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BASIC CONCErTs

Thiو chApte outlines the busic concepts wich are tilied in stwctلar 
analysis. $ome of the basic corcepts have been taugh in corses like statics anw
strength of materials. Cther concepts are pesented in order to complete the basics of
strcurلa anلa ysis and shall extensively be used in other chapters. Presentation of  الف
basic concepts in this chapter shell aid in eمsy understanding of the stncurلa analysis
methods.

2.2 SMALL DEFORMATION THEORY

It is assumed throughout this book thAt the geometry changes of the strcture
are very sلm l and can be neglected sه compared with stncure's dimension. Ln some
stncures like Arches, and cable strctres, the 'geometry changes afect significAntly
the fnلa stress state in the stncture. Although the geometry changes in strctures can
be considered by methods like second-order theory and large-deformation theory,
these kinds of stnctures are not considered in this text. However, these special
stncures can nomally be analyzed, ignoring the effect of the deformation on the
final intemal actions.

2.3 ELASTTC STRUCTURES

If a strctre is loaded and then is unloaded and retains its original shape
withwout pemanent defommation, the stncure is said to be an elastic strcture. The
load-.deflection crve of an arbitrary joint for this kind of stnctures is shown in Figure
2.1. For this behavior, one concludes that the stnctre is made of elastic materials
whose stressstrain relation is as shown in Figure 2.2. The inelastic mAterials
represent those which do keep strain afer unloading, sة shown in Figure 2.3.
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2.4 LINEAR-ELASTTC STRUCTURES

Those structres which retain their original shape after unloading such that the
load-deflection relationship of any arbitrery joint is linear, are called linear-elastic
strGures, Theوe stnctures are made of linear-elastic materials whose stress-strain
relAtion is linear sة show in Figure 2.4.
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Figure 2.4

2.5 PRINCIPLE OF SUPERPOSITION

Considering the small deformation theory and linear-elastic stnctures, the
sequence of loading a stnuctre does not affect the final stress state. Figure 2.5
illustrates An example of this principle. It indicates that one may use this principle to
make $ymmetry in loading the stncture, as par of the final solution.

»

2.6 STATIC EOUILIBRIUM

Figure 2.5

 م

A linear-elastic stnucture loaded gredually up to specific magnitudes of loads
is said to be in a static equilibrium state if the equilibrium conditions are satisfied.
For planar structures in static equilibrium one has three conditions of equilibrium
stated as follows:
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-٤F,-٥ (2.1)

Summtiom ofلهcitev forGe coppoetts R,=0 نع٥=longy-2ه (2.2)

Summio of momerts abo zxis at myة arbitrary poit = 2 M,=0 (2.3)

wee x y لد are two CAاesiمn axes in the plane of the stucre and is ج an o of
pاre ni6.

For ceو stnuctues in sمtc qilibium one has si euations of euilibrium:
thee fr forces dد thee for moeDs, respectively, a ongل ht directionع of the three
orgl Cartesiمn coordinues x, y, ndه z.

ehT conditionsعم aseure thعt the tnucanureع reains a rest ndع ewery joint or
member i inم ticكم euilibrium. Lf these eguilibrium corditions are able to deemine
ht reiosع ndه intenم] fores i th strucure, the snucume is ac ledل staticAlly
deemmiهte. If h mumberع of reمctions and itenهl forces exceeds the number of
euilibrium eguations, the stnucure becomes statiلمc ly indeemminate.

2.7 CUOMPATIBIITY

hT srucureه consists of elemets connwected by joints. If the strucnure is
loaded, tbe the defomed shape is a uique one and every poimt in the stnucture must
lie on the defommed shمpe. Lf a nmbe of members are nigidly conected at a certAin
joint, as show in Figure 2.6, t aferط defomation, every end-member connected
with tمt joint mنst hve displaced the sme magnitude and direction in order to keep
the iegتity at te joimt. Ths pinciple is used sع a condition to solve a lyلts ticه
indeteminate stnuciures by the compatibility method. Thiو principle is so له Ac ledل
connectivity condition to indicAte the conection at each joit.

28 BOUNDARY CONDITIONS

B0ndary coditions include condiions related to the defommAtion and actions
at te boundary joints. For exmple, • binged spport wbich hمs zero deflection and
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Figure 2.6
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zero moment includes both deflections and actions types boundary conditions. Fied
suppor boundary conditions have the deflections and slopes are zero. The boundary
conditions must be specified for every stnucture in order to obtain a unique solution
for the analysis problem. Types of boundary conditions, for planar stnuctures are
summarized in Table 2.l below.

Table 2.1 : Types ofBoundary Conditions for Planar Stnuctures

tion Conditions
eR [Rotationأي

0

0
0
0

Actions Conditions
Hoaomal/أaaureV ]Bendins

Force Force Moment

0
0

0

Joint
Type

Roller
Hinged

Fixed

2.9 UNIOUE SOLUTION

By satisfing the equilibrium, compatibility, and boundary conditions for a
loaded stncture, the deformed shape and the state of stress in the stRctures are
unique, and can not take other forms.

2.10 REACTIONS AND INTERNAL FORCES OF DETERMINATE
STRUCTURES

In this section it is shown how the equilibrium conditions are used to
detemine the reActions and internal forces in statically determinate stnctures.

Plene Trusses2.10.1

The tnss consists of a system of members connected together by hinged
omnts. Each member is only subjected to an axial force. The unknowns in the tnssر 

analysis represents the number of reactions and the members forces. Because each
tnuss joint is a hinge, one can apply two equilibrium equations at each truss joint that
is 2 F,=0 and 2 F,= 0. From these equations the members forces in statically
deteminate tnuss can be determined. The reactions at the suppors of the tnss can be
detemined using the three equilibrium equations (2.1), (2.2), and (2.3) for the whole
stncture.

Erample 2.1

Detemine the reactions and the internal forces in the tnuss shown in Figure 2.7.

The support at A is hinged which has the condition that the moment about z-axis is
zero, while horizontal and vertical force reactions are unknown. Support B is a roller
which has the condition that the force in the horizontal direction and the moment
about 2-axis are zero. The vertical reaction at B is an unknown. The reactions for this
tnuss are shown in Figure 2.8.
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Figure 27
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A

To deemine the reactions, the three equilibrium equations are applied as follows:

Sum of horizontal force, 2 F,,=0,
R0=10م+ R٨-=,١0 kN

The negative sign of Rجم indicates the reverse of the assumed direction.

Sum of vertical forces, 2 F,. =0,
R٨,+ Ae,-20=0

Moment of all forces about any joint = 0
By taking momeni about Joint A = 0, one obtains
20 x Rg -20x10-10x5=0 ;RA=12.5kN( Tupward)

Substituting into the sum of vertical forces equation one gets
R75=125-20=م, KN( T upward)
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Afer determining the reactions, one is able to determine the members forces by
studying the equilibrium of each joint in the tnuss. This method is called method of
joints.

Equilibrium of Joint A

 د٠ ، كم. ،
 ء.أ

F٨e-10+FArcos0=0
7.5 +F٨ع sin8 =0
F kN عم-=10.6 (compression)
Fم e= +17.5 kN (Tension)

٤F,=0
٤F,=0
These result in

c ، ا.٠

Eauilibrium of Joint C

Fco- Fe٨=0
Fee=0
Fen = Fe17.5و= kN (Tension)

٤F,=0
٤F,=0

Equilibrium of Joint F

F٤e ;ه. + FHp sin 0 - Fمع cos0=0
- Fe- FHn cos 0 -Fr٨ sin8 =0
Fee +0.707 Fn-0.707 (-10.6)=0
- 0.707 F٣٥- 0.707 (-10.6)=0

Solving for Fم e and Fea one obtains
FH0 = 10.6 kN (Tension)
FHe=-15kN (Compression)

EF,=0
٤F,=0

The values of members forces are shown in Figure 2.9.

 ءد}

Figure 2.9

One can check the solution by testing the values of intemal forces of specific
members. For exAmple, by cutting the tnss into two pars through members GH, DH,
ard DE as show in Figure 2.10, one can detemine the intemal forces in these
mnembers using the euilibrium conditions for each part of the tnss.

By studying the eguilibrium of the right part, dne has
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Figure 2.10

2F, =٥
٤ M0بر= 
٤F, =0

12.5- Fر o sin8 =0
12.5 x5-Fe٥ x5=0
Fe٥ + Fر e+ F0 cos0=10 ,

Fر D = 1767 (tension)
Feo = 12.5 kN (Tension)
Fw =-15 kN (Compression)

which Are the same results obtained from the method ofjoints.

2.10.2 BeAms

The intemal forces at any section along a beam consist of axial force along the
axial axis passing through the centroid of the cross section, shear force along the
vertical axis, and bending moment about the horizontal axis passing through section's
centroid. The three orthogonal cartesian coordinates x, y, and z passing through
sections' centroid are, respectively, the direction of axial force, shear force, and
bending moment. ln order to determine the intemal forces at any beam's section, the
reactions at the bcam Suppors must first be determined using the static equilibrium
euations. The static equilibrium equations can then be applied for any portion of the
beam.

Example 2.2

Detemmine the rcactions and the intemal forces at sections C and D for the beam
shown in Figure 2.11.

4R

Figure 2.I1
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The support A is hinged and support B is a roller. By applying the static equilibrium
equations, one has

2F,=0 ; R0م= 
EF,=0 ; R٨+RA,-4x5-5=0
2 M٨=0 ; 4x5x2.5+5x13-R x 10=10
R13.5=115-25٨ =إ kN( Tupward)

RAy = H1.5 KN ( T upward)

To determine the internal forces at C, the beam is cut at C and the static equilibrium
conditions are applied to the lef or the right par of the section as shown in Figure
2.12.

A
oR,٠ به إ ءاب
Hبشد 

Figure2.12

D B

 »أ
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،

2F,=0; R,,=0
EF,=0; 13.5-4x5+A=0 ; A,٠=6.5 kN(T)
2 M,=0; M,+ A٧٠٢5-4x5x2.5=10; M,= 50-6.5x5=17.5 KN.m (T)

Same results could be obtained from studying the equilibrium of the right part.

Similarly, to determine the internal forces at D one cuts the beam at this section and
studies the equilibrium of the lef or right part as shown in Figure 2.13.

&,

8و مقط مالا ور« يم ه  آجم:. ني
Figure 2.13

By studying the euilibrium of the right part, one has

From 2 F,=0
From E F=0

Aa٥=0
A,٥ +15-5=0 A6.5=-ر kN( ( لا



From 2Mg=0 ; M,٥+A,٥ x3+543=0
M٥ -6.5x3+5«3=0 M,4.5+=ر N.m
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2.10.3 Pane Frames

The detemination of intemnal forces in plane frames follows the same steps as
in beams. Any section in a plane frame is subjected to axiaأ force, shear force and
bending moments. The intemnal forces at any section can be detemined afer
calculating the reactions using the static eauilibrium equations.

Erample 2.3

Detemine the reactions and intemal forces at sections C and D for the frame shown
in Figure 2.14.

2N 1OKN

 د,

n,

Figure 2 14

The suppons at A and B are both hinged, thus one has four reactions, one horizontal
and one vertical at each support. Since we have three static equilibrium equations, we
must have an extra equilibrium equation, otherwise, the frame become a statically
indeterminate Since there is a hinge at C. this imposes an additional equilibrium
condition that is M=0 for any part of the frame passing through joint C, as shown in
Figure 2.15

Taking moment about C for the right part, one obtains

4 Rg6ب- RA,-10 x2=0

Taking moment about A one has;

8 Rg,- RM,-2x5-١0x6-202-5٢5-6x2=0
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Solving the previous equation for Rg and Rsy one obtains

RA4=9.727 WN(+) , R319.59=ر HN(T)

Applying the remaining equilibrium equations, one gets

٤F,=٥
2F,=٥

Rمم - RA٠+5+2+6=0
R٨+R0=10-20و- 

R٨= -3.273 KN(+)
R٨y= 10.41 kN (T)

The internal forces at C can be obtained by studying the equilibrium of par AC as
shown in Figure 2.16.

5mح 
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Figure 2.16

 مف ر· ب١٩٠

٤F,=0
٤F,=٥

5+6-3.273- Ae,=0
10.41-20+ A=0

Ae4= 7723 kN( ( ه
Ae, =9.59KN(T)
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The intema] forces at D are detemined by cutting the fiame at D and studying the
euilibrium ofpar AD or part DB. The intemal forces are shown in Figure 2.17.

 مه·

 جده

٨

 -«ر
c

 =مر

 مط
 حنب٥و

 د٠م وح إ ء

 م١9m ه

 دا

٤F,=٥
٤F,=٥
٤ Mg =0

A5 -9.727 =0
-A٥٤ + 19.59=0
M٥٥ + A٥ x3=0

Figure 2 17

A9.727٥ =و KN
A19.59=٥ إ kN
M,٥=-29181 KN.m.

2.11 WORK AND COMPLEMENTARY WORK

If an action force or moment A, is gadually applied to a stncture resulting in
defomation D, in the same direction of A,, and the action-deformAtion relation is
given sة show in Figure 2.18, then the work done by A, duning the deformation D is
given by

D,
w=[ AdD

0

The complementary work is defined As

A,

w=[ DdA=A\D,-w
0

(2.4)

(2.5)

For linear-elastic stnuctures, the action-deformation relationship is linear as shown in
Figure 2.19. In this case, the work and complementary work are both equal and each
is given by
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Figure 2.19

w= W'= ,A لإ D,

DEFLECrON

(2.6)

Ifthe lineAr-elastic structre is subjected to a set of actions (A1, A, ..... A,) resulting
in their directions the defomation (D, Dو , ...., D,) respectively, then the work done
by the actions is expressed as

w=}(A١ D+82D2 +٠٠٠٠٠+A A"p{-(٥٨ م
A"لإ=٥ 

were A"=[A٠ A,8و ....A,]; 'p فمه =[p, D, ..D].

(2.7)
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2.12 STRAIN ENERGY AND COMPLEMENTARY STRAIN ENERGY

Consider an infinitesimal segment dv of a structural element subjected to final
stress 6, and the coresponding strain is 6, as shown in Figure 2.20. THe work done by
the stress duning the element deformation is called strain energy. The strain energy
due to stress G, and strain E, is expressed as

8
 ح€
 ن

d٥

٠١{/ ٤ ز
$٢RAIN

Figure 2.20

(2.8) »ا»«إ.ه

The total strain energy due to sress 0 and strain €; in a stncture is then
obtained by integrating all stncturلa elements to give

٧ إ- -إ] /ه
The total complementary strain energy due to strain E; and stres o in a

stncure is defined as

 إ-ا «)،{ا
=/٤٥, d٧-U,

(2.9)

(2.10)

For ancures mde of liner=elastic mIei show لف فه in Figure 2.21, the
strain ergy &n complementary trainى ergy due to stes c; ndد dtrain ٤, re both
eمu l ndف ech is given by
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Figure2.21

• 1U, =U'=-[ ,٥, ى d٧
2٠

STRAIN

(2.t)

For a linear-elastic stnucture subjected to several types of stresSes 0١, d2, ....٥٠, and
the coresponding strains are E١, E2, .0... E,, the total strain energy in the stnucture is
obtained from

1
d٧(e٥٥٤+٨٠٠٠٩٨2+e١[)2-= ر٥

٧
1 2 إ:-٤ ء"٥« --

1 dv"2=]٤ و -
٧

where d "ى]=٥2٠٥١ [,ه. مة " ع =[e٤١2٠.e [ م

2،13 TYPES OFSTRAIN ENERGY

(2.12)

ln general, any member in a skeletal stnucture is subjected to six different
types of intemal actions, nAmely one axial force, two shear forces, one twisting
moment, and two bending moments, as shown in Figure 2.22. The strain energy due
to the stresses and strains resulting from these intemal actions are denived in this
section.

For a member of length L along the x-axis and with unifomm ه cross section
areA A, the strain energy due to the axial force A which causes nomal stress d is
obtained As



-
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Figure 2.22

• 1U, =U;=-]٤٥ d٧2،
=١'٨٠٨٠ 'ر٨2 [-٢ -«(Avdx)=- [-٢ dxEAم EA 2 ج2٨
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hrير 

(2.13)

in which E is the modulus of elasticity of member's material.

If the member is subjected to a shearing force A, resulting in shear stress ty
and shear strain y,, the strain energy is obtained as follows:

١ ٧d2 [:=«ن٦ و٧

8y وبن )ءه 0r٨٠8م٤ !
YG1,B "2, 1,B

2 4r;د1 م٨٤ 

2١0 GA(2.1٩) م

in which O, represents the moment of area above or below a certain leve] in the
section about the z axis as shown in Figure 2.23, L, is moment of inertia about z axis,
G is the shear modulus, and A, is defined as

 ر0 ن?
= ج لإلا ٨ م!«

Similarly, for the shear force A,, one has

2L
٤dxونن ]ى 

 م2GA م أ ب

(2.15)

(2.16)
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 هر م

N

where

Figure 2.23

39.١ ;إ٩ و
D;1٨٠ ة

(2.17)

and 0, is the moment of area of an area about y axis, and l is the moment of ineTtia
about the y-Axis.

For the twisting moment Mر , the strain energy is

• أكوبدا/} اايد٨ ه  دح1 ٣ا

• 2٠٠ i. l\61
 ز_8; ه
،

,261,
(2 18)

whereJ, is the polar moment of inertia, and r is the distance from the section centroid.

For the bending moment M,, one has

M 2 M z ,E1,2١٠ ):بما"إ!»4 »م

١{٨;٥  د٨ه د

22E1,

Similarly, for the bending moment M,, the strain energy is

، .ن{!٨٤ ه
,E1·ة; 

(2.19)

(2.20)

The total strain energy due to the six internal actions in the member is the sum of U,,
Uو , ...., and Uج . This is expressed as



 ن٤ ا
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(2.21

For planar stnuctures of dimensions in the x-y plane and subjected to loads in
the same plane, the total strain energy in all members becomes

A;dxM-dxA:d٧
(2.22) ةلe م .ا=ذلا +أ6 ,م مدل]+ }ك

Values of A orب A, depend on the cross-section shape. For example, = Aب
0.833A for the reclangular section, and A, =09A for the circular section.

It is not necessary that the deformation in the stncture is due to applied
loading only. The temperature changes and the settlements in the footings introduce
also strain energy and work for the loaded stncture.

Consider for example member ij which is subjected to a rise in temperature, as
shown in Figure 2.24. The axial elongation in an infinitesimal element dx is obtaired
as

T +T2 «»أ"به-.ه

where c is the coefficient of thermal expansion

Figure 2.24

(2.23)

Therefore, the axial strain due to the axial deformation is obtained from

٥  ج--}2-(2٤٤/
2dx٢

Similarly, the rotation due to temperature defomation is calculated from

T-Tا"""/ء-=,ه،« h

(2.24)

(2.25)
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Where h is the member depth and the negative sign indicates that the tension is
on the top fibers. Therefore, the curvature due to this rotation is obtained as

0 T-T.ج=-و ):±(ه 
dx h

(2.26)

The axial strain at any point of height y from the neutral axis is obtained as shown in
Figure 2.25 fom

T -T":"إء-= وا y١ "و-.ء

Figure 2.25

(2.27)

Therefore, the strain energy due to the temperature change on member ij under
the intemal actions of Aي , A,, and M, is obtained from the substitution into E4. 2.12
as follows:

D=]6٠٤٠٥٧
L  اHI2A أ-4ب /ءا3;')٠» )3د(٠ .«إ)٤:"(

L L

 (ء-333{)٨ »، (ء.33" ».«ز)
٨٥2 ة

Similarty, if the support in any strucure displaces a distance A, and the suppor is
placed on an elastic material of stiffness K, then the reaction, P, at the Support does an
extemnal work given by

(2.28)

w'م٥ 
2

(2.29)

From the definition of stiffness which is force ه per unh displacement as
shown in Figure 2.26, one may write Equation 2.29 as
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 م

Figure 2.26

w='K٥2
2

or,

w=2م 
2K

1 • ٠٠٠٠where is called the spring flexibility
K

2.14 INTERNAL FORCES DLAGRAMS

٥

(2.30)

(2.31)

The signs used in drawing the internal forces diagrams in this book are shown
in Figure 2.27. It is noticed that the bending moment diagram is drawn on the
tension side of tbe member which is usefu to the designer of concrete strctures in
wisualizing the locations of placing the tension steel reinforcement.

Erample 2.4

A linear-elastic fame is subjected to the loads shown in Figure 2.28. The cross­
section of ech member has a rectangular shape of 40 cm width and 100 cm depth. If
E = 2100 kN/cm, detemmine the intemnal actions diagrams and the strain energy stored
in the stncture. Consider G = 0.4E.

Applying the static euilibrium euations at severلa sections in the frame, the axial
force hearع force und bending moment diagrams are obtained sه show in Figure
2.29. Using E uanionsم 2.13, 2.14 and 2.20, the strain cnergy due to each intemal
force is calclated as follows:

1oo HNem2EA جق]=ر2 ق]=٨U0٥١١9? رن102 (x100 ج2(2100()40

Afd s I00dxي
][ =ج1 =ب001735]{[ 2GA; 'owIoo7@B37«oxo2 أ
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،Figure 2.27

 .ب/ و
Figure 2.28
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10 KN١0 KN-٥

10 KN

RACTwOs A 8 و ر  جقا

w0 KN

Figure 2.29

١0 KN

،25002  ه4إلإر-٦ا "ع /ل%-٠s مss ء
40»1oo3o2EI,

2x2100٧--

Thus, the total strain energy store in he stnucture is

U =U, + , ا +U, =0.6249kN.cm

2.15 RELATIONSIIP BETwEEN LOAD, SHEAR FORCE AND BENDING
MOMENT

Considering an element dx of a member taken at a location x from the origin
and subjected to distributed load o(x), the intemal forces and bending moments on
the element are described in Figure 2.30

 wم

 سرا
 ز٣ رب

Figure 2.30

By studying the euilibrum in the vertical direction of this element, one
obtains
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V(x)-a(x) dx -(V(x)dv)=0

From which one has

d٧=-o(X)
dx

By studying the equilibrium of moment at any point one has

MGx)+dM -dx[V(w) + dv]-o(w) ٩-)MG٥-" ير
2

Neglecting the second order terms like dx dv and dx one obtains

dM_  ب كر)

dx

(2.32)

(2.33)

Equation 2.32 indicates that the slope of the shear force diagram at any location x is
the negative of the load intensity at this location. On the other hand, Equation 2.33
shows that the slope of the bending moment diagram at any location x euals the
value of the shear force at this location. Equation 2.33 also indicAtes that the
maximum value for the bending moment occurs at the location of the zero shear force.

Equations 2.32 and 2.33 can also be written in another form as follows:

a«٧ ر,-[-٥

٨,٨ أ-,.٧«»٥

(2.34)

(2.35)

Equation 2.34 indicates that the difRerence in the shear force values between
two locations x and 2 is the negative area of the load diagram between x and ر X».
Equation 2.35 shows also that the difference in bending moment between two
locations x and ر x2 equals the area of shear force diagram between these two
locations. These equations can thus be used to constnuct the shear force and bending
moment diagrams.

Erample 2.5

Determine the shear force and bending moment diagrams for the beam shown in
Figure 2.31.

The reactions at the Supports are frst determined using the free body diagram of
Figure 2.32 as follows:
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Figure 2.3  ا

4BN

c

 اs٠ أ

11 KN

SRD.

2.75eن 

4مRN د

٤F,=0
٤ M٨=٥

15.12s

Figure 2.32

R0فم= 
8 R4٦8-1٥٧12و- x4=0; R N =ه31 ا

B.M4.D.

EF,=0 ; R٨-32+10-31=١1٧NR٨y +R١٥-٥-4٧8ه- 

Uوing the auilibrim euation at any ecionع ong لف te beam, ore cn detemine the
shear force an bending momwent diagrwms sد give in Figure 2.32.
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Expressions for the shear force and bending moment at any location x from suppor A
are obtained as follows;

V(x)=1١-4x for
MGx)=11x-2,4 for

0Sx<8

0sxs8

The magnitude of the maximum positive bending moment is obtained by looking for
the location of zero shear force. From the shear force equation one has

V()=11-4x=0 x=2.75 m

The maximum bending moment is then obtained as

M15.125=4(202.75-11٧2.75=رمم kN.m.

Equation 2.35 can also be used to constnuct the bending moment at certain locations.
For example, the difrerence in bending moment between points B and C is the areA of
shear force diagram between these two points, thus

c
M٥ - Mg =[٧d=10x4=40kN.m.

B

Since Me = 0, one gets Mg = -40 kN.m.

Als0, the difFerence in bending moment between point A and the maximum positive
moment is

»١25827s-1s+أ",-ه« د، »إ±١ 
2

A

which gives M,٨٨= 15.125 kN.m. since M٨=0.

Similarly, the shear force at B is obtained in reference to the point of zero shear as

x=8
Vg-0= [ -4dx=-4[8-275]=--21kN

x=2.75

which is the same value obtained in Figure 2,32.

2.16 CONSERVATIVE STRUCTURAL SYSTEMS

Conservative stnctural systems are those which do not lose any energy fom
the work done by the extemal actions. Most linear-elastic stnuctures are conservative,
especially those subjected to quasi-static loading. This means that the work done by
extemnal actions must equal the strain energy stored in the stnucture.
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Consider a linear-elastic member whose length is L and is subjected to a
gradually increasing axial force up to value A,, as shown in Figure 2.33. The work
done by A during ي the elongation L ه is obtained using Equation 2.6 to get

 ط

8٤

Figure 2.33

w=" ٨L2 ه °

The strain energy is obtained from Equation 2.1l as

U=-[٥e٠ d٧
2

/{-4) ا% إ-له٠». 2LA2

Therefore the strain energy U equals the external work done, W. This proves
the conservation of energy for a linear-elastic member. The same result is applicable
for a linear-elastic strcture.

Non-conervative stncturلa systems are those which lose some energy
through radiation, heat, or dissipation. This class of systems is not treated in this text.

Erample 2.6

ht is reuired to deemmine the horizontal deflection of point B, using the law of
conservation of energy for the frame shown in Figue 2.34. (Consider the cross
section area A=40 x 100 cm' and E =2100 kNlcm)

The intemal actions diagrams are detemmined as shown in Figure 2.34. From
Euations 2.6 and 2.l1 one detemines, respectively, the strain energy and the work
done as follows:

2 100
٠٥oos95kN1oodxا٢ drز Aد ح ح 8٤)ر ن م 

2 EA 2 ; 2100x40x100
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w=±(١٥٣٥,)
2

. USince U = W, thus cm ير==80.0019
5

 م}١٩م(

1AL FORCEلف 

1٥ KN

$٨٤A6 wgwG٤ه

Figure 2.34

2.17 PRINCIPLE OF VIRTUAL WORK

If a rigid body (non-deformable) is subjected to a system of actions and the
body is in static equilibrium, then the work done by these actions during a small
virtual displacement is equal zero. This principle can be proved by using the
condition of eauilibrium between the applied actions and the reactions.

The principle can also be applied to a deformable body. An easy derivation
for this principle makes use of the conservation of energy which was proved in the
previous section, as follows;

A conservative stnctural system is in eguilibrium under a set of actions. The
relationship between the external work done by the actions and the strain energy
stored in the stncture is given by

W=U (2.36)

A small variation in W must equal to the corresponding variation in U. Ifthis
variation is due to a compatible virtual displacement 5 D, then, one has

8 w=8٥"A (2.37)

The coresponding variation in the strain energy due to a strain vector
wariation 5g is



 ة٧-١٥٤"٥ ه٧

where 6 is ج the strain vAriations due to 6D.

The frst fom for the principle of vimal work can thus read

 ة٨٥7-f8٤ «ه
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(2.38)

(2.39)

If the vaniation in the work done is due to a set of virtual loads 6A, then one has the
econd fom of the pninciple of the virtual work asو 

٥0٤"g=[ة D"ة٨ 
 ؟

where 6g is the variationin stresses due to the virtual loads 6A.

2.18 THE UNIT DISPLACEMENT METHOD

(2.40)

As a special case of the principle of virtual work, when the virtual
displacements are zero at all points except to be unity at a specific point i, Equation
2.38 can be written as

٧٨0١[=٥6٤ ه٧ (2.4)

where , ج is the strain vector due to the unit displacement at i, and A, is the load in the
direction of unit displacement applied at point i.

This method is used in developing the stiffness coefficients which is used in
the stifness mehod.

Erample 2.7

Detemmine the stiffness coefTicients associated with the actions A and ر Aر in the tnss
shown in Figure 2.35.

Applying the unit horizontal displacemenl at B, as shown in Figure 2.36, one gets

١٨ لمي-, 2L

1xA3=0

EAD,
EA يم ١-2L م  ايت-اة"
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 باعر بر

Figure 2.35

Figure 2.36

Figure 2.37

Similarly, applying a unit vertical displacement at B as shown in Figure 2.37, one
obtains



0.٠ قج  إ) ب

2L2

1xA0ر= 

,EAD,
3Eا: ،٤ ,,«م ذ"ة قل،« يم٨ 

2L

39

Thus, the force-displacement relationship for the tnss at joint B is given by

D0EAA,

٤١١٨ ا
2.19 THE UNIT LOAD METHOD

If a unit load is applied at point i as a virtual load in the virtual work principle,
then Equation 2.40 becomes

١٠٥-,٥7 ٥٧٤

where g, is the stress vector due to the unit load applied at i

(2.42)

By using Equation 2.42 one is able to calculate the deflection at cerain points,
and also one can develop the flexibility coefficients needed for the flexibility method.

Erample 2.8

Detemine the flexibility coefficients associated with displacements D and ر D, at joint
B in the tnss shown in Figure 2 38

Figure 2.38
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Solution

Apply a unit load A=1 kN at B in direction of D, as in Figure 2.39. The interna!
forces are obtained using static equilibrium equations.

Figure 2.39

Applying the virtual work principle, one obtains

1xD {o]= ر ٤ dv
٧

1
،  م·-،

1xD5=0
 ا، أ$،

EA

 إ{ مح ته وة

EA '

Similarly, applying a unit load at B in direction of Dر as shown in Figure 2.40, one
obtains the members forces from static eauilibrium equations.

Applying the unit load method one gets

1KN Aa

\8,٨5٨,١5٩/

Figure 2.40
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1xD, =1g} ٥٤v
 لا

 ة·«
1xD0=ر 

٨ و
E٨١
J د ة٨ أً ء EA

 ب 1ه2L م

3EA 2

These relations can be put in a matrix form to represent the flexibility coefficients at
joint B.

:٤ 0

2L
3 EA •

Considering that a unit load results in planar strctures the intemal actions a , ,ي بوه m
and the loading produces intemal forces A, Aر and M,, Equation 2.42 yields

T
١. ه].٥ و٩ بي[،ءد٨ إ٩ '[لإلا ه Ai٥ ف4 دج د د ب} 1," EA 618 FEi

M, dx٨,٩٢, d ,٢ م4,3,4« م ه
 ج د ب د

EL,GA,,EA
(2.43)

In case of having linear rise in temperature sه described in Figure 2.24 the
defommation due to unit load is

 @-م ,و()T+ .بهT()». 4ج٥
h٠2 (2.44)

in which T and T; are the temperature changes of the upper and lower surface of the
member, a is the coeficient of thermal expansion, and h is the member depth.

The deformation of trsses are deemmined from Equations 2.43 and 2.44 by
retaining only the tems containing axial force sة

a A L
D, =٤١

i EA

The deformation due to thermal changes is obtained from

٥=٤aTa,L

(2.45)

(2.46)
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in which T is the change in temperature of a specific tnuss member.

Thus, in order to detemine the deformation at a point i, in a certain direction,
one has to do the following:

1) Determine the intemal actions due to applied loads.

2) Place a unit virtual load or moment at point i, in the required direction and
detemine the intemnal virtual actions.

3) Use the proper equations to determine the required deformation.

ExAmple 2.9

For the beam shown in Figure 2.41, use the unit load method to determine:

(a) the slope at A
(b) the deflection at mid-span.

٨

Solution

c

Figure 2.41

From Figure 2.42 one can determine the reactions and moment at section x from the
lef suppor.

R,-رلأ 
3

٨٨  لإ--6
3

(a) To detemine slope at A, apply a unit moment at A as shown in Figure 2.43.

m=1- x/L

 ما،
 .DAم

24 Rm

Figure 2.42
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Substitting into EquaLion 2.39 considering bending moment only, one has

 ير ه٢ ر«د
EI٨ ج

 ج-»)ء{ر».»أ±-.ه ،
EIEI3ج 

The positive value for the answer indicates that the slope is in the same direction as
the unit moment applied at A.

(b) To deemine the verical deflection at mid-span, appأ y a unit load at C as
shown in Figure 2.44.

m = x2 for L0<x<-
2

١ Lm =-(L-) for -<x<L
2 2

•3. يEI3، 2 'م:"-ا«)»;إ«»يأء)،;]ا.ه جن ا(12158 EI;

The answer indicates that the deflection a1 mid-span is downward.

 م

{ 1.m

[L=
1 RNه 

Figure 2 43

2.20 INTEGRATION BY D1AGRAMS

0.sRN  أ

 ة:-
Figure 2.44

Using mathematical integrations to evaluate deformation using Equation 2.43
is a time consuming process. A method which is based on performing the integrations

5ing internal forces diagrams is presented hereن 

Suppose it is required to evaluate the contribution of the third term in Equation 2.43,
ln this case, the bending moment diagrams M, and m; are used. Since m, is
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constrcted due to a unit load, this diagram is always formed of straight hines
$egments. WhereAs, M, could be curved or straight line segments depending on the
kind of loading on the stncture whether distributed or concentrated loads. The
diagrams on a segment of a member of length S are shown in Figure 2.45. The
defommation due to bending moment, denoted by D, is calculated fom

s
Mr, m2 dx[,ألأ ح ا٠٥ 

mn ٦ EI
0

± M,dx-ه"أ(- 'EIة 

=xArea of Mxy
EI

Figure 2.45

M,

m,

(2.47)

 ر ك

The deformation D can thus be obtained from multiplyin the area of M,
diagram times the ordinate of m, at the centroid of M, diagra» ( aed; )ر ز by the
value of EI of the segment S. Using this law requires the knowledge of the areas of
the simple shapes and the location of their centroids. The moment diagram m, must
be a continuous .straight hine from the start to the end of the segment of integration.
Integrating different shapes of diagrams are given in Tables 2.2 and 2.3.

Erample 2.10

Determine the deflection at point C for the beams shown in Figures 2.46 and 2.47
using the contribution of bending moment only (EI= 10> KN.m).

Solution

The deflection for the beam in Figure 2.46 is obtained using Equations 2.43 and 2.47
as follows:
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Figure 2.47
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١«De='/(٠٩٧٠9)٣(٠4.5)+(-١8٠9»000648و(»±»)إ(,= m
EI 2 3  ذ

The deflection for the beam in Figure 2 47 is similarly obtained as

٠oo١06670=2١»0 ا= ء)ه.اءخ(4 ء2 .أر
]8EL3

Example 2.11

Detemmine the angle of rotation at A for the beam shown in Figure 2.48.

1٥ RN

١

Figure 2.48
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Solution

Apply a unit rotation at A and constnct m, diagram as shown in Figure 2.49. The
integration with M, diagram gives the angle of rotation at A as follows:

١٥٨ يم-ا)لإد)د.ة.إ;أ±= ، EL2EI 2

M,

 -ام2مRN ه
1 RNه 

m,

Figure 2.49

ExAmple 2.12

Determine the relative angle of rotation at the hinge C for the frame shown in Figure
2.50 due to the rise in temperature shown (a = 10'/٩e).

44M

4 و٥

 ومن[ إ عن]

Figure 2.50

Solution

To detemmine the relative Angle of rotation at the hinge C apply two equal and
opposite unit moments at C as shown in Figure 2.51. The axial force and bending
moment diagrems are given in Figure 2.52.
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 لا4.« ,م

٢

Figure 2.51

٥٥ و

Figure 2.52

.T-٤T+٦ h{2 هa ،ه[ا":"ه- »»]ا"+"أو-«ه٠

22٥82 ';"/ء.H٥«٠٠٠50 (ه هد ا)لق٤.94٢٤-0-٥٥ ه.0ة [ءه
=-6153a

8, =-0.00615 rad. (opposie to the assumed direction).

Exemple 2.13

Detemmine the deflection at C and the relative displacement between A and B for the
tnss shown in Figure 2.53 due to a nise in temperature of 20%C in the top chord only
(a= 1 (٥ م'

$olution

To deemine the deflection at C apply a unit verical load at C, The axial forces are
obtained and shown in Figure 2.54.

The deflction at C is obtained using Equation 2.46 as follows:

D =a(20)[-1x5-1x5+0+0]=-200a=-0.2cm (upward)

To deemine the relative displacement between A and B one applies two euلa and
opposite unit loads at A and B as shown in Figure 2.55.
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٨

-
Figure 2.53

 ة

١٥ ب

١٥ KN 18

Figure 2.54

Xم،
Figure 2.55

,
Using the axial forces a,, the relative displacement between A and B is, obtained from

D٨B =a(-0.707x5x20)= -0.0707 em

2.21 CASTIGLIANO'S THEOREMS

(in opposite directions to the unit loads).

The principle of conservation of energy can also be used to denve
Castighiano's theorems. Considering a linear-elastic conservative stncture, the
variation of strain energy must equal the variation in the work done, that is

8 U=8 W (2.48)
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The variation due to a small deformation &D,, as shown in Figure 2.56, at a certain
point i, can be written as

 ن

.Uة cD,=A;0D,
8D,

(2.49)

 إ+

Figure 2.56

٥

ln Equation 2.49, the lef hand side is the mathematical definition of the
variation in U due to 5D, and the night hand side is the actual variation in the work
done due to 5D at i.

From Equation 2.49, Castigliano's frst theorem is stated as follows. "in an elastic
system, the partial derivative of strain energy U with respect to any selected
displacements D gives the action A; in the direction D," This can mathematically be
expressed as

 ة٧_٨
6D

(2.50)

This theorem can also be derived using an engineering analysis as done in
References [1, 20].

If the variation is due to additional load 5A applied at point i as shown ١n
Figure 2.57, Eguation 2 48 becomes

Aةلاة٨-٥ ة 
'6A,

where U" is the complementary strain energy

For linear-elastic stnuctures, where U = U, one has

(2.51)
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 م

٥٥i

Figure 2.57

 اة
 د

'8A,
(2.52)

This states a special form for Castigliano's second theorem, which states that "the
partial derivative of the complementary strain energy with respect to any selected
action A; gives the displacement D, in the direction of A"

The two Castigliano's theorems have introduced the basic tools for matrix analysis of
stRuctures. The first theorem is used in the stiffhess methd. The stiffhess coefTicient
S; is detemmined from the term (3A;/oD,) which is the action at i due to unit
displacement atj. Therefore

and

a2UaU0A_5إي 
 رةة-ا ةa ردة-)أقأ(,a, لي ،

A1 =S\ز D  ر

(2.53)

(2.54)

Similarly, the force method has been developed using the second Castigliano's
theorem. For a linear elastic stnucture, the flexibility coefficient f; =(8 D,/ 8 A,) is
the displacement at i due to aunit load at . ز Thus,

and

Example 2.14

 اد د م2 )ا(ة.و

,aA,6A, 8Aلا 

D, =fiر A  ز

a3 U
8A, 8A,

(2.55)

(2.56)

Determine ،the flexibility coefficient for the trss given in example 2.7 using
CastigliAno's second theorem.
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$olution

The inteلam forces in the members are found in terms of the forces A and A; using
static euilibrium conditions as shown in Figure 2.58. The forces in the members are
cال ed A,ر and Aر . These forces are

٨٠ م )ههه 3

A,٨.٦ )ه 3

Figure 2.58

The strain energy is calculated using Equation 2 13 as

222 LA2LA2)'م, Axdx'د ، د دقي ى a f ،مع[" معة  أ-"مءة" رة
Using Castigliano's second theorem, one has

.L A»2 .م وLم. Uة 
 ح ح ب ، بر

a ٨" "امعة ،معة/»،3 ر"

2L2L2La?Uم_ر Dة 
 ،ن د د هد

2EA EA2EA?A, ""  ة5٨

5U A5 L A2 LA-=2ر+-+ A2==]5 م وe"/')م ث e،مة] :ا, 
5D,_
6 A,

 ة0 و م
٨»

6A,
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5D a4U م 2L
 ح)) -ه ح ه

5A3 e٨} 3EA

Therefore, the flexibility matrix between A,, A, and D , ر D5 is

01 2 ٣٤ لi=.«« واج رغ
57EA

Example 2.15

Determine the stiffhess coefficients associated with D and D; for the tnss given in
example 2.7.

Solution

The axial deformation in the tRuss members are determined from the geometry of
Figure 2.59 as follows:

 ه=هs0, ,مث±،
2

٥, ه--s3, ث, ,م 2 -

The strain energy is calculated using Equation 2.13 as

EAث EA  =لدد د د .ن}4 ث4
2L2L

22L «دوام%- -أ،جهي /٠0 أء: 2

Figure 2.59
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Applying Castigliano's first theorem, one has

L ر228D2 /ابي-ه-ي: ؟«دم أوه »،s٥ ر[.ه

2 FA،0و] .[و a'U EAه{{ ع د لإ ، ح ,ى3٨ ر 

D aD? 2L 2Lة 

8A١S0=-=3ر aD;

22'' هر د د د د ، د نء٤,٠٨ ا5,+/0٠٨ -),ه.2 إ [إ,ه،.ه»» 5"2'٥""2L2',0ة 

3 EAa%U EA3 33A,و, 
" ة6 ةA? ةrl ة ة[ة٤ ه د ن رر 2

8A3S30=ر =ح 
8D  ر

The stiffness matrix between A١, A2, and D,, D, is

EA 05
Svifness mannx =± L ا 0

0:]
One should note that the stiffhess matrix is the inverse of the flexibility matnx, in any
stncure.

The next example shows that Castigliano's second theorem can also be used to
analyze statically indeterminate stnctures. Although this is handled in more detail in
Chapter 3, for the sake of completeness of this topic, the next example is offered .

 ملة.
Figure 2.60
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Example 2.16

Analyze the tnss shown in Figure 2 60 using Castigliano's theorems.

Solution

Member 3 is cut and the forces in the members are found in terms of A as وي shown in
Figure 2.60. The members forces are all assumed tension. The equilibrium of the
free joint gives

16d/2 و +A4=٨ ار

٨42=-(١6+٨,٠2)

THe strain energy، using Equation 2.13, is calculated as follows:

2 ٨3 L
{ ة٤ ،و د[]

 دة+ها {يم .٤(،ة،« )مة،١
Applying Castigliano's Second Theorem, one obtains

u_ pة 
«8A ي

where the negative sign indicates that the deformation D is و in opposite direction to
the force Aو , since the tension member is subjected to elongation.

٨ ن,L و
R)  د

,EAد 

o,5(6,7 +)ن,10(7A+6 -[)ن,.0 و +AةU±[ي 
88,3 E

±(866.274+48.284 A,)  8ته٩2\-
E 15E

15.01K8 -=ر

٨,=١6٠2-15.01=7.614kN

٨,,=-(6-١501,2)=5.224KN
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Eمu mple 2.17

Deemmine the deflection at mid-span and the angle of rotation at the lef suppor for
the beam shown in Figure 2.61 using Casigliano's theorem. (E]= 10' HN.n').

 ٩مر بد
6

Figure 2.61

Soltion

() Since the load 20 kN is applied at mid-span, one may use it in calculating the
defletion. Calling this load , Aم the strain energy is determined as follows:

The moment at any section x from the lef support is

MGx)- 4c  ر
2

for 0<x<6

The strain erergy in the beam is

 مده د ،د د ي «زرنg ز_»8 ب٣ .ه ه٤[٠١٨٨:

EI4 ,رw2EI 4EI  ج2EI ج3

Applying CAstigliano's theorem one gets

.U072 ةe=__٥ ,ا.ج=ء 8Ae A, =20

The positive sign indicates that the deflection is in direction of A.

 حمر
Figure 2.62
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(b) To determine the angle of rotation at A, apply a virtual moment Mم at A as
shown in Figure 2.62.

The moment at section x from lef support is given by

12 مد-»،من٠٥\٠«-٨
for 0<xs6

The moment at distance z from right support is

(-(.«٠ يد.ه ء) 12

The strain energy is thus

for 0<zs6

;f8 ع ()44(٩)٤}jMد _ن ، 
2EL 2EIه 

From Castigliano's Second Theorem, the angle of rotation is obtained by carying out
the integration and then put M0م= .

 ,امي.ه٦-[ ج ز، إ,ا-ي يي /{،را.٠:,» إ;ا [ا
EL4 ة١٨٨2 aM٨12رم ة EI

-١I٢I EL أي- )ا.نم08 /)إج}أ:+0٤ عه 12E112ج 
66

١٤/١'.١٥٤/' دي٥s "ا' ددء»ه.  ، د -،د ح ت٢2 و

2EIEl 362EI 36
١00

which indicates that the slope is in opposite direction to Mم direction.

2.22 MAXWELL'S AND BETTTS LAWs

Betti's law states that the work done by a system of action A, during the
defomation state D, which is caused by another system of actions A, is equal to
the work done by the Aم actions during the defomation D, state which is caused
by the A, actions. This can be expressed as

- TT٨٥ 2, =٨٨ B, (2.57)
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Maxwell's law is a special form of Betti's law. lt states that the work done by
a unit Action at i due to defommation caused by another unit action atj (D) euAls the
work done by the unit action at j due to defomation caused by unit action at i (D,).
This can be expressed as

which indicates that Dز = Dز .

0, D,=0), D, (2.58)

It can be restated that the deflection at i due to unit action at equals ز the
deflection at ] due to unit action ati.

This theorem serves in concluding that the stiffness and fexibility matnices are
symmetric about their diagonal. This is obvious fom

a> U
٢٢ =

» 8A,8A,

a2 U5;: =5:: =
٧ ر لا'aD,8D ز

(2.59)

(2.60)

Maxwell's and Betti's laws had great influence on developing the concepts of
influence lines and Mller-Breslau principles.

2.23 DEFORMATION-ACTIONS RELATIONSRIP

The previous concepts will now be used in developing a general defomation­
action relationship for an element ij in skeletal stRctures. The member is fixed at i
and is subjected to the actions A, as shown in Figure 2.63. The strain energy due to
these actions is obtained from Equations 2.13 to 2.21 as follows:

٦83 4+ '}٨} 4r }8 2EL2E1,2GAA ررإ+==إ-" ن:يم-إميي=إ+=إ@260 عج ,@م+٨ و {ء4+ -و@م'٨ ب ت{و وه 2G1,2EA

٢

Figure 2.63

}٠
 عه

،4

 و#ب
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Applying Castigliano's Second Theorem one obtains

(2.62)

D •،U ة '٠-A,
٥ . &U،• 8M,

D 5U،
68,

٥ 5Uد 
" aM, '

D . ،U ة
• 8A, '

U٥ ة
'٥٢M,

For example, D, and D, are computed as follows:

٥ ,م-,
EA

L L L ٥ +ج-,=+/8,+٨ GA, 3EI," 3EI,

If the shear deformation term is neglected, one obtains the following simple matrix
relationship:

٥,1 L/0 مء 0 0 0 0 ١١٨,
 ن

0
12

D, () ا 0 0 ,E,\/83 ةEI,

0 0
 ن

0 - 0٥,/ ، ، ٨,3El, 2E1,
L (2.63)

8, 0 0 0 0 0 M,61,

٥,/ / 0 0
-12

0
L 0 //M,2El, EI y

 ن ا ه ا6[.
0 0 0 Mل٨ E 2E1 ء'!ا 2 ن

This relationship 'can also be determined from the unit load method according to the
principle of virual work. This relation is the basis of the matnix flexibility method in
stnctural analysis for framed strcTures.

2.24 ACTIONS - DEFORMATION RELATIONSHIP

For the beam element of Figure 2.63 the action-deformation relation can be
found from Castigliano's first theorem by writing the strain energy in tems of the
deformation. One can also use the unit displacement method according to the
principle of virtual work. However, the inverse of Equation 2.63 gives directly the
action-deformation relationship, which is
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A./لا , EAL 0 0 0 0 0 ]٥,
٨ و١

١2EL,
0 0 0

-6EI2
{} ,Dقن ه L

4 /ء 0 0
12EI, 6EI,

0  ب{ ب,٥
13 1 (2.64)

G]M,/ 0 0 0 0 0 0,
L

M,/ 0 0
-6EI, 4E1,

0 <}[ ب /ا9,

12 L
-6EI «E, =z م ،)L 2M,] 2() 0 0 0

This matnix shall be used in Chapters 4 and 5 and is called the direct stiffhess
matrix as it relates the actions and defommation at the ameع joint j. A system of
actions can slso be developed atj due to nit displacements at i. In this cae, the
matrix is called cros-stiffness matrix. These matrices are th basis of the stiffhess
matrix method in stncturalanalysis of skeletal strctures.٤

2.25 THE BENDING MOMENT-CURVATURE RELATTONSAIP

The curvature of' a deformation crve is defned as the rate of changing the
crve diretion. Considering a par of length AS from s defomation curve as show
in Figure 2.64, the curvature is defned as

(2.65)Kء «نز4ه! d4٥S s4S-+0م 

where p is the radius of the curvature, which is the inverse of the curvature.

/
 فى/

٢٥\ '٦
 \م

\ ن  ، بم
١/

/
4

4- ٩

٤

Figure 2.64
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Since the slope at any point along the deformation curve is defined as tan 4 = dy/dx,
by taking the derivative ofboth terms, one has

d d d-(n»)-ي/ج )
dx dx dx

This leads to the relationship

 ة»+١( )و44 لإ"ه2
dx dx2

which can be written as

d4 _ d2yا dx2
dx 1+(dyldx)"

The relationship between ds and dx is obtained as follows:

 =وه46»و٢
»-٠٨١٠ تو,ف(

Therefore, one has from Equation (2.68),

 ا#٨ام٨أ
From Equations (2.67) and (2.69), the curvature is obtaired as

d2y/dx2d4 d4 dx
 د دد در د

}'p[..)/ده +ه عه ء IX١y+

For small deformations where dyldx = 0, this relation is approximated by

d4 dy
 د

ds dx'

(2.66)

(2.67)

(2.68)

(2.69)

(2.70)

(2.71)

The relationship between bending moment and curvature is obtained by
utilizing the stress strain relationship. For the beam element of length ds which is
subjected to bending moment M at both ends as shown in Figure 2.65, it will be
subjected to nomal stresses due to the bending moment given by

M
C=ح د 

1
02.72)
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٨

٢
٨٠ إإأ

Figure 2.65

where is the nomal stress, I is the moment of inertia of the section about its neutral
axis, and c is the distance between any point and the neutral axis.

From the stress-strain relationship of linear elastic structure ( = E ,( ع the total
elongation A at the bottom fiber of the element ds is given by

٥D=ds=-ds
E

which must satisfy the relation ٥=cd٥.

From E uationم 2.73 one obtains

M-c ds=c d
E١

Md4_dy
 د،

EI s dx'

2.26 THE MOMENT AREA METHOD

(2.73)

(2.74)

The moment area method can be used to detemine the defommation due to
bending moment in teams and frames. The method is based on the bending moment
curvature relationship given in Equation 2 74. From this eauation, one can obtain the
following idenities:

M٥ م٥  ت د {إ

EIdx

-«٢/٢٤ «ه EI

(2.75)

(2.76)
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Equation 2.75'can be used to determine the change in slope of the defommation curve
between two points, and Equation 2.76 can be used to detemine the distance between
slopes of two points. Therefore, the moment area method depends on two theorems.
The first theorem states that "the change in slope between two points on an elastic
curve euals the area، of (MEI) diagram between the two points". The second
theorem states that "the distance between the tangents of the elastic curve at two
points measured at one of the points equals the moment of the area of @MEl) diagram
between the two points taken about that point".

Erample 2.18

Determine the vertical deflection at mid-span and the maximum deflection for the
beam shown in Figure 2.66. Consider EL = 10 [N.m.

$oa

Figure 2.66

30 RN

aRأ 
A c

٤»
B٥

Figure 2.67
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olution

The bending moment for the beam and a sketch of the deformed shape must first be
constnucted as shown in Figure 2.67. To detemine the deflection at point C one has
t detemmine 8, and y, where:

8٥ لا=٨و!/2 y g =ج60 - ce لا

M ..moment ofdiagram between A and B about A=ي 
EI

١ 6.75x3 6.75x9 . ١٥'٨»202s/-6+---«٧2=ا"-- EI 2 2

.y٨٥/١2=168.75x10' rad=8 ج

M ..Y =A moment of diagram between C and B about B
EI

X «nn(.4٤٣٤ -)ءء٠٥EI 2

y =60 -y
=6٢ 168.75 x 1o2 270 1o'=742.5 x 102٨=0.7425 cm

To deemine the maximum deflection, one has to look for the location of zero slope
on the elastic curve. This location is called point D. Since Op =0, and is و0 know,
one can use the first theorem to deemine the location of point D as follows:

M ،.Area ofdiagram between B and D=0-8=0 مج
EI

١٥7٦5٠٥9٠ -ه/!67٤\679٣.٤ ا،'  كن ب ه [ب٥ ر

EI و182

Solving for x one obtains x =6.708 m.

The maximum deflecion can now be deemined from y,= 6.708 y- ي0
DB

16٥75٤١o-9 ±،±)ء7%/د .1«67oلا=٥ 
 و32

= 754.67 + 109m =0.7546 cm.

2.27 THE CONJUGATE BEAM METTOD

The conjugte bem mehd is also to لمجس deemine the defortion due to
bending moment in beمms and fames. lt is conideed sع another wegنon of te
momem ara mehd. As we have ,eenع te momet are methd dees o tهلing
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the areas and the moment of (MfEI) diagram at certain points. If the (MED) diagram
is considered as loading and the geometrical boundary conditions are applied, then
one can determine the slope of the deformation curve at any point from the value of
the equivalent shear force at that point. Similarly, the deflection at any point in
reference to the tangent at another point can be cAlculated by taking the moment of
the (MEI) loading about that point. The transformation from the actual beam to the
conjugate beam follows the nules summarized in Table 2.4.

Table 2.4 Transfornation to Conjugate Beams

Free Joint
moment =0
shear  ج0
moment  ة0
shear  ج0
moment  ج0

shear  ج0
moment =0
shear  ج0

Fixed Support

Interior Support

Simple Support

slope
deflection  ي0=

slope  ة0
deflection =0
slope  عج0
deflection  ة0
slope =0
deflection =0
slope  ة0
deflection =0

Free Joint

Simple Support

Fixed Suppor

ExAmple 2.19

Detemmine the deflection at point C and the slope at point D for the beam shown in
Figure 2.68 using the conjugate beam method (EI = 10' KN.m').

The bending moment diagram and the conjugate beam are constnucted as shown in
Figure 2.69. The deflection at C is determined by taking the moment about C for the
par AC.

y= +180 x10'٧ 4=+720 x 10 m (downward)

The slope at D is the shear force at D. By calculating the reactions one obtains:

R5-10393ج= Mg =160x1٥-5180+5٧2-٠4ر٥٦١٥ x10-5٧ 8-R x4=0 ج
3

M

Figure 2.68
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wRد 

 Mع

A

٥

Figure 2 69

The slope at D is thus

V٥=(180+ 160+160 - 393.33- 40) 10=6667 «10' rad.

2.28 DEFORMATION OF STRUCTURES DUE TO SUPPORTS
SETTLEMENTS

For statically determinate unloaded stnuctures, the supports settlements do not
gererate any internal forces Therefore, the work done due to a virtual load must be
zero. From this principle, one can detemmine the deformcd shape of the statically
detemmiate stnctures due to supports settlements.

Erample 2.20

Detemine the horizontal deflection at B due to a vertical settlement at A of1 cm
dowward for the frame show in Figure 2.70.

Solution

Apply a virtual horizontal unit load at B and deemmine the reactions at the supports.
The total work done by the reactions on supports movements must be zero. The
reactions are calculated and show in Figure 2.71.



8mر 
Figure 2.70

K1"حر- 

s RN/ده 

Figure 2.71

The total work done = x ٥A + (-0.25X٥٨v) =0

(A = 0.25x1=025 cm  ا4)

which is in the same assumed direction.

68
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Exereises

1. Calclate the strain energy for the stnctures shown in Figure 1. (EA = 10'
uN, EL= ١٥' WN.m?).

،٥

 °و/
Figure 1

2. Calculate the venical deflection at point C for the tnsses shown in Figure 2
using the conservation of energy principle, and verfy the results by the unit
load method. (EA= 10'kN).

c

- "٠٠ ٠٠ 1 s٥٤٤ه،+
Figure 2

3. Calculate the vertical deflection at point C for the stnucures shown in Figure 3
using the unit load method.



١°

 إ سق '؟
 ,بي}' م
I،و /إ 

Figure 3
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4. Detemmine the flexibility matrix using the unit load method for the stnuctures
shown in Figure 4.

 إ٠؟ب"
Figure 4

 ك{ 'زل
{ ا ا

5. Determine the stiffness matrix using the unit displacement method for the
structures show in Figre 5.

 إ ا}
Figure 5

6. Solve problem 3 using CAstigliano's theorems.

7. Solve problem 4 using Castigliano's theorems.
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8, Solve problem S using Castigliano's theorems.

9. Ue the unit load method to detemmine the ventical deflcction at C due to the
loads applie on the frame show in Figure 6. (EA= 10' KN, EI = 10'
KN.m").

Figure 6

10. Use the moment area method and verify the results by the conjugate beam
method to deemine the verical deflection at C and the slope at D for the
beam showm in Figure 7 (EI= 10'KN.m).

c

Figure7


