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1-(a) The system as shown in fig.(7-17) consisting of two masses and identical springs , each
spring of stiffness k , with each mass constrained to move only in the vertical direction.
Determine the equation of frequency , the two natural frequencies , and the ratio of amplitudes
corresponding to those two frequencies.

(b)If the upper mass (m;)is displaced 1 cm. down the static equilibrium position and then
released , Determine x,(1) and x;(t) for the two masses when m)=m; = m
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2-In the undamped system as shown in fig.(7-18). Using coordinates x, , X, measured from
referance of position , Determine the differential equations of motion ,the frequency equation
and amplitudes ratio or the normal modes.

voalanyl c__.a_,‘gaua&,x., X3 CHJPA]I (1.\';3“\.9  (7-18) MM&M o2

(7-18) S

E B TG T ) T )
p2 P PR 76 T T OO (2)

(Al Ay Lebias S S pad s3a) o Ly iy

. . e 2 .

wx,=De'™ | xi=iwDe'” |, xi=-0 " .De' ... 3)
. - . [1] 2 .

wx,=FEe'™ | xa=iwEe™ |, xy=-w'Ee™ ... 4)

tok be gl (), (1) RS0 (Allaa (B (4) |, (3) DN e e il

R Y | OO (5)
) R e (6)

23 50 Ak e Jumas Aigy 2300 5 300 3 (6) , (5) Oilnall puinyr 23 5 Aldaa Slad (S
tak WS
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(2k =*m) -k
: T (SO (7)
~k 2k - 207m)
P 2 2 e 3k o kY
L Rk-o'm)2k-20'm)-k* =0 Lo ——o" -15—| =0..... (8)
m m
2
pul A=’ oA ——[ijj.ﬂj(i] O P e o (9)
m m
A =0 =0.634{£] , A, =o? =2.36(i) ....................................... (10)
m m
, k k
s, =0.79,/— rad/sec . @, =1.54,]— rad/sec................ an
m m
PR TR NS The'ratio of amplitudes lawadt o slagd (Siay Sy g
.-.%=2k Y k Rl L] B (12)
P cATam 2k*0.634(—]
m
D k
.’.E—2=2k T k P = =273t (13)
z SETOM 2k—2.36(-—]
m
fr LS Lty Bl ;) Sy
2N
(a) (b)

3-The system shown in fig.(7-193)Determine the equations of motion , the equation of
frequency and the two natural frequencies. If m;=my=m , k,=k,=k determine the amplitudes ratio

13 ¢ rsnnadall pas 30y 33 il Alslaa g A8l lolee 2a gl ¢ (7-192) JSAN Aipal de ylaidd-3

.&L!L\.ul“ L..h.u.l h_,{ m,=mp=m , k]=k2=k G;L\K
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LB Q€ ok lales Lagin iy my , mGEES (e (S A shaia (Bay (7-19a) JSAN
LS IS e 3 h3al (5l iy (7-190)USEHy G ko, ki Lagie IS Jalas (B )y ik dlaia
P LS A8t alilas ol (Sayy QB A plaiall gy (7-19¢) JSAN O

Comix = —kx -k(x, —x,)  oom xi+(k +K)x, —kx, =0........... )
vy Xy =k —x,)—kyx, o omy o=, + (k) = O )

Sl gl cnd 48 gl QLS pall (e yanll e 0 5ST oed ded (505 490 ASal o) L iy
1OESY) Ol LeS LS el gaal e e pai Gl Adlid) Coladi

X, = A, sin(ax + @) ,x1 = ad, cos(ar +¢) , X = ~w’ A, sin(ef + ¢0........... 3)
X, = A, sin(ax + ) ,X2 = @, cos(ah + @) ,X, = —@> A, Sin(@X +@)............ (4)
tOSEYY bl 25 (2), (1) ofltlaall J (4), (3) D (o (yay gy
SRy R = @7 ) A ~ KAy = 0 rcnninsnes (5)
— kA 4 (k4 ky = m,07 ) Ay = 0o (6)
fely LS 2 5l Ablas o Jguaadl S0y
(ky + k- m,0?) ~k _o
-k (ky +k - m,w?
Syt hk—m@P Yy + k= my0?) =k = 0 ¢))

Pt WS el (g A slat (Kes mp=my=m, ki=ky=k (e (7) 333 Adlae (B gy gailly

-'-(2k—ma)2)2—k2=0 S mot-k=0 or mw’-3k=0

S@, =\/E rad /sec . W, =1,£ rad/sec......ueerres ®)
m m

tt LS Clandl s dlal oSy

.‘.’he ﬁlst mode:%::k k k 5 =2k k 2
2 + l"mlw _mw
- at (0,=J-k— .~.ﬁ=;k=+1 .............................................. o)
mo A g _m
m
k-mo® 2k-ma’
or  the second mwe=i=k’+ el =2 Mo
4, k k
R . WL S S (10)
m A, -k

4-A two — wheel trailer is drawn over an undulating surface in such a way that the vertical
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motion of the tyre may be regarded as sinusoidal , the pitch of the undulations being 6m. The
combined stiffness of the tyres is 180 kN/m and that of the main springs is 65 kN/m , the axle
and attached parts have a mass of 450 kg., and the mass of the body is 500 kg. Find (a) the
critical speeds of the trailer in km/hr and (b) the amplitude of the trailer body vibration if the
trailer is drawn at 60 km/hr and the amplitude of the undultions is 0.15m.

U A A el i€y g gaie dadaws B oh (e Cuma (ilae) ool I35 4bia—d
DbV el asy 6em. (3aaly AdlS dya ga 590 Job) sakall Joh ¢ opall Jaidl (<2 a0
450 kg Log— Juaiall ¢ jad y ilaall jgae 2By 65 KN/mysaiil Jalasy 180 kN/m S gl
Al [ jieghSll s ghid) Aa el A sudl a2 g (1) « 600 kg @ add) s AXS,

0.15m gz gaad (3l dnu SOKIVDE A6 pouy 6 gholad Comas 13 5 phaiad pusaFly J Y dad) 22 ()
)

my=450 kg.

(7-20) JS3h
fol LS AS b iblas slag) Sy o)

Comx =k (X, - X)) 5 M XX, =KXy = 0 1))

: m2i2=k,(x,—x2)—k2(12—xs) m,iz—k,x,+k,x,+k2x2-k,x3=0.......(2)
pagai Jally Ailias Sl 5y Glaw SIS 48 6 SIS ja 320 (e 35Ty Ay g0 ASHall Gl e i
130N Dl IS jall 338 sl o

X, = Asina , X = @4, cosa X1 =—@ A SINDH oo, 3)
X, = Ay sined ,x2 = @d, coSA X2 =@ Ay SINDH..ccrevrreerererrren 4)
X, = A, sinat X3 = @4, COSA¥ ,X3 =~ Ay SN eernrrereerrtrccrerrrrrarnree (5)

20 7 (5),(4), (3) SBall (e iy gxilly ()

Ak =M@ )+ A (k) = Ot (6)
A (k) + Ak +hy =@ ) = Ry Ay (7



fi S 20l dlae el S Ml

Ky =m @)k, + k) =m0 ) = k] = 0t (8)
aay Laaic 5 el oo Gl ALY (the critical speeds) Aa sl Ole sl ues (e O3
ool LS 3000 Aslaa e llyy i S

mm,@* ~(mk, +md, +myk )0 + Rk, = 0. 9)
2. (600)(450)w* — [(600)(65) + (600)(180) + (450X65)k10%)ew? + (65)(180)(10°) = 0
" 027" =176.25@7 + 11700 = Q..o tessee st sa s essaneens (10)
put A=@® . 02714 -176.254+11700=10
4, =2bVbl~dac 17625 £/076.29 40271700 an
' 2a 2(0.27)
A =] =577.78 (rad/sec)’ .. @, =24.08 rad/S€C........cccocovrirrrireirirnrninnns (12)
A, =w] =75 (rad/sec)’ S Wy =8.66 1A /SEC. ..., (13)
Pk LS Aa el Sle jpull alag) Sy by
o =21 o =g’—;=2;—fﬁ=3.83 27, (14)
wf = 3—;? 5 v, =3.6(L)f, =3.6(6)(3.83)=82.728 Jom/hr.....ovverereanreene. (15)
7, _866 138z - v, =3.6(L)f, = 3.6(6)(1.38) = 29.81 km/hr........(16)

2n
Aaf p Ly gutllyp s sliall (i 0 60 Catag i gan kel 538 i skl o) Dy
o e e duan (T 3 (6) Allad 5o A,
= Al(kl _m|w2)

A
2 k

2
A=k, + Mk’"'—“’)[k, vk, —me |= ky 4,
]

E A.[‘ kP +(k, —mo’ Yk, +k, —m,coz)]=k,k2/13 ............................ a7n

A = kk, 4, _[ (65)(180) 4,

e §1 (k] +k2 _mQG)z)(kl _m|a)2)-k|2 0.270)4 —176250)2 +11700 ............

LS Ay=0.15m :_,-éah C’g_)l:“ :\.n.u_, « 60km/hr k}uﬁ&uh' 3_)‘,.1:;.«.“ danu Jb..’,’l ‘JS‘:‘UJ“
b
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v 60

= 7 = m)— =278 HZ . .w=2r =27(2.78)=17.49 rad/sec.............. 19
pad Ay ) AW a Ll e Jgmalt (S0 A3=0.15m ¢« © =17.49 rad/sec & Ly soills
1o WS B ghiall
A = [ 4(65)(1 S0X0.15) - ] U LV N—— (20)
0.27(17.49)" - (176.25)(17.49)° +11700

5-Part of a machine can be modelled by the system shown in fig (7-21). Two uniform discs A

and B, which are free to rotate about fixed parallel axes thorough their centers , are coupled by
a spring. Similar springs connect the discs to the fixed frame as shown in the figure. Each of the
springs has a stiffness of 3 kN/m which is the same in tension or compression, Disc A has a
mass moment of inertia about its axis of rotation of 0.08 kg.m2 , and a radius of 0.15m , whilst
for the disc B the corresponding figures are 0.45kg.m’ and 0.3m. Damping is negligible.
Determine the natural frequencies of small amplitude oscillation of the system and the
corresponding of amplitudes ratio.

B, A Jlediiie Jlia B (e (5Shall 5 (7-21) JSANL Gndl A ghaially Ali 0 Say 3Ska (4 6 25
el Lose Gilidin g Op, O) Lat S ja i G ) sie 0l (i saee s 2ume Oy P
J—S Jelaay (7727) JSAN (e LS BSLal S8 e (e iy (ilialia (it (uals SIS
=S Al e ¢ dniall f 2l el Pl Lagie JS 058 dum k=3KN/mM LAl
p—= US4 B e _ill Laiw 1, =0.15m 5 4k ciuaiy [,=0.08 kg.m® A 30 )gae Jga A paill
R AalalH03 7Y aa g 20al Jea) ¢ =03 m 5kl Ciiaiy 1, =0.45 kgm? A I ) peail

3 ohlial el G US4 A glaidll 33g) 5 s 43

(7-21-b)JSLH
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YO My =-1,0, S M, =k’6,+k(r,6, +1.6,)r,
O R R (S )

EM()z =-l, 6, s zMoz =k(r,0, +1,0,)r, +bb29b

N R X T ) SO 2)
At s 55y a4 A SISl e yaall e 855 Ay 90 S el O et
fok WS Sl sallsaa) e s sais
0, = Asinax 6, =—b’Asinax ,0, = Bsinat ,05 =-w’Bsinar............. (3)
e L i (2)¢ (1) ORbladd b (3)3e ims il
S (2} = 0P YA+ (H,7,)B = Qe rsssas s ssrienns (4)
(R 7 ) A+ (200 = @7 1)B = 0t 5)
toh LS a3n a5 gum 6 (5) ¢ (4) Oitbadd g gy a3l Alde May (S
@y ~a'1,) S T 6)
kr.r, Qkr} -a’l,)
0T, =2k 1?4 300,0 ) = O (7)

k =3kN/m, 1,=0.08 kgm?’, 1z=0.45kgm’, J—3ll a@ll e (7) 2l Ables b oy gailly
r;=0.15m, r,=0.3m

-.*(0.08)(0.45) ~ 23)(10°)[0.08(0.3?) + 0450.15)) o? + I3 0*)f (0.152)03%) =0

5.0.0360" —6(10°(0.0173@” +54.675107) = 0..covvoeercececce e ®
put @ =4 - 0.03602 =103.95245467=0..ooeoeeroee e ©)
- A f 2 _ 2
A, = v & ;; G 5 A = =21958%rad/secy A, =} =691.6%(rad/sec)
o LS lad! oy o gl ala) oSan Sl

So@, =46.86 rad/sec ,@, =26.3 rad/SecC.........cccoooveieiiiiiiiiniie (10)

A A, 2k} -wll, 22874
L=t = k’a’bz 135 339 , 22T T L =1.69...(11)

B 2k} -wll, -40 B, hr,r, 135

6-A rotating machine at constant speed 4000 rpm , the exciting frequency was closed to natural
frequency of the system. If the machine mass is 30 ib and the spring coefficient is 15ib/in, find
the mass and the spring coefficient of the shock absorber that must be installed in order to get
natural frequency for the system equal 25%of the exciting frequency?. How can you reduce the
amplitude of vibration for mass ml as much as possible by using the dynamic of the shock
absorber ?
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—eadall 20 5 W e faa a8 5001 20 5 1S ¢ 4000 rpm At de s Sl o H g0 2ie -6
Sea) Gkl Jolaay A5 aa f ¢ 15 ibfin kil Jalasy 30 ib AuSLall &S CalS 13y ¢ da ghiiall
$ Ll Y 395 e 257 L glua Zaghaiall gl 30 i )5S ia Ails) el 3 Clarall als
AV ale e pliia A%l ) iy my L3S0l AKS 5 S dans S iy S
¥ Saali

tdal

Fesinoot k;xy

ki ki ~0
m, ‘ m Fsinot e

kz(Xl'Xz) Xa / k2
k2
m; m; X2
©) () <) ()
(7-21) Jsab

om0 =—kx, —ky(x, —x,)+ F.sinad ..m, X1+ k,x, +k,x, —k,x, = F.sinar...(1)

wm, X3 =ky(x) —x;) .. m, JE;-—kle F Xy =0 2)

LSl e 3l (e ST ed oMMy A0 AS all (355 2aid Dapte Ao ghiicll o Lasy
A lDalls 1y, %) WSS je (s3al (e iy gl Sy A5 4all g3l

x, = Dsinax ,x1 = wDcosa ,X, = =@ DSIN@ccrreevcrrcrnnne. Q)
x, = Esinax X2 =wEcos@ ,x2 =~ ESIN®...ooooorireririrann. 4

ol L le dund iy (6): (5) coibind 55 (2) « (1) Gbandd (g (4) ¢ (3) e sy
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R LI S 557, T 5 o0 (5)

— kD 4 (ky = 11,07 )E = O esseesssemssss e senssssansssessssssssnnns (6)
k +k,-mao?’ —k
a= |tk —meT) L=k k- mo? Yk, —mye’)~ k] .. (7)
-k, (ky ~my@7)
F, _kz
o Ax, = R L A LA XL S ——— (8)
0 (ky —myw7)
k _ 2
B L B T )
-k, 0
F (k, -m,w’
p=2%_ e —— (10)
A (kyFk,—mo )k, -mo)-k
k,F.
L E= = e eeeiesciesssansresishisssasasass il
A (kl""‘2_”71(”2)(1‘2"”’2‘:"2)"":22 =

ool LS dmall iy (7) Aslaally A=0 puin g flly g Lo ghiiall 3¢ 33 50 Alas slad oSy

Sk, + kD —motk, —mo’k, ~m@tk, + @ mm, -k} =0 (2)
1 me’ mo’ mo’ . mmw’
k, k, k, kik,

fs LS Ol (903 5 o8 fe (12) Al (3 (g gadlly

2

’.'a),?:—ﬁ- ’mz=k_z,r2=[_fl’_]
ml

2
1-2r2 —wz(ﬂ]+r‘ =0 ... 1-2r? -j?—w+r‘ =0

| 1™'n

ot —(2+%)r2 12 Ot see s e ssse e tomessesnrens (14)

tosl e S35 ) 3 5 e 25% SV e i Gl 668 o) gl
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L LR (5)
o, 100
k
- (0.75) - (2 +k—2)(0.75)2 +1=0 ,.k, =0.339k,.cccccvvverne. 16)
1
at resonance r=-2-=1 ., i = ks ﬁ =22 .0339....... an
@, m_ m, ko m
comy =0.339m, =0.339(30) = 10.17 iereeeeereeeeereeeeeeeeereeen. (18)
Sk, =0.339 =0.339(15) =5.085 ib/iRccececrceeereeieeeeereeen 19)

my=10.17ib , ky=5.085ib/in (yySs O (il Cogna it el
O g (10) Wbt (i (Soaliall 3 a1 ale sladioly SV a6y ABSY 5l jia) Aew Jili
21055 My Hhuall (5 gl
Sk —m@t =0 Ky =@ e (20)
D eV A phic aadn wiidg s Lolee juall 4y ghua ml A5SH daw (555 elld Caday Latie
O35 e 5 30N 2 5 e Ay B LoVl A phaidll pagdall s Sl (4685 Lavie Jadd | Syalil
h_ & (21)

m, m

7-Exciting force F, cos(wt) acting on the system shown in fig(7-22). Determine the amount of
damping vibration by mechanical impedance method for m,, m; at steady state ,If the air
damping assumed to be c=2 kg.cm/sec and k;=k,;=2 kg/cm ,m,=m,=2 kg ,and w=1 rad/sec

3 geinall 315891 i 2a 5l (7-22) JSAN Aipal dashiall b %5 F, cos(ot) bt 5 47
=2 Myt 2 aall o g 13 ¢ b Eisall Al b my,my (uSESY ASASs dasleal 4y
o= 1rad/sec ¢« m;=m,;=2kg ¢« k,;=k;=2kg/cm (4 « kg.cm/sec

Fo cosmt k|x1

F, cos{wt)

(7-23)Js2)
feh LS ga das daphiially aadd o) Adaadle ae (7-23) A glaiall A8 el Ailase o) oSa
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oy X0 =~k x, — ¢, xi— Ky (x, — X, )+ F, cos(aX)
oy X+ (k4 k)X € X1= KXy = FL COS(@ )errreeeonnervissieenrsess s, )
o, X; = -c, X2+ ky(x,—x;)

S my 3"-'z+c2 iz—k2x1 F kX, = 0 (2)
b LS lal Yy 8 Y 868 (e e gad ASilSaal ABle YT AL jd aladiuly

S F cos(an)=Fe ,w=1rad/sec ..F, cos(ty=Fe".... 3)
Lx=Xe , x=iXe" , x =@’ Xe ==X . (4)
Xy =Xae" X =iX,e" , X2 ==X s &)

Dl B pea A agnimgy (2) ¢ (1) Al allaa G (5) ¢ (4) ¢ (3) DD o s gailly
sl S o sllal slad (e sl S iy sk g

R}y G 3 Gy (6)
O O %)
242 =2
_[(2+2D S N ®)
—1 f
F -2
AX, =’ : l AF oo (10)
0 i
) F
ax, =[2*2) 7 s e an
-1 0
Ly A, __RQis4) _Qis4)iF _(2+4DF o
TV A T Qi-4Ri+4) . 20 -20 U
2 X, = (01-02)F, ,X, = FAJ0.)? +(0.2) =0.22F,.......... 13)

AX, __FQi+4) _Qi+4dF, _
A QQi-4Q2i+4) =20

5 X, = FJ(0.) +(0.2) =0.22F.

0. -0.2 ]
6, =tan” 021 26 .6, = tan”' 202 e3ar (15)
0.1 2 0.1

(0.1 + 0.2)F.......(14)

XI =
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DAL Lade sy Aad V1 5 F, cost=Re(Foe" ) AlXally 5 Uil 58 e il Sy

X, =Xe? x =R(Xe")=R(Xe%e")= X cos(t +8,)....(16)
Xy = XCOS(T 4+ ) ittt a7y
Sox, =0.22F cos(1 —26.6°) ,x, =0.22F,cos{f + 63.4 }..cocevirrinnacns (18)

(21) Wolaally Aiaadl 3 ) guall Jo 585 2y puadll AT 6 35 gadiall 3 W (4S5 all,
8-The system in fig.(7-24) consists of a pulley , a trolley of mass m , three springs of stiffness
ki , k; and k; , and a dashpot in the figure. The pulley has a mass moment of subjected to the
moment M(t) shown. Determine the equations of motion of the system and then put them in the
matrix form cosidering that the displacement is x>16..

ki, Laglebae a8 SO ymy WAES 2 0 985S0 (e 0 5S5 ( 7-24) JSAI, Al A shaiali-g
5o Sll SN SIS el p e ¢ JSAN LS s ghoa] agen ¢ ¢ A 20 Jalas 2dla s k; Ky
LS el Al s a o R pn e LS M, o0 al Caning 5 S ¢ o sl j5me Jgs

x>10 Aal W of lie) ae A ghadl 5 ) pall (B peiS) y A phaiall

AANNNNNNNNN

(7-24) J&2
Bladl Ay Jaidl B ela ¥ G ade s sbar 0elSH B g e ol
Tk LS LagiS o Alolaa WSy 3 S0y e il (e 5 53l (s 5l (ot Say Sl

w3 M, =18 Y My =krfr-k(x-r)r-M,
s A8+ (k, +k, )r29—k2rx Z M i M

wMx=YF, " Mx=-cx-kx-k(x-rb)
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fesk LS 4 ghanall 5 ) geal) (A (2)¢ (1) AS a0 Al AASS Say

|10 6 L00 6 N kri+kr?)y (k)| 6 M,
0 M|x]| |0 c|x]| |=k,r) (ky+k) | x 0
Coordinate Transformations and Coupling. 34420 ¢ ‘d‘l.hﬂ e gai—11

agddde g JSe W Jie Cua b bell Lualy ;) Ladgai piiad ((7-258) JSSIL Al A plaial
G o Ml e ki ke pad il Gea, by e oali ) JBY S ey m IS A i dda
oo o (B8 33 H5aB o530 A5 bd) % o Gasieg ¢ 3 obatl Bdadl 40 gl B
(7- JS8Y Cpay adeY Lo leilua o Gopis LS Calaa) B U1 A o JaaDy g6 ¢ S sl
JEY e il al V1 (5 ged Sya ¢z el paagl i ool bl _gjn puadl habi s 25b)
VY A ga (g x(1) AIEYT 23a35 (c) ISLad Jss 6(0) sy ¢ () Sl x(1) (o N
O oy e gl 35l RS Dlaaiit 5 B ae Wemg b bl () dobady Cua

foly LS A8 ol abilaell A5S (Sah ¢ B B(1) Ay gl 3 Aal Y

<Y L ki(x-a0)
< ool
(7-25-a) SN (7-25-b) JS&
X(1) Gl 3 gas 3 Aty 6(1) Ayl Aat ) Leadal el ) aa 9 33 (7-25b) JSAT A daa
3l LaS Awad ) Adadd Al 55 Aagt 30 sl W) Ala B AS el Aliles 45

VM =—1.8 03 M, =—k(x-ab)a+k,(x+bO)b

S d O (kya—kyB)x + (ky@® 4k, )0 = 0nceoveeeesssssssss e sessannes (2)
fesk WS A ghiaall 5 guall A (2) ¢ (1) Clilaall piiny Sy

m 0
0]‘_

X1 [k +ky) = (ka-k,b) H [0
+ e D I (3
& —(kla_kzb) (55,(3"2 +kzbz) g 0
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b LaS Jaid AN A8 ja N Aaghiiall e (0) Adals aie dpul ) 80 A gliied) et Alla S
Mae o Mgl Je ki ko pad sl Haay by Gl die 4l (0) Al o (i g (7-262) JELY
2 0b(0) Jsa inall ol 5 oy e do sl (e gitieniy (ABSH) £ 50 ol N JENT N Xy e

k.x,a.=k2x.b, R ie k|8|=k2b|

....... ij‘ lJ oo
.......... ;kl’h... XW....
Sty DY e oo,
% : l(xl‘ale)g
> <2
(7-26-a) Jsa (7-26-b) J&

Riguall A shaialy A 3 RESH 050 N e 0(1) S B(0), x,(6) Ciaa¥) Jlaards
DA 5 geal o Al A0S oKy TN g OIS a5 (7-26b) JSEN

sk (x, —a,0)~k,(x, +b,0)=m|xi-(a, — a)B|.cu. ... (4)

ki (x,-a8)a, —k,(x,+b6)b, =1 0-mxi(a, —a).. .. (5)

“ k,a, = k,b, assume e=a,-a

.'.m.;c:-meé+(k,+k2)x,=0 ................................................ (6)

comme xy4 1,0+ (k@ + k,52)0 = 0 et e e (7)
m - me ‘Tl N {(k. + k) 2 0 2 ][x] _ [0] ....... (8)
— me 1° 9 0 (klal + kzbl ) 0 0

A pieadll (55 (8) Atladdy 0 H—S a0 Jya m ALY K S pualll e 8], a
9 panus (3) Wled N kil ¢ (7-26-b) JSAL Apad Aashaiall (7) , (6) AS el olad]
O (7-25-b) R ghially Led s 6(1) O s () ALY S pal x(t) JUYH bilaaf Jaaind die
S L[ " I I RS o PP N B I KT AUV P WES JEPLENP DV PYRL SN [ B P
3pra Aaul g T ) 3 (8) Abbedly Apaad) A el CVe G (5A) e ey ¢ el
ianb O gl gl ¢ AN ) peally o (Spelinl Jad Al Jad A 138 ey ¢ (AW gl
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i) oSy L Ty gl Al Lisl 3 i 2y Alasinad YY) e 2in5 i )
FUSAE B 5 e L s SYledd s my Yin (0, i) ] 350
S-S Sy ApuluN) Gagdall SLHANYL Caady ¢ Lall g 3353 go SN B3A (S L LSualin
Ay s A gmlall B i pranS Al e Ak A ) 5 s il ddlal S )
ekl Sl aaNt ddad ¢
Natural coordinates &bl Sldlaay/—]2

(AT e e 3 @3) 48 padl A5LS de ghiia ga (7-27) JSAIL gl Ao glaial

Fi ) Fa()
F: xi() xa(t)
Kk, k “ :

BANNNN\NY

t: Fi(t) K Fa(t)
X,(t) Xz(t)

kax (t-kaxo(t)
Cx’y{t)eax'o(t

(7-27) Js2
P B o9 @adaig ¢ (1) Oe il B DS Gindad el ) xaft), () oSl O jlielyy
.U.LILASQ.‘IQM‘SJJ.AS] u.ILn.Q.M_,J -'lS_).-Jl u:lhl.l.au.‘s d.nﬂ;.‘ll'nz,ﬂh ‘_H:\hS]lI\SJ.-.u.lc.

2 X0 (1) = =k x (1)~ 6 2i1) — Ko [x, () ~ X%, (1)] — ¢, (1) - x;(:){ + F(f).......{a)
oy X () +(k + ko )x (D) - x, (1) + (6, + &) x1(0) = €, X2(0) = F()eeevrerrerrn O

v m, SEz(t) = kl(x, (1) -x:,(t))+ c, x (H- i;(t)‘ -kx,(1)-c, iz(t)+ F(1)..0)

oy x2(1) = o, (0) + (K + )y (1) — € % (1) +(¢y +€) X2(0) = B (@) (2)
NI EIOIRICETARSE EIONRICES AN aq((rt)H?rt)}___@
0 minm] |-o @eeyln®] |-k @k O 15O

[m[;(t)]+[c{;c(t)J+[ka(t)]= 03 PO *)



-c, x2t) ,—k,x,(t) in the frist equation

and -k,x,(t) in the second equation .
: b S Y alaal) 8340 (the coupling terms) dadt_all 5 g3a J-M LIVEN
odade pil) 48 ol UL Sl glilel! sl j 0 ¥I-13
35 (Filby sl a8 dgay aie g 3ad dgay pe Aa 4 (7-27) JSEI el 4o ghaial

rb Lo Y A8 5al Liblas
iec,=c,=0 F(0)=F,({)=0
om0+ (k4 )X (0 = By Xy (1) = 0o 4)
oy Xy (1) = g2, (1) (g K305 () = O reesneeeenessee ()
put ky+ky =k, , ky+k, =k, , —k, =k, = ky, in equation(4),(5)
ey X0+ Ky Xy () F Ky Xy (1) = 0o (6)
my X2 (1) + KXy (1) 4 Ky Xy (1) = O (7

QxAt), OO Nidie (1S5 Lela 8 Auilaia g Aalis c¥oles (7), (6) oibolaadl Y 1 ki
bys—all e pp—ui b oSy (5.9 4)Cuibilaall Jadl (i 1g)y (s kaa) Sl LA @y ax(t)

:adull
x.(t)=u1f(t) ,X)(t)=llzﬁt) .................................................... (8)

5 )smsall (o a8 (7)), (6) Ol Gl (IO g 00 Slasll )90 Gaals Uy Uy S
4 il

oty FO) + (Ryytty + Kgty ) F (@) = O ©9)

comytty F(O)+ hygtty + hggtty ) F(0) = O 10)

L O kg kg thgy an

f() mu, m,u,

OS5 13dy Aniida G 0 80 my,my, ki, kg, Uy, and up SRSy ks b A A G
.UL’:!! Y alall 5_)}\.4“.‘&4_1‘3;4.“ d;l‘ UJSQJMM@A‘)“:{S)J

F O N L0 T S (12)
s (kyy —AmDu, + kpuy =0 Jku + (hyy —Am)u, =0.......... (13)

0 5 gl o (12) Adladll gy oSy (Ml
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f(t)=Ae" where s’ +A=0.and 5, =%~ Au.... (14)
‘ AN 5 ) paall e (14) Aslaall Jall 48

S{)=Ae" + Aze'f" = A exp(v=A) + A, exp(—v— ... (15)
' P o) s (14) Wladl dd=w; puay
10T MDitiritiieii i e s s e (16)
AN 5 peall o LS (K (15) Al i WL,
FEA I A g™ oeiriiriierieeeneierr e eeaens (17)

83 —a gll 4had AN A8 jall Silgatall i e, e 5 A8 JaeN Sl A AL A G
:W‘ZJ}A\UJG%USML’J%J

€ "'=COSM | ESIMOE »evrvrroreerneesronerenassoeocsssnnseeessesnsssnssonese (18)
f(1)=(A 1+ A;)cosmt +i(A - A)SINO . ..ovovoereeeeee oo (19)
AtAr=ccosd  ,  I(AFADTCSIND oot s Sya

S ladl 5 pa e (19) Aslaall Jat (08 U,
f(1)=C.COS(Mt-B).e i resnes s (20)

A=’ Ladic g jo—dall &y 5 A ¢ ¢ Al gl Al 0l A e ¢ LA Cub A ¢ Cua
Al 5 ) geall o aguliS (Say (13) B dbad ililaal)

(kyy =)ty + Kpgtty =0 (21)
| T L O 22)
O ¢ gadall g cull Al @) peu;, vy Jaabaaly iilaie Gl G e oiblae Jud

U,y SOl aall el IS 13 daid Mo i (22) y (21) Vbl o Bad Jadldl
:Q\Lg\s‘)ﬁ.mul._a_,hu

_ 2
Aw) =det[(k” w’m) zk" }:0 ..................................... (23)
(k22 -@'m,)

ki
O Sy ¢ 0F 8 Ll A 0l (e s gaadl A gie Ay ¢ B jpeall aasally i i 3 g A7) Caa
fob WS (23) Abotedd iy (oo

Ma?) = mm,w° —(mky, +mok, )0 + K ky ~ k2 =0 (24)

2
w2, = 0.5m,ky, +myki, iO.S‘/[M] _{M] ....... Q5)
mm, mn, m,

osiall Lgd Ablaall 330y 20 50 Allas 5 ¢ 5 jpeall Abladly o3 0 (b dany 5 Ablae B 4
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oY il p & g2l Aian Lagd dial ) AS jall (585 () Sy Gl 2a gy D08 el (2500
S a¥ 5 ¢ Ao shiall pasdall Silas il A ey Ay @ (PBI 2 0 AV g0 JeVE 20 A Ay
2B e hlall Aadl (B je 5 o Conadall G Al 008 e adied (g vy, 0y Qs o8
@), (1) pL3W Y ol e @, 0y 30 )l @2 20 Al 5 kLl g uy™, 0™ oy el
Jeay gy, u Gl gl leae b5 Al Sl G jas GSEe AV 5l Y
@, @ Jad amydllly r n Slasd! cas dlad (Say (ol dlata (22) 5 (21) Oflted

g R
m 2
o= U, ky —w m, k, (26)
| - “) 5) . OPQEO000000e000000000I000005e0C0000000
U k) ky, —wpm,
2) 2
R . ky —w;m ki Q7
2 (2) 2 .......................................
u, K ky, —oym,

r o WA G e dlld Giabyy Jlgliie (26)Aoladd) (1 PR el o Jaadly
S @ gl Sy b g u® el gl A S G sy ¢ (27) Al b
Oaphall (0 S 8w il S il gl 4 jall atal Levie A ghaiall S0 laaay AV ikl
soyall (b Bl S (Sayg ¢ Aaghiiall ) FaY agahall GVl Lagia JS wijmay (J 5l e

AN A giadl
o] u)" — 0 1 @]_ u?” e 1 29
] [ug“ ul, -8 ] o |77 2

o1 g—aukll 39 3l (e JS )5Sy 9 the model vectors 4lSa) Olgaialy cand u?, 0 e K Cua
@ anhll 3 i ISy f AN SV Guill AN el b Gipan [ 0] AISEN At
3 el de g gall LU ga ) (5% Wiy 3 N A Builly s [uP ] AISEY Agaall
O 0 I3 A ghaiall (f Baadlig ¢ uadlt pl ) aad (A (B O Y B peanall g Bl il
o are e Glhiy GVl s o Laf Baliy 5 51 Ge i el 058 2 pall (e
AL e ¢ BN gatally Ggmpbl sl B iy Ayl B! ) Bl IS &y 5
basay 0sSy Guill OS5 () Sy ¢ GICAN Slgaiall Aaf fae Lo Blaaall da plaiall 3y jh Baals Y
el g 2ol (e W DA Al e duans dllly 55 jpee Anndl 555 Laiy (unique) 18 o

Tk LS TG A pianl 5 ) guall e LS Say 5 (8) 5(20) pidoland

(t) 1

[ (n)]= [i'ﬂ)m =[]0y = C,L ]cos(a)[l S W (30)
2 1

[ 2 x, (1) m] 1

X (’)]= NP =[u f,t)y=C, " COS(D! = Py )i, (31
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Jadl B f5(1), fi(t) O Dy ¢ Nl e 6,0 a0 IS e e B 0y@, 0D S gl Cua
Oa sl e L ghiall A8 jal ¢ pada gy 130 g ¢ (A Bl y SV Bl e JS i (20) Adleall
byl (M ALVl ¢y, ¢ ol B caad 30aill g ¢ Gpagade (] iS1 S gl Juand o oSy

AN Ablaaly LS 485V Ja gyl sl 5y gl

}cos(a)zt -@,)...(32)
| r

9-Consider the system of fig( 7-27 ), let my=m , my=2m , k;=k;=k , k;==2k and obtain the
natural modes of vibration. :

ag ot mEEm , mp2m, ki=ko=k, kam2k Cya(7-27-b) JSAIL dipalt L phaid) Jaa¥-9

5 dadall Gl
a, xi(t) a .Xz(t)
k] k) k;

[x0)) =[x @]+ k2 0)=¢, [1 ]cos(a)lt ~¢)+C, [l

m, 1$17]
W_ B (7--27-b) s
b FI ¢
777 SIS
k.x < k;(X|-X12+ k3X2
: Jalt
feslt LS (7-27-b) JS0L Aigaall da ghaiall 4S jall  Sloles Sla) (S
TR ST A S P 2 | (1)
My X2 = ko, + (kg 4 K3)%y = 0ooeoeeeeseeveseeeessssseeeeeeeess s ssnsneesoneeeens )
wk=k,=k ey =2k yomo=m m, =2m
X1 2K, = KXy = Oreceevrvnseeeeesssssese e nesssss e sssssnsneens 3)
P Ry A T | (@)

S iy ATl 3 Ablae e Seani (5) UMD o (yiay gy (24) Aslaad plasiuly
Pk LS L) e Slad




u(l) , , u(?) o

(7-28)Js.a 0.5
Al Je Jiass (27) K (26) Ofbledll 4 oy’ , @ Jadby
. k
2k —-[—-—Jm
! u(l) k - _k = B esvateerccatsanrrevtssrnnavitisavaens
i 12
2 . 2k —(—5—k~]m
L S L 2 S eme ®)
2 u:z) k _k ------

)= m ,I[:“’]= [1_ 0_5} ..................................................... 9)

by bolal Codl Bl gl Gy o (9) Ablaall (e dyaglall SV e Jgaall (Sa
ae aagy B Bl o Bady (7-28) JSAU b ik bl ) G JS 6 5
Baiafly Adalill 538 L audy Hiea Lgial ) A

iAol Sliaadl o cilbiadie

By =2 | =0 Y ® e llaa Sua (7) « (6) A8_ad iblaa e sl
Al 5 peall e Legla S (Sar Cua (27) ¢ (26) Cpilslad) Aad 5

X)) =G ()4 G0 (33)
XD =1g (D) H7g,(F) i (34)
ri) oililaal Lle Jiaat (7) ¢ (6) Aladl i (34) « (33) oibiad il
m(q,+qy)+ k(g +Gy)+ Ky (G, +7383) = O (35)
my(r @i+ 1, @) + Ky (g, +G3) + gy (1, + 1205 ) = O (36)

e Jman Logaw 5l dmy okl 4(36) aboladll g mor, fadally (35) Abolasdl o sy
Al Allaadl
m,m, (r "l)‘}:"'(mz"zku +myrryky; — mkyy —mkon ),
+(myrk,, +myr)k, —mky, —~mky,r)g, =0 e, 37
— Juani Lq..\:uc_)]nn.a pmy Jlaid b (36) Aledl g myry _faiadl (35) Wsladll oyazas @
saglil (38) Abslaall
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= 5
nmmy(r = r)q,+ (myrk, +myr k, —mbk,, —mk,,r)q,

+(myrk, +myrrk,, —mk, =mkyr)g, =0, (38)

:Adull (39) abladl 1 (38) ¢ (37) cudlolaall Jlsial (S (27) ¢ (26) SValaddt Hlasiuly g

T L R £ 1 T (39)

q1,q2 SYloaddl g (7) ¢ (6) Oidb—eadt (I G gSaall JUaill Slaegdal (oo 0 Les @ (=1,2) Cus

Gl o) By ¢ Al ¢ dagdall CAMAYL el ¢ Aliiue Lealdns &S ja Y ales 55S5 A
A 5 geall e (4S5 (39) ddolaall

G (1) =C,cos(@f = @) T =12 e, (40)

P oada pabledh Jde Jeaas (34) ¢ (33) ababadl 8 (40) Aoladl iy gailly
Sx (1) = C cos(ayt ~ @) + C, COS(@y =By )eeneercnnrncrcnrerennnn, (41)
X,(1) = C,r, cos(@,t — @, )+ C, 7, OS(@,y1 = ) )overevneceneconrrncenene (42)

el LS i gl Aoy LS (S
[x(t)]:C,[

=, [ Jeos(@,t - ¢) + C, u? keostanyt = 4. (43)
by i e 02 ) o—hl Ll y5gc;, 0 lawdl adiedy de ghaiall Dleadie Jia TRTIDEUITEN
Ao shiall A€ jall (L 35y a5y Las (32) Alolaall Ailiio () ¢S5 (43) dAblaall () Cus L AEGY)
Agagadall LY daud g Ay pae dgpdal (Gl OS1 S Ll Jgemall (S o) s i

10-Consider the automobile as shown in fig(7-25), let the system parameters have the values
m=100 Ib- s? /ft, }=1600 Ib-s’-ft, k,;=2400 Ib/ft , k,=2700 Ib/ft , a=4.40 fi, b=5.60ft , and find
the natural coordinates of the system

Pk LaS Ao ghaiall il it a A ¢ B e Jaad (7-25) JSAL Adnall Ak plaiad iel-10

34l ¢ m=100Ib-s¥ft , ig=1600 Ib-F -fi, ky <2400 Ib/fi , kg=2700 Ib/ft , a=4.40 i , b=5.60 ft,
Ao ghaiall Apmplall ClaaY!

tdall

iblas o slanall S paiadl af Jlaoly Aadall GGV e O ciag ¢ Qamlall SLBAYY SN
foslt LS A ghoaall 5 ) geall b iy A AS

]r ]cos(a),t -9)+C, []r ]ms(w,t -@,)
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mx+(k +ky)x—(ka-k,0)0 =0 ,I_6-(ka-kb)x+(ka +k,b2)8=0
[

|m 0 +((k,+k,) —(k,a~k,b) T]_[o]

M oe

o 718| [mka-kb)  (ka’+kb")[6] [0
[ 1T
100 0 [x| |s100 4560 {x] [0
: i P = N a1
0 1600} 9| [4560. 131136
Ji00 0 Jx] |S100 4560 fy7 ro
-w + =] R SOOI 2)
0 1600)®] [4560 131136|©] |O
sl e B() ¢ x(1) N Gl La @ ¢ X Lum ¢ A Aaill N Sae i g (2) Alsladlly

Sagd (Sap Sl

4560  131136-16000’
.. having the solution
@} = 66.48F ,J(66.48) —4050 = 66.48F19.22 = 47.26(rad / secy’,85.7(rad / sec)
~.the natural frequencis are w, = 6.88 rad/sec ,w, =9.26rad/sec
Alobaalls LS daadll 5 g o 38 pall (lolas pun gy il g Ao glaiall 5 jpaall Adslaall (gand (Say g
A ghaiall Cumdal (20 A cyd (S N (3)
sole Joans SV cacall 6 (2) N Al B N e ol | 0,2 of arsdlyy

00-100a? 4560
det{SI :|=]6000(Iw‘—132.96a)2+4050)=0 ......... -3

at o} . —4726(100)X " +5100X" +45600" =0............. 4)
Q" 374
R i —0.0820 7Qd / fleveeereeerrreeresesesenreesans 5)
atw? . -85.70(100)X? +5100X Y + 45600 =0................ ©)
(2)
r=@2 =ﬂ)-=0.761 FAA [ SEC..oovecnrieertrecrrseremsensenenanas @)
X@ 4560

Jeani (2) Alaall J ¥ canall e Yoy S Caad d o2, 07 go (el 40 Liad Jaadls

1)) (2)
[X }[‘ ] ,[X ]:[‘ ] ............................ ®)
e -0.082 ot 0.761]
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fet LS dpanball AL Sly blade a oSy

rad/sec rad/sec

Vo rorrd Vorprred P77 Vrorsrrsa
(b) (2)

(7-29)Js
fool LaS Al clBaaWl Bl Sl alValedl i, o pansaill
vx,()=q,(1)+q,(1) X, () =g (D) + g, (D) (9)

at x,(1) = x(1) X, (1) =0(1)
“x(1)=¢g,(1)+ g,(1) .0(1)=-0.082¢,(1)+ 0.761 g, (¢).....( 10)

B L iy i giaaddl 5 guall e (A (1) Rl ililan b gpall 538 0 g el
AN y(1) , qu(t) Asmadal) CASAAYL L iRal e AS el Vs Jo Jeaas Wil < da
:q'(t) +47.269(1)=0 a‘h N+85.7¢(1) =0 (1)
PG 5 geal L Jall 5sS Cun ¢ DAY Ly Op Al 5 gy VSl Ja Sy A
g,(1) = C, cos(6.881 — ¢,) ,q,(1) =C, cos 5(9.261 — ¢, )......... (12)
o LaS A phaiall A5 jal ililes AES (e 13

x(f) X0 X T
[9(:)} - [@)m ]‘11 () + [@m ]‘h N =C, [ _ 0.082}05(6.881 -¢)

1
+C; [0.761}:08(9'26’ =@ )t (13)

6(0) , 6(0) , x(0) , x(0) LS5V by il e ¢y, 4 skl gy G, € halad adiaty
ASEN 5B I A el (e om0 <3 Aaghaie Alaiad Alla LS Gl i 5 (K

sdedfalf 501 N ! e aiis gt O Lo pBila diladi)~14

Response of A Two Degree-of Freedom System To Initial Excitation.
— A ghaiall duanhall Sl (s Juala e jliel (S (e ) (o) die daghiall A g ) Jaa™N
A A jall (e Ogia o D deglaiad AS el Alileae S5 o S A (6] L Apmplal Lgslihaa)
slea g Lall (42) ¢ (41) Ctbilaall L WS duae
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x,(1) = C, cos(ow,! —¢,)+C_.'2 COS(Dyf — @3 )nvrenirirrne e (41
xX,(t) = C,7, €oS(@,f = @, ) + CyFy COS(Df = B, ).vvvvrreerrrernrrernrems (42)

) 2)

u
where 1, =—-—f|) Ty = —fz)
Uy U '

=Y ilad ey, @) Gapsdall il il Sy SUnaall s plaiall 83 jie 9SS 1y, 1y ! Cua
AT Ayl oy il e ¢y, 01 bl Lty G, € Sl e adias

x(0)=x, , x,(0)=xy , X,(0)=v,, %,(0)=v,,.....(44)
145 OYaledl Je Jeaas (42), (41) Ofiloledl 8 ASSNY Jo g 0 e ay gadll

X, (0)=x,, =C €05@, +C,CO8@, et (45)
,(0) = X3 = C1, €OSP, + CyTy COSPy oo (46)
X1(0) = v,y = C,, SIN@, +Cyy SINyceevoereeeereereeeeeereeeereres oo (47)
,X2(0) =v,0= C,0,7, SIN @, + Co 0,7, S @y e (48)

(AN Jalaall 4 3 Ve a0 f L jliie) (Say (48) « @7) ¢ (46) ¢ (45) Vel
C,sing, , C,sing, , C,cosg, , C,cosg,
sl Jglall Ll 6K a5V VAl 338

C, cos ¢, = (2% TR PO U ( 49)
r;—n
1
C,cos ¢, = (S Xl Xog Jio i (50)
rR=n
. 1 1
Cisin @, = ——— (NI Vip — Vg Jooerevs crvviins vrverceien w0 (51)
: —h @
. 1 1
C,sing, = (—X=rVie + Vg Joverniers s i, (52)
r,=—n @,
fom US Gl Jpmal (Sa
o2
C, = \/(rzx,o B L A Tk ) M (53)
ry=h @
o\
C,=— \F—r,x,o +xy) + (”"—'02"& .................... (54)
r2 —r‘ mz
Go=tan” —EOOTTI e (55)

O, (rX), —Xy)
rv,.,—v
Gy =tan T B e (56)

W, (1 X, = Xy)

A0V 5 ,Laud ALK AlaiL ¢, ), Gy, Cy e ISy (42) ¢ (41)0ploladd) ey
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11-Consider the system of example (9) and optain the response to the initiale x,(0)=1.2,
X2(0)=x 1(0)=x (0)=0.

ASGN1 50 Alatu) aa gy ((9) JBA g daghaiall Jali- 11

:Jadl

O a5 (9) Juall (1 7) sladd) pe

®, =1.5811k/m , o, = [kjm
DO a0 ALY gl e D (B ALLYLy 1y=-0.5 , =T o) e IS,
X10=1.2 , X35=V10=V20=0 - '
th e e Joasi (56) 5 (55) 5 (54) 5(53) Valaad 6 aill 338 Jaslyy
_ %o _ (~0.5)(1.2) _

C 0o I

' rh-r -05-1.0 0

C, =200 o =12 e, @)
H—r  —05-1.0

B =0 = O @3)

farb LS 4 el lailWY e Joanid (42) 5 (41) ooblaalt 4 ¢y, 41, Ch, Cr O pasas
X, (1) =C, cos(wl — ¢, )+ C, cos(w,1 ~ $,) =

= 0.4coslyfic/m i + 0.8 cos(1.5811,/kfm )

x,(1) = Cr,cos(@w,f —@,) + C,r, cos(w,l —¢,) =

= 0.4cos{yk/m ) - 0.4 cos{1.5811/k/m ¥

12-In the system shown in fig.(7-30) , determine the equation of motion , the two natural
frequencies , the amplitude ratios for the two frequencies and the normal modes of vibration of
an automobile simulated by the simplified two degrees of freedom system with the following
numerical values: W=32201b, J.=(W/g)or2,L=10 ft, L,=4.5ft, k;=2400 1b/ft , k,=2600 Ib/ft ,
r=4 fi Study the effect of the coupling of the system , and define two separate coordinate system
to descirbe behaviour for the system.

Sla iy Gl 0 0y A8 el ilotes a g ¢ (7-30) SN, Aipad) da gl im12
AUl Ansall il ae 4y jall (e Ot 0 D33 b Japy A sas Y papdall Bl
W=32201b, J=(W/g)® , L=10 fi, L,=4.5 ft , k,=2400 Ib/ft , k,=2600 Ib/ft , r=4 fi
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Y F=mx o omxthx +kx, =0

mx+k, (x=1,8) + Ky (X +1,0) = 0o )

1.6=M_ . I 6=k(x-10) -k, (x+1,0),

1,6-k,(x =100, + ky(x + L)y = 0., (2)

oo Ay el > Al Gl Dl € jall e el (e (9S50 o6h A0 AS el O el
Aal Dy x=Xe' LDl Ly iy ahal dal DU S el gan) o) (i gl ks
e 2 sady Aaall g Ao jull e Joaas (o 3l dnailly DY Ole Jualitgy 00.6™' 3y W

el LS A8 jall iolaa b
vx=Xe Lo x=iaXe™ | X == Xe™ oo, 3)
0=6e" .. O=iwbe™ |, 0=-020e" ... 4)

t LS (2)5 (1) ASad alilas 5 (4), (3) DAY (e iy pailly
-mo’ Xe™ +k,(x~1,0,)e" +k,(x+1,8,)e'" =0
X(=ma?® +k, + k) +6,(~kd, + 5,0,) = 0o )
w1,(-0°8)e"™ _k(x-16) e +k,(x+1,0)],e* =
SXCRD kL) 0(=1o® + kI A2 =0 (6)
t(k' +ky —o'm) —(kh - kly) -
O~k (kI + R - 0*])

(2400 + 2600 - (3220) 2 — (2400 - 2600)

=0
3200

) ~ (2400 - 2600) [2400(4 5)% +2600(5.5)" SE= )(4) ]

L' +128.73907 -392805=0 ,put A=w
S A2 41287392 = 3928.05 = 0.t (8)

A =] =-47.6935 S0 =69 rad/sec=1.1 ¢.pS.cecccennee. 9
A, =w; =-820836  .w,=9.06 rad/sec=144 c.ps.... (10)

.. the amplitude ratios [%] =-14.6 ft/rad =-3.06 in./deg..(11)

X

(5] =1.09 fifrad =0.288 in./deg.........cccccoovverurmcmremrircnecernrncs (12)

@
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fos LS Aa shaiall Normal modes (gl (3adll puny (S0

14.6f

daghiially o AR ¢ dalo W Ll Al 18
walall (KL KoLy Jlaiall S 1) laguiany e Oiliine (5355 g (2) 5 (1) 48 ol alilas
A LS A€ ja dliaaa i koL, (s gt KLy S 13y KiLi=koL, o osl iall b glue Jals YU
= o Aal ) paad B 580 e B Levic olld ) Al 5 gl g ARGV AS el (0 S e 555
(ol D) s M) 48 jay Bl s ol gl AS Jm ABSH Ty AT GN) Aa b lliy S

ol ol ¢ daln W LSSl oD g Jali VG Coges 138 g KoLy (5 sl kiL Lexie
chaghilall L Ciio g Gulliana (ppilia) 330516
;oY) Hilalaall ) a8 el Ablas J30 el g SlblaalS (1), y(1) pladind (Sa

‘e
.y

(7-32)Js

my =k (y=L#)~k,(y+1,)-ml g

comy+ml g+ (k, +k,)y +(k,l, —k1,)p =0

1, =k (=Ll —k,(y + L), —myl

A Gt mil y+ (02 + ko2 g+ (koly — 1)y =0
Ll ol o ) dl )y Sl o i g Jali ) e A8 alilae (g gias ol
o A BN € jat 1Y ollh tic g daib Seliss Bl e (6 giad Aa il o8 kyLy=koL, <ailS
ASm ol A JB S 5e DA 53l my” SN jgealll 38 Gy Saal¥l 4 Jiudy e
AN A S a2 i g 5lad) 8 AS AR O Wiy mLy el Nl aa g ¢ 53
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mLo" bl ey dladt & 3 )
13-Fig.(7-33), shows a rigid bar with its center of mass not coinciding with its geometric center
J1.€., L= Ly, and supported by two springs k, ,k; . It represents a two degree of freedom system
since two coordinates are necessary to describe its motion . The choice of the coordinates will
define the type of coupling which can be immediately determined from the mass and stiffness
matrices. Mass or dynamical coupling exists if the mass matrix is nondiagonal . whereas
stiffness or static coupling exists if the stiffness matrix is nondiagonal. 1t is also possible to
have both forms of coupling.

L| Lz

#
_ 1(x-L36) ka(x+1.6)"
Worlys A=Y 005 51 2L} e (7-33b) S

LSatys 5 WSSl N1 0,08 o bl ) g g (7-33C) IS0t
oLy 2Ly O ¢ AT oigh S sl pe DS S jo @il puls apiad riin 4(7-33) 85013
e A ) Road e i 3 93 pURI 055 s s ko, kg Leglalae s e 5S55 capadll a
Ll 5 g S Oy e S i) Oy e sl A8 e o g (s g s | 555 (s
O30 badie Laal y (35S ((Spelipall Jaf gl of ALSH L5p Luuadt 5 ALK 30 ghocaa (30 8 pibae iy 3
A dgheos Led S5 s 8 )5Sy (SAGY) dad A1 gl Beluall Laly ¢ A o e ATSH 26 giias
a0 e (e gill DS aal gy O (Saall e A1 LS ¢ A bl e Beluad)
Jalt
Sin B, x O——psaal g opilaa¥l A5 (7-33a) JSAdy LaS LSS o AR o) dad 0-17
blse (19S5 Lovie St Jagh 5 Ao plaiall (9S g JRY S yab 2dasl) dal Y1 Jiay x JHaa¥)
DAl (1) A sheadl 5 peall 84Sl

m 0x (ky+hy)  (kl, -k) x:' {:0:, M
+ T [ereeenrineenns
o J|# (kyly = kil}) (k! +k,03) ] 6 0
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0, x b by fe e el e Juassy sy a5 ok Ly=k,L, oS 13

Sl & calll e ¢ Al aa B (7-33b) JSAT LaS Salliall ¢S o) Bl 3018
hlaa S (Sayy kiLy=hoLs O ) (Aol y) dualls dal ) wiB g il Je A gae (S
tel LeS (2) Adsiiadll 5 puall e 8, xc (pBaaD AS Al

m me x.c (k, + k) 0 X, 0
NE R i B e @)
me Jp | lo  @wieign] ] |0
< Saalipall Ja il oy g (SSULNT Ja) 1 gady 3 il ) glaall pUsi ) eain gy 38

«(7-33c) JSadly baS Koaliaall g LGN &SN g Jad j30-19
Adigiadi sy ol 838 Al ble U S Al 3 gead Bles ) b aie x=x, U jal 13

S ()
m ml | % (ko +k)  k!Tx] [o
[ml Jl] K +L21 k,lz][e]_[o] .............. 3)

(g Saalinaly LSHEAYI Tl 50 e S 0%, Gl
14-In a study of earthquakes , a building is idealized as a rigid body of mass M supported on
two springs , one giving translational stiffness k and the other rotational stiffness ky as shown .
Given that I; is the mass moment of inertia of the building about its mass centre G , write down
the equations of motion using coordinates x for the translation from the equilibrium position ,
and 6for the rotation of the building. Hence determine the frequency equation of the motion

A Laasal fpali e B5de M. AKS @) i fpala pas ¢ A YV 0l 0 A s i 14
A il 556 g G ple I3 ¢ (7-34) JSANL e LS ky Aalas ) 5a0 ANy k dlelas
oy b o x JEY eaal Lariiue 38 5al Y olae S L G AR S e Jsa cuall ESY

Ao glaiall 23 50 Allae gl & el B a0 Haadlly SAGLYY o Y

Loe,

Po & (4-34)0e) ¢ B 6
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O S B a8 5B Gy g dpa V) G A B phen O pisall G5l Al O Qi
' t ol LS Ao ghaiall A€ jall ilslas slad
wmx=Y F .m(x+h)=—kc ;. mx+mh@+kc=0..(1)
=l AV (B e BlaY) b dldayy Jfaiall (s sh el (B a5e O Lay
o 1, 64 m(x+ h@)h = —(k,60) + (mgh8)
comh x4 (mh? + 1) 0= (mgh =k, ) = 0. )
Slall g Sl 5 W Gld Al il b S 5all e yand) (e (S5 0 4y 0 AS jal) o) Ll
AUl Gl ClS pall (sanl G e gad SlIA g il

6= A, sin(ax) » 6 =@, coser , 6 =—w A SN crroeoorvovverer. 3)
x=A,sinex , 4\.’=0)A2 COSAN , X = =@ Ay SN crrerrerorreerernnn, “)

el iy 2md s e A peniny 5 (2) ¢ (1) 30D dlae (b (4) « (3)0e Oyl
b WS 33 0 Alae Lo Joas

~ M@ RA, =M@ Ay + KAy = Qe eresane s (5)
Mm@ hA, +(mh? + 1,07 A, + (Mgh =k, ) A = O 6)
-me’h (k-ma?)
ot ] O %
(mh® +1;)0° +(mgh-k,) mao‘h
coml 0 -0 mkh? + 1. h—m’gh+mk, |-mghk+kk, =0........... (8)
G G b4 T 7

15-The two-degree-of-freedom system shown in fig.(7-35) consists of a pulley , a mass m , two
springs of stiffness k; and k,, a dashpot with a damping coefficient of ¢, and a cable connecting
them as shown. The pulley centroidal mass moment of inertia is 1, There is sufficient friction
between the cable and pulley to prevent the cable from slipping. Determine the differential
equations of motion of the system when the pulley is subjected to be a time varying moment
M(t) as shown.

Olmliy XSy 5 5 S (e 0955 (7-35) SO Lpe LS 4y nd (e (i 2 I3 Aaphiem 15
B I il 5 e ¢are LS agt dosie harig ¢ A daddl e 2eli g kg, Ky Leglalas
aa gl (s 3l) Bl Ge i aiad 5 Sy bdll G IS Sl ax g ¢ 18 Sl (5 S50
32 LS M) pi—e Caad i o gunge b Sl ()5S Ladic 4 platall 48 jad ALalid) Y slaal
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kit®  ka(xr6)
m m

0

cX

(7-35) Jse
Jymn pssal 3360 diloss (0) WSom Jsn o 5,801 (i x Adban AESH o Latic
Al s Sy Mg x>0 O oy 8on Wa_bie by (7-35) JOAIL LS 5 S0 K e
fl LS A ghadll 5 ) guall |3 Lagain gy 48 jal)

Y M, =18 . -kbr+k(x-rO)r+M@t)=18

L E R SV B e Y ) N, )

wmx=YF, mi=-k,(x-r@)-cx .mx+cx+kx-krf=0...(2)

[l oo o (? REURE A L N e
0 mlz] [0 cllx| |—kr k, |x 0

0
M

(k, +k,)r’ —k,r

—k,r k,

whereM = l:(l) :l = Mass matrix K = I: ] = Stiffness Matrix

0 0
C= {0 :I = Damping Matrix
c

Lagrange s Equations gl a¥ 4lles—20

A e Lubd adind p  Agutigh cile ghaial] 36 jall Y olae dlad 5ok (oAb i 8
A bae Aelua (Sayy (D.E) sl AUy (P.E) pia gl 4l y (K.E) 8 jal) a8l (For L yhai
-q,(Generalized Coordinates) 4 gac Calfilaal 400 3 5 gall e Y

d| K.E) _8(K.E)+6(P.E)+6(D.E)_ 0
dt dq aq, aq, Y

¥
where: Q is a generalizel externalforce (or non-lineardampingforce) acting on the system

the subscripli) denote snequatios for an (n) degree of freedomsystem

- daghidl 85 gl Aalall Apa il 5 8 Q o s
and q; is the generalized coordinate that decribes the position of the system .
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Lo A Aa plaiall Y ledd 36 e J2n ¢ Agaliidl auage Chuo gl plall Y] LA i s
(a free conservative system) b _yadl i) adbdlaa do hiall il g .4y padl Sla 30 an 2
ted gl aY Alae U5y «ivall 4 ghae Qi , DE (30 JS 08

d|AKE)|_AKE) APE)_ Oureeeeeeerer e eeeeeeemesese e seree 2)
d[ aq aql aq'

r

where:K.E;-;-m(i)z .P.E.=%ch’ ,D.E.:%c(;c)z

Elements for restoring (K.E.) are mass(m) and moment of inertia(])

Elements for restoring (P.E) is spring (k).

Elements causin g loss of during motion (D.E) is dashpot (c).

16-The system shown in fig.(7-36) consists of two identical springs attached to a trolley of
mass m; that supports a mass m; by means of arod of length L and negligible mass pinned at
point o. Determine the equations of motion of the system in terms of its generalized coordinates,
and then linearize these equations by assuming that the oscillations of the rod supporting m; are

small.

m). S (g5} 4m (Puaie (pfildia (s (e (585 (7-36) JSAL Al 4a ghaidl-16

A S all O¥olaa 22 gl ¢ (0) Juaiall S Jlaal aa L A gl Capind dat gy my AES Lew oS all

S all il 3l iy OYslaall B3gd Aghadll g dsa gaall SlBAYY (e JST L phaiall
s my ALSIL

FO)_: F()

F(t)

Coime¥ @ a3 )

OSas my ABSH Aak ) STy %y YL et my AESH Al ol aau Tl L& (5 gaaS y,x il

—le adaSy AL dani gall dng V1 Slilaa¥t O pdaly gl 9 0, %7 5y, % 01Tl Lkdaa
Y AL LS dag V1 MY B 5 o oS (7-36-b) JSAT (K1 Ao phiidl ilihaal

x;=x,+Lsin® ... (1) . y2=Lcosh......cccoornencne. (2)

p—iC oundll (Seryy , x; Sua constraint equations el Y olaally Ca a0 (2)_, (1) Odiabolal!

3 oY I Jai g 4 ghiial Caea g 4 glhadl SBlaaV) Je addald SYoleall 338 50, x) (0 e

Al gy, x'p Aol Sad (Sas ety (BalS 0, x, 330 Wl dgjad) G pdin 0 DD de ghaial

bk kS (2) 5 (1) obolaall Juslin

- 344 -



X2 = x1+1c0S(B)E).crrnnnn.n.. B3) .,y =-LSin@)O).......(4)

. KE= -;—m, () + -;-m{(i)g +( j)g}....; ................................. (5)

(4) 5 (3) clbaal (a iy saifly R3S Apagae AHIIS B, x; 12i0a Ao phiiall 35 jal) Al SlaY
1 gy (5) skl 4

KE = %m, (x1)? +%m2l:(;:| )? +2(x,)] cos(@)() + zz(é)’}

S KE.= %(m] +m,)(x,)? +m, (x,)] cos(8)(D) + % 0 il (Z) L (6)

strain 333 48l 2 oY 134) 5 elastic element () e paic s Aiale & m2 ALY Y Ik
O3—S Jaidy) a8b 8 AW uanh Ui 1agdy o (SO o 33 e dayhidl denergy
1A Aalaally LS WIS in gl 48U Jadi 0 iy 3 g m2 ABSH A B Aal YL Ja 5
P.E=kxl +m,g(l-1cos@).................. (7)
aagi Jyadl Jakd slady g ¢ m2 ksl u‘t“}“ Ay el o8 saasddl Al (e ST i
Jsadl Jall Jawe (39S (7-36-b) JSAIL LS F(t) 84l 2l aagin 0, x1 clal N1 8 il
Y bl Das
dW,, =Q, dx, = F()dX,..ocovcmnneann.. (8)
dW, =Q,d0 = F(t)icos0de............... 9)
Do g (8) « (7) Gibaa & ey,
Q.1=F(t) 3 Qe=F()lcos®6 ... (10)
2 aa (7.56) osbladd eg ql=x1 O an gl Y Alslad Wik

M = (m, + m,)x,+myl cos(6)(d)
Ox,
% AKE) | _ (4 71, 5= o 5in(@)()? + myl cos(B)@)....(11)
‘L ox,
[6(K.E)] o 2 . (MJ = 200y (13)
ox, o,

PO g gl el ablee b (13) ¢ (12) ¢ (1) « (10) ¥ aaad (o (g gailly
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L d|AKE) | [ 6(K.E)]+ [a(P.E)] -0
dt aq"_ g, aq, ‘
o (my + my) xi+ 2kx, — mIsin(@X@)? + myl cos(@)(8) = F(1)........(14)

HK.E)
o0

al q,=86 for equation(6,7) .. [ J.—: m, -‘:l 1cos@ +m,l? é

i[B(K.E)] = m, x, 1 cos(8) — m, xi Isin(@XG) + m,1*(D)......(15)
a\ a6

(ﬁ(-gf—)) N 111 (2) () W (16)

[6(P.E.)J = M, G SIN(G).crnieecericreerr et e an

20
i aY Ablae (175165155 10) Sl (e siay gailly g
= myl cos(0)(x,) + m,1* (6) + m, gl sin(@) = F(1)i cos(P)........(18)
ol (Say Sy 5 i 3yl 0 Aal V1 ()5S 5 phe 4y AV Gl S ja Y ) jhaiy
L pyiiadl sy wal 8 LIS, A8 al diles dlad (Sar g sinzB, cosB=1 ,6(8)=0 (e

teh LS
o (my + my) X+ 2000 + MA@ = F(f).oonooersvcecseeeecceerereevon (18)
Mm% G+ mugl@+ myl Xy = F(Olooooooooeoeeoeecesevveeeeeeeereneens (19)
+ ! x, 2k i F
(msma) w5 Y Dl R e
m,l myl* | g 0 mygl | 8 F@)l

17-Determine the equation of motion of the system as shown in fig.(7-35) , by using
lagrange's equation.

gl Alas glasiuly (7-35) AN Zindl 2o ghiall 48 a0 ilas 20 f-17

tdadl

—35) JS 8L Ainall 5 AS jall 480 Ao phaiall uil jaY Aoles plaaiuls 4S jall Alilae 2G5 (Ko

S all 4y « q=x, q=0 & generalized coordinates 4ge gartl Bl a5 ol by (7

Y A€ jall Aaii 4K ja A8th 9 5 SAl Ay il 4S Hadl Aai 45 ja ABlh (e (ST 4l pbiiall

:ulghscﬂ);‘iibb‘é*&_,m ar<l



“KE = %I 6)? +—;-m(i)2 .by applying lagrange s equations

., 5{[9@] 5, i[M] . "
AQFY i\ ax :
ZO,S:'IUJK\H-)JG,X dﬂ‘)&.ﬁﬂ“)ﬂ\“&u\"ﬁ‘,
AKE)  AKE)
o6 0 Tz O

83 pa gl Atk 8 il OY 1okiy B =x=0 ()5S Ay palil Ge JU G 5V gy 2ie
kioaill 8 aal 31 5SSy (SO0 () 51 puiay (g Opeiadill dad Y1 e dadd aaiey A plaiall
ashial LS pall B sla (S by | kp Gl (x-18) Al dal V1 ()5S ¢ Lad

e Y Ao (Gl
S PE= %k, (r6)* + %kz(x— r6)’

. O(P.E
= )=k,r20+k2(x—r6’)(—r) ................ (2)
and ggg?:kz(x-r@ ................................ (3)'

A1 d0 5_mua dal ) A& M(1) ajadl (e dalil A8 5all Adaid g w Jdsdl Jatll Juality

gl sy 8 oY At 3L 5sSiy dx Aal Y Dla aedl A glia 548 ddaud gy Jphuall ol
A5V DYoladl pgie il (S ASjall sladl e Blad 8 Ll )y saall

vdW, =Q,d0 = M)dO Q=MD 4)

VAW = Qdr=—cxdt 0y = CX e (5)

S 4| AKE)| AKE) HPE)_
di aé, oq; 0q;
Gaganll g 5al o s gi (A Q¢ Tyl ) Adedl Aal Y1 Aa b Aagadl DYl g Cua
05 55al agialy aadll (g 8y Aaplaiall ABln N ABLGYL @by py el o) LR 6 g8 e Aadlil
35 (4) 5(3) 5(2)s (1)0e 20l Dl (o ASjall alobae i il 2¥ Jolas plasidy

Db WS
16+ (k, +k,)r260 = kyrx = M(I).ooeosoeree (6)
MXA KX+ xRyt O = 0o (7)

18-A soild cylinder has a mass M and radius R. Pinned to the axis of the cylinder is an arm of
length L which carries a bob of mass m . Obtain the natural frequency of free vibration of the
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bob. The cylinder is free to roll on the fixed horizontal surface shown in fig.(7-37).
A BS Joay s L Ak g1 50 1 € jay Aliaio R W jhd civaly M LEES Aiaias 4l ghul-18
(7737) JSAI Oase WS B (5 sa e 4y

X [zRe ,X2=X|+L¢

(7-37) 5

sl LS g gl g AS5al s Opnd (Sany %, Xy b Aaladl OB o) ey

KE.= %M(x., ) + %(%MR’)(@)’ + -%m(x.z)z =

1, «, 11 . 1 .
=5M(x,)2 +5(5M)(x,)’ +-2—m(x2)2 ............. M

- 2
i =(x,-x) -4 =(_"2_12"_l)_

. . _ _ ﬂ _ (xz “xl)z g _
. P.E.=mgl(1-cos¢) = mgl( = )= mg[———zl J Y —2(x; =X, ) e (2)

1SV Y = X Gy 0 aY Ablas By 95 pea ¢ O Cuay

Ox,
OPE) M8 oy w2,

o, 2

2M x1+( )(Jcl x,)=0 is an equation of motion

. ;[a(KE)]——MQ x1)+— M(2x|) M x4 — M(xu) M(x,) ...... (3)

d| dK.E _ o(P.E
a gq,=x, . -d—t ( : ) =mx —(——)' = (m—g)(Z &= le ) .............. (4)
ox,

2 b 6x2
: by LS A )l Vs o (Sary
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assume x, = X,sinwf , X, =A,SIN@ccerciirnccnnn. (6)
X,[(%’E)-(%)m’]ﬁu X (—Ey =0
- X, (#) +X, [(-";—g)—mm’] S | S )
:UlgLaSaul@Ju.ﬁm 2 0y 2ol Alilee &S S0
.. the frequency equation is [3TM]co4 - (%)m’[m + (igi)] =0 (8)
. the natural frequencies are @=0, w= ,l { +§—:—)§:| rad/sec....(9)
. the amplitude ratio ﬁ =—_2m_ ........................................................ @10)

X, 3M
19-A Two-storey building which has its foundation subjected to translation and rotation is
modelled by the system as shown in fig.(7-38). Write down expressions for (K.E) and (P.E) ,
and indicate how the natural frequencies of free vibration may be found using the lagrange

equation
LS (sn (LaN) U (paral) pas o S 5e grages Ay Gl O (S (giaem19
s W oload Say i S (g puagh Ay AS jall A8 Ao 81 L (7-38) JSAIL (e

myl;

m.J,;
Xo P (7-38)_JSah
:U'L’ LASB_);:i.m _')\_;\AY\ e U,SE [PRETY tl‘)}‘ :LELL_,‘ASJAM 4dll, :\.\D;@L’LS uSAg
c c 1 e 0. ¢ ’
- K.E =lm,(x..)2 +1J°(6)’ +—m, (x +h6+ x,)+lJ,(e)’
2 2 2 2
+-]2—m1(.7‘(,+ 2h6+x,)’ +%J2((5)2 .............................................. @)

1 1 1 > 1
- PE =5k,xf +EkR92 +2|:5k,x, -+-5]|:2(x2 —x,)z] ....................... (2)
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sy (b JS ae il oY Adlae (b gy gaily g Age gandt Sl 2 6,0, %2, X1 Sya
B S o) DTy 5l AN Al 22 5 sty lela ey S 2l Y slan
Al Jilally Aa 50

20- To isolate a structure from the vibration generated by a machine , the machine is mounted
on a large block. The block is supported on springs as shown in fig.(7-39). Find the equations
that describe the motion of the block in the plan of the figure as shown.

S e AESY Cym 58 S Ll oS 5 A0Skl ¢ AiSle (e algiall oYY Ce s J3a-20
WSS Gnall (6 el (b ABSH A ja ciad A Y sl 2 ¢ (7-39) JSAIL LS ad g5 e

(7-39) I

A L) By Il A XS o) el ol fe ghidl 48 ja Cana sl g3, gy SN pladiul Sa
¢o J S5edsa g AN W gl oo g0 M LSty (Al il

| 1, |
DKE ==M(@) +=M(q,) +=1:(q5) oo, §)
2 2 2
1 1 1
]".E.:EkI (g, +bq,)* +-2—k,(q, —dq])2 +5k2(q2 +agq,)’

1
+5k2 (g3 = GG3 )Y et (2)

apply the lagrange equation with g, = g,

o(K.E o(P.E . d| dKE d|{ d(K.E -
(aq )20 ’_L_._)_qul e _(_J . g(_J =Mgq,..03)
! 94, 99, 9¢,
PE
'.'(é(————z]=k,(q, +Dg,)+ k(g =Gy ) (4)
04,
. the first equation of motion is M ql+ 2k,q, + k,(b-d)g, =0........ 5
put q,=q, , q,=q, ..the other equations of motion are obtained
S M Gyt 2K,G, =~ 20Ky = 0. (6)
and 1, q,+k(b-d)g, -2ak,q, +(b* +d* )k, +2a%k,q, = O............ (7
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23 5 Sad (Sany S daa S0 ) e Tl g A p3 30 o] ZDE L) daplaial ol 133,
Sl W ala) fay J iy Aaslll o gl dslas Jas & gi=A sinot 08 gy 30l paghll
b ghaa (5550 (A g Gagadall

21-The system as shown in fig.(7-40). Determine : (a) the equations of motion to the two rotors
, (b)the natural frequency of the system. , and (c)the amplitude ratio.

e—aalall 0 i W aa gl () Lol 90 AS el Alea 2ol L (7-40) JSAIL Al A ghaidl-21
R P uu.(c) ¢ .L_,.Lul!

O—Say (Jo Ay s il Je (S gV el SN el ede L I 91 ) Gl
¢ ogl LS (7-40) JSAN, Ay A ghiall 38l ibilan cye

od, 0y ==q(6, ~ 6,)..ooneen.... A, 5,6, =g -6, (2)

~0* A = (A = A dS) s ~ 0Ly Ay = G(A = Ay 6)
-14—2 = _h_l.l_ q(]‘ ki ]2) 8
R — a e ®)

A Dall (e Jady o9 N ) PV e Laa Ay, A) ¢ dgead] A aNT GUD Jalae 8 g an
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p it as Lo i Cpea @l (e ISy Baiad G 8Ll o (7-40) JSAN (e LD § node

-351 -~



olaghe JS ABS) SR geail)

22-A Steel shaft of 2” dia. and 36” long. at one end of the shafi fixed a flywheel with 420 ib

and radius of gyration of 12" jand at the other end installed a rotor with moment of 0.7 of that

of the flywheel. Determine the natural frequency , the amplitude ratio for the system and find
the node position , assume E=12k10° Ib/in’.

33 420 Lg 5 s Alaa Asled 2l b b ¢ e s36 Wsh g Ao g2 bkl calall o 3yec—22

O ped g 5aall i ge 22 gl g And) Ay gapdall 20 il sl el S gail pIE (e
E=12(10)° Ib/in’

:dad
L1 = 42002)° 1562 fhinsec
(32.2)(12)
o1, =071, =0.7156.2) = 109.57 Jb.in.sec’
ztd‘
-(12)(10)° 4 6
nq= @ ADA0) _ §5310)* Ibin/rad
36 (32X36)
6
_ fadi+ 1) _ 0.523010)°(156.2+109.57) o0 o 0
T, T, (156.2X109)57)
L, @ _90.12
S = o 57 =14.35 c.ps
L - L, ___36009.57) _10eo in
(I, +1,) (09.57 +156 .2)
w14 =1,4, . 44 _'116__2__] 43 in
A, 1, 109.57

Flywheel
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23-A simplified model for studying the dynamics of a motor vehicle is shown in fig. (7-42). The
body has a mass m, , and a moment of inertia about an axis through its mass centre of 1. It is
considered 1o be free to move in two directions — vertical translation and rotation in the vertical
plane. Each of the unsprung wheel masses m, , are tree to move in venical translation
only.Damping effects are ignored. (1)-Derive equations of motion .for this system. Define
carctully the coordinates used. (2)-ls it possible to determine the natural frequency of a wheel
hop mode without solving all the equations of motion? If not , suggest an approximation that
might be made ,in order to obtain an estimate of the whee! hop frequency , and calculate such an
estimate given the following data:

ki=25 kN/m , k=80 kN/m ,m; =26 kg.

ASBS o jadll ais ¢ (7-42) JSAN die LeS (RS ) 5 ol jae AS o Jias Jae 73 5ai23
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83 A€ ol =¥alae @B(1) o2l 8D Jogy Cya ¢ dadh A gandt Zad DU @ jaill 5 n s
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24-Part of a building structure is modelled by the triple pendulum shown overleaf. . Obtain the
eguations of motion of small-amplitude oscillation in the plane of the fig.(7-43) by using the
lagrange equation. Hence determine the natural frequencies of the structure and the
corresponding mode shapes.

=43) JEAIL g e LaS Y g2y EDU 8 g 3 gaiS( iel) 383 ((Ae) LA S 5 (e ¢ 224
s Y Aslas pasauly JEAN (5 gia B QAT B e Aaad Al AS jall G Slae 2a g (7
b SBUA o d saill SN LS (RSl ) aa shiall asdall 200 30 )

o]} .01

1 LS Al A% Hhay 48 ol GV Slaa dag (Say

~KE.= %m, (Jc,‘)z-q—%m2 +my(x2)’ +-;—m3(1"3)2 =

2 2 2

.2 '2 2 2 . - .
= %l:m,l’ 61 +myl’ 2+ mJj? 93] = %[m, 61+m,02+m, 03] ........ (1)
P.E.=mgl(1-cos8,)+m,gl(1-cosf,)+ m,gl(1-cosb,)+ %k,b(sin 8, —sin@,)?
+%k2b(sim93 ~siné,)?

2
-+ for small soscillations 1-cos@ = - ,sinf =6
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1-A vehicle has a mass of 1800 kg and a 2.5m wheelbase. The mass moment of inertia about the
centre of mass is 450 kg.m" , and the centre of mass is located 0.8 m from the front axle.
Considering the vehicle as a two degree of freedom system. find the natural frequencies and
the corresponding modes of vibration , if the front and rear springs have stiffnesses of 48
kN/m and 70 kN/m , respectively Thr expansion joints of a concerete road are 4 m apart.
These joints cause a series of impulses at equal intervals to vehicles travelling at a constsnt
speed. determine the speeds at which pitching motion and up and down motion are most
likely to arise for the above vehicle..

2-Exciting force F, sin(ot) acting on the system shown in fig(7-22). Determine the amount of
damping vibration by mechanical impedance method for m,, m; at steady state ,If the air
damping assumed to be =3 kg.cm/sec , k,=k;=3kg.cm/sec , m;-m;=4kg and w=1 rad/secd

3-Consider the system of fig( 7-27 ), let my=3m , m;=m, k,=k,=2k , kx==3k and obtain the
natural modes of vibration.

4-Consider the automobile as shown in fig(7-25), let the system parameters have the values
m=140 Ib- s’ /ft , 1=1300 Ib-s’-ft, k,;=1800 Ib/ft , k;=2000 Ib/ft , a=4.40 ft, b=5.60ft , and
find the natural coordinates of the system

5-In the system shown in fig.(7-30) , determine the equation of motion , the two natural
frequencies , the amplitude ratios for the two frequencies and the normal modes of vibration
of an automobile simulated by the simplified two degrees of freedom system with the
following numerical values: W=3000 1b ,J.=(W/g).r2 , L=8 ft,L,=3.5ft, k,=2200 Ib/ft,
k2=2700 1Ib/ft, r=5 ft Study the effect of the coupling of the system , and define two separate
coordinate system to descirbe behaviour for the system.

6-Fig.(7-33), shows a rigid bar with its center of mass not coinciding with its geometric center
Ji.€, Li# L,, and supported by two springs k; k;. It represents a two degree of freedom
system since two coordinates are necessary to describe its motion . The choice ofthe
coordinates will define the type of coupling which can be immediately determined from the
mass and stiffness matrices. Mass or dynamical coupling exists if the mass matrix is
nondiagonal . whereas stiffness or static coupling exists if the stiffness matrix is
nondiagonal. It is also possible to have both forms of coupling

7-In a study of earthquakes , a building is idealized as a rigid body of mass M supported on two
springs , one giving translational stiffness 2k and the other rotational stiffness 3kT as shown
in fig(7-34) . Given that IG is the mass moment of inertia of the building about its mass
centre G . write down the equations of motion using coordinates x for the translation from
the equilibrium position , and © for the rotation of the building. Hence determine the
frequency equation of the motion

8-The two-degree-of-freedom system shown in fig.(7-35) consists of a pulley , a mass m , two
springs of stiffness2 k1 and 3k2, a dashpot with a damping coefficient of 2¢, and a cable
connecting them as shown. The pulley centroidal mass moment of inertia is I, There is
sufficient friction between the cable and pulley to prevent the cable from slipping. Determine
the differential equations of motion of the system when the pulley is subjected to be a time
varying moment M(t) as shown.

9-The system shown in fig.(7-36) consists of two springs (k1=2k,k2=3k)attached to a trolley of
mass M that supports a mass m2 by means of a rod of length L and negligible mass pinned at
point o. Determine the equations of motion of the system in terms of its generalized
coordinates, and then linearize these equations by assuming that the oscillations of the rod
supporting m are small

10-A Steel shafi of 3” dia. and 48" long. at one end of the shaft fixed a flywheel with 490 ib
and radius of gyration of 16" ,and at the other end instalied a rotor with moment of 0.6 of
that of the flywheel. Determine the natural frequency , the amplitude ratio for the system
and find the node position , assume E=12(106 )Ib/in2.
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11-Let us assume a two mass system consisting of two identical masses and three identical
springs as shown in Fig (7-44), with each mass constrained to move only in the vertical
direction. (1) Determine the frequency equation and solve for the two natural
frequencies. (2)- Determine the two principal modes corresponding to the two natural
frequencies.

12-Find the equations of motion, the two principal modes and the two principal
coordinates for the system shower in Fig (7-45), where two simple pendulum are
connected hy a linear spring and the supporting are mass less.

13-The two mass system of problem (11) is repeated, this time, the first mass ml,is
displaced 1Zmm and released at time t=0, The second mass mg is also released at time
=0, but is not displaced form the equilibrium position be fore being released.
Determine the displacement of each mass as a function of time.

14-A rigid block with a mass m and a centroidal moment of inertia (1) is supported by
eight equal springs, four vertical and four lateral as shown in fig.(7-46). Determine the
coupled natural frequencies and modal fractions for translation in the x — direction and
rotation in the x-y plane the natural frequency in the y- direction is ® .y= (4k/m) and is
uncoupled, provided that the center of gravity is located midway between the vertical
supporting springs.

15-A vehicle has a mass of 1800 Kg and a wheelbase of 3.6m. The mass center c.g is 1.6m.
From the front axle. The radius of gyration of the vehicle about c¢.g is 1.4m. The spring
constants of the front and the rear springs are 42kN/m. and 48kN/m, respcctively.
Determine (a) the natural frequencies, (b) the principal modes of vibration, and (c) the
motion x (t) and 6 (t) of the vehicle.

16-Excessive vibration, clue to near reasonance conditions, is encountered in a constant
speed machine show in Fig (7-47) The original system consists of my, and k y, It is not
feasible to change my, and Ké'

(a)- Show that a dynamic absorber, consisting of m, and ky, will remedy the problem.

(b)- plot the resporse curves of the system , assuming m3 /mg=0.3.

(c)- Investigate the effect of the mass ratio my/m4.

(d)- Consider the dynamic absorber in which a viscous damper (c) instalied in parallel
with the spring K9 as shown in (7-47c). Briefly discuss the problem.

17- A small electronic packang is supported by springs as shown (7-48) opposite. The mass
of the package is m, each springs has a constant axial stiffness K, and damping is
negligible. Considering motion in the plane of the figure only, and assuming that the
amplitude of vibration of the packagc is small enough for the lateral spring forces to be
negligible, write down the equations of motion and hence obtain the frequencies of the
free vibration of the package. Explain how the vibration mode shapes can be found.
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