
clently used But in most cases we should rather like to bave a tensi-
le force N, along the edge to avoid large differences between the
length wise strain in the shell and in 1ts edge member

The Wiedemann's Barrel Shell

It 18 however poss.ble to improve the properties of the cycloidal
shell by using the Wiedemann's profile which 15 gaven by the equatibn

T =a, + aj cos¢¥

This curve can be originated by rolling & circle on the outside of
a cycloi1d es shown in figure XII-44 The Wiedemann's curve is +the lo-
cus of the cen“er point of the circle Ve find the ordinates y and
z 1n the plane of a profile by simple integration of the mrojectnomns
of the line element x 4¢ thus

g
1
y = o_[rcosq: d¢ = a sy + I 31(2‘9 4+ 51029 )
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W
1
zZ = —JI‘ siny dy = H.o COB Y + Eﬂl

r/2 ( 1+ coB2¥)

These relations show toat the curve
lie acmewhere between the circle
(a.lso) and a cycloid (a°=o)
But this does not mean that the
stresges lje halfway between the

two cases The stress resultants are PIG  XTI-B4
accordingly
®or the own walight mz surface
Py = g Biny prz-gcos‘?
e =— & ( By + 8 cos® ) cosy
2 a, + 3 a, cose¢
HI'P = N*be £ x siny

&o + &l cos

= g C‘E -3 12)(2 a, + 3 8, coag )(ao+a1 cosylcosy -8, 8; si.n%p

( By + 8 cOB‘P);

at the lower edge waere ¢ = + N /2

€8 . 2 2
li\p:o, Hx‘p=wa=—Zg; and F_ =+ -g—a-z([ -4 x°)
o
For a live load p,ima horizontal
Py =P 3ing cosy P.=~-pP cos%p
H‘p = =P8yt 8 cos® ) cos%p
3 a, + 4 o, cosv
Nxp = Fox = = P XxsSiny cosy a, + a; CoS v
{3 nzo + & a.i coaew) com2¢ — &, & cosy ( 815 coazv)

P2
N == =~ -4
¥ Q1 ::2) -1

(o, + 8 cosv)
at the lower edge. where =2+ RJ2

F_=o¢ 7] ¥ =0 and T =+ 2 2)

-] -
A4 xe ™ o x BaD(l 4x

This means that at the edges ¢= s+ n/2, veosile N fomces of
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»easonable values are develoved both for aead weight and vertical li-
ve loads Since tensile forces are 2also acting on the upper edge of
the straight edge beams, we have the possibility to eliminate or to
decreass the difference of elongations oy proper choice of the dimen—
sions of the shell

3~ Tne Beam Theory

We have geen 1n figures XII-34, 35 & 36, that the shearing force
qu; and the longitudinal force Nx vary in the directron of the gene—
rators according to the same pattern as in the case of a gsample beam
of span 1 loaded by a uniformly dastributed lecad We will discuss now

whether 1t 15 possable to consader the shell as a beam

It has been found that the analysis of a shell as & three dimen-
sionel problem in a strict sense , 1s very camplicated but 1ts struc-
tural behavior car be best understood by comparing its action to tha*
of an ordinary beam, whose cross—section 1s a thin curved slab spaning
between the transverse stiffeners® —the diaphragms—

The application of lead on the shell induces longitudinal faber
stresses similar to those 1nduced in any homogenious beam under load,
and if the span | 1s large compared to the transverse chord width b,
the varaation of the fiber stresses across anoy sectlon 18 the same as
that created in a beam, that ie, 1t is linear from top to bottom

As the ratio of b to | increases the variatron of the longitudi-
nal force per umit wadth, Nx y changes from straight line to curvalin-
ear The extent of this change is shown 1n figure XIT-45, in which the
ordinate represents vertical distance measured from +the boktom of a
cylindrical shell in terms z'/f and the absessa indicates magmitud of
Nx - forces For convenmience, the curves are drawn for various values
of a/1 , the ratzo of shell radius to span lenghth , rather tham ~he
previosly discussed ratic of b tot Although the two ratlos are in~
dependent, a/1 is a more sul“able parameter synce it includes *“he ef-
fect of shell rise as well as chord width When a/l 18 less than O 2,
the variation i1s almost linear, while for larger values of a/l the
force at the lower edge 18 greater than that given by ordinary beam
theory

= Refer to H Lundgren Cylindrical Shells " Publashed by the
Danish Technical Press The imstitution of Damish Cav:l Engineers.



f

re

A\

o2

JA7T

~ a/f 180 L/
AN
¢? ‘ # rpan o
o o dl
\ e —
¢ ¥ g -7 2 N
FIG X11-45

Although the magnitude of the tensile stresses at the lower edge
of the shell 18 sometimes quite sensbtive to variations of a/l the
total tensile area under these curves does not vary to the same degree
For example +he ratio of bottom fiber stresses for values of a/I of
06 and 01 1s 3 2 while the ratio of tensile areas below the neu-
tral axis for these cases 1s only 1 4 BSince the reinforcement requi-
red depends essentially on the total tensile zrea rather than +tne
maximum fiber stress, the design of a shell 1s not so sensitave a pro-
blem Moreover, the curves are prepared for & single shell unrestrai-
ned at the lower edges ‘hen these edges are restreined by adjoining
shells or edge beams Jlongitudinal stresses conform more closely to
the straight line varaation Studies indicate that the beam method 1s
applicable Yo the following classes of shells provided they are uni -
formly loaded
1) Single shells without edge beams 1f a/l <0 2

2) "Long single shells with not too deep edge beams 1f a/t {0 3
3) 1Interior snells of a group of multiple shells with feather edge

beams 1f a/t < 6
%) Interior shells of a multiple group of shells wath edge beams af
a/t < 04
However, close agreement with the results of the amalytical theo-
Ty have bsen obteined for ratios of a/L = 0 ¢

The basic assumptions used 1n the beam theory are

1) Plape sections before deformation remain plane after deformation
2) TForm of cross section 15 not changed 1 e points 4 and B shown
in figure XII-46 deflect the same amoun*
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Accordingly

1) Dastribution of N 1s 4
gimilar to O C:;::::::::EE::::::::QEE
2) Distraibution of N x¢}s )
similar to T S XT-%6 &

ag shown in figure XI1I-47

The analysis of the )
normal and shearing forces A/_—_E— T T = P :A
4

[
in a leng barrel shell 1s v N

gimilar to that of a beam, » * A lang Barrel Shell
span | , and having & cur- FIG_ X11-37

ved cross section as shown
in following simple example

Analvsis of Beam Action of Symmetrical Circular Cylindrical Shells

1 Properties of Shell section

a) Shell without edge beams Fag XII-48

The area of cross section of
a symmetrical circular shell of
radius a and subtending a central
angle 2 P, 1s gaven by

A=z2a Yo ]

The position of tne ¢ g of the
pection can be determined from the
relation

™
it

© 8 8in g, /g,

So that PIG, X11-48
za (1 -5810WO0)
1 ( %,

The moment of inertia of the Bection about axis 0-0 passing through the
center 0 18

I,,=ta (9, +1/2 sin2 9, )

Hence, the moment of inertia of the section about axas 1-1 passing thr-
ough the ¢ g 18 therefore >

2 gin ¥
Il—l :ta5 (¢°+l/2 s:.n2q)°- _3:_0-

The statical moment of the pection above or below the neutral axis(c g )
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axls can be calculated from the relation

Iy »
5, 1= = t17 2 a {1+
-1 ] ! 20 a

b) Shell with edee beams ( Pag XIT-49 )

The ares of cross-section of

the shell 18 gaven by £
! R AN
A=2(ay,t+b, d) - i
The statical moment of the Hé
section of the shell about axis Y i N z z
0-0 18 4 ¢
= 2 =
So_o_2(ta. sin g, +b°d. zb) 2 o
[}
where
- d FIG X11-49

zb=acosq)°-2-

The position of the ¢ g can be determined from the relation

Zo, =5,,/4 1e N = &a-2z,

The angle p 18 therefore given by cosp=2z /a and the statical
moment Sl'_1 about &x15 passing through the ¢ g will ™o the sanme
as 1n previous case

The moments of inertia about axes o—-o0 and 1-1 are given by

b d
I, =a t (g +1/2sm2yg )+ f—+t2b,d Z2)
_ 2
ha=T,,-2%
2 Internal Forces in the Shell
Load
Total lcad per meter run shell 15 given by
P = 2a Yo P for a crreular shell without edge beams,
= 2(agp,P+p ) " ' "  wmth "
in whach
p = total vertical load, including own weight, per square meter shell
P, = load of edge beam per meter

The dead weight of the shell slab may practically alweys be
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consadered uniformly distributed even in cases where light stiffening
ribs are provided

Since the greater part of the shell has onlylight reinforcement
the weight per cubic meter slab may be assumed = 2 40 %

On the other hand, for long shells, the edge beams are so hea-
vily reinforced that in computing the weight due regard has to be i
ven to the reinforcement

Ag regards the live loads, one may follow the following rules
1) For ordinary long shells where the exact distribution of load is less
important an average live load of 65 kg/m2 is assumod for +the eantire
shell surface provided that the maximum slope does not differ much
from 40

£) For other shelle where the dlscrease of the load by increasing in-
clination 1s of importance a load of ~ 100 slnew kg/m2 of shell sur-
face may be assumed

3) For parallel shells the valleys between the individual shells are
to be considered half filled with snow having a unilt weight of 150
kg/m3 or an equivalent welght of rain water

4} For the composite shell structure of the ordinary long type, the
additional load from one valley, due to snow, rain water or gutter
plain concrete may be mssumed as a line load on the edge beam There-
by, the snow - or rain water - load on the edge beam will be

25b (£ + 22 _25) kg/m' where b = width of shell and

Ve

f = rise 1n meters
#hen using this formule a uniformly distrlbuted snow or live 1load of
65 kg/m2 18 to be applied to the entire shell surface

5) The wind load con a cylindrical roof with an inclination of 1less
than 40 may be assumed as a uniformly distributed suction of ~ 100

kg/m2 It reduces the stresges due to dead and snow or live loads
Stresses and Stress Resultants
For a symmetrically ; £ ds
loaded symetrical sect- ? Z ]
ion as that shown in fig 2 o~ '
XII-50, & long shell
may be considered ss a
beam subject to bending
in the vertical plane FIG_X11-50
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only hence, the normal stress ¢ in the longitudinal direction as
goven by
g=Lz / Il—l

The maximum compresgsive Stress Uc max at tne upper fiber

must be smaller than the allowable buckling stress Oy .., Hence
Co pax = E N/ I < allow Oy where
_ 0]
allow Ubu.c:kl - OCb 3 8 = factor of safety
1 4 2_c28 a 5
E 3T
ag = _ 4
cb = The bending compressive strength of concrete = 3 Gc28
0c28 = The cube compressive strength of concrete
E = Modulus of elastacity of concrete = 200 000 kg/cm2 for nor-
mal cases
s = Factor of safety = 4 1n buckling problems

Assuming Gc28 = 200 kg/cm2 s We should have
8,
% mex &/ (14 057

Thus, for normal cases, the maximum allowed concrete compressive stres

Gc can be extracted from the curve shown in figure XII-51
g b max
3
S0 ™
™
Py
ey
¥5 N
Py
N
[
P
o -
™
]
g5 o
o/
o &o 70 do do 100 o 120 nro 1Yo Far
FIc X11-51
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The longitudinal stress resultant Nx i1s therefore given by

N:MZt/I

x 1-1

The total tension T below the neutral axis being equal to the btotal
compression C above the same axis, we get

= Z= M S
C="T-z= —'qINI d.ﬁ_: %— I‘b z ds8 = —I—l-—l
Z=0 1-1 =0 1-1

Therefore, the total tension T an the section 1s gaiven by

T= MS /1,

Knowing further that I / Sl—l = Jgp = the lever arm between the

center of tension aml the center of compression, then

T = H/YG_T

In reinforced con- - /5

crete shells (Fig XII- __{‘_L: _______ — el c

52), the concrete in
tension is generally ’ N A ‘T /
7,

neglected and all the 1?
tensile stresses are :

resisted by tension ste {Eiz !i ATZ
el 80 that the real ygq — 4

may be assumed equal to

the distance between the FIG_T11-52

center of the tensaon

reinforcement and the center of compression which 15 generally baigger
than Il—l / Sl-l

T'or normal dimensions of symmetrical circular cylindrical shells
where b =8 - 12 ms and L =16 - 25 ms, h may be chesen equal +o
1/10 1In & prelininary estimate h' may be assumed 10-20 ems and
h' = /5 may be assumed 15-25 cms , so that Jor can be assumed -
equal to b = /10 minus 25 to 40 cms Yor D&Y however be assumed
egqual to 0 87 h

The required tension steel in the ghell can therefore be glve-
en by ﬂ.s=T/crs

This reinforcement is generally arranged in a narrow edge beam as
shown in flgure XII-53 , the free space between the bars 1s equal
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to their diamever so tma* _f tne tension re.n
forcement 1s for exasple 13¢p 25 mm then h'=
6th= 15‘”‘1 The maxinam sStress 1n the +tension
steel G max takes place in the lowest ro~
the average stress O s at the center of gra-
vity of the tension steel 1s geperally smal -
ler If no exact calculation i1s done U_ may
be assumed equal to 0 9 the maximm allowed
values

Assuming that Nx. denotes the total in-

2o P4 cm
ternal shearing force per unmit length of the ! i

section then

N, =Tt= Q5/ 71

FIG _Xi1-5%

1n which Q and T are the shearing force ano the shearing stress
respectively, 5 1s the statical moment of the sectron above any pla-
ne about the ¢ g arxs Its dastribution 1s as stated before para-
< olic and attains 1ts maximum values at the draphragms where Q 1S ma-
Ximmm

So +that

mx F o= Quy 573,

The maximum ordinate of the shear diagram lies at the axis passing
through the center of gravaty of the section, hence

mr mar Fo o= Quay 8137 Taoy = Spax / Jor
As in ordinsry beams this shearing force Nz w1ll cause a drag-
onal tension T, , resisted by both sades of the shell, and of egual
magnitude, 80 that each side resists a diagonal force of the magnitude
=%
411 shear stresses T bagger than the allowed values ( 6-8 kg/cm®)must
be resisted either by stirrups or diagonal bars inclined 45° with the
axie The latter are prefered in cases when T 18 bigger *han 10 kg/

om
Tne shear stress T 1s given by
T = TI@ /A

where A 18 the area of 1l m strip of the shell = 100 x ¢t cm2
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Fxazple

It 15 required to analvse the beam action and to determine the
longitudinel and diagonel reinforcements for the 1intermediate long
cvlindrical shell roof with edge beams shown in figure ITI-54

The shell is samply supported on two edge diaphragms 25 ms apart

2 $¥s »
7 ads m

2,
%

___—.—-—--7 — ——— —

Data

Span L =25m, width b = 10 m, total rise h = 2 5 m, riBe of arc f=1 5o
Depth of sage beam d = 1 00 m, breadth b: =010 m Thickness of shell

=010m
Radius a can be calculated from the relation i
a2 = 52 % (a~-15 )2 or a = 9 083 ms
Loads 2
Own weight of 10 cms shell-slab 01x2400 = 240 kg/m
Wieignt of 3 cms fine concrete 003 x 2200 = 66 n
Jeight of plaster + 1sclation = 34 n
Lave load = &0
total © = msu L

x Since each of the 20 cm wide edge beams 15 common for two abellg, the
beans belonging to one shell are to be introduced with a bréndth;hﬁ
of 10 cms
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Own weight of edge beam =0 2 x 0 9 a1 2500 450 ¥g/m!
Concrete slopes + rain water = 300

750 kg/m!

35 24t =33 4

1

total Py

b/2 a = 10/2 x ¢ 083 = 0 5505 g

- 234
1e ¥ = 180

n
n

ft

51n go

x 3 14le

n

0 583 radians
Total load P =2 Y & P + Dby

2x0 583 x 9 083 x 400 + 750 = 5000 kg/m'

Bendine Moments and Shearins Forces

daxamum external bending moment at mid-span
max M = 5x25 /8 = 330 mt
Maximm sheer:ing force at diaphragms
mx Q = 5x25/ 2

Determination of Center of Gravity, Statical Moment and Momeant of
Inertia of Section oz Shell

62 5 tons

Referring to faigure IXITI-LG , we get

A =2(a g t+bd =2(9083 x0583x01+01x1) =1 259 n°
%, = a cos "o‘% =9 083 x 0B35 050 =7 585 -0 5= 7 083 ms
Sgog= 2 (& 8% sin 9o * Pod Zy) = 2(0 1x9 0B3°z0 550540 1xl Ox

x 7 0B3) =10 500 &
Z, =SO_O/A = 10 500 / 1 259 =8 330 m
Therefore, the distance of the ¢ g - axas (N & ) from the top faber s

given by

T[:B.—Zo = 9083 -8B 3% =0 %743 m
1 3 -2
IO_D=a3t(¢o+§-sm2\po)+(1/6bod +2Dbd %)
= 9083% x 0 1 (0 58340 510 919)+(1/6x0 1xl 0°+2z0 ¥l Ox7 083°)
=83 180 "
The moment of inertia of the section about the ¢ g a8x1s 1s
2 2 - 061 o
I, =TI -42z°=288 180 - 1 259 x 8 340 =

1-1% “o—0 o =
The statical momwent of the croas—sectional ares above or below the ¢ g
axas 18 given by
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S;y=38n)/2 081+ gha)
=%z01z0m3) 220743 1908 QU+ prabip)

The theorebical lever arm 1s tharefore

0 365 =

Thsorsetical Yop = Il-l / By =0 610 / 0 365 1 670 os

Normal siresses apd lonmtudinal reinforcements

Maxamum concrete stress at top fiber
mex O, = max M7/I;_, =390 x O 743/0 61 = 475 t/1° = 47 5 kg/ca®

For a/t = 9 083/0 1 = 90 83 , ‘*the maximm allowsd compressive stress
in concrete according to relatiens given in Fig ITT-51 1s

may allowed O, = 45 k:g/c:m2 only!

The exaisting wvalue af 47_5 J:g/t::.m‘2 may be accepted, 1t means that the
factor of safeby 's! against buckling is 3_86 whach 18 gufficaient

The center of campressien is assumed at h" =T)/5 fram the upper fiber
Thus h'=7/5=0 783/5 = 15 cus Whereas, the center of
tension is assumed at the canter of gravity of the tension steel which
lies at a dastance h' = 20 cus fram the lower fiver of the edge beanm
The actual lever arm s therefore grven by
Actualycr=h-(h'+h')—25-(02+015)=25435=2_1§ns
Assuming Yop = 0 87 h, we gat yc_[._OB?xE‘j =2 175 ms
The two values are approxamately the same and ere asbout 1 3 tames the
theoretical value gaven bafore Hance
The maxamim total tension in the section at midspan as

mex T =max M / act Jop = 390 /215 = 180 tans

Using high grade steel with an allowable average stress cr _09;:2
=18 ton/cm2 then the required tension reinforcenerxt at m::.d—s.pan is
max A =max T / g, =180/ 1.8 = lC-Ocm chosen 20 ¢ 25 mn

Shear stregses and diagonal reinforcements

The maxzrnmm total anternal shearang force per unit length of sec-
tion 1s grven by

max NI(P=maz'Ct=maxQ/ycr=625/215 = 29 t/m

The maxmur daagonal tensicn resisted by each side of the shell

13 therefore

max Tnpz: 1/2 max HI(P": 29 /2=145 %/m

- 298 -



Hence the maxxmum shear stress 18

max T = max T, /A = 14500/100x10 = k5 kg/en’
All shear stresses bigger
than the allowed value of 8 kg/ £ 1’/! 8 -
en® ( giving 8 t/m dxagonal ten- I: ¥ X Slm
si1on ) will be resisted by dia—
zonal reinforcements in the //.,..— /
manner shown in fagure XII-55 51/

The shear stress is equ \‘\\:\ ’(.\VF p P\sﬂ s>/
al to zero at mid-span it wall N // p
be equal to 8 l:g;/cm‘2 at a dis- ~ / -DIAJan‘/ Tensran
tance ¥ from the center 1line
where x = 8 x 12 5/14 5=6 9 n
Dividing the dastance x'=|/2-X=
12 5—-69 =56 m into four
equal strips, then the area of the diszonal tension reinforcement fe—
auired in each strip 15 given by

“51=14551288x1E€'=16ﬁ1=975°“‘2 8 & 13
s, - 2883:125,10 - B 60 ox? 2 & 13
ig3 1125+ 063540 = 7 45 cof € & 13
agy = —9-—-6-3;—8— x-}_——-ﬂ— = o 30 cmd 5 ¢ 13

The lengths x and x are to be measured at the neutral plane
analysig of Arch Action of Symme*Tacel Circular Cylindrical Shells

The cparacteras*ic feature of shell action 15 “he trensmission
of loads pramar.ly by direc* s*resses with relatively smell Denfing
stresses This un.que proverty of cyl.ndrical saells stexs Irow tae
behavivr of the shell in the transverse d_rec*ion To form a cleer
pilcture of the manner in which tne shell operates and to contrust it
vith the bebavioir of a plate +,pical strips cut from a pla*e and a
snell are shown in fagure XTI-55

Considering tae strip of fig a as a free body, .t 1s evident
that snearing forces and bend_ng moments are reguired 1n  order to
maintain the external load in egquilibrzum On the other hend in  the
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¢ r PP Glornal load
}
”C‘ jj \r»{eani;;/ﬁrcs:
( a) A;’P O s
(8)
F1G, XII-56 Transrerce Ferce
A,

>

strip of fig b the radial component P of the external load p is resis-
tea by transverse force Ry causing normel stresses on the radial sec-
tions, whereas the tangential component P, 1s resisted by srcearing
forces on the transverse gections The presence of these shearing for-
ces distinguishes shell action from arch action  Because of them the
shell regardless of 1ts sbape, can support any type of loading by
direct stresses, whereas the arch can carry, by direct stresses only
one tyoe of loading

In order 0o determine the transverse bendipg moments ¢ we
consider a free body 1n the form of an elementary arch i1ncluded between
two adjacent cross-sections of the shell which are dx apart The egqui-
libraun of the arch is maintained by two sets of forces, mamely toe
load p acting on %he element and
the forces § NK-P /ox ( Fig XII-57)
the latter 1s knmown as the specifac
shear The specific shear at any
point, acting in the direction of
the tangent to the shell arch, may
be resolved into horizontal and
vertical components It is clear

that the sum of the wvertical com-
vonents of the specific shear would balance tbe load on the shell arch

“he horizontal componentsof the specific shear which are symmetrically
disposed about tne crown balance themselves

We consider first a single shell with or without edge beams It
1s clear that the elementary shell arch cut out from such a shell will
not develop apny restraining forces or mosents at its ends Hence we

haye a statically determinate arch
Next, we consider the slementary arch cut out from an interior

_snell of a symmetracally loaded group of multiple shells As the shell
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arch 1s restrained atv tae enas it woula bew.ve as a fired arch If
~ac load.ns on vaoe shell arcrh 1s symretrically das-ributed across the
cross-section, one would exmect the depgree of indetera.z.nsy to  pe
~.ree  Eut “ne degree of indeterminancy involved is cnly two as "0
vert.cal reactions aevelop at toe ends +he verticel lo.dang on  tThe
spell be_ng fully balanced by the sum of tne vertical components of
*a= gpecific shears The elementary shell arch fixed at the ends and
actved upcn by the load and the specific shear may be anciysea by any
me+hod apvlicable to fixed arches to determine the transverse momerts

-v
Avolications
1) Single caircular shell without edge beams

Denoting the angular distance from the crovn to ar arbi*rary point
by ¢ and half the ceatral angle of the shell by Py # and assuning
the unit load p to be uniformly distributed over the surface Lundgren
in his book on cylandrical shells gives the follewing rela*ion

2 2 2 2 2
o 2 ~
]‘_5?=.._P_.T(\po-gp) (5@0..4))
16Lpo

The momezt i1s negative along the whole madth of the shell and has the
form shown ifi figure XII-58

FIG. ¥3i1-58

Transverse . oments
in & Circular Shsell
w_thout Edge Beans

The maxizum moanent at tnoe crown 18 *“herefore

Ly = - 3/16 pa? p2

or & vertical concentrated loaa P, act.ng or *ve mid.le of a
en_»g r1d the momext in the rib foryp Do, 1s §ivel by

P a 4 2 2
Ly = ( -9} (30° + 4y + @ )
¢ ‘—"‘552@ ¥ o o ¥
o
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2) Circalar immer shells wotoou™ edge besms

The traasverse bending moment of an anner circular shell , according
to Lundgren, 1s given by

a2 6 4 2 2 4 6
dp=- L2 (7® -750, P + 1050 ¥ -219 )
336 @,
Tne moment 1s negataive at the spripging and at the crown but pozitave
a*~ the avarter point (Fag XIJ-59) Numerically, the statically indet-

Np
Fig XII-59 —{7 :f! ?
_ pa'g 7
Transverse moments ¥i e
in en inper shell T e i

R

il

wathout edge beams

eraynate negative momen- at the svringaing 1s the greatest and equal to

Mo =-p.a /21

1e only % maxnmum moment in 2 single shell The moment at the crown

18

M o=-v & @2 /a8

« value tha* 1s only 1/9 of maximum moment in a single shell

Tne aaxaimum Dositive bending moment tekes place at an angle Pfrom tne
crovn that ean pe determined frem the relation

dugp/ dep= 0D

=z1ch gives @ = 0 638 EPO

Introducing “has value in the general equa*_on of He¢, we got

Lax hipr = P g2 ‘P§/445

Doe normal force 1n long shells with a £ 10 ms mey pe estamated foom
~ne follovang relataon

Fp=XkX P =a

The values of k are shown in Fag XTI-60
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The bending moments and normal k] N =kova
forces in the critical sections c

15 1 43
of an imner long cylindrical //
shell sabject to uniform load 1 /ﬂr%
D can accordingly be summeri- 05 !
zed as follows i L

edge 1 2 3 4 5 (crowm)

Fag XIT=-60
Section Springing max Mo+ Crown
¢ ¢ = 43 ¢ =0 638 ¢ P=0

Bending moment Mp -paatpi/El +pa.2q>§/4-45 -pa2¢‘°5/48

Normal force No —_ 08 pasa li3pa

The transverse bending moments in eirculer symmetracal imner shells
with edge beams may be assumed of the same values shown in Fig XII-59
Accardingly, the transverse bvending moments and normel forces of the
example given in Fig XII-54 are

Section Sprainging max Mo+ Cromn
® P =P ¢= 0638 ¢ =0
Mo = -R-E;—“’E - 35280 - 50| 4 BEED o050 [ - BEEL. - 23
Fe=kDa — 0 86 1 3633=3124 | 1 43236325200
in vhich
p a® 92 =400 x ¢ 083% x 0 583° = 11220 xg m and

400 x 9 083 = 3033 Lg

d
m
1l

It is clear “ha* the transverse bending momen%ts are rela‘ively
low so that a shell *nicmess of 10 cms reinforced by —wo  mesnes
6 ¢ 8 mp/n and 54 6 mu/n circular and long.tudinal bars respectively
28 gernerally ample It 13 however recommenaed to _nziease the tnick-
ness of the shell gradually from 10 cms “ov 15 cms at the springing
and at the d.ephragis along a d.stance equel *o 1/10 leng*h of arch
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I tne spar of the shell 1s small (<~ 15ms), a slab thickness of
E ¢ms, 1acreased o 12 cme at the springing and di.o.rapgms, 1s genera-
liy sufficient Suecn shells are reinforced
ov cpe mesk, 6 ¢ § mm/m circular and 5¢ 6 ﬂ
longrwud.nal, excen* a* the edges ™nere we ? *

need twc oeshes
3% vhe end draphragms, local bending lC'JJ"' ["Ld'_
manents ere induced in tne longitudinal
direction of the form shown iz Fig ZXII-6l Z
Tpne maxicum ordinate can pe estimated by
Fag XII-61

_ 2
me -? X S 2

in which

Xy 07 Vat

a = radaus and t = thickness of shell , p = total load / m®

fl

The determination of the transverse bending .aoments at different
roints of a simple gircualar shell witaout edre beamzs can be treated ain
the following mammer
a s8lace of the shell cne meter long , 18 considered as an arch whaich
1s in eguilibrium under the actaion of the loads p and the specific sh-
ear aNILP/ 9 x (Fag XII-62)

In a statically determinate shell subject “o uniform load p per
souare neter, arxq, /0 x mist be constant along any gemerator in dr-
ec—1ion x because Hx. varies linearly in this direction (refer *~o Figs
IIT-34, 35 and 36) 50 *nat 1n a simple shell, we have

¥ =
XPT x 2

I+ hezs further been shown that

mas N =M&XQ_ D

in which
D = the *otal load on the snell per meter run  Seo that

EJLx B
X T Top

Its dis~ribution along the sectaon of the soell 1s samilar to that of
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qu,, 1 e , wath zero ordina*es av crown and foot of arc an. maxi.aan a~

the ¢ g axis It may be assumed triangular witn a maxinun ordinate

equal to 1-_5 L. 25 snowvm in Pag ZTI-53
2 Jop

7 @l-’fP/ax

—

0 Dy _ B ™ Le
max = ——
ox Yoo
Fig XII-62
LD 43
5 -
5 . 0 Mo 1_ 3 Fem 3gr 1
yC‘I‘ ?x cEB / ails
Parabolic Tri.ngular

Dis*ribu*ion of ?JIT‘P/’Ox
Pag AT3-53
All the szwatical values reguired for the design can be deterained »-

the strim method as follows

1) DeTer—ine the arc leazth from the relation 8 = £ a (PO s Where wo
1s measured in radians

2) TInvade half tne arc i1nto a convenren~ nuzber of strips, each of
leng*h & 5 (normally 2 “o 3 meters) Determine the coordinete z* £ro.
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a4 herirzental oric z-z and ¥ from
the ma.dle 1ert.czl & .5 both for
the m.dlle .nd the eages of each —d—-
s*rap so tnat A . and A v are Luowm x 1 nd
(Cig XII-84) I

5) Tre ¢ g an.s can be determined

oy d1v.d ng tne statical moment of

the elemental areas apout anv axis FIG XTII-64

(e g =z-2) by taear total area The r

statical moments S Sl-l and the moment of inertia Il-l can then be
essilv determined

4) Devermine the shear Fforces Nxtp and the specific shear g Lyp /0x
from the given relations either the real parabolic distribution or
the eguivalent triangular dastribution ( fig XII-63 ) may be used

5) The statically determinate transverse moments for p and @ an /ox
at the miadle of the differert increments may be determined directly
assuting the specific shear an everv increment varallel to the tangent
at 1ts ¢ g 2n which case .f we assume tnat the spec_fic spear on an
element (e g 2~3 ) 18 .
then 1ts moment at poants 3
4 and 5 are ng J n, and
J n5 waere z:v.5 o, and np

ars tpe noroals froz ©DoOAnTs
5, 4 &nd 5 oz the lane of

action o ( Fog ¥Ii-o5 )
In ¢rder to determine n5
we have
cos ¢ - = & /S o=-0 s
peace o - 0 = & / cos 'Psezm
= o - 5 =
cos®y =35 /00 -0 = ‘o 'FIG_ XIT~65
= :12 / o - OI - 2
+nerefeore
= (o =o" - = (= _ P or
a, =(o-o0 E)COS‘PD (cos-.p5 a ) co 5
n. =& (1l-cosy_)
Zinlerly n_ =a (1 -~ cos Py ) end
ny =a(l-cosnp5) ete
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Tne *r.usverse naaents aue —o specillc snear cat also oe aster—
~1ned by resolvang J to 1+s verticdal anc horizontal components and
mul*iplying them by their distances freo tne d. Sierent mornts on the
are It has to be noted tonat

Tne vertical component V of tne specafic snearis acting on toe

elenent As is

o . o
V:Jsmcp:—-—x— A = = m=— Az
O x s DL

The horizontal camponent H of the specific shear acting on the

elemen™ As,1s8
on oKX

H:Jcoscp:ﬁ- As —E:—é—— Ay

The transverse bending moment 1s negative altbrough as snown 1n
Fig ZXII-66a

Transverge Bending Ucments 1n a Simple Carculer Snell wath Jdgpe beams

FIG ZTII-66

A saingle shell with eage beamns may pe assumec for symmerical
loading, as once sta*ically indetermanate The s+c*ic.lly ardeter—i-
nate value 15 the copnec~1ing nonent X bevween *Le cnell clao na toe
edge beam (Fag XII-66) If the edge beams are cufficien*lv ceep nd
“he necessary construc~iona) provisions are taken to prevent toem
from rotatiecn, we may assume that tne angle of rotation at tone spring-
ing 1s egual to zero and the staticelly indeternminate moment X can pe
devernaned from the eguation of elasticity

0=éo+X6l
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So that

The o diagram can bs determi-

1ed as shown in “he previgu. case

 Fag XIi-G6 a ), the Ml disg - /¢ . /z’
- ranryar, m anlit

ram is rectangular ( Fig XII-6ob) .. ’?/" coenlar J‘/‘{ Al

and the final transverse mowmeats ey jl‘,,,,

are therefcre determined from the !

relation ( Pig XII-67 )
FIG XIT-6

M=u0+IMl

Transverse Bendins Vomente in an Inner Circular Shell wvith Edpe Beams

Thas case is t ice staticallv indeterm nate, the unknowas are
¢ eonnec*ing maments Xl and the horizontal taorust K2 et the Joint
between the shell slab and the edge beens The eguations of elasticaty

are
Bio+X) Op3+% 85, =0
b _
20+Il 521412 522_0
My a/? f»l./ lranrverse £ Ms
Xy 7 'r”l“hli
L.. ! uH“.W.u[.HH i
T3 s IT-58 ]
1in woich

=}:M§ As/ EI are the sgms &5 1D

{ 8
10 = 2 | Ml Ls/EI » 11
prenous case

6, =04 U, be/ET, O, =T 85/ 51 anab,TuM, As/El
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The \‘0 end the Ll ~ diagrams are the same as tnose of the prevacus
case ( fig XII~66 a and b ) The M,- diagram 1s shown in fig XII-68a
Generally X, and X, are negative wiich means that the bending moment
at the spring.ng is negative end that i, acts outwards reducing the
sta*_callv aetercinate axial force. Tne Zinal Transve™se moments

are g.ver by
M=M°+ll!ﬁl+}.2mz
The ax1al force 1n the shell is equal *o the resultant of the gpaci-

flc shear and the components of the load p and x2 parallel +to the
exis of the shell

External Loads and Internal Foreces Acting on End Diaphragms

The end daaphragm of a shell may be an arch with a tie, a frame
with curved girder , avertical plate , a truss etc asg shown 1n
figure XIT-69 @, b and ¢ )

Vean Ul S Gl
\\ &//41 \\ ¢ / J[L\\ ;;_/ M
N4

Y er\:\ -69 y

The loads of the shell slab are transmitted to the diavhragms
througn the direct shearing forces leP acting along the axae of the
shell at the end cross—section

Their mgnitude can be determined fron the relation

Fx¢ = Qpax S /Iy

Toeir distraibution 1s parabolic waitn a maxamum ordinate (wa max )
et the neutral exis of the shell given by
Mpo 38X = Q. / Tom
They may also be assumed *riangular with & myimum ordinate
ecual o

Kmma:rzl.LQ /EFCT
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which 1s more convenient for the numeracal calculations Fig XII-70
shows & sirple dlapkragn ain whaich tnoe forces qu acting on the aaf-
feren elements A8 of the shell are resolved %o tnelir vertical and
horizont.d components V and E where

A"
L gy o= —



_ AT
H"H:\p AS cosqv-wa As ‘59=1*T:HP AT

in which Az andAy have the pame meaning shown in faigure XII-65
As a check for the caleulations }: V must be equal to Q

Having devermined V and H, the corresponding bending moment
shearing force and thrust with respect to the axis of the dlaphraga
can be easily determined

Prof Dr A Shaker™ in en ' Introduction to Three Dimensional
Analysig of Structures " has given three examples showing the nume-
rical analysis of the internzsl forces in long shell roofe by the
baam method namaely

1) 3Single long cylindraical lshell Yoof without edge beams
2) " - b n "  with verticel edge beams
3) Intermediate long oylindrical shell roof with vertical edge beams

Constructional Detalls

For normal barrel vaults the maximum practical span | is 25 ms
It can be increased to 50 ms if prestressing is used

Pigure XIT-71 shows cylindrical parallel barrel vaults with end
without edge valley beams

| | A
Parallel shalle wtl .\ SN L\f‘:gf/"'.gl;

JJ/[‘UY éram: a

4
v £ | Lj}'
T 28 cmr 3 7 2 em !

T il
Pxra //u/ .ﬂ{e//: N/I{/[adfl \ 4 d/ J

"//E‘T” Aeam: P N 7

?
\<7 FIG  ,TI-71

A

—

X Professor of Theory of Structures at tae Facul™y of engineering Aln
Shams Universzty
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The followaing gives guide lines for the convenient proportions
of cylindrical berrel vaults

L/ b=2 and h /L = /10

These proportions give the optimum value for ecomomy consistent with
strength and deflection requarements L /b may however be increased
to 2 or even more and h /L may be decresased to 1/12

d/1 may be chosen 1/15 If edge beams ars not supported by irterme-
diate columns, stiffenets with & eross-section varying between 15 x
15 cm and 20 x 20 cms &t the third points of the spans are usually
required +o prevent lateral lnsteblility of the compression =zone of

the edge beaam
If the edge beams are supported by intermediate columns and

d)»50 cme, then stiffeners need not be used

Por cast In situ shellis the thickness t should not be less than
B cms to be increased to 10 cms for 16m<{ t <25 ms =and 12 ems for
bigger spans

The thickness t, at the spranging may be chesen equal tol /120
usually between 12 and 20 cms It 13 a common practice to increaae
the thickness by~4 cms for a digtance of | /10 from each end

The angle Y, should always be kept less than 45 , otherwise
doutle shutter.ng will be needed near the springing: If the above
oroportions are used 'Po will automatically be less than 45

Sachnors.i 1n his text book Stahlbetonkonstruk-ionen IrecoE~—
mends the followaing proportions € faig III-72)

A( 20 o 4 >/ f//o e > é/c

__H_r-#z’ Lz vl
oJ- a.f
|
:[M 1 zJ-z'—L

_H_p 24 ll

a{’ro"!z‘aiff CﬂC!"afdd’

P16 XTI-72
Fig XII-73 shows the details of reinforcemerts of an intermediste
shell 9 meters wide and 1B Bs spen The shell 13 7 cms thick, increa-
seid to 13 ems over & length of 1 00 m at the gpringing and end dia-
D.megms 1t 1s reinforced waitr one mesh 64 8 ou/m circular and 5638
=a/™ Toagrtudin.l except at “ne edges whnere we heve *wo meshes The
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diagonal reinforcenent at the cormers 1s arranged at the mddle of
tne shell slad +they must be well anchored vaith the bant bars of tne
valley edge beams which are reinforced by 12 < 25 normal mild stee.
It 15 however recammended <+o replace these longrtudinal reinforce-
ments by equivalent deformed high grade or cold “wisted steel for big-
ger strength and higher bond

Figures XII-74 v and b show the general layoubt, main dimensions
and details of reinforcaments of the 1nspection shed constructed at
Gaisr-El-Suez garage area They show one of the wide possible applica-
tions of cirecular cylindrical shells The shed in this structure ,
coverang an area of 22 x 49 ms, 1s supported on six columns only
Its thickness 15 10 cms increased to 14 ems con a small distance at
the edge beams and end diaphragns The shell, in 1ts cross-section ,
28 composed of a circular part 12 4 ms wide and two overhanging cire
cular cantilevers 4 B me each It has four edge beams two outside
opes 15 x 100 ¢ms each and two wntermedaate ones 25 x 75 cms each a
the joint bebween the cantilever arms And the central part In the
longitudinal directiron, the shell i1s continuous over two spans 24 6
ms each It 1s supported on three diaphragms one intermediaste and
two cdge ones The rexnforcement of the shell 15 composea of two mesh~
es each 6 <% 10 mm/m circular and 6 4 8 mm/n longitudinal The long-
3tudanal reinforcement 1n the intermediate edge beams 1s 184> 25 mm
and in the outside edge beams 15 >4 25 + 6<% 22 om The longitudinal
reinforcenent resisting the connecting moment between the two spans
of the ghell over the aintormediate diaphragn 1s 259 13 mm top and
botbtan The daagonal reinforcenent shown 1n plan 1s arranged to resist
the prancipal diagonal tensile stresses 1n the shell

The draphragns are two hinged frames with overhanging cantilevers
Their main girders arve inverted 1in order to have a plane bottor sur—
face for the roof Due to the severe varaiation of the momen* of 1ner-
tiz of the diaspbragm-zirder, i1t has been possible to make 1ts mddle
section 60 cms deep only

The soll at the site of the garage 1s coaposed of clayey layers
that are much affected by waver ~o depths varying beween 10 and o
meters, underlaid by mediur sand The founda~ions for the mazn col-
umns are single iso_ated foobtings composed of rectangular remnforced
concrete foovings 50 to 50 cms thick resting or rounded plein come
rete deep ones reaching the sand and having « depth varying be*weer
7 and 9 mevers Their “op surface 1s 3 ms from ground level

The crogs—-section x—-x of the underground peth necessary for in-~
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spec~ion 15 1 70 ms deep and O 80 ms wide it hes beern designea as &
reinforced concrete U-section on elastic foundation subject to tne
rolling wheel load of the busses Its walls and floor are chosen 20
¢z “hick and ats main Jlongitudinal reinforcement i1s 11 & 16 mm at
the botton of the floor slab and 8 ¢ 19 mn at the top of the walls as
shorn in Fig XII-74a

4~ Crogs-Supported Cylindrical Shells Ve

If the croes—section of a |
shell is simply supported at the *
edges e and e' , there is only
one statically indeterminate va- X

lue, consisting of two vertical \ /
reactions X , from the longitudi-

nel walls ( Fagure XII - 7?5a )

X 18 to be 80 determined that the W
total verticel displacement at
the springipg is zero For 8ol-

ving the problem, we chooBe as
main system the free erc e e' wi-

>
n
b
~ ~

o

B

thout supports at the edges e and -

e!' The equation of elasticity Transrarse Moments

18 therefore .r.‘ull '“”P[f Jt?:/?ar{cd ap,
6 =0 = 60 + 63 M.?,( -

M
where Mg, -
60 = vert:ical displecement of . + * er

the middle section of the
main system due to loads Tranmsversa Momants
snd shall frxad alese
&
x = vertical dasplacement of the FIG YI-7

same section due to the sta-

tically indeterminate edge

loads X
Both values are to be calculated taking the beam and the arch action
in copsideration in the following manner
{‘o = Ope * 6&.0 = vertical drsplacement due bending moments in lon-

longztudznel direction (beam sction) plus vertical displacement
due to bending moments in cross direction (arch action)
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For a sbell simply supvorted betweer the diapbragms subjected to
& uniform load D , we have

i

6 =5P1L /38 EI

bo 1-1

where,p 18 the total load on the arc per meter run in tne longitudi-
nal direction, and I, , 18 the moment of inertan of the cross-sectian
of the shell about the ¢ g ars The displacement 530 can be com -
puted according to the theorem of virtual work from the relation

T - L
2o
E I,
where I‘1p = t3 /12, Mtpo 15 the tranaverse bending moment due to ths

loads p and the specific shear an/ o x Bhown 1n figure XIT -75b-
heavy curve - and 13 to be determined according to msthods given in the
previous article Mp, 28 the transverse bending moment dme to XI=1
It 18 however convenient to dstermine the transverse bending moment
for X =-7/ 2 because for this load, the corresponding specific
shear and transverse moments are the seme as for the uniform load p
but with opposite sign (Fig XII-?5b, thin curve) In this manmer,

w2 have
b = 2 J __Mwo wa ds
a0 -5 E Igp

Anplogously for a load X = - p / 2  the total edge vertical dis-
placement cen be given in the form

6, = 0 + b

I bX aX
where Gbx - Gbo
¥
and bgy = 2 J Koz o4
P EI

the value of X required to bring the edge back to the original level
can now be computed from the relation
2 50 - 2 6bo + 6&0

I= = --—-—b—‘
) BI_ P Opx + Vax

The varaation of the finsl transverse moment 1s shown an faigure

III-75 Db it is negative 1n the neighbourhood of the crown and po-
Bative mnear the gquarter points Numerically the positive moments &re
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bigzer

Whetner the shell 15 a little longer or shorter is pot of Iuch
amportance to X because the beam deforma“ions are small compared to
the arch deformations

If the cross-section 15 restrained at the sprinsings i1t 15 twice
statically indeterminate The two redundants are the vertical Treac—
tions and the reatraining moments Since the two restraining moments
equilibrate each other they have no infiluence on the beam action of
the shell The transverse momemts for this case are showr i1n figure
II1-75 ¢ In shells of ordinary lengths, the resulting moments are
negative at the springing and 1n the neighbourhood of the crown Dbut
positive neer the quarter points Numeracelly +the moments at the
springings are the largest However the thickneass of tre shell may
be increased here _f necesgsary

Shells restrained at the edges transfer a greater part of the lcad
in the transverse direction than do shells with a s 1ply supportea
croas-gection especially in shells of comnsiacerable lengths

Lundgren in hie text~book on cylindrical shells gives the follo-
wlpg data for cross—-supported circular shells

a) Baimply Supported Qross—Section

4.

2 2 6
+025?9‘P° Y -004%% ¥ )

.- 6 4
L, = - ?—(00234%-02158% 9
Q

The maximum moment 18 obtained for ¢ = 0 73 2 and 18 given by

mz M, =003 pa’ o2

The reaction from the longitudinal walle 1s

X =0239p&‘Po

1 e ~ 24% of the load 18 transmitted to the transverse direct_on
In these relations, 1t was assumed that the beam deformation Gb 15
negligaible compared with tne arch deformation 5& at the edge of tne
main system The ratio 6b / 6& ¢an however be given in the form

8

ﬁb/Ga =lO?[4ILP/t a® vo

end the beam deflection will increase X with factors { 6& + CD ) /GE
the consequent increase of the moment 15 sorevha* larger AS an exam—
vle a 10% increase of X will increase the maximum momen* by ~ 205
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I+ hes been stated before that transverse bending moments in 8ip-~
gle shells without edge beams (f£1g IIT-58) are relatively hign and
negative althrough with a maximum value at the crown of

¥, =-0187 p & o2

Whereas 1n croes supported single shells +the transverse beuding
moments ( fig XII-75 a) ere negative at the crown and wath a value
of
HO ==-0023p 32 wg
and positive 1n the outer parts of the erc the maxymm velues lie at

w=073¢, and are esqual to
max M, + =003 p a2 ¢§
1 e smaller than 1/6 of My 1n cross-unsupported ehells

Moreover +the bending moments and the correspond.ng concrete com-
pressive stresses and tension steel as well ac the ghearing forces and
the corresponaing shear stresses and diagonal steel are recuced by

~ 28 %
Lundgren in his text-book on cyllndrlcal shells has given an exam-—

Dle on a gimple cross—supported shell
show 1n the following & summary of the data, the :r? +37
desagn and a discussion to the final results ]

1

{ Faig XII-78 )

-

1) Data - \j}? 7 i
*
a shell, 30 ms long and 14 ms wide 28 \“;

51mply supporced in both directions The slope J
st toe springings will oe v, =375 =0 654 \\whjf
radd 15 The thickness of The gheil 1s 8 cms
the soctional erea of one edge beam includinp ~IG  ¥II-76 h
reintorcement may be put equal to 4y = 0 30 z°
The tc*al dead and live lomd 18 p = 220 dead + 55 live = 285 kg/ n°
Rise £ = a(l-ce83?75 )=115(21~-~0793) =237 ms
Distance of ¢ g froum top of arc T =132 =ms

Statacal moment S &nd momwent of inertia I about ¢ g axis

By = 0788 m 1,1 =135 m
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Tneoretical lever arm
Yopr =1 595 /0788 =202 ms

Actual lever arm act FCT=h'(%+h')

Assuming b = 2 5 ms and k! = 10 cms, we geot

= o 2232 =
actual p 25 (D +01) =215 ms
Total load E:apa;po::2::0285::115:065#:4321:/111 shell

Internal Forces

&) _Shell Free at Fdges
mr M = p(2/B=432x30°/8 = 485 mt

432x 30 /2 = o648 ¢

max Q = p( / 2
485 xi 32 / 1 595= 400 t/m° = 40 kg/cm®

max O, = LN/ Iy =
Por a/t = 11 5/ 08 = 144 max allow 0, =38 kg/em?
mar T = Mg, =485 /215 = 225 +ton

max A =T/20, =225/2x18 =625 ck high grade steel/edge

B
max Nx¢= %GT =64 5/ 2 15 = 30 t/m on both sides
max Txnp" max wa J 2= 30/2 =15 t/m on each side
ms¥ T e max Ty, /A = 15000/10038 = 18 7 kg/cm?
max <transverse bending moment &t crowa
by =-0187pa® 92 =~ 0187 x 285 x 11 5°x 0 654° = - 3000 kem

Lundgren has computed the cross bending moment by the strip metnod and
tne maxamm value &t the crown was found te be equal to - 2028 kgm
The difference is due to the exaistance of the edge beam However &
soell 8 cms thack cannot sustain such big moments by any means

b) Shell Supported at Longaitudinel Bdges

The statically indeterminate wvert.cal reaction can be estimated
from tne relaticn

X =20 239 pav, = 0239 x 285 x 11 5x0654 = 510 kg/m
Tne max positive tramsverse bending moment can be estimated by
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max kg +=OOvaﬁL2 q)g

1f thesse values are determined by the strip method, they are found
to be X = 436 kg/m and max M¢ + = 321 kgm

These differsnces show clearly the sensitivity of the calculations
Bu* 1t 18 clear that the cross supports have reduced the transverse
moments to less than 1/6 of MO created in free shells that a thick~
ness of 8 — 10 cms 18 possible

=003 x 285 x 11 5° x 0 654° = 480 ken

iecordingly, the total loed transmitted in the longatudinal direc-
tion 15 gaven by

P = 4320-2X = 4320 - 2 x 436 < 3442 kg/m and
maxr M =P(°/8 = 3442x30°/8 = 387 mt
max @ =pL/2 = 3442x30 /2 = 52t
o, max = MT /I, = 367zl 32/1 595 = 320 t/m°= 3238 ke/cn®
mx T =M/ Yop = ag? / 2 15 = 180 t1e D tonsig:h
max L, =T /20 _ 189,/2x18 = 50 co° high grade steel/
edgs

maxr N, =2Q/Jgp = 52/215 = 242 t/m
max T, = maxr wa /2= 24 2/ 2 = 121 t/m on each side
max T =max T, /A= 12100/ 100 x8 = 151 kg/cn®
B) Restraired Cross-=Section

L, = - E—ia—(o 0134 % - 0 1519 @ v2 + 0 2173 02 o* - 0 o435 ¥&)
humerically, :ge largest moment occurs at the springang, where

mn Ly=- 00353 pal ©2

The reactions from the longrtudinal walls are
X =0305 pav,

w8 30% of *he total load is transmitted to the transverse direc-
tion The beam deflectien gives a correction whachk 15 considerably

greater than for a simply suoporved cross-section Farst, toe factor
-C 7 an the formula of O, / 53 must be replaced by 42 2 Secondly

gn inerement tvo X of 107 will aincrease the *“ransverse monen* at the

spr.aging by 36 %



5-Saw — Tooth Shells

Northlight cylindrical shell roofs as shown in figure XIT - 77
provice ample and uniform daylightning and large column - free spaces
for factory buildings located anywhere 1n the Northern Hdemispnere They
are especially suitable for factories inside which precision opera-—
tions arc to be carraed out The dastribution of the light in halls

.Z)l.r?‘an ce ﬁeran .D\L r-acjm.r .s}oan t’
L

W 3ITYTVRY WY
FIG XTI-.7%

covered Dy saw-tooth shells i1s much better thar ipn halls covered by
plain saw-tooth roofs as the luminance i1s uniform sShadow free and
of much higher wvalue

Tne sven of northlagh* shells if not pres*ressed 15 limited to
gbout 30 ms The more uwsual spans lie in the range of 12 +to 25 ms
With prestress.ng spans up to 40 ms are possible Where large un -
obstructed column - free spaces are desired, the spacing of columns
at right angles to the span may be made ap lerge as 25 ms by suppor-

ing & numoer of shells on & single diaphragm as shown in fagure
XII-78




The following guiding rules may be used for the proporticning of

a saw-+goth shell

The radius a 18 to be less than 12 ms The width b to apan | may be
between 1 2 and 1l 4 The ratio of 1 2 leads to econcmic struc-
tures Tne heaight h shall not be smaller than | /o the rige £ of the
caircular segment shall as a rule be greater than | /18 <the height h2
of the gutter beam shall not generally be less than | /18 The angle
& lias usually between 60° and 90 The thickmess of the shell t for
cast in situ roofs should not be less than 8 cms, 10 ems for spans
exceeding 15 ms and 12 cms for spans bigger than 20 ms The thickmess
t; at the springing 1s usually 12 cms ( for t = B cms ) and 20 cme
(fort =12 cms } If 4 or b, are chosen smaller than | /15 atiffe~
ners 15 x 15 cms at the third points of the span are requared to pre—
vent lateral instability of the compression zone of the dege beam

Determination of Internal Forces

The analysis of a saw~tooth shell 18 more tame consuming than that
of a symmetrical cylindrical shell because it 15 unsymmetrical Howe-
ver, if the shell 18 lomg, 2 & , | /a;; %, the bear method, described
in the previous article, with Bmall modifications, gives satisfactory
results Instead of uwsing thay z /1 formula we bave now to use the
formulas relating to unsymmetrical bending because the shell beam
crogs—section is asymmetric Otherwise the procedure remains the same
gs before This method has tne adventage that 1t avoids the use of
higher mathematics, but 1t 18 exmcily eguavalent to the Lurdgren beam

method
We give an the!follaw1ng the mzin steps reoulred for determining
the internasl forces ( Fag XII-79 )

1) Determination of the Properties of the Section

The total area of the section of the shell & is equal to the ares
of The edge beams, 1t which the reinforcements nay be replaced by an
equivalent concrete area, plus the area of the arc eganl to 2 a ¥ b

In order to determine the center of gravity, the sStatical momen~
and the moment of inertim of the section, choose an orig.n 0, tne mid-
Point of the arc the axes 0z and Oy are chosen along the normal
and vengent to the shell arc at 0

¥ HRamaswamnmy Design and Cons*ruction of concrete shell roofs
Published by Mc Graw-Hill Book Company New York and London
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Divade the shell to s convenient number of straips of lengthbsj,
determine the ares of each s*ripaA and the co-

Asa A 55 atc
and

ordainates z and y of 1ts center of gravaty The co-ordinates 2q
Jg of the centroild G can be calculated from the relations

ug = Tz AA/A and yG =}y AASA

When the positaon of the centrold 18 thus determined +he moments
and product of inertis about the axes Gzl and Gyi, passing through
the centroid and parallel to Oz and Oy respectively, are next cal-
culated That is

FIG aII-79 P \
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Izlzl :EAAyE - Ayé

Yaa 22 - Azé

I
J1¥1

Iylzl = Ay 2~ A ¥g 2g
From these walues, the orientetion of the principal axes of iner-
tia G Z apd GY ocan be fixed from the kncwn relation

tan 2a 21 )]

I - I
¥123 / ( 0%y Y191
( The angle ¢ 15 to be taken 1n the clockwise direction from & z; )]

The principal momente of inertia are therefore given by

2 2
I = I cos“a + Bin-a - Ban 2a
22 ZyZy 9, T2y

2 2
= I Coaa + I sin“a + I gin 24
frr ¥171 Z1%) 712

2) Bending Moments, Longitudinal Stresses Oy @and Longitudinal For-

ces Nx

The ¢o~ordinates of the polnts with reference to the prancipal
axes G Z and G Y are next calculated using the formulas

7 =(z—zG)cosu—(y+yG)Bmd

Y =(z-zG)Bma+(y+yG)cosd

The load p is resolved into 1ts components Py and Py along the
Ywo praincipal axss p, causes bending about Y Y axis and Py about
the Z Z axis The moments caused by Py and Py are denoted by L,

and D"I s Tespectively

The longitudinal stress 0’1 = Nx / t at any poant 1n the a8hell
1s then given by the formuls

o = N/t = Xz Z o+ Mt Y
Lyy 17z
where 2
_ Py 1 2 and Br |
Yz 8 Y 8
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~h wh_ch
pzzpcos(q‘o-a) and pI=pSm(‘D°—“)

P being the vertical load per square meter surface
Agsunming "‘Z/I}.’I :(Fz)an.d LT/IZZ=(FY)Weca.nwr1te

UI=NI/t=(FZ)Z+(FY)Y

This expression gives the values of G’I and N, at all points of the
sheil  they are equal to zero at the nmeutral exas Hence, the equa-
tion of the meutral ams is given by

0= (Fz) Z + (FY) Y
Assuming further (B;) / (Fp) =(F )

the equation of the neutral aras cam be written in the form
WF) ZaxavT =8

The longitudinal force Nx on each elemental ares 15 determined by mul-
taplying the strens O’x at the center of the elament by its erea b4

In order to have sufficient sefety against buckling +the maxamum
normal Btress in the shell 0'c2 mist be smaller than C, max shown
in figure XII-51, while the stiffeners shown i1n fagure XII-77 prevent
the lateral bucklang of the edge beanm

The correctmess of the statacal calculatien cen be verified if the
following two conditicns are satisfaied

2) The sum of the normal forces acting on the section = 0, or
b3 NI Ag = 0
b) The internal resisting moment 16 equal to toe bending moment due
to Ycading, 1 e ,
IN_s87=1Y
The check 15 made at the midspan section and thg moments are ta-
ken about the Oy-axas which 1S equal To p co5 ¥, | /8

3) Shear Stregses

Tn case of saw-tooth shells, the directicn of the sh2aring force
Q aoces not coincide with the principal axes %7 and Y of the sec-

tion nence
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Q Sy Gy Sy

1 = +
I‘Yt Izt
in whiach
QZ= Qcos(wo-u)
Qp = Qs (v, —a)

are the compcnents of the shearing force along the prancipal Z and
Y axes

However, Ramaswamy in his previously mentionzd text book on shell
structures computes the shecr stiess using the pranciple that ain a
beam subjected to uniform loading, the difference between the specr-
fic shears at any two poants 18 equal to the longitudanal force bet-
ween those two points davided by the bending moment factor which is
(2 / 8 for a simply supported beam The proof of this statement 18

an followsn
It has been shown that
Jdes = HS/Il_l pr= QS/Il_l

and for the secticon at the diaphragm, we have

max Np.= Qg 5/1;;

So that
Fyp/ Q= max NxaP/ Uax
But for a simple beam Bubject to uwniformly daxstributed load T, we

$/ 11

have Q = pi/2 so that
Frp/ @ = uax Nx,P/Pl/2 = 8/1I,,
at middle Section , we have further H = p (2/8 so0 that
J-N &= =5 ﬁ s .5 l_2_ max H:w . l2 mex Nﬂ
x 8 I, , 8 D /2 8 1 /2

It has slso been stated before that in a simple beam subject to uni
form loads, the relation between the specific shear at the mddle
and the max shear at the diaphregm 1s given by

8N, /28X = max N g /1,2 , so that
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[ n, as BN,

[2 / 8 - ax

hence

The difference between specific shears at points A4 and B = longit
force N on 4 B/ ( 12/8 )  The specific shears BN_,/9X at the
c g of the strips are cbtained by adding the differences of the
specific shears already obtained The shear resultant Rx @ 1s equal
to the specaific shear multiplied by | /2

4) Arch Calculation

In order to determine the cross bending moments M, and axial
forces Ny, a slice of the shell, of unit length, is regarded as an
arch subjected to the action of the external loads p and the speci-
fic shears anx ° /ex Calculate first their components , and
an the directions of the axes Uz and Uy according to the rels -~
tions

aN
= —Zz0
q, = P, + > < Az
or
Q@ = Py + —x'LAy
J 8 x

Next, sdd these loads starting from point O and ending with poaint 14
to get Nz end Ny according to the relations
Nz =y qz and Ny =3 qT
Now starting from point O (and assuming that the sheul 15 Dot
conpected to the edjacent shells), the increments of the bending mo-
ments from point to point of the cross—section are calculated as

AH\PQE Nyﬁ zZ - NZ. Ay

in woich Az and Ay are the projected lengths of the elements The
summa“ion of these ilncrements gives the transverse bending moments
L.% at all the points of the cross-section

Thias procedure does not include the force in the window vosts and
bhence the bending moments at point 14 wall not be zéro The cress
pending moments can however be corrected due to this force jn the

following manner
The correcting moment Mwl must satisfy the following copdi*ions

1 Ly1 = O at pomnts o end 14
2) Lgy at pomnt 8 ( y = 0, 2 = 0 ) = component of foree in window
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Ppos~s pervendicular to “*oe l_ne joaming § 2nd la mult.plied by the
perpendicalar distance petween the two ooinrs

Mo, 15 however & l.near functiorn of ~ and :z and may be representec as
I“F’l =Lt z+ By~ C

The constents L, B and C can be deterzined from the three condi+icons
given under 1 and 2

Tne Zinal transverse momen™s are thus gaven by
Lip: Lq: ot L 3
dccording to the above mentioned principles , Ramaswamy, in his
tex— book an shell structures has giver the numerical analysis of =&

saw—-topth shell as that shown an Fag IXIT-79 The internsl forces an
the shell were as shown in Fig ZXTI-B0

3 i C_-"'/’ 'A/ 'zy,,.,r Y | Comp A z(/m

ve I ﬁf a i il
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e o o | AT,
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7 : 1 {
Fag XI-80

Fig II3-8Bl1 ghows tne gemeral layout and main dimensions of &
par- of a saw~tocth shell covering ome of the maxn halls of EI Rasr
Forgrng Plunt at Eelwan 48 ms wide end 144 ms long The north is
parallel to tne looger sade of the hall and tne saw—tooth form of “he
sasll 1s chomen such toA- tne waindows are facing the north The 2157-
ence between the windows (bresdth b of sew-tooth shell) is 9 ms The
bagger length of tne hely,l44 ms, s divaded _nto 5 blocks one block
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4 5 © o, = 36 ms end four blocks of 3 x 9 ms = 27 ns each In the
ecrosse drec*ion, *“ne shell is con*lnuous over o svans 24 ns3 each
mhe »adiu. 'e! of tne shell 2s 7 78 ms, its height h 15 & P4 ns e
l/5 of vhich, the aepth h, of the lower edge bean 1s 1 50 ms 1 o
! /16 The shell slab is 12 cms thick increased to 25 cas at the edge

beans and daphragms

Faig ZTI-82 paows the details of reinforcements of the shell and
1ts edpge beams The shell slab is reinforced by two meshes, each has
5 % 10 mn/m circular and 7 ¢ 8 mm/m longitudanal bars The dragonal
reinforcements are laid between the two meshes in the four corners
of each panel {9 x 24 ms) of the ghell being 7 ¢ 13 om/2 5 m at the
lower corners and 11 ¢ 13 mn/l 5 m at the upper corners The main
longitudinal reinforcements are 19 425 + 8¢22 + 7419 { 146 cn )
at the lower edge of the shell, 64 25 ( 30 cm ) in the upper adge
bean and 7 4 16 /m top and bottom excvending over a breadth of 2 5 ms
in the shell slab and have a length varying between 8 and 12 ms sym-
metrically placed with respect to the intermediate draphragm in or—
der to resist the connecting moment between the two spans of the
shell ~“hese reinforcements are however continued by 7 ¢ 13 mm/m top
and bottom over both sides Top longitudinal reinforcements 74 13/m
are also arranged at the outeide dlaphragms for a length of & ms to
resigt the local bending moments that are liable to take place at the
edges

Fig XIII-83 shows the details of reinforcements of the intermed-
late diaphragnm wnich has to resist in addi*aon to i1ts own weaight,the
cen*ral shear Nx Zron the two svans of the shell scting along their
curved exis, the crane loads, the wind loads and any other loads er
actions that are liable to affect its design

6~ Snor* Shells

Ir tne calcula“ion of short shells, the neabrane theory is appli-~
ed Tza1s theory, hovever, represents “he actual conéition of s*resses
only if the load veries sufficiently smoothly over the shell surface,
and 1* 1s net applicenle to the immediate vacimity of the edges Ve
she1]l cezl here with the verturbations woicn origina‘te from the dirg—
con—_mui*res of the load and partly wi*h perturca“ions originating
IZrom “he edge

Edge perturbations are “he most irmortant in short shells If tne
shel. as free, the membrane “heory does not satis®y the two edge con-
d1*_ons hp = O and I‘?z = 0 VFhen the edge values of g and N‘Px have
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been camputed b~ *he membrane tneory, it is therefors necessary,.2<-m—
wards, to cons.aer z case where the edge carries the loads - ¢ ana -

Hbr

The load - ox does not give any esgential perturbation (small)
Jore 1oporvan* tpan tne edge load from Hvx 1s the load orzginating
fron Ny = P, T Jor ver~ical loads v this force 1s Np=-opr cosg,
at the edge This means “hat “he shell 13 under the influencs oc. a
tangential line load at the edge of P = b r cos @, (Tig XII-BL)
This load is transferrec o the traverses by the lowermost part of
the shell wnicn acts as a sligh*ly curved deep beam wi*h span 1 and
wmdth ©

Since tone zmenbrane shear forces are ziall,
the stress distribution in a ghort shell mnay
be imagined in such a wey that the shell carri-
es the lead as a vault, and at the spranzings
the nomal forces in the vault are talkten by
the edge zonses, which transfer their leoad to

the traverses

According to the theory of deep beamsi, we Fig XIT-84
have:
For a simple deep beam of span 1 subject to a uniform lcad P
max T=02P1 (1L

Assuming Jor = 0 5 1y we got for continuous beams
At maddle of ocuter spans and over intermediate supportsa

max P =02P1 {2)
and at middle of inner spans
max T =013 P 1 (3>

where mtax T 18 the tension in the critical sectins of the deep bean

Central shear
Sance the temnsile force in the deep beam varies approx parabolic-
ally between the traverses, the maxamum central shear at the traverses
may be set equal to
max N =& T/] (4)
Trasverse bending moments
Accopdaing to Lundgren, the *ransverse bending moments may be taken

* Refer to Theory and Design of Reinforcec Cencrete Tanks by o
Hila. ©Publisoec by J Jdarcou & o OCuiro
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as e . wction of the two dimensionless parameters p ana ¥ wroico mav pe

founa fror “ne relations

p2=555{1/% (3 and X = 1688 ""'“[11;&

Fo~ the *ransverse besding moment, the shell 13 assumed simply sup-
ported over the traverses because, so far, tThe analytical nmethod i1s not
practicable in other cases Tias 1s a very 1mrorfant limitation since,
in generaz., short shells are actually continuous over several spans

()

For a saell siamolvy suprorted at the sprinpgings, the transverse beu—
d.n, mom.nts are negative, with a maximum value of

14 P g

pan Jg 2 = ——m————— = W74
(1 +30° p<
Tne corresponding normal force 1s glven by
Np = = ——9-_8—4——7 P (8)
(1 + 1 4>

I~ pna *o be notea that a free edge at “ne springing 1. seldor er-~
countgereq 1n practice bu* even 1T the edge 1s s*rengthened by o w1z~
edge beam, tne formwlea 7 and 8 for JQ end Ng may very wel. be apvliea

If the support can take a restraining moment, it 1s reasonable to
base the design on the fecllowing case

For a snell fixea at the sprimgings, the mexamum negative fixang
moment at The edge 13 given by

mu¢=-050(1+0152)%§ (9)

The corresponding normael force s P

Eyample

Fig XII-85 revresents the cross
section of a circular snort shell
with a redius a = 27 4 ms and a width
b=35ms The rise £ =6 32 m8 and
the corresvonding angle at the spraing-
g e, = 3G 7 =0 693 radians The
~ength of ~he shell 1L = 10 ms and 1%s
thicsness ¥ = 10 cms
Assuming that every second span 21s
covered by a skylight, the shell may
be consiaered as simply supvorted at Fig XII-85

- 330 -



at the traverses At the spraingings, the snell 1s provaded vi*a eoge
beams which rest on verbtical columns or walls An 2nvestiga*ion has
shown that if the edge beams are of the order say 25 x 50 ems, their
torsional rigidaity 2s sufficient to secure complete clampaing of the
shell Therefore the condition for applying formula 9 1s fairly satis-
fied

The anternal forces an the shell be calculated for a total verti-—
cal load equal to p, where p = 350 kg/m2 surface

The shell 15 first calculated by the membrane theory Hence

-350x27 4 = -9590 kg/m

Maximun trangverse comp at crown N@ = -pa
KN

n

Corresponding conc cowp stress O, - = I%ggg-iﬁ = 9 59k5/°m2
¢

Maximum alloged buckling stress O, = 65/(1 + EB%Z%QEB) = 27 4 kg/cmZ
Max shear at the sprainging Nx¢ = pl sing, = 350x10x 639 = 2236 kg/m
Corresponding shear stress T =h ./ 4 = 2236/100x10 = 2 24 kg/em®
Membrane tesile force at middle of span (x = O)
1 é 2
T, = ij Nx¢ ix = JO P x smng dx = p ( %— - xa) sing, or
To= 350 x -1.4— x 0 639 = 5590 kgs
Perturbational load at edge P = ~ H¢o =D a cos¢, but
a-p 274 -6 32
cos @ = n = YR =0 769 tnerefore
P =350 x 27 4 x 0 769 = 7374 kg/m’
Tensaon due to P (eou 2) Tp=02P1=0 2x7374x10 = 14740 kgs
Total tenalle force T = To + Ty = 5580 + L4740 = 20330 «kgs

Required reinforcement A_ = L . 29330 4 5 cm2 chosen 5 £ 19 nam
5 U 1400

Max shear at traverses accord.ng to eguation & 1s given by
4L 4

max quJ:TT:EXEO};E:BlBt/m

If tnis shear 1s to be resisted by transverse reanforcements (st.rruns)

- 331 -



5 2
xc usive Vv 2. .re. of = 8l -o25er/m .e ©f 1 omu/moas
-3

suf..cien* Hovever, & var- of the sbear may be resSisted 0V bea™ ut
Ders ITom “ne lonsi—wuina  relaforcemen™ Toe deslgr cOrresoQnds ¢
+nzt of an ordinarv re_nforced concreuve deeep beam 11th an arr of in
Ternal reS+5Tance Yom = 05 1=520ns

Tne maniman vransverse bending moment st the springine” .s, acgo -~

ding to equ 9, given by
P a
~ - b}
ma;.h{cp_ 050(14—015)’75-2

in which
lesssm 1688]/:2Lg4x01=028
and .
)02=585%V%=585x-77@=265 s0 toat
max M¢,=—05(l+015x028)x222%§;—2—2—4=-400kgn

The corresvonding normel force as lg=P = 7374 xgs (compression)
The section of the shell at the spranging is to be designed for these

wnternal force.

I* 15 however advisable to 1ncrease tne thickness of the shell grad-

nally to 14 cms &t “he springing on a length 1 vhere

—
1:070‘/&1::0?6‘/274}:010.:125 o5

& thigimess of 14 cms anu top reinforcement of minimum 6 ¢ & mm/m
at tne springing are supposed tc pe ample for the acting forces

N :’I"d rersSe

Ztrara-r'.re '/P o a0 |
|
0TI L |
e ozme (| ,'r"? 7 | Tﬁl
e P {| % | !
R e
|l|I l” i ey | |
lu-l |L-L _l ____________ —d:———l.-!-:l—l-—
- = ol R4 a r ‘:ca“?c baam

- 332 -



Fig XII-87 shows the general layout, main dimensions and devails
of reinforcements of tne main supporting elements of a par- of *ae
gara.e of "ELl Nasr Stveel Pipes and Fittings Co ' abt nelwen The main
garage covers an arez 38 x 90 ms wathout intermediate sumnorts At-
tached to it, there 25 a shed for cars havaing a span of 9 ms and a
cantilever arm of 3 ms In the lomgatudinal direction, tne hall 2is
divaded 2nto three blocks 3x9m+f4x9m+3x9m=90ms

As a cover for the garage, a short shell 10 cms *hick, lncreased
to 14 cms over a lemgth of 2 ms at the gpringing, 1s used Its radaus
15 36 5 ms, i1ts wadth 23 38 ms and 1s supported in the longitudinal
directron on arched frame traverses with ties every 9 ms The traver—
ses are 0 4 ms wide and 1 35 ms deep, increased to 2 ms at the cormers
and decreased to 0 7 ms at the lower hinges The sids shed 15 covered
by a 25 cms two-way hollow block slab 9 x 9 ms It 1s supported on
longitudinal beams and inverted cross beams, 9 ms span with 3 ms over-
hanging cantilevers

The shell 15 reinfarced at 1ts bottom surface by a mesh 6 £ 8 mn/m
except for the first B ms fram the springing where the circuler rein-
forcement only, 18 incrcased to 6 @ 10 mm/m in a distance of 1.5 ms at
each side of the traverses Top reinforcement for the shell i1s needed
over the traverses and normal to them for a distance of 2 5 ms at each
s1de It 1s also needed at the straight edges and normal to them, for
a distance of 2 ms from the spraingrng The top longit reinforcement
over the traverses 1s 6 P 13 mn/m for the middile 8 ms and then reduced
to 6 § 10 mn/m on both sides The top clrcular reinforcement 18 6 £ 8
mn/m except for the first 8 ms from the springing where 1t 1s increased
to 6 £ 10 mm/m 1n a distance of 1 5 ms at each sade of the traverses
The top reinforcement at the spriging 15 one mesh 6 # 8 mm/m in the
space between the top reinforcements resisting the connecting moments
at the traverses The details of the intermedrate traverses and their

ties are slsoc shown in Fag ZITII-~87
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XIT- 5 MEMBRANE TEEORY OF SHELLS OF GENERAL SHAPE

1- Basic Idea

The purpose of the followang is to develop a a general pembrane
theory for shells of arbitrary shave and then %o show 1ts applica*icn
to some simple cases of shells of double curvature and especially th-
ose which do not fall in cone of the special groups consldered before

The baslc ldea of the solution, develoned by Pucher, 1s %o exam-
ine the entire system of extermal and internal forces acting on the
shell 1c the plan orojection It will be shown that the debermination

of tne i1ntermal forces 1n many cases can be done by a surprisangly
simple way

We choose for tnis purpose an orthogonal co—-ordinate system x, 7,
z 1n woich the z-exas 1s vertical If we cut the shell surface under
consideration by two pairs of vertical planes x, x+ax and ¥, y+ay they
meet the shell surface 1n curves walch 1n general are not normat +to
each other (Fig XII-88) The elemental rectangular area in plan pro-
projection di = dx dy will correspond to a rhombus on the shell surface
of area Zdai 1n which

2=/ 14 @ax)? + u/07) (L

This eguation can naturally be used only if Jz/0x #oc & Dz/Ay # 0

.

FIG XII-88
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assuming that the compoments of the load on tne shell surface are Pr
py, P, and that tneir corresponding values on the horizont.l project—
ion are g, Ey E, tnen we have

By =APy By =ADpy g, =ApP, )

1t w11l be assumed further that the real normal and shearing forces

on the sides of the elemental area of the shell are Nx' y D R

N
' Tyx Uy

and the corresponaing reduced values on the plan projec*ion Ry nxy ’
nyx’ n? as gnown 1in figure XTi-g9

o x o x

3 S) n, hx |
Ry | xy
n XY
[ j S [—
f
!

Ay i | ey

N
N
N o N“'.r * positive direction of n-lorces
1y 7 vy
FIG XI1-8

The relation between the real and reduced forces can be expressed in

the following mgnner ( Fag III-90 )

e _ 7,
- = 4

so that
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.,

Iﬁ:lc = Cos= dn cosc cos B
Sy & g
I\x_y= Zosp —TT] =Gosp oS B = nl:}'

Sicailer eqgua*.ons can be ex*rected for tne relations between x:ljr ' r‘Ix

and IY ' oyx Hence
cCOsB

By =0 Soam ° N_x_zzfl_xz

N, =0, oo R =n_ (3)

but N = NTI then E =E
This mesns that the reduced shearing forces are also equal The values

of cos @ and cos B are given by the following relaticns

0z oz
tano = —— gnd ta_nF.= — (&)
X [5

Hence, o and F» ana the cos-values required for calculating Nx and T,

can be easily determined
PThese equations can naturally only be used 1f

8zoX £ g2/ ¥ ¥ o
The previous rela*icns give the reduced internal forces 1n =a
poin- in the two noraal darections x and ¥ The forces actins at the
saze poin*- 1in any two other noramml directions U and v msking an angle
¢ with x and y can be deterdined in the same way £non ain plane str-

uctures,thus ( Fig XLI-91)

0
— X

} —

{

!

F

‘I dy d\’
.",
ity

G 121
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nu = nI cos%: + ny s;n% + 2 nxy COS @ S1Og

ﬁv
Dy, n,, = ( ny - o, ) cosa sine + - ( cos%. - smn% )

The magnitude ana directions of the pr_ncip.. reducea ( or actia

b, s:.nzq + oy uos2c -2 nry coso sina

1

.orces ¢an taerefore be calculavea bv the «nown relationc

o (BT sy B Th e, 2 )

and
2 v -
tan 2a = W {5

2~ Conditions of Eguilibrium

We give 1n the followaing the conditaons or eguilabrium of the re-
duced forces o, Dy and nxy =nyx acting on the sides &r ana dy of the
plan vrojection of an element o. a shell due tc the reducea loac comp-
onents g, gy and B

2~ 1 QCondition of Eouailibrauwm in the x — Direction

Bhe reduced forces and loads L X odx e
o - !
acting in the x- direction are saovn - X
in faigure XII-92 One has to notice Y dx
that ay nedy [T dXdy_ | (ogednyiay

a d
R

The condition of eguilibrium 1o the x ¥
direction 1s given by RFIG XII-92

(nxy-!-dnxy)u

dnI day + dnxy ax + Bx dx dy = 0
Subst.tuting for dnx and dnxy s, me get
enx antv
T?E—_dl dy +T:§“—ﬂg ax + By dx dy = 0O or
3 3n
xy -
X + — + By = 0 (7

2- 2 QCond.t.on of Jauil.b—.um .n tne v- D _rec*tion

Tne coaditon of cqguilibriu. .o the § - darrec*ion can simlarlvw

be esores-ed by tre rela*.on  (Tip XII-93)
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X dx '

% -

-
y | Nydx
g.yd dy
dy fxy dy ? (hxy +dn,y XY
{ '}( Ny + diy Yy
[
Y FIG XII-93

S e ey = o ®)

2- 3 Qondition of Eguilibrium in the z — Dipection

When writing the condition of equilibrium in the z-direction,the

vertical comwonents of the real

0 x
forces are %o be considered in the 8 —
followmng manner ( Fig XXI-94) M

|
The vertical component of Nx s vid d :
|
along the edge CD 13 given by | B
49z D
by 3% 'y
whereas that of Nyy along the 21 (v dx edV, ) dy
same edge is
gz FIG XTI-9%
Bxy 3y —_—

o that the total vertical component along CD 1s given by
- 22 9z
Vi =0y 5t R Ay
Samilarly , along the edge BC ,we have
¥, = n_ 2% az_
2 =%y 5y * Byx a3
Therefors  the condition of egquilibraum an the z - direction can be

given i1n the form

&Vldy+dvadx+gzdxdy = 0
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dvl = 3% dx and QVE = 37 dy
S0 that av av
1 2 -
3x t @y +Sz - 0

Introducing *he values of ¥, and V2 ) We ge-

d P 3z a 3z 8z _
a7 (nx ax+nryay )+cy(ny av+ny‘cux ) su"o
Solving th.- squa*ion we _e%T 5
Da., 9D, 3z Jz an._, _ z 62 dn. o
n + + n + — + n ~— + —_—
> 3y2  3x odx XY axnay o9« 37 ey 0y oy
an an 3z
*DMyy Fx 3y Ty Ex Y By = 0
This equation can also be given in tne fora
o
522 ( ) c Z 623 ¢ an a§1i’ -]
—_— +n + Il + + ) — 4+
R xy FX T 8X Y J3y° ax - 3
Jduiy E!nrv az
h) =
g+ 5 )t g, 0
But we have nxy = ny:x and
dn an on. aR
> ¥X_ _ _ A ¥y _
3x  * a8y T B 3y " TB- = "By

so that the equilibrzum eguation 1n the 2z - direc*ion can be given .n

tne form
azz 827 322 (
—r— + 2n + I -+ £ = 0 93
x ax *7 ax ay yaYZ z
in which
_ az_  _ 3z
B, =8, ~ Bx3dx &y 37 (10
For shells subject +o vertical loaas only
gx = 0 ' gy = C and gzzga (11)
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o~ ™he Pucher Stress Differential Egquation

Iz order to siaplify tne problem , we will 1limdlt the following

studies tc ghells gubjected to vertical loads only In this special

case toe three conditions of equilibrium can De expressed by the

relations

Snx Jn
_—aI + —-E—ay =0
al_lx an
37 +-az£—= o) ) (12)

2z 222 2z

—+ 2 + +g =0

zL“ax "z 3x 37 nya;z z

Tne determimstion of the reduced jntermal forces in ghells by
the use or these toret samultaneous differential equa*ions 18 generally

coanlicated

In srder to simplify the problem Pucaer has zntroduced a s*ress

function F such that
- - (13)
%y = & T BX 3y

With these relations , the first two conditions of equilibrium
will be satisfled and it 15 sufficient to satisfy the taird condition

wilch can be put 1n the form

322 EEF agz 321? 625 BZF
-2 + + = 0 (1&%)
ax° 6)'2 axdy 3x 3y 3? a? B2

giLving _Pucher differential equa“ion ' for shells subjected to ver-

tical loads only

With respect to the orthogonal axes x , ¥y, 2 , the stress
func-ion F represents a stress surface independent of the origin O and
tne position of the horizontal plane x ¥
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When desling with shell problems , the edge conditions of the
ghell aefine the shape of the stress surface at the edges and hence
they must be taken in consideration as will be shovm in The following
11lustrative examples

4~ Illustrative Examnples

4~ 1 Paraboloid Shell of Revolution with an Ecuilateral Triancular

Plen

Shells supported on three
points end bounded by three ar—
ches at the edges as shown 1n
figure XITI1-955-a may give an
architecturally striking sol-

ation for the roof covering

of relatively big span halls

It will be assumed that
the edge arches can resis* lo-
ads in thier planes only and h
have no resistance to lateral
forces so that the force comp-

ocnents normal to them aust be

egual to zerc In order to sa-
+1sfy this condition , we sho~-

114 hmve

Foage =0  (15)

A parsboloid of revolution

as shown in figure XII~91l-b has o OJ
T
the equation ‘
h z;2 ya
z = —= ( + Y (16) -
4 g a3
Our study will be limited FIG XII1-95 \
to shells subjected to unxformly B A
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dastributed load g In this case we have

aaz/axz =h/2 8 , azz/ax a2y =0 . azz/ay2 =h / 2a2

so that Pucher differential equaticn can be given in the form

§_+§.=_

In order to satisfy the edge condition stated before we have

(17)

further

4 functlon equal to zero along the three sides of the ground
plan can be constructed as followrs
a) Wrate the equations of the three sidesof the trianzular plan of
th. snell such *hat the right hand side of eacn equation 1s eagual +to
zerc  Thus

28 _ X _ a

- T S S

A A

b) The stress furmction F will be equal to & constant C multiplied by

a-x=0 s

the left hand s1dE€ of the eguations of the sndes  Hence

U A
C(a12+ay2+ —zyz-q.—_)

c¢) It 1s possible to prove that this function satisfies Pucher diffe-

F 2 a X ) EEX)

c{ea-x)y-

rential equation if
C=-ag/2h

So that the strees functiod F is given by

F:—S—E—(ax2+ay2+

3
—x Y - u B (18)
3

*
and the reduced internal forcee by

» Refer to Csonks 'Membranschalen' Bauangenisur - Praxas No 16

Published by Vilheln ZErpst & Scohn  Berlin Junchen

- 382 -



82F a g (
= = - a - x)
- B ]
2
8F . ._ang ¥ } (19)
ax a3y h
2
%y T : 1?2 e )
ax b J
The ilnternal forces Nx Nx? = Nyx ana Ly acting on “he shell

can be calcalated using equations 3 and 4 as followts

According to equation 4 , we have

cosa=1 /Y 1+ + (az/32)° and ¢os 8= 1 /)1 + (az/ay)2

2

but 3z/sx =hx /2 a and (az/él:lc)2 =0 2 /4 Pl
so that

cosm = l/‘l/l + (n2x2/ 8a%) y S1milarly cosg= l/y/l * (h2y2/1+a4)

and

cos g/ cos a.ﬂ/l s (0% 2% / 4 &%) -/ + b2 x°
Vie @@ 2 7aan a2y

4 2
siallarly cosk/ cos B mh—ﬁ

4 a* + b2 %2

according to equation 3 , we have

2x2 I
K cos 8 _a 8_1)1/43 h
x - % cosa - 43
N -nycosc: (a+x)’[/4& + n° } (20)
vy = cosp ™ 4 a + h
- - - R - S -
Fry = Fyx = By = Bpx = = 7 )
Exammle

To .llustrate the application of these equations tne .m-ernal
forces 1n a ftrimngular spnell subject %o uniformly dastributed lcad g
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w21l be deterained for the sepcaml case

a=~nh

In this case , we have

2 4 22
a4+
IR o2

X =-g(a+x)-]/1+a2+ N (21)
7 3

a <+

~]
]

Nryzﬁnz—gy J

The evaluation of taeme values zives

1- Alopg A-B X =a
N = 0 N = -2ga 4a2+ = - 2g 4 a% + v thus
x 7 5 4 I 5

For 7 = 0 :;—-;/5 33123
No= -1 79ga -1 9oga ~2 36ga and

Nr,y = -g5¥ ( lanear relation ) hence
For y=0 , N =0 eand for y=%a7¥3 Fpy = ¥ 1735 g2
2= Jlohg the x—aris Jg =0
4 a + x2
NI=—g(a-x) hence
4 a

For x = 0 - - 2a
E, = -& ~2 24ga =4 25gam
hy:-g(a+x)‘/: hence

4 &8 + z2

For x = 0 + & -a - 2a
Ny = =ga -1 79ga 0 +0 7Ziga

Te have furtner ny =0 due to synmetry !

3~ nlong n-n ¥y = 5_1}5
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[0 o® + x°
- (a-x) 4_____2___n X hence
x & 4 75 &

N =
Par x = 0 + a/2 a - a/f2
Nx = -0 S2ga ~0 47ga 0] =1 42ga
4y 7542
. =~g{(a+x) henee
J 4 8" +
For x = 0 +8 /2 a - af2
Hy = -1 09ga -1 59ga ~1 95ga -0 53ga
=-g8y3 - _0 867 -
ny = - g5 3==20 g & = constant

The calculated internal forces are shown in figure XII-96
It 15 clear from the given Qragrams that the shell 1s subject to
compressive stressés over i1its whole surface with maximum values at the
corners along the bisectors of the angles  The maximum coampressive
force 1s given by
max Nx ==-425g a
Due to symmetry , the compressive force at point O 15 the sgame
in all directions
NIO= Ny0= -5 a
Tensile stresses exast at the corners normal to the bisectors
of the angles Tne maximum tenslle force 1s
max Ny =+ 071l ga
The biggest shear stressec exast at the edges , zero at the mi-
ddle - due to symmetry — and maximum at the corners The meximum walie

15

- T
max N o= X1 735ga

At the corners , a rhomhoidal element witn edges parallel to those o the
the shell 1s i1n a state of pure shear Hence the principal ceompressive
and tensile stresses along tne bisectors and normal to them are equal

to tone shear stresses , thus
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niemal foree =

R

—lqO

i
¢

179 coeff xga

conpression —

{enston +

-135

_0867

Stress Resultants in a Triangular Shell for a = h
PIG XII=96

Accordangly , tne stresses i1in & 10 ems thick shell witkh 3a =
30 ms and b = 10 ms subject to & umiform vertical lecaa g = 400 kg / o
horizontal are given by

Adaxioum coapressive stress at the corners
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max O, = max NI/AC‘;"“'&E'X“'OOXlO/lOOxlO .___l?olig/c_n?'

Compressive stress at crowm

G’c=—lOOX4OOXlD/lOOXlO =— 4 0

Principal tensile stress at corners normal to bisectors

Cl = 41 733x400 x 10 / 100 x 10 =+5 9«
Althougn the stresses are lo 1t 1s recomenced to increase

tne toiciness of tne snell gradually to 15 cos &t tne corners in & le-
nzkh o1 ca 0 5 a neasured alonz t1e bisectors of the an_les Accord-
1ngly , toe coapressive stress GE and the tensile stress 01 at tne co-

rners /ill be reaucea to 10 / 15 = 2 / 3 the given values hence

max dz=' 17 x2/3 = ~ 11 ;ig/cme
pik: O’l=+69-112/5=+’+63

The reinforcemen* 18 senerally cne mesh 5¢ 3 /a2 1n eac darection

except at the corpers and the edges where 1t 1s reconmended touse two

meshes as snown in figure XI1-97

The supporting arches are 2 moeshes
5¢10, m

subject to the shearing forces of
tze shell acting parallel to the
edge These fpreces are zero at

the crown and increase linearly

102 3= 30m

to toeir maximum value at tne

gprainging The sum of vertical

l.
f

components of these forces act-

ing on any of the arches aust be r 1 75m
equal to 1/3 total vertical loads
acting on the saell FIG XIi-C7

4~ 2 Mewbrane Shells waith Hectangular Grouna Plan

For roof constructions, snoells which permit covering rectangu-

lar big free areas { fag XII-98 a ) are of much interest Tnev =are
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gereral.’ _ugporved by four ver~ical arches tbat car res.s™ itertica.
forees ana are uncavable to resist horizoota. 1orces

The equation of the ai-
ddle surface of a paraboloid
shell of revolution using an
ortno.onal system of co-

ordinatves 0 (x y z) shown on

figure XIT-98-b 18 glven by

L &F A @

zZ =
2 & 0

Its second derivatives are r%
azz / 3x° = h / a2

by,
Fz faxey = O y

agz / ayg =h / a°

lamaitin, our study to the case {b)
of umarformly dastraibuted lecad

-

s/mz norizootal “ae Pucher

differen~i1d4l equation can be T

given 1n tne form

2 2 0
AL+ 25+ g=0 @
a® 8. ay*

As toe 2aze <rches are unable

to recis* lae*eral forces tne

.-

s Tesc rane~.on F pas to sa-
tisfy tone poundasry condition

FIG XII-98
= 0 (24 ) BEXI-98 vy

Fedge

The feolloming relatloaﬁ) gives

#) Kefer to Csonke "Wembranschalen  Bauingenieur - Praxis No lo

Published by Vilnem Ernst & Sohn  Berlin wunchen
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an approx.mna“e expréssion for toe stress runetlon satisf{yins equations

{23) and (24)
2.2

2,2
F = %—}(l-é—)(?+-——ﬂr—+—n—+4—-§—)(25)
a-

24 n

Tne reduced internal forces are accordingly given by

32 xE 72 qu 3:2 4 xef lO:vr“L*,rlL lO:v6 ~
n, = as ( =1 + - + - - + )
2n 32 aa aE’ aB a8 alo

e _2m 2027 .F8x535 8 3 122 D) (o)
10
a

2h a2 3& a &8

2 2 4 5 4 4 4.6
ny=§—-—5(—l+x +_ﬁ_+§_£_L_‘.*_L2.L_10xF +10xy_}

2h a2 52 aE' aa as alo

However, Jdurashev, 8igalov and Baikov in their text book
"Design of Reinforced Concrete Structures ) have given the internal
forces 1n a shallow conover shell of constent curwature The shell is
rectangular in plan and supported at the edges on four di1aphragms abs-
olutely rigid in their own plane and absolutely flexible normal to that

plane (Fig XII-99) This determines the edge condrtions of the shell,
b4

namely

VL

XT1-9

%) Mir- Publishers - doscow
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voen x = 0 ani X = a N_=20

X
-+
= =b 2 F_ =0
y / 5
L Tne shell 1s subject o comoressive noraal forces Nx Njr and

snedr IOrces ny A* the corners , principal diagonal coapressive and
tensile forces waz ana Nl are createa

1“2 a = b and Ty =Ty =1y *he coefficients of the forces can
be deterzined acco-d.ng to figure XII-100 Tnre forces are obtained for
tne var.ous points o the snell by maltinlying the corresponding coe-

fficien~s b~ a constant equal to & p r/m-”

Y
Ny forsec yo d —
TS ° - \}{Tﬁ | ! ' !
n E - : ) [ \Ju { I
aO 31 az aa : 'l|2 ‘
oy 1
o hry for sec y=a/2 b —
I : Y |
- L] xf - S 1 a Ny
dp 4 ds 3, T 1’5‘{;}71 R ’
My Ffor diag sec ' Ai ! !
2[\-;%7\" g | i
™ ~ > -] =y t
- b _ Ll o , ! 1 -
dG 1] b:' aa ! l ! }
Lo n

-
- - j
do e /%r-—-’_—g] } 42 _ A/

-
:l + : b2 a3
b Ny lor sec Ym0
v o - -4
M for sgc Ya0 ° q .-ls j-r
e B —_—T] =
oo, dg i 4z i

N= coeff x apr/m®

.31 3%

l
| !
* i

Internal Forces 1n Shallow Convex Shells with Sguare Plen

FIG IT1-100
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In tne zones adjacent to tae supports, bending moments are cr-
eated WNheir nuzerical values are not large but hovever mus“- be con-
s1dered in the desipn Their mzzmitude can be determipned from the
relations

#=03prte’ sinve (27)

wnere & 18 the base of natural logarithas,w= x / s anc t = thickness

of the shell
Tne maxiaum bending moment 1s
dax J =00% r tp (28>

and ac*s 1n a section at a distance Xy from the edge , where
x, =06 yrt (29)

The diapara.ms resist the snearing forces transaittvea by tne
snell , tne, act parallel to 1ts edge
Sxamvle

The nuaerical evaluation of the given method 13 shom in the fo-
llowing example

It 23 requared to determine the internal forces acting i1n a sg-
uare shallow roof shell with | 28=20bz=40 ns 1ts rrse n at

the center 13 6 ms , radius r = 68 2 ms ana shell thickness t = 10cas

1f 1t 28 subject %o a uniforaly losd g = 500 kg/m2 horzxzontal
A1) the regquired forces can be determined froa the data given

in figure XII-1) The constant factor for determining the forces is

4pr/ 328 x05x682/n” =4 35 t/m

The aaximum cozvressive force at the middle of the shell

Nx=Ny=—38’+X*’+95 = =16 7 t/n
The aaxiaum compress ve force at the zone adjacent to the edge
Ny = -7 30 x4 35 = =31 8 t/m

The szaximum principal compressive and principal tensile forces , and
the shear forces at tne corners or tne shell, are

-N2=Nl=nn=1268x435 =55 2 t/n
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Th» maximum pending @momen~™

mx ¥ = 09% r top

il

094 x 68 2 x 0 1 x 500 « 300 kgm/m
acTing &t a dastance

I1=06|/I‘17

e dew
Tne co.pressive rorce Nx in this sec*i1on can be de“erminea by l_nesr

05"/082"01 =157 o

~Dte.vila*.on Thus
Ip==135 x4 35 x L 57 » 12 / 40 = =2 95 %/a
Due *o the hi h principal compressive and tensile sbresses at
the .orners 1t 1s recommended to increase *he thickness of the shell
gradua.ly from 10 to 16 cms along a lengtn of about O 15 | measursd
along the dragonal

Accordingly toe mexamum coapressive stresges are

At crown O = -16700 / 100 ¥ 10 = =lo 7 kg/cz®
At edges 0. = -31800 / 100 #« 10 = =31 8
A~ corners O, = -55200 / 100 % 16 = -34 8

c
i. spite of that the shell 1s reinforced over the greater

part of 1ts surrace by one mesh 5 ¢ gmn/n
The diagonal tension reinforcement on both siaes at the corners

¢an be caleculated as follows (Fig XII-10D

b = 20+ 8 490 . 35 s
20 14
5
gy = b » B4 39 . o8
g
20 14
. #4258 30 | o
s 20 14
_26 + 20 _ _23
st ~ 30 - 1 8 16
S
ASS - 20 +1. ‘;_ 15 8 ~ 11 2
20 .4 AN
- N 76 ¥TI-101
Ay ¥ -
\ a—



In orcer to resis™ Toc bend_ng DODELES & “he eu,es of tne [Up.
aadartiona. reinforcemen~. mey pe rega.red nosma. o tne eafe.
The edge diaparasgms nheve —¢ SUr or* their own weight rplus be

shear of the shell ~ !

¥
Tne arrangement of tne reanforcement is shown iz fagure II. ~102
S S
07— il s b N
17 BendingRimt | e
] & | ;
s L

o
o

& i ‘ !

1 _‘“\“\4
% \
.

‘ Mesh|sda/m

TITHITTT

PIG ¥I1-102
For an ellipt_c paraboloid on rectangular plan with sides 2a and
2b and rase hl and h, as snown 1n figure XI1-103 the egnation of the

surface 1S given by

h h
zZ = 11- 12 + -—Eba ya (30,
a

Tne total central rise h of the
sehell ais

h o= Dby + by

FIG YII-103

The derivatives of the egqua ion T
are /L__f,é?a__.j
4
2 2
9z/3x = ?_hlx/a 32/3F = eh;_,y/b
(21)
2

azz/axa = 2}11/&2 9 2/0x 0y =0 622/ 632 = 2h2/b2

f and 1, are the radii of the genereting parabolas then
1/7) m8°2/ 855 = 2u /a® and 1/7,/8%2/ 05°= 2u,0° (32)

hecordingly the Pucher d.fferen-ial equation for a reduced ve “.cal
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load g 1s given by

h 2 2h 2
271 8% 2 2°F _ )
a.z 9 1:12 3 ;2 & &3

If the two generating parabolas are identicerl the surface 18 called
& rotational paraboload ard 15 characterized by the relation

2
ny/ef = by/B? (34)
50 that
l/ry = Ur, = Ur (35
and aaz/ ax2 = 325/ ay2 = l/r , azz/ax 9y =0 (36)
The equation of the surface may therefore be giwen in the form
ze 2= (22 4+§) (37)
2r
Hepce
az/ ax = x/r and 9z/9y = §/Tr (38)

The Pucher djifferentisl equation can therefore be given in the form

. g; -- g 9

For tne solution of this eocuation Ramaswany proposes to copstruct a

polynomial stress function For a vertlcal upiform load p/m2 surface,
1t takes the fom
Fo(xP-a?) (35 -2") (Ax° + B35 +C) (40)

walch automaticelly satisfies the desired boundary condations

n =20 at X=+ a8

* (a1)
and ny:O at =1 b
Thus
BZF/65'2=DX=2 [Ax“’+€n}jx‘2y2+(C-;I.&E-Bba)x2
-63a2y2+e.2( BbS - C )] (a 52)
aEF/5X2=11y=2[BY4+6Lx2y2+(C—AaE-Bb2)Ta
ceat? 2 a?( al- € )] (@

~ 354 -



2
-3°F/ax by =nxy=—8(L'jy+Bxy5) +uxy(A.ad+Bb2- h]
(42¢)
/hen “he load ac*.ng is & vertical uniform load p per sguare me

ter surface then the Pucner differential equation assume. tne fors

2+32F/a§2 = = g T =-D ') (43)

a‘iy/ 2
Substitatang fc~ 2 the value g.ven .n equa*ion 1 and exvanding
+ne rignt-hand siae by the binom.al theorer ana l.—.%ing curselves to

tne firs~ two teras then

> 2
a“"/ax2+aEF/ay2=-nr[1+——l——2(12+:r )] (&)
2 r
Substituring further for the aerivatives of F from 42 a and 42D
and equat_ng the coefficients or like terms on the left- and rmgznt-
hand sides of the eouation we arrive at the following three simul-
taneo.s equations .n tne toree un.nowns £ B and O

2 (C = Ae® - Bo?

2 _ 52 _6pa? )

- 6Ab° ) = - p/ar )

1

2 (C - ha

- p/ar (45)
2 a%( Bv? - C)+2b2(aa® ) = - pr

From the first two equations of the se*, we find that

2 2

AbDP = Be (45a)

Makipng use of this relation B may be eliminated to give the two
following simultaneous equations

4
c_ma_%_-GAb2=—p/4r (45b)

a

bea - C =—pr/2(a2+b2) (45c)

Enowing A4, B and C, the reduced stresses are easily md The
rethod gives satisfactory accuracy 1f the shell is not too deep

Exanple

In order to show the aprlica*ion of the given reletions the mem-

brane analysis of a paraboloid of revolution wil. be 1llustrated for
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the fullowing aate ( Piz LII-104 )

2a = 30, 2t = 4@ ]
Rise at crowvn bk = D+ 0, = 5 ms
ThicKness t =10 cms £
«
2 o i
Total lcad p/m~ surface = 400 kgs
Fal
Choosing the origin at the crown, the o
equation of the surface 15 given by 4}
se (2 4 )
ar 2a som_ |
Noting that = = h for x =a and !
¥y = b, the radius of curvature of the y
surface 153 given by PIG XIT-104
r= A (g +p?) = 2 (1521208 )2625 ms
2h 2x5

The constants A, B & C of equa*ions 45a 450 and 45¢c can Dbe

calculated from the relations

(45a) A b° = B a° or 20°4 =15%B 1e B=17778 4
4

wso) c-aa® - 2y 5.8 =_p/ar  or C-33% 1lllh= - 16
a

(450) bPA - C = — px/2 ( 8° + b2 ) or =C+ 400 & = - 20

Sclving these three sguations, we get
4 = 0 007556 B = 0 013077 C = 22 9-+24
The reduced internal forces are therefore given by

n. =0 016712 £ + 0 156924 22 v2 + 32 1130 x° - 35 3080 3° — 7970 22

x

C 026154 y* + 0 088272 32 y2 + 32 1130 y° - 3, 3080 x° -19030 24

n
A

nm:-oosaauaéy-clmals.x.r -~ oh 226 3 3

Their values ere as follows
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On the x ~ axas v =0 Fig XTI-10%a
z 0 2 10 15 n
-n, 7970 | 7158 | 4612 0 kg/n
- n? 17030 ) 17913 | 20560 | 24974 "
- n:y 0 hid
At the edge I=b£2=20m Flg II1-10%h
x O 5 10 15 m
- o 22093 |19712 | 12458 0 kg/m
- By, 0 12416 | 22391 | 35794 "
- ny 0 n
On the y ~ axin x =0 F I11-105¢
g 0 5 10 15 20
- Do 7970 | 8853 | 11501 { 15914 | 22093
- ny 17030 |16211 |} 13557 | 8453 0
™ Py 0
At the edge x=a/2=-15m  Fig XI1-1054
¥y 0 5 10 15 20
- ny 24975 123650 [ 19516 | 11956 0
- nxy 0 6006 | 13189 { 22726 | 35794
- nI (9]
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I+ _s clear Zrom the tabres tha* the shell is sdbject to comoprecs—
1ve stresses o er .“s wnole surface except at tne corners “aere e
o = 357% kz/n causing prancipal dlagon~
al tesiie forces ., (normal to the bisector of the corner angle) and

nzve ni,h shearing forces 1

cooraessive forces 1‘2 {1n the darection of the bisector) The paximm

megnrtude of beth IIl and 1\2 -S egqual to max I‘xy at the corner

It 1s therefore reccmmended to ancreasse the thickness of the shell
at the corners to about 20 cns and to resist the principal tensile
forcee Nl by top and bottom corner reinforcements arranged at 45° to
the axes x and y normal to the bisector of the commexr angle

g XIT--106 shows the general layout, main dimensions and devalls
of reinforcements of two seperate unirts of & meries of double curved
shell roofs of the elliptic paraboloid tyve constructed ain Egypt near
Cairo ZEvery two units sre ettatched and supported on 6 main coluoms
only IDach unit vovers an area 25_94 x 24 7?5 ns The rises hl and h2
of the shorter and longer diaphragns are approximately equal and each
is 3 ms The shell thickness within a horizontal redius of 10 ns 1s
ecu.l to 8 cas increased to 12 cms within a radius of 12 & ns and te
24 cns at the four corners The central pert, 8 cns tnick, is rein-
forced oy one orthogonal mesa, 6<¢ 8 mm/m, the rest is reinforced by
two meshes, each 15 composed of circular bars increasing froi 6410
an/n, in the zone linited bv *he radiy 10 and 12 + =s, to 8 13 ma/m
at tne cormers, end radial bors 5<¢ B mm/m erranged radisllv in tne
aarner shetn .n f.gure Each of the end drasphragas i1s an erch 35 r 55
- 11t 2 prestressed t.e 25 x 25 cms The arch is re_nforcea by
8&4 19 o, and *ne *1e by ~ < 16 mm in ade tion to four Freyssins— ca-

ples 20 tons each

Tne roo:s sTruc*ire cohns—Tucted according ‘to to_s system adapts
itself in en _apressive, surple, easy and econodic dJanner to rectant—

1 arews 2f rela~ivelr bag spuus
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43 Conoid Shells

A conoid gurface i1s originated when a s*raigar* line —movas 2t one

of its ends on a basic curve C (called directri.) and at taoe obaer

end on a key line X 1n sucn
a way that “he suraigh™ line
1s alwvays parallel to a ver—~
*1cal guide pleme G Accoxd-
anzly, any vertaical section
vetween the basic curve C &
+he key line K has the same

form apd span as C bu* with

a smaller rase h, 1t 18 call-

Ke &nel(__a
4 !
i N
X
| 42 _ll %J] Fiz XII-107

ed an affane curve all gections parallel to the gurde plane G are

straizht lines and are czlled *he generator~ of *2e conoid Tig

107

acl-

4 shell roof 1s generally a truncated conoid, boundec by two ar—

ches C and C' and ~wo atralght edges parallel to the gurde plane G

Its formwork 1s very easy as it is constructed from straight planks

Depending upon the curve used as the directrix, conoids are des—

cribed as parabolic, carulsar
etc Of these, the para-
bolic conold is by far moat
camon
The generators of the
conoazd surface being para-
1lel to the vertical sym—

netry axls of the shell, they

avpear as parallel straizht

lines in the ground plan g
The equation of the niddle

siven by (Tug ATI-109)

TN

¢
|

[ S/

I L yd

] yd | -

L I

el [

XT1-108 Fig ITI-108

surface of a parabolic conoid shell is
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y %y
Fg XIT-109 A parabolic conold

The deravatives of this relatien are given by

Dz _ _hoq k4 2z _8h

47
2%z _ 3%, _8hy 2%z _ 8hx 3
a R a b° ‘a? a b g

In the followang, the intermal forces due to a vertical loaa g 2

all be given 222/8% being equal o zero, the conditions of equilib-

riun, expressed Dy equa*ions 12, can in thas case , be given in the

R - o e P %
O« oy Ov Ox 2 (48}
'023 . Bz ;



It wvall be assuned alsco here that the edge arches can resis™ loads
in their planes only and have no resisbance to lateral forces so thab
+he force commanents normal to them nmust be scual to zers, 1 8

stx=a, and x=2a n, =0 (49a)

It is further knmotm that in a conoid snell, symmetr.cal aboubt the
m1ddle x-axas {fy = O} subject to symmetrical vertical lecad 1 We
should have

for ¥y=0 By = 0 (49b)
Due to 2 vertical dastributed loed g / n® surface, we have

2 2 2
gz=s[1+5h—z(1-‘i;§i) +32*‘152;¢f:] (50)
a a

Satisfying the condaitions of equilibraium (48), the edge conditions

(49) and the relation betwesn g and g, Given in (50), the reduced in=-
ES

ternal forces can be determminsd, according to Taischer Zfrom the foll-

owing relations

- h 2 _ - _ 16 3
n:_ﬁ—bz{(b Gy‘e)(a x) 3 (a 1-3)

2 16
b (a—ao)-}- (a}-aﬁ) (a5—15)

P

a=8a
+5;g—:—ig(&9— 9"32}

-

2 2 2
A R+ 2 BT P e

&—B.o

2 16 18 v° x/
2] (a-ao)-g-(a3-103):l—;9-ia-9-(a-ao)
o

-

h 2 2 2 5 x* 2
n: ::—E-—Eb—a - 16 - - -
4 a b 8" - a, [b (& a°)

8
-%‘i(é-af)] + 28 E (a-—ao)}
a —S.o
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T +a3e mame.lcal colculsTions, 1t 1S recomlaenaed T0 retlate ¥

i -~ by & ond M accordin; to tae folleviag relations
b N
o= g(.. (ao=5c> a) ana y=.2.rt (52)

-0 tnat the reduceo anternal forces cam be given i1in the form

- 3 5. 1 £5

n, = =551 v Q- 2Zya-p - 220 - i:é; e (1-§,) %
3 3 2 9
o)) ae gt 2

o]
(53)
)
)

&

3
2l o -

o
P,
%I
]
|
Lrer
| IR |
R,

Having determined the reduced internzl forces O_» ny and DIY‘ the
actual internal forces Nx, Hy and Nn, = Dy, can be calculastd using
relations 3 & 4 and the prancipal forces ﬂl and Rz using condations
S5&6

Fi1g XI1-110 shows *“he general lzyou-, main d mensions and aetazls
of a conmoia shell solvea by F::.sc:hez:'E for the follo—ding data

Theore*ical length a = 12 00 m , Ac*ual length:a—r.o=800:r.
Ereudth b =2000a2 , lax rise L =4 50n
Sne.l t.:.c]mess t =10 oms , Load/m2 surtace g = 300 l:g/ma
bo==2=%=0355 £ =005705 {7 =0 004115 ana §) = 000051

In“roducinz tnese velues an eouztion 55 of tne reducea in“ermal

forees, 1t 1s easy to prove that

3, Tasenc,r Theorie uné Praxs der Schalenl.ans“rursttionser  Publ_sned
by ° .lheln Erns* und Sobn Berl.n und .unchen 1967

- 362 -



2
n, = 03375 (1=~ &) = 0 6480 (1-E’) + © 4005 (1=}°)
+ 03375 0° (1)
P

n, = § (5 5675 + 1350007 £% ~ ¢ 7823 1% ¢* « 1 4085 q% ¢ ®)

. " 6200 2 o e cnnd B
A, = N0 2813 (1= 5=) ~ 1 ¢ g +1eo9u3 + 0 2a38M~ %
The real ixn-ermal forces Nx’ Hy and 1_{‘7 ere, according to ecua-
tion 3, given by

N:. = o, cosp/ cospl Ny = n, cosct/ cos% and xr = Bry

Enowang further thav

then of a.nd.g.. and the corresvonding cos-values raquired for caleuwlat-

ing ;TJC and Hy can be easily debermined
The caleulated internmal forces an the shell are as shomn in I'ig

xr1-111 _o_iL
EE[ v

7
4 .u.‘%‘.

| |
gy
i

I
.l!:"-;" l""l“. -"ir
\1!"“"" ‘l
il Il =
Yy 2




Tas long_*udinal beens at the straizht edges of the conmozd (Fzg

aIZ=112) corry the cozoonen*s of the normal forces Hy Tne vertical

con*inuous bean (svans 4 os)

800/6 . 60 |
carries the vertical conocnent =
assumed depth of hriz beam ]
¥V ¢. the normal force hy 10em
]
™o
vhere V=n, “acp Sa
J 3016 - o
The horazontal beans ( spans Tie SIB 22 =1 oI H=ny
FaS5133at o
8 ng ) carry the horizaon—al 8

=]

component T of the normel ag1s ~

force Hy l Ny
’20 I 40 I

where H= ny

The shearing force 1‘..:{3r = nn

acting along the straignt edge Fag XTI-112

of the shell is small and nay be neglected

The reactiong ox the horizontal beam —Tll be resisted by the taie

j V=nylang

of the arches
The dlaphragm of the conoid 15 composed of two arches wilth a tie

The shearing forces transmitted to the flat arch are very small and
hence, it does not need any design The deep arch with the tie (Fig

XI1-113) carries 1ts own welght + weight of flat arch and tze G +

the shearing forces = n:;y transmitted to 1t £ram the shell (ecom-
ponents H apd V)

ERAY

Fxy

Fig XII-1313
he oending ncnents and normal forces in the ubep arch are gene-
ally s2ell that ligh* arches are nornally sufficient The sta*ical-
1, inde~er—inate thrust .s aiso very small tha* the force in the *ie
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1s eporoxinatelv eaual to the reacion of tre ancrizontal beanm only

Fag XiT-114 shows the general layoubt and main dxmemsions of a
part of the main stores of Il-Nasr Pipes and Fi*tings Cempany at del-
wan The main part of these stores 1s~92 mg wide and~108 ms lang
wth one longitudanal and three transverse expansion joints, so *“hat
tne store 1s divided into six blocks ezch 46 ms (2 x 23 ms) x 36 ms
(4 x 9 ms) It consists of two floors =z ground floor—~4 5 ms high
and a top floor~ 9 ms hagh

The ground flecor ls used as store for the f£lttings and the small
light products, while the top floor 1s used for storing the main pro-
duct of the company, the pipes

The live load on the first floor i1s prescribed to be 6 'ton/m2
For thie reascon, 1t has been chosen of the solid flat slab type~4 5
= 4_5 ms The slab thackness 15 chosen 25 cms and provaded wath a 10
cug thick drop panel 2_25 x 2_25 ms The tyopical intermedaate columns
are 50 x 50 cms and provided with column heads 140 x 140 cms

Tne top floor of each bleck s covered by contimuous two-bay co—
noids having a breadth b = 23 ms and a span (a—ao) = 9 ms The co-
noxd 18 bounded by two arcned diaphragms, one deep having a rise h =
4 5 ns and one very flat having a rise of 1 O m only Io horizom“al
tie 15 arranged, and the flat arch acte as a tie for the deep arch

The tbackness of the comoid slab 18 10 cms increased to 16 cms
at the cutside edges It is reinforced by one bottam mesh 648 mu/m
except at the free straight edge whers it 1s increaged to 510 mm/m
111 euges are hovever reinforced by another top mesk 64 10 mm/m Tne
top arch 1s 40 x 45 cns reinforced by 10 16 mm, *he lower arcn s
%0 x 45 cms at the cromn, 1ts top surface 1s chosen horizom*al for
architectural requirements and reinforced by 204p25 rm high grade
steel The detsils of their reinforcements are shovm in Jag X115

Thrs interesting structure s st2ll under construction
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-ty The Hynerbolic Peraboloid
shows a ghell formec¢ according to a nvperpollc

Pigure 1II-1186
paraboloia surface Ire equation with respec* to tne ortcogonal

 — e - ——

!
|

|

i L

| ~
I

|

|

|

[V < &

FIG IXTI-116
system of axes x ¥y, z shown in faigure III -~ 117 i85 given by

z=xy/¢ G4

in whach

¢ = congtant

It 15 easy to Bee vhat the z - co - ordinate of any voint 18

hxy/ab Hence, the equation of the surface can be grven in the

Zorm

Xy {55)

Z =
ab
woickh means that
c=ab/h {56)
4 hyperbelic paraboleid may be regarded as a warped surface formed
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by elevating or aecress_ng onc ¢orner ol 5 rectvangle by & certair
amownt ( o ) whale the otner “hree corners remailn in treir or Zinal
level The surface shown in figures XIT~1.6 and 117 is formea by two
gets of straight line gensrators lying entirely on tne surface  The
plan projections on the x - y plane of these generators cons*itucte two
families of parallel lines which are the characteristic lines of the
surface

Thizs surface being determined by twoe intersecting systems of
straight linee 1.3 formwork requires only straight wood Joist geme—
rators The smooth warped surface may be secured merely by covering
these joists with flexmhble plywood sheathing

The hyperbolic paraboloid shells have beer succeasfully used in
many different ways to fom roofs gaving a striking appearance needed
1n such diverse structures such as banks, churches, restaurants, exhi-
bition and assembly balls etec Some of these possibilities are gaven
by Ramaswamy™ end snown in Zagure XII-118 a to b

The derivatives of equation (66)are t

x/c 1

j (57

1

dz/3x = y/c and 02/8y
522/612 =0 aaz/axay = 1l/c Bzz/ay'? =

Inserting these values in the membrane condition of equalibrium ex -
pressed by equation (12), we get

n, =0 , n, =0 and nn,=-sc/2(58)

In shallow shells the load p/m2 surface 1s approxmately equal to the

projected load g so that, we may write also

lev_:—PE.b/Eh (59)

Thus we arrave at the important conclusion

™ 4 shallow hyperbolic paraboloid submitted to the action of dead loads
develops a state of pure sheer, constanT over the whole surface and

%® Ramaswamy " Design and Construction of Concrete Shell Roofs "
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unaccomoanied DY NOrmEl s regses Due to tonis state of stresses ,
“ne snell will be subject to principal tensile ana cororessive forces
along the ver+ical sections forming an aangle of 45 with the direc -
“ions x and Yy, -n the arch - like fibers there vill be compressicon
wh2le .n the inverted archee ten~
siorn mill arise Fig XI1-119 The

tension

[
1]

= comp
absolute value of the priuncipal ten-

sxle and compressive forces is equal

+o the abaolute velue of the shearing
Wyerted

= - - Y
force Thn.smeansnl_ n.z_nryand

arches
Nl = - Na = Nq { Tension
We ¢ der now th
e congaider now the arrangement FIG XII-119

of the uzbrella roof formed by four

hyperbolic paraboloids resting oo four triangular frames (fig ZII~-1184.)
elopg their edges Takaing any one of the hyperbolic paraboloids say

0 A C B, it abuts against the adjacent hyperbolic paraboloids along
the edges OA and OB Alopg the two remsaming edges AC and BC, it is
suvported on frames which are stiff in their plane only Each of the
edges 1s subject to axial forces that may be found by suwmming uwe the
shears transferred to them by the shell, their magnitude variss from
zoro at the free enod and i1ncreases gradually to ite maxamum value H at

the supported end So that

B = n:ql. {c0)
in whach | ( = & or b ) is the progected length of the edge beam un-
der consideration
The sense of the forces B depends on the relative height of the
corner pointe of any of the wnits of the hyperbolic paraboloid roof
(Fig ZIIT-120 If one of the four cormer points 1s situated lower
( or bigher) then the other three, then the resultant of the shearing

forces will mct Zrom the higher corner points towards the lower onas
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v H y / Hy
FIG XII-120

Rever~ing agair to the umbrella roof of figure YTI-1184 and
according to the gaven princaples, we find that the cornmer B 1s lower
than *+he other three cormers C, U snd £ and hence the forces in the
edge beams 4 B and C B are dirvected downwards from A and C towards B
Since the supporting columm lies at E, tnen
Axxal forces 1n A B and C B are compressive zeroc a- A and C and in-
creage graduall- to their mxaimum values at B Axial forces mn ¢ O
and 4 0 are opposite 1n direction to those 1» A B and C B end since
they are free a* C and A and supported at O then *“he forces in the
two bgams are compressive gero at C and 4 apd increase gradually to
theair maxamum values 8t 0 Fach of these two edge beams cerries the
axial forces transmitted to 1t from two adjacent hyverbolic parabo-
loads

If vre examine the forces acting in the edge beams of the inver-
ced umbrells shovn 1n faigure XI1I-118s we f.nd tunat “be forces 1n A C
and C O are compressive zero at A and C and maxamum at 8 Each of the
two edge beams carries the forces from two adjacen- elemeawss of the
roof The forces i1n A B and B C are tensile zero at B and maxamum
at 4 and C

The forces acting in the edge beams tend to dis+ort the frame
formed bv them 1In order to prevent this, ‘ties joining the supporting

colums as shown in figure XII-118b to g are to be arranged
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Since n, and ny are equal to zero the own welght of the ridge
beems cannot be resisted by the shell Therefore 1t 1s necessary tha™
the ridge beams take care of tnemselves and sustain tneir own weagh™
as beams supported at the gables

In order to aillustrate the calculations, the statical investa-
gation of same simple forms will bte shown ain the following exarmples

Example 1 A olB A
In this exmmple a hyperbolic
paraboloid shell 8supported on

four corner columns, of the form
shown in figure XIT-12]1 18 presen—
ted The goometracal data of the

shell are the following
a=120m P=90m h=6564m
The specific wvalue of the load ac—
ting on the shell is

g = 400 kg/m2
The shearing force arising in the

ghell due to thie loasding 18

hy == fEs - BEEZE0 s ke I[Pl
X

The rab B C 18 subject to compression, zerc at B and maximm at
C The horazontal projection of the ~omp¥essive force at C 18 given
by El=nx;y a = 3375 x 12 = 40500 kgs
Similerly the horizontal progection of the compressive force 1zn A C
at C 1s H?_=n:v_y b= 337529 = 30375 kgs
Egch of tone rips A G and B 0 carry two elements of the roof EHence
Lgx horazontal projection of compression in AO at 0=2¥40500=81000kgs

! " ! ' ® B0 at 0=2x30375=60750

Tne tensile forceg in the tie rods C B C and ¢ A § are of the same
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magnitide as hl = 40500 kgs eand Hz = 30375 kgs The dimepsions of

the edge beams must be sufficient to resis- the actins coxpressive

forces and the bending moments due

o
to the.r own weight { /
AC

Example 2
Umprella roof supported on a

single columm at the center (Fig

XI1-122)

a=60n b=4 S h= 3 2m
Assume specific value of load *
X
g = 320 kg/n®

The shearing force in the shell

15 given by

= - abgn_sxl+5,_52°
“xy 2n 2zx5%52

a ~1350 kg/m IG -
Max horizontal prejection of tensile force in A0 at 0=1350x6x2=16200kgs
! ! ' ! ' BO at 0=1350x# 5x2=12150'
" ' " ecomp " ' CB at B=1350x6 O =8100"°'
" " " C4 at 4=1350x% 5 =6075
AC AL x
Example 3
-
(3

32

For the inverted umbrella
roof with O below A4,C and B

and having the same specific
load and dimensions (Fig XII~

123) the forces in the edge

beams waill be of the same ma-

gnitude but opoosite 1n sense
Hence

nz_y = 1350 kg/m
The reducea forces in A O and c




E O are cozpressive, with mamimum values of 16200 kg anu 12150 kg at
0 respectively The reduced forces 1n C B and C A are tensile, vith ma-
ximn velues of 8100 kgs at B and 6075 kgs at A
The actual shearing force an the shell slab NI.Y being equal o
the reduced value Dyy o then the actual prancipal forces Nl and m2
are also equal to + Aey Hence the max concrete compregsive stress
18 given by
O = Byy /&, (63)
o, is generally very low and the minimm exscutable thickmess suffi-
ci1emt to protect the steel reinfarcement from rusting ( 6 = 8 cms )
1s sufficient
The area of the steel reinforcemnt if it is arranged diagonal-
ly is
4y =D /a, (&%)
For normal dimensions of hyperbolic paraboloid roofs 4, 1s low apd 1%
g.s recommended ain Buch cases, to arrange the reinforcemente parailel

to the edge beams in which case

.&B = nn / Va Us (648)
Assummng the thickness of the shell slab of example 1 is 6 cms, then

g, = 3375/100 x 6 = 5 63 kg/on®

and the area of the required relnforcemsnt 1f aerranged parallel to the
sides 15
Ay = 3375 /\2 1400 = 1 69 ea®/m
chosen 5 ¢ 8 mn/m
The actual forces in the edge besms are equal to
H / cosl
in whach ¥ is the horizontal projection of the force in the beam and
@ is the angle between the edge beam and 1ts horizontal projectaion
The ribs must further be checked for bending moments caused by
their own weight, unsymmetricel live loads and the eccentricity of the
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load ( the compresgaive force 15 apt lied tarouch *ne shell slab at the
lower edge of the beam )

In order to give an idaa about tne order of these moments , the
internal forcea acting on the intermediate rab A O of exmmple 3 will
be shown
Actugl max compressive force i1n rib A 0 at O = 16200 x 6 8 = 18360 kgs

Assuming the cross-section of beam &4 O at 1 100 em |
™ |

0 15 as gshown in figure XII-124 and decrea-

ses to zero at A, then average own weight _51
=]
b

=-]-'-xlxux25=025t/m acting at

2 2 1
il a from 0O =124
3 LG, XTI-128

Bending moment due to own weaight = 0 25 x 62/3 = 30 mt%

The bending moment due %o unsymmetrical live load on C C B B 18 accor—
ding to Parme, goven by ( T h ) 1n which T 18 the maxamum tensicn in
the edge beam ¢ B due to live load and h i1s the height of the parabo-
loid

Assuming the live load = 50 kg/m2 and h being 3 2 ms, then maximm

T = B100 x 50/320 = 1 256 tons

Bending moment due to unsymmetrical load = 1 205 x 32 = 405 nt
If the shell i1s continuous as snown dotted, one may assume that half
the bending moment 18 resisted by the adjacent shells and the other
half 15 resisted by the beam A O

The shearing forces eare transmitted +to the beam through the shell slabk
Azsuming the average aeoth of the beam 15 25 c¢ms tne bending moment
due to eccentricity of force = 18 36 x %—F‘i =2 42 m ~ The total ben-
ding moment for ome single shell

totel K =30+405+242=947 ot
The edge beams C B are to be caleculated for a max +tensile force at
0 = 8100 kgs plus a bending moment equal to this force multiplied by
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the eccentricity from the cem“er of shell slab to the center of the-
edge beam

Figs XII-125 and 126 give the general layout, main dimensions
and details of reinforcements of the nabronal exhibit_on halls zt E1
Nasr city, Cairc The roof of the halls 1s composed of a series of
hyperpelic paraboloids of the ainverted-umbrella type Each unit of
the series 13 25 x 25 ms supported on & sangle columm at the maddle
In order to reduce the bending momenta in the intermediate beams, 1ts
cantilevering arms were connected vogether by = tie Prestressing was
used both 1n the ties and in the tensinn edge beams
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