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CHAPTER 2 BASIC CONCEPTS
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2.1 INTRODUCTION

This chapter outlines the basic concepts which are utilized in structural
analysis. Some of the basic concepts have been taught in courses like statics and
strength of materials. Other concepts are presented in order 1o complete the basics of
structural analysis and shall extensively be used in other chapters. Presentation of all
basic concepts in this chapter shall aid in easy understanding of the structural analysis
methods.

2.2 SMALL DEFORMATION THEORY

It is assumed throughout this book that the geometry changes of the structure
are very small and can be neglected as compared with structure’s dimension. In some
structures like arches, and cable structures, the geometry changes affect significantly
the final stress state in the structure. Although the geometry changes in structures can
be considered by methods like second-order theory and large-deformation theory,
these kinds of structures are not considered in this text. However, these special
structures can normally be analyzed, ignoring the effect of the deformation on the
final internal actions.

2.3 ELASTIC STRUCTURES

If a structure is loaded and then is unloaded and retains its original shape
without permanent deformation, the structure is said to be an elastic structure. The
load-deflection curve of an arbitrary joint for this kind of structures is shown in Figure
2.1. For this behavior, one concludes that the structure is made of elastic materials
whose stress-strain relation is as shown in Figure 2.2. The inelastic materials
represent those which do keep strain after unloading, as shown in Figure 2.3.
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24 LINEAR-ELASTIC STRUCTURES

Those structures which retain their original shape after unloading such that the
load-deflection relationship of any arbitrary joint is linear, are called linear-elastic
structures. These structures are made of linear-elastic materials whose stress-strain
relation is linear as shown in Figure 2.4.

STRESS

STRALIN

Figure 2.4
2.5 PRINCIPLE OF SUPERPOSITION
Considering the small deformation theory and linear-elastic structures, the
sequence of loading a structure does not affect the final stress state. Figure 2.5

illustrates an example of this principle. It indicates that one may use this principle to
make symmetry in loading the structure, as part of the final solution.
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2.6 STATIC EQUILIBRIUM

A linear-elastic structure loaded gradually up to specific magnitudes of loads
is said to be in a static equilibrium state if the equilibrium conditions are satisfied.
For planar structures in static equilibrium one has three conditions of equilibrium
stated as follows:
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Summation of horizontal force components along x-axis =ILF =0 (21)

Summation of vertical force components along y-axis LF, =0 (22)

Summation of moments about z-axis at any arbitrary point IM;=0 (23)
where x and y are two Cartesian axes in the plane of the structure and z is an out of
plane axis.

For space structures in static equilibrium one has six equations of equilibrium:
three for forces and three for moments, respectively, along the direction of the three
orthogonal Cartesian coordinates x, y, and z.

These conditions assure that the structure remains at rest and every joint or
member i8 in static equilibrium. If these equilibrium conditions are able to determine
the reactions and internal forces in the structure, the structure is called statically
determinate. [f the number of reactions and internal forces exceeds the number of
equilibrium equations, the structure becomes statically indeterminate.

27 COMPATIBILITY

The structure consists of elements connected by joints. If the structure is
loaded, then the deformed shape is a unique one and every point in the structure must
lie on the deformed shape. If a number of members are rigidly connected at a certain
joint, as shown in Figure 2.6, then after deformation, every end-member connected
with that joint must have displaced the same magnitude and direction in order to keep
the integrity at the joint. This principle is used as a condition to solve staticaliy
indeterminate structures by the compatibility method. This principle is also called
connectivity condition to indicate the connection at each joint.

28 BOUNDARY CONDITIONS

Boundary conditions include conditions related to the deformation and actions
at the boundary joints. For example, a hinged support which has zero deflection and

Figure 2.6
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zero moment includes both deflections and actions types boundary conditions. Fixed
support boundary conditions have the deflections and slopes are zero. The boundary
conditions must be specified for every structure in order to obtain a unique solution
for the analysis problem. Types of boundary conditions, for planar structures are
summarized in Table 2.1 below.

Table 2.1 : Types of Boundary Conditions for Planar Structures

Joint Actions Conditions Deformation Conditions |
Type | Horizontal | Vertical | Bending | Horizontal Vertical | Rotation
Force Force | Moment | Displacement | Displacernert

Roller 0 0 0
.Hinged 0 0 0
Fixed 0 0 | 0

29 UNIQUE SOLUTION

By satisfying the equilibrium, compatibility, and boundary conditions for a
loaded structure, the deformed shape and the state of stress in the structures are
unique, and can not take other forms.

2.10 REACTIONS AND INTERNAL FORCES OF DETERMINATE
STRUCTURES

In this section it is shown how the equilibrium conditions are used to
determine the reactions and internal forces in statically determinate structures.

2.10.1 Plane Trusses

The truss consists of a system of members connected together by hinged
joints. Each member is only subjected to an axial force. The unknowns in the truss
analysis represents the number of reactions and the members forces. Because each
truss joint is a hinge, one can apply two equilibrium equations at each truss joint that
is ZF,=0and £ F, =0. From these equations the members forces in statically
determinate truss can be determined. The reactions at the supports of the truss can be
determined using the three equilibrium equations (2.1), (2.2), and (2.3) for the whole
structure.

Example 2.1
Determine the reactions and the internal forces in the truss shown in Figure 2.7.

The support at A is hinged which has the condition that the moment about z-axis is
zero, while horizontal and vertical force reactions are unknown. Support B is a roller
which has the condition that the force in the horizontal direction and the moment
about z-axis are zero. The vertical reaction at B is an unknown. The reactions for this
truss are shown in Figure 2.8,
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To determine the reactions, the three equilibrium equauons are applied as follows:

Sum of horizontal force, L F,, =0,
Rax+10=0 ;Rax=-10kN

The negative sign of R, indicates the reverse of the assumed direction.

Sum of vertical forces, £ F,, =0,
RAy+ABy_20=O

Moment of all forces about any joint =0
By taking momeni about Joint A = 0, one obtains
20xRpy-20x 10-10x5=0 ,Rg, =12.5kN ( Tupward)

Substituting into the sum of vertical forces equation one gets
Ray=20-125=75kN( T upward )

15
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After determining the reactions, one is able to determine the members forces by
studying the equilibrium of each joint in the truss. This method is called method of
joints.

Equilibrium of Joint A

LF=0 Fac-10+Farcos8=0 KN A 8
TF,=0 7.5+Farsin6=0 — L— c
These result in F ar = -10.6 kN (compression) 1

Fac= +17.5 kN (Tension) 7.3 KN

Equilibrium of Joint C

EF,‘=0 FCD—FCA=0
tF,=0 Fcr=0 A—«—l—+— o

Fcp = Fca = 17.5 kN (Tension)

Equilibrium of Joint F

LF,=0 Fro+ Frpsin @ - Fracos8 =0 N‘
ZFJ,-_-O -FFc—FFDCOSB-FFASine=0 ¢ |&
FFG +0.707 FFD -0.707 (-106) =0 A b
-0.707 Fgp - 0.707 (-10.6) = 0 ¢
Solving for Fac and Fep one obtains
Frp = 10.6 kN (Tension)
Frg=-15kN (Compression)

The values of members forces are shown in Figure 2.9.
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Figure 2.9

One can check the solution by testing the values of intemnal forces of specific
members. For example, by cutting the truss into two parts through members GH, DH,
and DE as shown in Figure 2.10, one can determine the internal forces in these
members using the equilibrium conditions for each part of the truss.

By studying the equilibrium of the right part, one has
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Figure 2.10
LF, =0 | 125 -Fuypsin® =0 i Fup = 17.67 (tension)
ZMp=20 N 125x5-Fgppx5=0 : Fep = 12.5 kN (Tension)
TF, =0 . Fep+Fug+Fupcos8=10 |  Fyg=-15 kN (Compression)

whiclr are the same results obtained from the method of joints.
2.10.2 Beams

The internal forces at any section along a beam consist of axial force along the
axial axis passing through the centroid of the cross section, shear force along the
vertical axis, and bending moment about the horizontal axis passing through section’s
centroid. The three onthogonal cartesian coordinates x, y, and z passing through
sections’ centroid are, respectively, the direction of axial force, shear force, and
bending moment. In order to determine the intemmal forces at any beam’s section, the
reactions at the beam supports must first be determined using the static equilibrium
equations. The static equilibrium equations can then be applied for any portion of the
beam.

Example 2.2

Determine the reactions and the internal forces at sections C and D for the beam
shown in Figure 2.11.
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Figure 2.11
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The support A is hinged and support B is a roller. By applying the static equilibrium
equations, one has

LF=0 ; Rau=0

LF,=0 ; Ray+Rp,~4x5-5=0

IMA=0 ; 4x5x25+5x13-Ryyx10=10 ; Ray,=115kN (T upward)
Ray=25-11.5=13.5kN ( T upward )

To determine the internal forces at C, the beam is cut at C and the static equilibrium
conditions are applied to the left or the right part of the section as shown in Figure
2.12.

Mz
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Figure 2.12

LF:=0 ; Rye=0
EF,=0 ; 13.5-4x5+A,=0 . Ay =6S5kN(T)
IM=0 ; Mpe+AucxS5-4x5x25=10; M=50-65x5=175 kN.m(T)

Same results could be obtained from studying the equilibrium of the right part.

Similarly, to determine the internal forces at D one cuts the beam at this section and
studies the equilibrium of the left or right part as shown in Figure 2.13.
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Figure 2.13
By studying the equilibrium of the right part, one has

FromXZF,=0 ; Ap=0
FromIF,=0 ;, Ap+115-5=0 . Ap=-65kN({)
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FromZIMg=0 ; Mp+Apx3+5x3=0

Mwp-65x3+5x3=0 M:;p=+45kNm

2.10.3 Plane Frames

The determination of internal forces in plane frames follows the same steps as
in beams. Any section in a plane frame is subjected to axial force, shear force and
bending moments. The internal forces at any section can be determined afier
calculating the reactions using the static equilibrium equations.

Example 2.3

Determine the reactions and internal forces at sections C and D for the frame shown
in Figure 2.14.

20KN 10KN
SKN l C 2KN
2N » O— AN,
hinge
&~ 5
2
A
oy ,.;L,,
B
jo2m | Jm y 2m, 2m
[ 4m = 4m N
K > >
Figure 2 14

The supports at A and B are both hinged, thus one has four reactions, one horizontal
and one vertical at each support. Since we have three static equilibrium equations, we
must have an extra equilibrium equation, otherwise, the frame become a statically
indeterminate  Since there is a hinge at C, this imposes an additional equilibrium
condition that is Mc = O for any part of the frame passing through joint C, as shown in
Figure 2.15.

Taking moment about C for the right part, one obtains:
4Rpy -6 Rp— 10 x2=0
Taking moment about A one has:

8Rey— Ry -2x5-10x6-20x2-5x5-6x2=0
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Solving the previous equation for Rgx and Ryy one obtains
Re=9.727kN () , Rpy = 19.59 kN (1)
Applying the remaining equilibrium equations, one gets

TF,=0 ; Ru-Rpx+5+2+6=0 ; Ra=-3273kN(«)
LF,=0 ; Ray+Rp-20-10=0 ; Ray=1041kN (T)

20

The internal forces at C can be obtained by studying the equilibrium of part AC as

shown in Figure 2.16.

20 M
v
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3273
110.41:11
Figure 2.16
LF,=0 ; S§5+6-3273-A=0 ; Acx=T723 kKN ( «)

LF,=0 ; 1041-20+Ag=0 ; Ag=959kN(T)
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The internal forces at D are determined by cutting the frame at D and studying the
equilibrium of part AD or part DB. The internal forces are shown in Figure 2.17.
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Figure 2 17
ZF.=0 ;, Apy,-9727=0 ; Apy=9.727 kN
ZFy,=0 ;, -Aps+1959=0 R Ap,s = 19.59 kN
IMag=0 Mp+ Apy x3=0 | M,p=-29.181 kN.m.

2.11 WORK AND COMPLEMENTARY WORK

If an action force or moment A; is gradually applied to a structure resulting in
deformation D; in the same direction of A, and the action-deformation relation is
given as shown in Figure 2.18, then the work done by A, during the deformation D is
given by

D;
w={ AdD (2.4)
0
The complementary work is defined as
A,
w';j DdA=A{D;-W (2.9)
0

For linear-elastic structures, the action-deformation relationship is linear as shown in
Figure 2.19. In this case, the work and complementary work are both equal and each
is given by
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Figure 2.19
W=W'=1A, D, 2.6)
If the linear-elastic structure is subjected to a set of actions (A), Az, ..... Aq) resulting

in their directions the deformation (D, D, ...., D,) respectively, then the work done
by the actions is expressed as

W=%(A1 D;j+A3D; +....... +AnDn)=%ATQ
A (2.7)

where A"=[A,A,A,..A.];and D"=[D,D,...D,].
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2.12 STRAIN ENERGY AND COMPLEMENTARY STRAIN ENERGY

Consider an infinitesimal segment dv of a structural element subjected to final
stress o; and the corresponding strain is €; as shown in Figure 2.20. The work done by
the stress during the element deformation is called strain energy. The strain energy
due to stress o; and strain ; is expressed as

i
£
«
A
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Gif-———————

|

do i

|

|

|

g |

|

|

. » STRAIN
4 + Ei
t dt
Figure 2.20
du, =[Io dsJ dv (2.8)
[}

The totai strain energy due to stress o; and strain g in a structure is then
obtained by integrating all structural elements to give

u = []’o ds]dv (2.9)

The total complementary strain energy due to strain g; and stress g; in a
structure is defined as

/
=[o,e, dv-U, (2.10)

For structures made of linear-elastic material as shown in Figure 2.21, the
strain enesgy and complementary strain energy due to stress o; and strain g; are both
equal and each is given by
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U, =U =2 [o,¢ dv @.11)
1 1 2 y 1 ‘
For a linear-elastic structure subjected to several types of stresses o), o2, ... O, and
the corresponding strains are gy, €3, ..... s, the total strain energy in the structure is
obtained from
1
U=5 I (o1€1 +02E3 +...Gpey) dv
v
=l IgTE dv
2 v
e
=— |g gdv 2.12
5 I o (2.12)

where gT =[cloz ..... cn] and g.T =[5| £ ... en]
2.13 TYPES OF STRAIN ENERGY

In general, any member in a skeletal structure is subjected to six different
types of intemmal actions, namely one axial force, two shear forces, one twisting
moment, and two bending moments, as shown in Figure 2.22. The strain energy due
to the stresses and strains resulting from these internal actions are derived in this
section,

For a member of length L along the x-axis and with a uniform cross section

area A, the strain energy due to the axial force A, which causes normal stress oy is
obtained as
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Figure 2. 22

. ]
U, =1, :5!0“ e, dv

2
—" 2.13
EA (2.13)

O Sy [

L
S L [4
27 A EA 3 d

in which E is the modulus of elasticity of member’s material.

If the member is subjected to a shearing force Ay resulting in shear stress 1,
and shear strain vy, the strain energy is obtained as follows:

1
U; = E{t). Yy dv

A A
=lf v Q ’Qz(dyB dx)
2. 1B GI,B
2
SN CE s (2.14)
290 Gay, ‘

in which Q, represents the moment of area above or below a certain level in the
section about the z axis as shown in Figure 2 23, I, is moment of inertia about z axis,
G is the shear modulus, and A is defined as

D2 2
e [ Q; dy (2.15)
A"Y o 2B
Similarly, for the shear force A,, one has
L
dx
= | ===
-[ZG AL (2.16)

0
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where
B2 (2
d
. Q; 2 2.17)
A, 3 IyD

and Qy is the moment of area of an area about y axis, and Iy is the moment of inegtia
about the y-axis.

For the twisting moment M,, the strain energy is
1 M, r)"M r
U =— E dAdx
)

=]-M3 dx

218
'2GT, (218)

where J, is the polar moment of inertia, and r is the distance from the section centroid.

For the bending moment M,, one has

l
v y
15:M;d
¥
EI (2.19)
[+]
Similarly, for the bending moment M,, the strain energy is
M dx
U,= 2,20
6= 2 E1 (2.20)

0

The total strain energy due to the six internal actions in the member is the sum of Uj,
Us, ...., and Ug. This is expressed as
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&
U=, (221)
1=l

For planar structures of dimensions in the x-y plane and subjected to loads in
the same plane, the total strain energy in all members becomes

Aldx Midx o Ajdx
=[5k +-[2E12 +I2(;An,

(2.22)

Values of Ay or A,, depend on the cross-section shape. For example, A, =
0.833A for the rectangular section, and A, = 0.9A for the circular section.

It is not necessary that the deformation in the structure is due to applied
loading only. The temperature changes and the settlements in the footings introduce
also strain energy and work for the loaded structure.

Consider for example member iy which is subjected to a rise in temperature, as
shown in Figure 2.24. The axial elongation in an infinitesimal element dx is obtained
as

T+T,
Ax:a[ ‘; ']dx (2.23)
where o is the coefficient of thermal expansion

2!

T2

Figure 2.24

Therefore, the axial strain due to the axial deformation is obtained from

Ax T+T,
g, =—=a = 2.24
= [ ' ] (2.24)

Similarly, the rotation due 10 temperature deformation is calculated from

B, = a[T'—hT—z] dx (2.25)
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Where h is the member depth and the negative sign indicates that the tension is
on the top fibers. Therefore, the curvature due to this rotation is obtained as

" eZ TI-TZJ
=L =g 12 2.26
y dx a( h (2.26)

The axial strain at any point of height y from the neutral axis is obtained as shown in
Figure 2.25 from

€, =y"y=-a[T“T2]y (2.27)

Figure 2.25

Therefore, the strain energy due to the temperature change on member ij under
the internal actions of A,, Ay, and M; is obtained from the substitution into Eq. 2.12
as follows:

U=fo,¢,dv
L
=J‘[ﬂ}a['ﬁ +T2JAdx ) J‘[Mz )’Ja[Tl-Tz]ydv
A 2 1 h
0 v
L L
=a[“—;“-] fax ax - a[%] M, 228)
0 0

Similarty, if the support in any structure displaces a distance A, and the support is
placed on an elastic material of stiffness K, then the reaction, P, at the support does an
external work given by

w =%p A (2.29)

From the definition of stiffness which is a force per unh displacement as
shown in Figure 2.26, one may write Equation 2.29 as
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Figure 2.26

1., .2
W=_KA (2.30)

or,

1 52
wW=—P 231
2K @31)

where % is called the spring flexibility

2.14 INTERNAL FORCES DIAGRAMS

The signs used in drawing the internal forces diagrams in this book are shown
in Figure 2.27. It is noticed that the bending moment diagram is drawn on the
tension side of the member which is useful to the designer of concrete structures in
visualizing the locations of placing the tension steel reinforcement.

Example 2.4

A linear-elastic frame is subjected to the loads shown in Figure 2.28. The cross-
section of each member has a rectangular shape of 40 cm width and 100 c¢m depth. If
E = 2100 kN/cm’, determine the internal actions diagrams and the strain energy stored
in the structure. Consider G = 0.4E.

Applying the static equilibnum equations at several sections in the frame, the axial
force, shear force and hending moment diagrams are obtained as shown in Figure
2.29. Using Equations 2.13, 2.14 and 2.20, the strain energy due to each internal
force is calculated as follows:

2 1000 2
U= A, 10 _54119kN.em
2EA ) 2(2100)(40x100)

A} dx ) 100 dx

500
2= [ =0.01785 kN
2GAy 5 2x0.4x2100x(0.833x40x100)
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Figure 2.27
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Figure 2.29
2 500 2
=J‘M=2 f (10x)" dx -0.5952kN.cm
2E1, 40 x 100°

0| 2x2100x -
12

Thus, the total strain energy stored in the structure is
U=U, +U, +U,; =0.6249kN.cm

2.15 RELATIONSHIP BETWEEN LOAD, SHEAR FORCE AND BENDING
MOMENT

Considering an element dx of 2 member taken at a location x from the origin
and subjected to distributed load w(x), the internal forces and bending moments on
the element are described in Figure 2 30

- o

X

Figure 2.30

By studying the equilibrium in the vertical direction of this element, one
obtains
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V(x)-o(x)dx - (V(x)+dv)= 0
From which one has

dv
d—x—-(D(X) (232)

By studying the equilibrium of moment at any point one has
M(x) +dM - dx [V(x) + dv]- o(x) dx %" -M(x)=0

Neglecting the second order terms like dx dv and dx” one obtains

il =V(x) (2.33)
dx

Equation 2.32 indicates that the slope of the shear force diagram at any location x is
the negative of the load intensity at this location. On the other hand, Equation 2:33
shows that the slope of the bending moment diagram at any location x equals the
value of the shear force at this location. Equation 2.33 also indicates that the
maximum value for the bending moment occurs at the location of the zero shear force.

Equations 2.32 and 2.33 can also be written in another form as follows:

x1-x2

\Y = ']:— o(x)dx (2.34)

X

M

ag = ] VOO (2.35)

Equation 2.34 indicates that the difference in the shear force values between
two locations x; and x; is the negative area of the load diagram between x; and x..
Equation 2.35 shows also that the difference in bending moment between two
locations x; and x; equals the area of shear force diagram between these two
locations. These equations can thus be used to construct the shear force and bending
moment diagrams.

Example 2.5

Determine the shear force and bending moment diagrams for the beam shown in
Figure 2.31.

The reactions at the supports are first determined using the free body diagram of
Figure 2.32 as follows:
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SFD.

115.12$ i
Figure 2.32
LF,=0 ;. Rax=0
IMA=0 , B8Rpy-10x12-4x8x4=0; Rp,=31kN
IF,=0 ; Ra+Rp-4x8-10=0 ; Rs=32+10-31=11kN

Using the equilibrium equations at any section along the beam, onc can determine the
shear force and bending moment diagrams as given in Figure 2.32.
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Expressions for the shear force and bending moment at any location x from support A
are obtained as follows:

V(x)=11-4x for 0<x<8

M(x)=11x-2x>  for 0<x<8

The magnitude of the maximum positive bending moment is obtained by locking for
the location of zero shear force. From the shear force equation one has

Vx)=11-4x=0 ; x=275m
The maximum bending moment is then obtained as

M s =11%2.75-2(2.75)% =15.125kN.m.

Equation 2.35 can also be used to construct the bending moment at certain locations.
For example, the difference in bending moment between points B and C is the area of
shear force diagram between these two points, thus

o
Mc -Mp = [Vdx=10x4=40kNm,
B

Since Mc =0, one gets Mg = -40 kN.m.

Also, the difference in bending moment between point A and the maximum positive
moment is

x=275 1
Mpa -Ma= [ Vdx= o x11x275=15125KN.m.
A

which gives M pax = 15.125 kN.m. since MA = 0.

Similarly, the shear force at B is obtained in reference to the point of zero shear as

x=8
Vg-0= [ -4dx=-4B-275]=-21kN
x=2.75

which is the same value obtained in Figure 2.32,
2.16 CONSERVATIVE STRUCTURAL SYSTEMS

Conservative structural systems are those which do not lose any energy from
the work done by the external actions. Most linear-elastic structures are conservative,
especially those subjected to quasi-static loading. This means that the work done by
external actions must equal the strain energy stored in the structure.
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Consider a linear-elastic member whose length is L and is subjected to a
gradually increasing axial force up to value A,, as shown in Figure 2.33. The work
done by A, during the elongation AL is obtained using Equation 2.6 to get

Ax

AL

Figure 2.33

w=la aL
2

The strain energy is obtained from Equation 2 11 as
U= l Io €, dv
2 x x

=%j[%][%](;a dL):%A‘ AL

Therefore the strain energy U equals the external work done, W. This proves
the conservation of energy for a linear-elastic member. The same result is applicable
for a linear-elastic structure.

Non-conservative structural systems are those which lose some energy
through radiation, heat, or dissipation. This class of systems is not treated in this text.

Example 2.6

It is required to determine the horizontal deflection of point B, using the law of
conservation of energy for the frame shown in Figure 2.34, (Consider the cross
section area A = 40 x 100 cm? and E = 2100 kN/cm?)

The internal actions diagrams are determined as shown in Figure 2.34.  From

Equations 2.6 and 2.11 one determines, respectively, the strain energy and the work
done as follows:

=0.00595kN.cm

U_lJ-A,z‘dx_lmJ?O 100 dx
27 EA 2 ] 2100x40x100
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w=L(10xa,)
2
. U
Since U = W, thus Ay =3 =0.0019cm
IOKN 4 s, [+ I007] "
s
E
=1
i S ”L‘c'
AXIAL FORCE SHEAR BENDING
Figure 2.34

2.17 PRINCIPLE OF VIRTUAL WORK

If a rigid body (non-deformable) is subjected to a system of actions and the
body is in static equilibrium, then the work done by these actions during a small
virtual displacement is equal zero. This principle can be proved by using the
condition of equilibrium between the applied actions and the reactions.

The principle can also be applied to a deformable body. An easy derivation
for this principle makes use of the conservation of energy which was proved in the
previous section, as follows:

A conservative structural system is in equilibrium under a set of actions. The
relationship between the external work done by the actions and the strain energy
stored in the structure is given by

W=U (2.36)

A small variation in W must equal to the corresponding variation in U. If this
variation is due to a compatible virtual displacement § D , then, one has

3W=6DTA 237

The corresponding variation in the strain energy due to a strain vector
variation 8¢ is
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5U=j5§Tg dv (2.38)
.

where &€ is the strain variations due to 6D .

The first form for the principle of virrual work can thus read

5D A=[bg" o dv (2.39)

¥

If the variation in the work done is due 1o a set of virtual loads 8 A , then one has the
second form of the principle of the virtual work as

5ATD=[60" g dv (2.40)

v
where & ¢ is the variation-in stresses due to the virtual loads 5 A .

2.18 THE UNIT DISPLACEMENT METHOD
As a special case of the principle of virtual work, when the virtual

displacements are zero at all points except to be unity at a specific point i, Equation
2.38 can be written as

| xA,:I&g,Tg dv (2.41)

v

where g, is the strain vector due to the unit displacement at i, and A is the load in the
direction of unit displacement applied at point i.

This method is used in developing the stiffness coefficients which is used in
the stiffness method.

Example 2.7

Determine the stiffness coefficients associated with the actions A; and A; in the truss
shown in Figure 2 35

Applying the unit horizontal displacemeni at B, as shown in Figure 2,36, one gets

EAD,
-
IxA, =| = —} L Ja=-EAp
2L 2L||-Eap, |7 T 2L
2L

IxAq=0



Figure 2.35

Figure 2.36
D=1
EAV3 B
] c=\3 - 21 BA D,
2L 2L
Figure 2.37

38

Similarly, applying a unit vertical displacement at B as shown in Figure 2.37, one

obtains



39

VIEAD,
lez{ﬁ —‘é] 2L AL=EDZ
2L 2L ngADZ 2L
2L

IxA; =0

Thus, the force-displacement relationship for the truss at joint B is given by

A, Ef: 0 DI
B3
1 5EA
A 0 D
2 L 172

2.19 THE UNIT LOAD METHOD

If a unit ioad is applied at point i as a virtual load in the virtual work principle,
then Equation 2.40 becomes

1xD, :jgf g dv (2.42)

b
where g, is the stress vector due to the unit load applied at i

By using Equation 2 .42 one is able 1o calculate the deflection at certain points,
and also one can develop the flexibility coefficients needed for the flexibility method.

Example 2.8

Determine the flexibility coefficients associated with displacements D; and D; at joint
B in the truss shown in Figure 2 38

Dl 3 B

D2

Figure 2 38
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Solution

Apply a unit load A; = 1 kN at B in direction of D, as in Figure 2.39. The internal

forces are obtained using static equilibrium equations.

Figure 2.39

Applying the virtual work principle, one obtains

1xD1=IgT§ dv

v
A
:l __1 a xAL—-ZL
A Al|A EA !
EA
1xDj =0

Similarly, applying a unit load at B in direction of D; as shown in Figure 2.40, one
obtains the members forces from static equilibrium equations.

Applying the unit load method one gets

1 KN

A3, A,N\3
I3 13 ? ?

Figure 2.40
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]xDz=Ic_3;rt_;dv
v
[ 1 | } _L,
BA SA 5 JEA !
ixD)=0

These relations can be put in a matrix form to represent the flexibility coefficients at
joint B.

2L

p,] |2 A

ll Ea 1
2L

D 0 i A

2 JEA 2

Considering that a unit load results in planar structures the internal actions a,, ay, m;
and the loading produces internal forces A,, A, and M, Equation 2.42 yields

T
1xD; = [ [3 2 &y][”“ 2,2 ——M”] dv

A I,b I, EA GI;b I,E
A d
=I a,A_dx+I a, A, x*’J m, M, dx (2.43)
EA GA, El,

In case of having linear rise in temperature as descnbed in Figure 2.24 the
deformation due to unit load is

T =
Di=a(—'-;L2)Iaxdxoa(—Tl—hT—2)Imzdx (2.44)

in which T, and T, are the temperature changes of the upper and Jower surface of the
member, a is the coefficient of thermal expansion, and h is the member depth.

The deformation of trusses are determined from Equations 2.43 and 2.44 by
retaining only the terms containing axial force as

a A L
Di :ZTA— (2.45)

The deformation due to thermal changes is obtained from

D =>aTa,L (2.46)
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in which T is the change in temperature of a specific truss member.

Thus, in order to determine the deformation at a point i, in a certain direction,
one has to do the following:

1) Determine the internal actions due to applied loads.

2) Place a unit virtual load or moment at point i, in the required direction and
determine the internal virtual actions.

3) Use the proper equations to determine the required deformation.
Example 2.9
For the beam shown in Figure 2 41, use the unit load method to determine:

{a) theslope at A,
(b) the deflection at mid-span.

AKNm

A J ;)
A Yy
e L=9m -
Figure 241

Solution

From Figure 2.42 one can determine the reactions and moment at section x from the
left support.

8 8

R, =—kN " M=—-x
A3 3

(a) To determine slope at A, apply a unit moment at A as shown in Figure 2.43.

m=1-x/L
AKNmM

\— B‘)unun
A
TIBIN ’%/sm e

Figure 2.42
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Substituting into Equation 2.39 considering bending moment only, one has

The positive value for the answer indicates that the slope is in the same direction as
the unit moment applied at A.

(b)  To determine the vertical deflection at mid-span, apply a unit load at C as
shown in Figure 2.44.

m=x/2 for

=%(L-x) for

C‘IA‘N‘ . ~ Jl Lo B
% S S
lm.na Tm.n: ‘IO.SKN °'5KNT
" R
1 KNm 225 XNm
Figure 2 43 Figure 2.44

2.20 INTEGRATION BY DIAGRAMS

Using mathematical integrations 10 evaluate deformation using Equation 2.43
is a time consuming process. A method which is based on performing the integrations
using internal forces diagrams is presented here

Suppose it 15 required to evaluate the contribution of the third term in Equation 2.43,
In this case, the bending moment diagrams M, and m, are used. Since m, is



44

constructed due to a unit load, this diagram is always formed of straight lines
segments. Whereas, M, could be curved or straight line segments depending on the
kind of loading on the structure whether distributed or concentrated loads. The
diagrams on a segment of a member of length S are shown in Figure 2.45. The
deformation due to bending moment, denoted by D, is calculated from

z dx
El

f(“ ),

=EI-xArea of M, xy (2.47)

1xDm-jM

Figure 2.45

The deformation Dy, can thus be obtained from multiplying the area of M,
diagram times the ordinate of m, at the centroid of M, diagram (5 divided by the

value of EI of the segment S. Using this law requires the knowledge of the areas of
the simple shapes and the location of their centroids. The moment diagram m; must
be a continuous straight line from the start to the end of the segment of integration.
Integrating different shapes of diagrams are given in Tables 2.2 and 2.3.

Example 2,10

Determine the deflection at point C for the beams shown in F:gures 2.46 and 2.47
using the contribution of bending moment only (EI = 10° kN.m?).

Solution

The deflection for the beam in Figure 2.46 is obtained using Equations 2.43 and 2.47
as follows;
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. Al T
- - N »
= [CEE— N

l - ‘:z‘ MZU
= l'“‘ l!xN
» c -y
[U'\ﬂ‘rh\ m, et W
Figure 2.46 Figure 2.47

IxD¢ :él(-4x9)x(-4.5)+(-18x9x%)x%x(-f))g:0.00643 m.

The deflection for the beam in Figure 2 47 is similarly obtained as

=

2 S :
|XDC=L[(:)(|6:4))((—x2)i12=OOOIO667m
EI| 3 g

Example 2.11

Determine the angle of rotation at A for the beam shown in Figure 2 48.

Figure 2 48
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Solution

Apply a unit rotation at A and construct m, diagram as shown in Figure 2.49 The
integration with M; diagram gives the angle of rotation at A as follows:

[ 3
])(BA:L [—I—XZOXSJX l :ﬁj- rad.
EI|\2 2 El

= MT’
+
1 KN.m
C 20KN.m
A fiu
I KNm
M m,
Figure 2.49

Example 2.12

Determine the relative angle of rotation at the hinge C for the frame shown in Figure
2.50 due to the rise in temperature shown (o = 107°/°¢).

“wn

Figure 2,50

Solution

To determine the relative angle of rotation at the hinge C apply two equal and
opposite unit moments at C as shown in Figure 2.51. The axial force and bending
moment diagrams are given in Figure 2.52.
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Figure 2.51

A.F D

Figure 2.52

T;+T Tl»T .
Bc,=a{ 12 2]]8,.- dx-a(Tz]Imz n
_ [5o+20][009 25 2] [so 20][0,&6x2+(1+20.6)14£x2J

2

=-6153a

B, =-0.00615rad. (opposiie 10 the assumed direction).

Example 2.13

Determine the deflection at C and the relative displacement between A and B for the
truss shown in Figure 2.53 due to a rise in temperature of 20°C in the top chord only
(o = 107r¢).

Solution

To determine the deflection at C apply a unit vertical load at C. The axial forces are
obtained and shown in Figure 2.54.

The deflection at C is obtained using Equation 2.46 as follows:
De = (20)[-1x5-1x5+0+0]=-200a=-02cm  (upward)

To determine the relative displacement between A and B one applies two equal and
opposite unit loads at A and B as shown in Figure 2.55.
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Sm:l 5m e 5m+§m >

Figure 2.53
n. n‘ 18 KN 18
& "X &
d - o T o T Tu T
| < s
[l ]
Figure 2.54
A A
10 ~
TN+ TONDIANN
r A A b & & B
Figure 2.55

Using the axial forces a,, the relative displacement between A and B is, obtained from

Da/p =a(-0.707x5x20)=-0.0707cm (in opposite directions to the unit loads) .

CASTIGLIANO'S THEOREMS

The principle of conservation of energy can also be used to derive
Castigliano’s theorems. Considering a linear-elastic conservative structure, the
variation of strain energy must equal the variation in the work done, that is

SU=8W (2.48)
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The variation due to a small deformation 8D,, as shown in Figure 2.56, at a certain
point i, can be written as

ﬂj—CEDi =A; 8D, (2.49)

T

€
[1]
c
[+ IR

o

+

Figure 2.56

In Equation 249, the left hand side is the mathematical definition of the
variation in U due to 8D,, and the right hand side is the actual variation in the work

done due to 8D at i.
From Equation 2.49, Castigliano's first theorem is stated as follows. “in an elastic

system, the partial derivative of strain energy U with respect to any selected
displacements D, gives the action A; in the direction D,”. This can mathematically be

expressed as
~ U
——=A (2.50)
&D
This theorem can also be derived using an engineering analysis as done in
References [1, 20].

If the variation is due to additional load 8A applied at point 1 as shown in
Figure 2.57, Equation 2 48 becomes
éu

-

C

8A =D 6A. (251)

where U” is the complementary strain energy

For linear-elastic structures, where U= U’ one has
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—— — —— C—— ——— ——

e = e —— — — —

|
!
|
l
1
1
D

- +» 0
]
Figure 2.57
ou
=D 2.52
—+ =D, (2:52)

This states a special form for Castigliano’s second theorem, which states that “the
partial derivative of the complementary strain energy with respect to any selected
action A; gives the displacement D; in the direction of A;”.

The two Castigliano's theorems have introduced the basic tools for matrix analysis of
structures. The first theorem is used in the stiffness method. The stiffness coefficient
S is determined from the term (OA/OD;) which is the action at i due to unit
displacement at j. Therefore

A; 5, a?
sij=a L. Y [eY) o7 (2.53)
oDj 06Dj\éDj) 9D;dD;
and

Similarly, the force method has been developed using the second Castigliano’s
theorem. For a linear elastic structure, the flexibility coefficient f;; = (8 D;/ 8 A;) is
the displacement at i due to a unit load at j. Thus,

2
fizé'Di= d (oU __o'u (2.55)
' OA, BA\0A, 0A OA,
and
Dj =fjj Aj (2.56)
Example 2.14

Determine the flexibility coefficient for the truss given in example 2.7 using
Castigliano’s second theorem.
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Solution

The internal forces in the members are found in terms of the forces A, and A; using
static equilibrium conditions as shown in Figure 2.58. The forces in the members are
called A,; and A,;. These forces are

Au [A +%J

i

Figure 2.58

The strain energy is calculated using Equation 2 13 as

2 2 2
szAxdxz[A AY L [Az_Al] L

t—= | —+| =& —
2EA | ' J3) 2EA (3 2EA

Using Castigliano’s second theorem, one has

N
aIJ:[)]: 2L Al+£ -L i-Al
A, 2EA V3 ) 2EA 3 y

oDy _ _*U_ 2L a2
3A; T 3A? 2EA  2EA EA

1
au A, L As L
—=Dy=2 A1+_]—+2[—-A1]———
dA2 [ V3 ) 23EA NE) 2J3EA
D, _, 8D

BA,
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Therefore, the flexibility matrix between A;, Az, and Dy, Dy is

|

Determine the stiffness coefficients associated with Dy and D; for the truss given in
example 2.7

2

) . L
Flexibility Matrix = —
Y EA [0

O

Example 2.15

Solution

The axial deformation in the truss members are determined from the geometry of
Figure 2.59 as follows:

J3

AI =0'5D‘. +7D2

V3

A2 =-0,5D| +7Q2

The strain energy is calculated using Equation 2.13 as

ATEA AL EA
=+
2L 2L

U

\2 2
e (0.5D1+£D2 + -O.SDHﬁDz
2L || 2 2

Figure 2.59
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Applying Castigliano’s first theorem, one has

A
—a—U=A|=E—Al(OSD|+—J—§D2 -1 -O.SDli—JiDz
2L 2 2

\
2

Si1 _O0A1 g_Uz EA [054.0'5]:5‘5

oD, sp? 2L 2L

]

SA
Sig =——t=

dD;

7

5—U=A2=§ﬁ 35 0.5D1+-[3—D2 +2—‘@ -0.5D1+£D2
aD, 2 2 | 2 2 2

dA, 32U EAJ[3 3} 3 EA
522=——=——:—— —_——- — _——

3D, op? w2272 L

O0Ay
Sy =——2=0
2 oDy

The stiffness matrix between A), Az, and D), Dy is

05 0
Stiffness matnx = Eﬁ
Lo 1.5

One should note that the stiffness matrix is the inverse of the flexibility matnx, in any
structure.

The next example shows that Castigliano’s second theorem can also be used to
analyze statically indeterminate structures. Although this is handled in more detail in
Chapter 3, for the sake of completeness of this topic, the next example is offered.

-+

Figure 2.60
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Example 2.16
Analyze the truss shown in Figure 2 60 using Castigliano’s theorems.
Solution

Member 3 is cut and the forces in the members are found in terms of Ays as shown in
Figure 2.60. The members forces are all assumed tension. The equilibrium of the
free joint gives

A x1 =16 \/5 +A 3

Agoy =~ (16+ Axp/E)

The strain energy, using Equation 2 13, is calculated as follows:

2
e 2 A L
a 2EA;

_ &\/5+Ax3)2 10J§+£11+ \/EAxJ)2 10
E 2E

Applying Castigliano’s Second Theorem, one obtains

ou
dA,

=-D,
where the negative sign indicates that the deformation Ds is in opposite direction to
the force A, since the tension member is subjected to elongation.

Ax_l LS
EA,

D, =

OU__1 o2 (1642 +A)+10(16+v2 Ags)V2)=-Ds

JA PE

1 '10‘/5 Ax
—(866.274+ 48284 A = — 27
E( x3) 1 SE
Ag=-1501K

A, =1642-1501=7614kN

A, =-(16-15012)=5224kN
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Example 2.17

Determine the deflection at mid-span and the angle of rotation at the left support for
the beam shown in Figure 2.61 using Castigliano’s theorem. (El = 10° kN.m?).

20KN
A | [ B
A S
3
——>
1 b »be & —
e T 1
Figure 2.61

Solution

(a) Since the load 20 kN is applied at mid-span, one may use it in calculating the
deflection. Calling this load A., the strain energy is determined as follows:

The moment at any section x from the left support is
Ac
M(x):—z—x for 0<x<é6

The strain energy in the beam is

6M2
U=2‘o[ 2(

x) dx _2j‘-A: x'dx  Al[x*] _18A
El )

4x2El 4El| 3 El

Applying Castigliano’s theorem one gets

Dc=a—U‘ =0.72cm
OAc Ac =20

The positive sign indicates that the deflection is in direction of A..

Figure 2.62
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(b) To determine the angle of rotation at A, apply a virtual moment M, at A as
shown in Figure 2.62.

The moment at section x from left support is given by
M
Ml(x)z(—AHO]x-MA for 0<x<6
N
The moment at distance z from right support is

MAz):[lO-%)z for 0<z<6

The strain energy is thus

U _TM,Z (x)dx N jM; (z)dz
K 2El

a

From Castigltano’s Second Theorem, the angle of rotation is obtained by carrying out
the integration and then put M, = 0.

- '6[2M1(x)[l—]2»x-]de+-6[2M,(z)[%szz

. 2E1 : 2EI

6
* 1 (]0)()dx+ij[i x10z" dz
12 EL; (12

1 |10x3 10%2 ¢ 11023 ¢ -360
_1 doxtp 1 =222 - _0.0018 rad
] EI| 36 | 2EI

which indicates that the slope is in opposite direction to M, direction,

2,22 MAXWELL'’S AND BETTI'S LAWS

Betti’s law states that the work done by a system of action A during the
deformation state D, which is caused by another system of actions A is equal to
the work done by the A, actions during the deformation D, state which is caused

by the A actions. This can be expressed as

ATp, =aTpD_ 2.57)



59

Maxwell’s law is a special form of Betti’s law. It states that the work done by
a unit action at i due to deformation caused by another unit action at j (D;) equals the
work done by the unit action at j due to deformation caused by unit action at i (DD;).
This can be expressed as

M, D,=(1), D, (2.58)

which indicates that D; = D;;.

It can be restated that the deflection at i due to unit action at j equals the
deflection at j due to unit action at i.

This theorem serves in concluding that the stiffness and flexibility matrices are
symmetric about their diagonal. This is obvious from

o’uU
f =f =—— 2.59
v aAlaAJ ( )
52

Maxwell’s and Betti’s laws had great influence on developing the concepts of
influence lines and Miller-Breslau principles.

2.23 DEFORMATION-ACTIONS RELATIONSHIP

The previous concepts will now be used in developing a general deformation-
action relationship for an element ij in skeletal structures. The member is fixed at i
and is subjected to the actions A, as shown in Figure 2.63. The strain energy due to
these actions is obtained from Equations 2.13 to 2.21 as follows:

dx +'J“- A;dx +lj:M_2\ dx+'I(Mz+Ay x)z dx +IJ1(M,, -A, x)z dx

U=
12GAr 2GJ, 2El, 2EI,

3
T (2.61)

O'—:l_'

A
2

']

Figure 2.63



Applying Castigliano’s Second Theorem one obtains

For example, Dy and D, are computed as follows:

D =L

x

A

x

_ou

“AA,
_3U
oM

o)

X

x

3

L-

EA
] —
T lGA

JEI

3
L]A

b -2V
A,
evzau ,
YoM,

F M,
' 3El,

60

(2.62)

If the shear deformation term is neglected, one obtains the following simple matrix

relationship;

L2
2El,

0o o0 o0
3 ik
= 0 &

3, 21
0o L o

GJ

-2 L
2E1, EI
0

El, |

(2.63)

This relationship°can also be determined from the unit load method according to the
principle of virtual work. This relation is the basis of the matrix flexibility method in
structural analysis for framed structures.

2.24 ACTIONS - DEFORMATION RELATIONSHIP

For the beam element of Figure 2.63 the action-deformation relation can be
found from Castigliano’s first theorem by writing the strain energy in terms of the

deformation.

One can also use the unit displacement method according to the

principle of virtual work. However, the inverse of Equation 2.63 gives directly the
action-deformation relationship, which is
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~ - [EA T-. -
A, {T o o0 o o o |[D,
12E1 -6El
A 0 2 o o —=[|D,
y L3 L
12El,  6EI
A,llo o —> o=t o ||D,
L3 L?
= Gl (2.64)
Mo o o = o o |6
-6EI,  4EI_
Myl fo o —5Fo % 0 18,
-6El 4EI
M, | [0 —% o 0 z ||,
| LZ L ] E

This matrix shall be used in Chapters 4 and 5 and is called the direct stiffness
matrix as it relates the actions and deformation at the same joint j. A system of
actions can also be developed at j due to unit displacements at i. In this case, the
matrix is called cross-stiffness matrix. These matrices are the basis of the stiffness
matrix method in structural analysis of skeletal structures.

2.2 THE BENDING MOMENT-CURVATURE RELATIONSHIP

The curvature of a deformation curve is defined as the rate of changing the
curve direction. Considering a part of length AS from a deformation curve as shown
in Figure 2.64, the curvature is defined as

_ Lim Ad _db (2.65)

L A
p AS—50 AS ds

where p is the radius of the curvature, which is the inverse of the curvature.

Figure 2.64



62

Since the slope at any point along the deformation curve is defined as tan ¢ = dy/dx,

by taking the derivative of both terms, one has

d (tan tta)=i

&)
dx dx \ dx

This leads to the relationship

d d2y
(1+ tan2 ¢)d—x=dx—2

which can be written as

d¢ _ d2y/dx?
dx 1+ (dy/dx)?

The relationship between ds and dx is obtained as follows:

ds = Jdx? + dy?
=dx /1 + (dy/dx)*

Therefore, one has from Equation (2.68),

o
ds Il+(dy/d>()2 l ?

From Equations (2.67) and (2.69), the curvature is obtained as

do _do dx _ d2y/dx?
Tade I .. aB/2
ds dx ds [|+(dy/dx)2f

For small deformations where dy/dx = 0, this relation is approximated by

d_dy
ds ~ dx?

(2.66)

(2.67

(2.68)

(2.69)

(2.70)

(2.71)

The relationship between bending moment and curvature is obtained by
utilizing the stress strain relationship. For the beam element of length ds which is
subjected to bending moment M at both ends as shown in Figure 2.65, it will be

subjected to normal stresses due to the bending moment given by

(2.72)
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Figure 2.65

where @ is the normal stress, I is the moment of inertia of the section about its neutral
axis, and c is the distance between any point and the neutral axis.

From the stress-strain relationship of linear elastic structure (¢ = E g), the total
elongation A at the bottom fiber of the element ds is given by

A:adszgds (2.73)

which must satisfy the relation A=c d $.

From Equation 2,73 one obtains

M

—~¢ ds=c d

El ¢
_Nl:ﬂ:d;‘y (2.74)
El ds dx’ '

2.26 THE MOMENT AREA METHOD

The moment area method can be used to determine the deformation due to
bending moment in beams and frames. The method is based on the bending moment
curvature relationship given in Equation 2 74. From this equation, one can obtain the
following identities:

dy M
dy_(My 2.75
dx Jr-:l X (2.75)

y= “ gdx}dx (2.76)
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Equation 2.75 can be used to determine the change in slope of the deformation curve
between two points, and Equation 2.76 can be used to determine the distance between
slopes of two points. Therefore, the moment area method depends on two theorems.
The first theorem states that “the change in slope between two points on an elastic
curve equals the area. of (M/EI) diagram between the two points”. The second
theorem states that “the distance between the tangents of the elastic curve at two
points measured at one of the points equals the moment of the area of (M/EI) diagram
between the two points taken about that point”.

Example 2.18

Determine the vertical deflection at mid-span and the maximum deflection for the
beam shown in Figure 2.66. Consider El = 10° kN.m’.

be b e Sa »
Figure 2 66
30KN
A | B

A £

Figure 2.67
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Solution

The bending moment for the beam and a sketch of the deformed shape must first be
constructed as shown in Figure 2.67. To determine the deflection at point C one has
to determine 6, and y_.,, where:

B =Vap/12 . ¥.=60g-Ycp

Y ,p =Mmoment of %diagram between A and B about A

1 [6.75x3
x

= — 2+ 87379 61 = 2025 x 10* m
EIl 2 2

Bp =¥ rp/12=168.75x10* rad.

Yce = A moment of % diagram between C and B about B

l["s::é x2J=27ox10" m

T El

Y. =693 “Ye
=6 x168.75 x 10° - 270 x 10° = 7425 x 10° m = 0.7425 cm

To determine the maximum deflection, one has to look for the location of zero slope

on the elastic curve. This location is called point D. Since 8p = 0, and 0 is known,
one can use the first theorem to determine the location of point D as follows:

0ap =0, -0, = Area of gdiagram between Band D

2
167.75x107 - 0 = [ 873 x)1=67'5" x10°
EIL 9 J2 18

Solving for x one obtains x =6.708 m.

The maximum deflection can now be determined fromy,, = 6.708 8, -y
yp = 6.708x168.75x10™° . 1073 (% xJ%x§

=754.67x 10° m=0.7546 cm
2.27 THE CONJUGATE BEAM METHOD
The conjugate beam method is also used to determine the deformation due to

bending moment in beams and frames. [t is considered as another vergion of the
moment area method. As we have seen, the moment area method depends on taking
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the areas and the moment of (M/EI) diagram at certain points. If the (M/EI) diagram
is considered as loading and the geometrical boundary conditions are applied, then
one can determine the slope of the deformation curve at any point from the value of
the equivalent shear force at that point. Similarly, the deflection at any point in
reference to the tangent at another point can be calculated by taking the moment of
the (M/EI) loading about that point. The transformation from the actual beam to the
conjugate beam follows the rules summarized in Table 2.4,

Table 2.4 Transformation to Conjugate Beams

~ Actual Beam Conjugate Beam
Joint Condition Joint &| Condition
Fixed Support slope =0 Free Joint ] shear =0
deflection =0 |  moment =0
Free Joint slope =0 Fixed Support shear #0
deflection =0 moment # 0
Internal Hinge slope =0 Interior Support shear #0
deflection =0 moment # 0
Simple Support slope =0 Simple Support shear =0
deflection =0 moment = 0
Interior Support slope #0 Interior Hinge shear =0
deflection =0 moment = 0

Example 2.19

Determine the deflection at point C and the slope at ?oint D for the beam shown in
‘Figure 2.68 using the conjugate beam method (EI = 10 kN.m?).

The bending moment diagram and the conjugate beam are constructed as shown in
Figure 2.69. The deflection at C is determined by taking the moment about C for the
part AC.

ye=+180 x 10° x 4 =+720 x 10° m (downward)

The slope at D is the shear force at D. By calculating the reactions one obtains:

Mg =160x10-5 x;—-40x10'5x2+]80x10'5x 8-R,x4=0 ;, R =393 x103

ém 2

Figure 2.68
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The slope at D is thus
Vp = (180 + 160 + 160 — 39333 - 40) 10" = 66 67 x 10 rad.

2.28 DEFORMATION OF STRUCTURES DUE TO SUPPORTS
SETTLEMENTS

For statically determinate unloaded structures, the supports settlements do not
generate any internal forces Therefore, the work done due to a virtual Joad must be
zero. From this principle. one can determine the deformed shape of the statically
determinate structures due to supports settlements.

Example 2.20

Determine the horizontal deflection at B due to a vertical settlement at A of 1 cm
downward for the frame shown in Figure 2.70.

Solution
Apply a virtual horizontal unit load at B and determine the reactions at the supports.

The total work done by the reactions on supports movements must be zero. The
reactions are calculated and shown in Figure 2.71.



4m

Figure 2.70
1KN |g
A
—~1KN  gskN
1 0.25 KN
Figure 2.71

The total work done = 1 x Ag, + (-0.25XAav) = 0
Aph=025x1=025cm («)

which is in the same assumed direction.

68
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Exercises
1. Calculate the strain energy for the structures shown in Figure 1. (EA = 10°
kN, EI = 10° kN.m?).
I 20 KN
\ —= 10KN
4 x 0%
5.0
40 L
F - ) SO KN & 1
1 4N4 216.0m. ]_ l 10.0m.
v [ 4 v T
q SOKN
S l
e — —
m. X ‘ ~n
10 5.0
sce | som
T
wtowr KWOKN/Ccm
I 508 ‘
Figure 1
2. Calculate the vertical deflection at point C for the trusses shown in Figure 2
using the conservation of energy principle, and verify the results by the unit
load method. (EA = 10° kN).
120 KN
+— “0
5.0 - 4
4.0
= v 1 ﬁ._‘ -
5KN \ II
5.0 E 50 40X 40 m. :
= 1= +
Figure 2
KR

Calculate the vertical deflection at point C for the structures shown in Figure 3
using the unit load method.
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L

EIl =2 ALL
EA =) ALL
1

——
-

Figure 3

4. Determine the flexibility matrix using the unit load method for the structures
shown in Figure 4.
1.0
A
€ all o ‘ 1
: b
l A T
40
1~
Figure 4
5.

Determine the stiffness matrix using the unit displacement method for the
structures shown in Figure 5.

fAg
At Az
A] —.-t
L ’
Ty
-
N -
1 1 I |
T R 1 1 -
Figure 5
6. Solve problem 3 using Castigliano’s theorems.
7.

Solve problem 4 using Castigliano’s theorems,
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8. Solve problem 5 using Castigliano’s theorems.

9. Use the unit load method to determine the vertical deflection at C due to the
loads applied on the frame shown in Figure 6. (EA = 10° kN, EI = 10°
kN.m?).

POKN
T
C
Sm

Sm _ Sm ’é—‘

Figure 6
10.  Use the moment area method and verify the results by the conjugate beam

method to determine the vertical deflection at C and the slope at D for the
beam shown in Figure 7 (EI = 10”° kN.m?),

20 KN

| I 1 1 | | C

Figure 7



