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3.١ INTRODUCTION
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THE rORCE METODS

etedمA peم in the pevios chpters, the force methds deal with
decmmining the uow forces Or moments in the stnucعre Any ofthe force
methods cمn thus be used when te degree of stAtic indeeminacy is smلa ler thمn the
degree of feedom of the struaسre. The force methd is a soل ac ledل the consistent
deformaion mehd because twe technigue used for solution depends on conditions, to

nwn forces or mments, to keep the defomation in the stnuctureل olve for he wو 
consisen.

The force methods stdied in this chapter are:

1. The ue of unit load method.
2. The ue of Castiلg iano's second toorem.
3. The thee moment eguation mehwd.
4. The elAsic center method.
5. The column nعlogy methd.
6. The flexibility mAtrix methd : approach-1.
7. The flexibility matnix methd : approach-2.

Ech of the above meths be الhaع demonstrated how to be used in solving
.clly indeemminate planar studueهه 

3.2 MEGREE OR STATTC INDETERMINACY AND THE PRIMARY
STRUCTURES

An imporAnt sep to decide wheher to use the force methods or not is the
detmmmiDation of the degree of stadc indetemminacy for the stucture and compAning it
wih is degee of freedom. This secion illustrates how to detemine the degree of
stهic indeteminecy for varios types of stnctures. From the degee of stقtic
indeemminAcy one knows how mny forces and moments cld be rcleased fom the
sture to be staticفlly deteminAte. A stAble stAiلac ly detemminate strucure
developed fom the statiلac ly indeeminae stucture is ac ledل a primary stncture.

3.2.1 Pne Trsses

Tnss membes ssuقin ony axiلa forces. The tot numberلم of forces which
mweed to be detemined in order to anقlyze the tuss &uشls the number of' members
plus the number of reactions. The avنa lable euilibrium equations are those
applicable a4 every fictionless joint, where the sums of honizontal and sum of vertiلac 
forces arE aero. Thwerefore the degree of suatic indeeminacy (DSl) in plane tnsses is
detemined fiom

DSl = m+٢-2] (3.1)

whee m is number of membes r is nmber of recions, an j is nmber ofjoints.
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The degree of static indeterminacy represents the number of redundant forces
which may contain extemal reActions, intemna] forces or both. The number of extemnal
redundants is calculated from

Number of external redundants = r-3-n (3.2)

in which the number 3 represents the three external equilibrium equations for the
whole stnucture (2 F,=0, E Fy=0, and E M = 0), and n represents any additional
external equilibrium equations which relate the external reactions together. The
number of intemnal redundants is detemined from

Number of intemal redundants = DSI- Number of external Redundants (3.3)

Erample 3.1

Detemmine the degree of static indeterminacy, DSL, and the number of external
redundants and internal redundants in the tnsses shown in Figures 3.la and 3.1b.
Select a primary stncture for each tnSs.

c

Figure 3.1a

Solution

Figure 3.1b

For tnuss of Figure 3.1a, the number of members m = 15, the number.of reactions for
three hinged supports r= 6, the number ofjoints'8=ز . Therefore, the degree of static
indeterminacy for this tnss is

DSI=15+6-2x8=5

The number of extemal redundants is determined fiom (r- 3- 0), this gives 3
extemnal redundant reactions. The number of internal redundants is thus (5-3)=2

The primary strcture is selected such that three unknown extemal reactions, X1, A,
and X3 are zero. The two internal redundants are assumed zero for any two unknown
members forces in the tnss such that the tnss remains stable. A primary stnucture is
shown in Figure 3.2.
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Figure 3.2

The tnuss of Figure 3.la has m = 20, r=4,1ز= l, and n = 1 which represents the
moment at C to relate the reacions togeher.

DSI= 20+4-2x1]=2

THe number of ertemal redundants =4-3-1=0

Therefore, the number of the intemal reundants is two.

A pnimary structure is shown in Figure 3.3.

Figure 3.3

3.2.2 Space Truد ses

In space tnusses, each joint has three eguilibrium euations. Therefore, the
degree of static indeterminacy is given by

DSI = m+٢-3ز 

The number of extemnal redundants is obtined from

Number ofexternAl redundants =٢-6-n

(3.4)

(3.5)

wee n i any wdditionel euilibrium eualtions which relate the reactions together.
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ExAmple 3.2

Detemmine DSI in the space tnss shown in Figure 3.4.

Solotion

The number of members m = 20, number of reactions = 12 which represents thee
reactions at each hinged suppor, and number ofjointsj = 8.

Figure 3.4

DSI=20+ 12-3٧8=8
Number ofertemal redundants = 12-6=6
Number of intema] redundants = 8-6=2

A primary strcture is shown in Figure 3.5.

3.2.3 PlAne Frames

In plane frAmes, the member internal forces are characterized by the axial
force, shear force, and bending moment. To detemine the intemal forces in all
members of the frame, one has to apply the static equilibrium equations at every joint

 و؟،

Figure 3.5
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in the frame. Therefore, the DSI cمn be detemined from

DSl=3m +٢-3]-n (3.6)

in which ] is number of joints between members, m is number of membens, r is
nmber ofertلnme reActions, And n is nyع additional euilibrium eguations.

The number of extemal redundants is obtained from

Number oferteml redundants =r-3- n(3.7) يه

in which nمم is the number of stAic euilibnium euations whch relate tte  mecل
reactions togeher.

The number of intemal reurdants is the difference between DSI d the
nmber of ertemal redundants.

Eمx mple 3.3

Detemine the degree of static indeterminacy for the plane fames shown in Figur
3.6a, 3.6b, 3.6c, 3.6d and 3.6e.

١٨١١١
(b) )ه( (e)

Figure 3.6

{d١  )ه(

THe fame of Figue 3.6a hAs m=6, ]=6, r=6, and n=2 where n0=يم .

The number of ertenel redundants =6-3=3
The number of intemal redundants = 4 3=1

A pnimary structure for the frame is shown in Figure 3.7.

The fame ofFigure 3.6b has m=6, ]=6, r=6, and n=2 where n1=يم .

DSI=3٧6+6-3x6-2=4
Numbe of ertلفme redundants =6-3-١=2
Number of intemفl redundans = 4-2=2

A primary stnucture for the fiame is shown in Figure 3.8.
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Figure 3.7

٢ و
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Figure 3.8
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The fame of Figure 3.6c has m=4,]=4,r=4, and n=0

DSI =3٧4+4-3x4=4
Number of extemal redundants =4-3=1
Number of intemal redundants =4-1=3

A primary structure for the fiame is shown in Figure 3.9.

 و

Figure 3.9



The frame of Figure 3.6d has m=4,]=5,٢=6, and n= 1 where n1=ر .

DSI=3x4+6-35-١=2
Number of external redundants=6-3-1=2
Number of intemal redundants =2-2= 0

A primary stnucture for the fiame is shown in Figure 3.10.

The fame of Rigure 3.6e has m= 7,]=7,٢=7and n=2 where n1س=٠ 

DSI=3٢7+7-3x7-2=5
Number of extemal redundants =7-3-١=3
Number of intemnal redundants =5-3=2

A primary stnucture is shown in Figure 3.1.

81

 وة

Figure 3.10

Figvre 3.h1

ExAmple 3.4

Deaemine the DSI for whe arches show in Figres 3.12 ndه 3.12b,
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Solution

-(a)

Figure 3.12

b)

The arch of Figure 3.12a can be discretized into m members. Therefore, the number
ofjoints isj= m + L. Since r=6, and n = 0, one has

DSI = 3m+6-3(m+1)=3
Number of external redundants =6-3=3
Number of internal redundants =3-3=0

A primary strucure for the arch is shown in Figure 3.13.

 >ا"٠
 ؟

Figure 3.13

The arch of Figure 3.12b has m=6,6=7,ز٢= and n=1 where n1=ر .

DSI =3x6+6-3٧7-1=2
Number of external redundants =6-3-١=2
Number of internal redundants =2--2=0

A primary stnucture for the arch is shown in Figure 3.14.

Erample 3.5

Determine the DSI for the beams shown in Figures 3.15a and 3.15b.



٦(

Figure 3.14

}
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 و$
(a)

$oltion

(b)

Figure 3.15

The beams can be considered as speciلa cases of plane frames. For the beam show
in Figure 3.15a, m= 1,J=2, r=6 and n=0.

DSl=3 w1+6-3x2-0=3
Number ofextemal redundants =6-3=3
Number of intemal redundants =3-3=0

A primary stnucure for the beam is shown in Figure 3.16.

»,
•

Figure 3.16

The beam shown in Figure 3. 15b has m=4,J=5, r=9 and n= 1 where R1=رم .

DS1<3 x4+9-3»5-1=5
Number of extemal redundants =9-3-1=5
Number of intemaأ redundants =5-5=0
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A primary stncture is show in Figure 3.17.

 "ي
Figure 3.17

3.2.4 Spsce Frames

Each member in a space frame contains six internal actions represented by one
axial force, two shear forces, one torsion, and two bending moments, as was shown in
section 2.13. To determine the intemal forces in the frame one has to apply the six
static equilibrium eguations (EF,=0,EF=0,EF,=0, 2 M,=0, E M,=0, 2 M,=
0) at every joint.

The DSI in space frames can thus be detemined from

DSI=6 m+٢-6]-n

where n is the number of additional static euilibrium equations.

The number of extemal redundants is obtained fom

Number of external redundants =r-6- n٥

(3.8)

(3.9)

where neر is the number of additional equilibrium equations relating the reactions
together.

ExAmple 3.6

Determine the DSI in the space frames shown in Figures 3.18a and 3.18b.

Solution

The space frame shown in Figure 3.18a has m=9,]=8, r=24, and n=0

DSI=6 x8+24-6x8-0=24
Number of external redundants =24-6=18
Number of internal redundants =24-18=6

A primary strcture is shown in Figure 3.19.

For the frame of Figure 3.18b, m= 16,]=]2, r= ١8 and n=0,

DSI=6٧6+18-6x12=42



(a)

Figure 3.18

(b)
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Figure 3 19

Number of extemal redundants =18-6=١2
Number of intemal redundants =42-12=30

A primary stncure is shown in Figure 3.20.

3.2.5 Grids

Grids are plane frames where the loading is applied perpendicular to their
plane. Each member in the grid contains three intemal actions represented by one
torsion, one shear force, and one bending moment Therefore the DSl is obtained as

DS] =3 m+٢-3 n- ر

The number of external redundants is obtained from ( r-3- nء )

(3.10)

where n is the total number of additiona] equilibrium equations and nر is the number
of equilibrium euations relating the reactions together.
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Figure 3.20

/
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/
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Example 3.7

Figure 3.21

Detemine DSI for the grid shown in Figure 3.21.

Solution

The grid of Figure 3.21 has m=8,J=8, r=12 and n=0.

DSI=3 x8+12-3x8=12
Number of extemnal redundants =12-3=9
Number of internal redundants =12-9=3

A primary stncture for the grid is shown in Figure 3.22.

3.2.6 FrAme-Truss Structures

Many stnctures Are combinations of frames and tnsses. One can separate the
tnss and the fame by considering the internal forces between both systems. 0ne can
also deal directly with the whole stncture as a frame and consider the additional stAtic
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٥ي/
Figure 3.22

Figure 3.23

equilibrium equation due to the hinges

Example 3.8

Detemine the DSl for the stncture shown in Figure 3.23.

Solution

87

0ne can separate the tnss from the frame by adding the reactions at a and b as show
in Figure 3.24.

t».
 ملا و

Figure 3.24
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In the tnss of Figure 3.24, m=10,]= 7, and r=4. Then, DSI =m+ r-20ز= .
This means that this par is statically determinate.

The detemmined reactions of the tnss are considered as extemal forces on the frame of
Figure 3.25. The fiame has m=5,1=6, and r=7,

Figure 3.25

DSI=3x5+7-3x6=4
Number of extemal redundants =7-3=4
Number of intemal redundants =4-4=0

Another solution is to consider the whole stncture as a plane frame and the hinges are
additional equilibrium conditions. ln this case, m= 16,]=12,r=7, and n=١+2+
3 +3+3+2+]=15, where n0=4ي .

DSI= 16x3+7-3x12-15=4
Number of external redundants =73=4
Number of intemal redundants =4-4=0

A primary stncture is shown in Figure 3.26.

3.3 THE USE OF UNIT LOAD METHOD

3.3.1 The Basie Rormulation

In this method, a primary stncture is selected for the statically indeterminate
structure. Under the efect of the applied actions, the primary stncture is subjected to
defomation at the locations of the redundants. These deformation are detemined by
the unit load method. To keep the deformation in the actual stncture consistent, the
defomation due to each redundant is found by the unit load method, and the
compatibility equations are wnitten at each released redundant. This results in a
system of lineAr simultaneous equations whose number equals the degree of static
indeterminAcy and the unknowns represent the magnitudes of the redundants.
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·٠3

Figure 3.26

Consider, for simplicity, the plane fiame shown in Figure 3.27a. The frame is
5). Therefore one has=٢,temally two times statically indeterminate (m  ع4=[,3=

to release two reactions to form a pnimary strcture. Possible choices are shown in
Figures 3.27 b, 3.27c, and 3.27d. The relcased reactions shall induce deformation in
xر and x assumed directions. However, since the actual stncture is restrained at the
locations of these redundants, the compatibility equations are obtained by using the
principle of superposition for linear elastic stnctures. Considering the fiame of
Figre 3,27b as the pnmary strcture, one has, by tHe supemposition principle and

:ccording to Figure 3.28, the following compatibility equationsة 

4 ر=٨٥+4١١+4 ر

4 =ر4«0+43 ر4

(3.11)

(3.12)

·2

(t بة(

 لا،د

٢٩

Figure 3.27

 ي%

(٥) إ(

٤2



 0و

 ا" ­:ا
Figure 3.28

in which, D, =deflection in direction of x for the stAtically indeterminate stnucture;
Aو = deflection in the direction of x; for the statically indeteminate structure; Do=
deflection in the direction of x, for the primary structure due to the ertemal loads; Dمa 
= deflection in the direction of x; for the primary strcture due to the ertemal loads;

applied to the primarydeflection in the direction of x due to the redundant xا١ ر=١ 
strcture; 4٤١ = deflection in the direction of xA due to the redundant x١ wpplied to the
primary stncture; = ر2& deflection in the direction of x due ر to the redudant x2
applied to the primary strcure; b = deflection in the direction of x due to the
redundant xA applied to the primary stnucture.

To calculate the deflection & ,o ر a unit load is applied in the direciion of x and
from the integration of the product of the intemal actions in the primary structure
(A , ,ر8 مر Mمي ) and the intemal actions due to the unit load in x direction , ,ة ة1)
m,ر ) one obtains the value of Ai. This can be expresse, using Equation 2.43, as

mzمه dx Mمر«8 ربر dx8 م,9 رم
X=ر&٨ر جثا[+أ+أ 

EL,GA,EA

The value of ٥١ ر can be obtained from integating the intemnal actions due to the
unknown x, with the intemnal actions due to x,=1. This can easily be computed by
integrating the intemal actions due to x1=ز wit itself times x . ر Similarly b2 can be
found by integrating the intemal actions due to x, = 1 with itself times xو as show in
Figures 3.29 a and 3.29b.

Therefore, Equations 3.11 and 3.12 can be written as

٥,=٥٠+x, f +x,f

f4,8+%ر f,4 ر=4 ر+٤

in which 4, and f; are defined, in general, as

(3.13)

(3.14)
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 لا١ لا

Figure 3.29a

٢2 لا

16
٢٠

Figure 3.29b

 ،ةم ك أب م٥٠4 ه م٨ ر٥,٩ مM م٣,d و
EL,GA,EA«٥

m, mz, dx3 a», رةر ,x ند ة dx
 يي} }+أ+}=

EL,EA GA,د 

(3.15)

(3.16)

where and ,نية ة m, are the xialه force, shear force and bending moment in any
member due to x, = 1.

The values f;; are called the flexibility coefficients since they represent the
deflection at i due to unit actions at . ز That is why the force method is ofen called the
flexibility method. It is obvious that the solution of Equations 3. 13 and 3.14 depends
on specifying the lef hand side in order to satisfy the compatibility at the boundaries
of the arual strcture. That is why the force method is also called the compatibility
method.

For a statically indeteminate stnucure of n degee static indeteminAte, one
eds up with n lineAr simultaneous euations in n unknowns. These equations can be
witten in general, &s
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٥,=٥٨٠+ f٢٠١, + f,, x, +٠٠٠٠٠+f, ٤,
,8,f٤+,٠٠٠٠٠+٠,f+٧٨,f+4 ر=٥ م

٥,=٨,٥٠ +f٠١٦,+f٢٨٥+٠٠٠٠٠+f٢

Equations 3.17 can be expressed in a matrix fomm as

 -ط٥[]+٤

(3.17)

(3.18)

whee ٥]=٥,٥ ر '],ه.٥ م =[A 44 , م4 أ,٠٤ إ- » x,}, a سه (
is ac ledل the stncturلa flexibility matrix which takes the form of

6١ 4٠١٥6٠
«']]'6 و

f٠٨f٠١ 4٠٨٦

The solution ofEquation 3.18 is obtained as

 ]=ى٤ -٥]'-[٥ [م

(3.19)

(3.20)

The intemnal actions at any section in the statically indetemminate stncture can
now be obtained fiom the superposition principle as follows:

A, = ٨٨+٩٥٢١+٢,٩+٠٠٠٠٠+٩,٤ م
A, =A  ه+٩٢١ ر+٩٠ ٨ر+٠٠٠٠٠+٩,٤ ر
M, =M +x٨ m٥ +, m +٠٠٠٠٠+, m٥

(3.21)

Similarly, the deformation at any point in the stnucture can be obtained using
the principle of superposition. For example if it is desird to detemmine the horizonلفt 
Sway of the fame of figure 3.28 at joint c, one uses

4,=٥ +, f٠+x, f٠, (3.22)

where is ممه the honizontal deflection At c in the primary stnucure due to the Applied
extemAl loading; f, is the horizontal deflection at c in the pnimary stncture due to x١
only and x, = l; is و6 the horizontal deflection at c in the primary stncture due to x;
only and x,=l٠

The Horizontal deflection is مط obtAined by applying a honizontal unit load on
the primary stnucture at c, and integrating the intemمl actions due to the apphied
1oading (A (,M مم يهط with the intemnEl actions due to the unit loمd et c ( (m ية موه
as shown in Figure 3.30. The displacement & at c is obtained from
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c  جب اKNن

Figure 3.30

dxعج mمه Mم <dعر aم2 ور dxم8 مر٩ عو 
ElGA,EAco ٦ل ب ،

Similarly, any of the flexibility coeficients fa is generally obtained from

٢٩.٢w dx عرة m وm م٩ و3 هعو  م د د د»دA dxع
EL,GA,EA٥

(3.23)

(3.24)

Substituting Equations 3.23 and 3.24 into Equarion 3.22 and using Equation
3.21, one obtains the deflection at any point c from

٢٨٠٩ ه.٤ م4,٥,٩ م٣.٨٥٠  "ي د د

EL,GA,EA•
(3.25)

where A, Aر , and M, are the intلقe actions of the statically indetemminate stncure,
afer detemining the values of the redundants x1, %2, etc....،; and and عبة عرة m, are
the intemal actions due to a unit loAd applied at c in the primary stRcure

Since the intemaأ actions in the indetemminate stRcure under certain extemه]
Actions are unique, and the fnal defomed shape of the stncure is also unique
aعcording to the uniqueness theorem presented in chApter 2, there is no limitation that
one hs to apply the unit load at c on a specific primary stnucure like the one
previously chosen in detemining the intenal actions of the actلa stncture. Ln fact,
one can select any primary sunucure in order to Apply the unit toad at c and carry out
the comptAtion according to Equation 3.25 and it tums out to hAve the sAme reEultE.
The following cxample illustrates this point:

Eم mple 3.9

Demmine the veical deflection at point c of the beam show in Figure 3.31,
neglecting shweمr defomations. Consider El, is consuant.

« $hoمtم

The bedding moment diagnwm of this beمm is duwn جد in Fige 3.32 hT momemtون
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 إ ٤إ م
 إ٤ل2 ز'2 م

Figure 3.31

6
8  تمر،ها

2٤
8

(a)

 سلإسء
4
 ا

(b)

Figure 3.32

 عدها'
(c)

has been obtAined by the consistent deformation method using any primary stncture.
According to the primary stncture of Figure 3.32b, the deflection at c is calculated as
follows:

M 4eMإى م٤ 
EIء 

PLج،ج . PL2رو RLL e»٤٠ ددن د د  ةةI-[ 'أ أ٤٠7 م»ة'
Using the primary stnucture of Figure 3.32c, the deflection De is calculated from

Pu'إم٣± L .PLLL٥ م
 ']ة"ع5 ة -[ةو1w تe ب ل ر كر،

which gives the same result whatever is the chosen primary strcture.

3.3.2 Applications to Beams

ExAmple 3.10

Draw the bending moment and shear force diagrams for the beAm shown in Figure
3.33 due to the applied loads, a rotation at support A, and a rise in temperature in
member BC sق shown. (EL,= 10' KN.m, = 10'/%e).
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0p2 raeم- 

Figure 3.33

Solutior

One first detemines the degree of stauic indeterminacy for the beam in order to know
the number of unknowns.

DSl = 3m x3 =ز33-٢+ +5-34=2

Selecting two releases out of the fve reactions such as the moment at A and the
vertical reaction at C, the primary stnucture is the one shown in Figure 3.34
w hichي is statically detemminate and stable structure. The bending moment diagram
M, is constnced afer finding the reactions. The bending moment diagram can be
decomposed sة shown in Figure 3.34 in order to ease the integration process.

To calculate the flexibility coefTicients, each of the redundant x, and x are assumed

x0ر= 

4٤
 ما

 --ر
٤"}
 .ا
1 A.·.

Aeن 

=  سه,للكب
1٠-٥

 مmد

 aMم

 ٠»-أ-
Figure 3.34

 zMم
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Figure 3.35

5KN m

Figure 3.36

m,

m,

unity and the mz and mz diagrams are determined as shown, respectively, in Figures
3.35 and 3.36.

The equAtions of consistent deformations for this beam are

4٥ +f, ٤, +f,,  =ر%4٨
4٥ +f, x,+f4 ر x,=4,

The coefTicients Aa and f;; are detemmined, neglecting the shear and axial
defomations, as follows:

T,-T,\M, m, dx a/".'/m, dx=[""""ه -ف, 
'ahEL,١٥

L -١2x1.6221ه.[ا-ولاو s75٠o-5  ،كرج لإد ،٥ ء ر]3ا ه

2232EI

٨4. dx 1 ١x5 2 ..f,1.666ر=ا']=م-= x 10'rad.
EI EI 2 3

°1o»41667.-ا m, m, dx ٥ ر اد,Y ر8م م(55
١٥ EI 2EI 3

f, =f,, =-4.1667 x10' rad.
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'o،كلا «ودوه d. 5٧5  ج ته إبر إ{ ج. إكر22{ ,م لأدم2

3EI2EI»

M m,3 مج dx T,-T٥4a ,m] م"/= ا4·"/ه" dxEI h
1 -١20x5 2 62.5x5 5 5 ]/sx20-٩+٥+٥5(١2٥)-2٢+-٦]٠+-5--»=اب 

EI 2 3 2 2 6

0.6 (ء. ا)$%ج أ»/.-ج"0+١٥' م 2

Substituting into the consistent deformation euations, where .rad ر=+0.002& Since
it is in the direction ofx, one has

21.875 + 1.666w١ - 4.1667 x=0.002 x 10'=200

-1067.71 -4.1667 w, +83.33 x,=0

Solving the above euations one obtains x, = 158.72 kN.m. in the assumed direction
of x and ر x, = 20.75 kN in the same direction of xو . The bending moment and shear
force diagrams can then be construced either fom using the speposition pTinciple
or using the static principles. Using supemposition principle, Equations 3.21, thwe
moment At points A, B, and C are calculated as follows:

M, =0+158.72x(-1)+20.75w(0)=-158.72 kN.m.

Mg =-120 +158.72x(0)+20. 75x(5)=-16.25kN.m.

M20=-0+0+20=--ح kN.m.

The bending moment is drawn on the tension side s shown in Figure 3.37,

168.2 .م.

B.M.D.

Figure 3.37

The sheAr forces are obtained fom the equilibrium of each member in the
beAm sع summarized in Figure 3.38.

This problem can lso ء be solved by choosing a primary stncture which is fixed at A
s show in Figure 3.39. In this case, the defommation of the primary strcure due toم 
suppor ration at A has to be detemined in accordance with section 2.23. The
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Figure 3.38

SFD

٥Aر 

M٨ -5RN.m.

 ت;=-مة<،
M1ره<٥ Rد 

 ٢----يوي(4ح وثء
 أ٠ ص-,

Figure 3.39

defomation at the releases x١ and x5 are detemined by applying a virtual unit load in
the dircctions of x\ and x, respectively, as shown in Figure 3.39 and considering thAt
the tota] work done is zero.

For the case xر=١ kN, the work done is

-5 w 0.002+1 x which =إ80 leads to A\ <0.0I m.

Similarly, when xA = 1 kN, the wotk done is



-10 x 0,002+1 x which ر8 leAds to , =0.02 m.

9و

The euations of consisent defomation bccome

4 +٤١f٨,+٤,f٨,=٥, =0.٥1m

0.02m=,٥=,f, +x, f+%,4 ر

T٥ detemine the flexibility coefficients, the diagrams Mيم, mء , and m٥ for the
primary structure of Figure 3.39 are drawn shown كة in Figure 3.40. The coefficients
are computed using the integration of diagrams of Table 2.2 sه follows:

m,  ,ه٢M م44
١٥ EI

]s345٢5 دx2-345»2.5-170-١7٥٧2.5٨2١٦٥٧2.5[ -]٥ةx2-120»2.sدة[- 
6EI 6EI

=-2984.375 د٨1032

Mمي 

m١

1٥

 2mه

Figure 3.40

4tه mم M4 د ,ه م

EIة 

]١2٥x5٧2-170٩7.5x2-170x5-120»7.5],٥ة[- s١2٥5 دw2-20[-ء 
6EI 6EI

6EI ،35ب٢ ا٩o٠7502-5٩5٧10٠٦-o-5٩9٠7s«١70 )ذب±(ءالإ./. 06 2
= -8473.96x10-' ٨
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٨4. ٥٤ 5x5 2 -f 2-x-x5=4167x1٥=١ =ر٢ ط ٨
EI 2EI 3

m٨4. d٥4 10x10 2 ..f, = ر ق[= x-10=333.33٧10"3  م
EI 2EI 3

6,=r"21"pd65[x5٧10 +5x5]=104.67«1o-9 «
EI 6EI

Substituting into the consistent deformation equations one has

-2984.375 +41,67 x١ + 104.167 x,= 1000
-9473.96 + 104.167 w\ + 333.33 x,= 2000

Solving these equations one obtains x4.25-=ر kN and x= 20.75 KN. The final
bending moment at any point is obtained by the superposition principle as follows:

M= M٨+ x١ m٤١ + 8٨m٥
M٨ =-345 +(-4.25) x 5 +20.75 x 10=-158.75 kN.m
Mg =-120 +(-4.25)x0+20.75 x5=-16.25 kN.m
Me =-20 +(-4.25)٧ 0 +20.75 0=-20 kN.m

which are the same results obtained before.

ExAmple 3.11

Detemmine the bending moment, shear force diagrams, and the deflection at B for the
beam show in Figure 3.41, The support at B is hinear elastic spring of stiffhess K.
(EI,= 10' HN.m', a = 10%/e,K= 10 kNlcm).

 .بتا
Solution

 ى
Figure 3.41

4٥ رو.
 =.ج د ير

The degree of static indeterminacy for the beAm is

DSI = 3m +r-3)=3٧2+4-3x3=1

Select the redundant to be the reaction at B. The primary structure, reactions, and  Mه
are shown in Figure 3.42.



 تماتي,

١01

• شي ن"ج{عم ببن

«fأ..٠٠، 

-;٣-٦٢٤-٠ ٠3-
Figure 3.42

The equation of consistent deformation for the beam is

4 +f٤٨,=٥,

To calculate the flexibility coefficient f\, put x1=ر kN to get m, as ر shown in Figure
3 43.

7\
RN

KN.s

 تة
Figure 3.43

 يm١ سلش

The coefficients b o ر and f\ are determined, neglecting axial and shear defomations,
from

 ح ه R،،٢r٤ ر ه٢M,»٥٤ م٣-5), ن
٦١'EL, h١ ه

227.430x6 -2 27.430٢8 -2 16x8x 2EI داء"-=428 «/-م+[3»28 اث=:/«اف/+[3.428- 3 4EI 3 2EI 2

20 -3.428x6 .
(m @downwar٥43724١02-ا·٢:ا«اإت<آه-- 

0.6 2
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o9١ دn]428 .ودx8,2,34263,428 و, و٨ وx6,21/3ب, dث m.م م 
{2 رلإد ير د ، أكز 22ع

23232EIEI

Substituting into the consistent deformation equation, where dر (-x١/K) one obtains

,1o039.17+43799-»1 --ايم]ذه-
1000

The value ofx, is detemmined to be 0.314 kN in the assumed direction.

The deflection at B could be determined from the reaction and spring's stifhess or
using the unit load principle as before. Using the former method one has

· x 0.314The deflection atB=-= =0.0314cm (downward)
K 10

The bending moment is obtained using the superposition pninciple as follows:

M, =M٥ +xm٠٨

M, =+27.432-3.428x0.315= 26.352 kN.m

The bending moment and shear force diagrams are, respectively, given in Figures
3.44 and 3.45.

--4 ي إ: طاي:•
Figure 3.44

 )م د(
 أ٠ مد »ود»أ إ«ود، ،أ3٠

sr٤, ;ثم#مم,٥،» 
1. 4ح

Figure 3.45
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The defletion at B cمn also be found by the unit load method as shown below:

4rو Mm)ه, 
EIه 

26.352x6 -2 ٩x8 ود326.352 -23428
 ع لألأ ب ل ل

2EI 3 4EI 3
2

16x883.428٢6-203.428-ج 
p٢-٢ رلإ })(-ج3[444 ع+=

2EI 2 0.6 2

which indicates that it is in an opposite direction to the assumed direction ofر .

3.33 Applicatio»4 to Frame

Exmple 3.12

Deemine bending moment, axial force, and shear force diagrams for the fame
sbow in Figure 3.46 due to the loads and a rise in temperature in member BC.
Detemine also the honizontal sway of the fame at joint B. (El = 1o' KN.n%, EA =50

(.KN, a= 10%٣e'10ر 

،="
$olution

THe degree of static indetemminacy is

2.5 ٢٢4 ٨'

 إ٥٤.١2.}

Figure 3.46

•
DSI = 3m +r-33ز= w3+5-3x4=2

Select the two redundants to be the reactions of the hinged support at D. The axial
force and bending moment diagrams are obtained for the primary stnucture as shown
in Figure 3.47.

The equations of consistent defommation for the frame are

4+f,١ ,+f,و x=٥,

,٥,=xر f4,+8٤5+4 د
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٦٥ KN.m.

M2٥396

Figure 3.47

To determine D, 4,, and the flexibility coefficients, the redundants x and xر are
assumed unity. The bending moment And axial force diagrams for each unit
redundant are shown in Figures 3.48 and 3.49.

١KN

,i"خط٢ ج1 ا١ م 
٥٤M2, ١

Figure 3.48

#H د١ إ lLLم 
1KN

H

.12KN ه٢ و»٥٦١ أ  م م٤ و

Figure 3.49

The coefficients d,ج and f, are calculated as follows:

٨, هلام، ر»4 ر،٨ ،هووي ر،5-٦ )خ٨هع ،٨2٤٦2 ٠) ه, YY ن,}{  فز.= ٤ع-ا٨)١.٠2}2
٣i2'z١hEAEL,١



105

6 -180x12 2 6x45x12/+-(2x6x(-180)+0-396x6)+0كي=,ه/-+- 
2E1, 2 3 6E1,

,0.6 ء)"ج(ه.»(١2)٠ ["/ه٠(٠١2--)٩٥s٠١٥ ء° 2

٨,-,١٩٥٦١٦٠ ة،رو،(49212 /.[م(.١٩٥03 د.مرء.\o٤ ى  رولا د، لآ ر د ل ن«
EA2EI2EI34El20-

20.6 )3±ءا(اد)جم(ه.٠ -هa٥ د٠°6٠١٥3

a نده dxm5 زر m dx يج  ر}] ع<ا+
EA'EIلا 

22 »xrdث ته مم m٢ م EAEI١١ ، د
xl2 ج2.1 60.12. 10°6x١2x6 x6 و6  د رأ)ل ا ير28{

2EA2EI 32EI

2 2 dxله م3 لأ m٢. م  دل د

22 EI EA

12x12126ي x12 1x61-1152.24و o5 2 إلإ إلإه. إ) {8ر

2x 2EI E1 EA

٢,٢٢mmd٩٢٥٠٣ dد د٣ EAEI١«١
-6x612x12=٢6+-٣12+0=432x10د٨٨ 

2EI4EI

Substituting into the consistent defommation euations, where A0ر=4 =ر , one obtAins
the following fnal forms:;

360.12 x432+ر x, =8856
432 x١ + 1152.24 x,=3+26379,6

The solution of the above equations gives x5.219=-ر kN and x,=24.851 KN.

The bending moments in the actual stncture are obtained using the
sperposition principles as follows.

M; =Mم +x١ m١ +X2 m٥2
M x م-=12+396 24.851=-97788 KN.m
Mg =-١80+6x(-5.219)+ 24.851w12=+86.886 KN.m
M٥ =0+6x(-5.219) =-31.314kN.m
M3 =0+0=0
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 و٥.2

3u31KN.3

31.31
5 219

Figure 3.50

The axial force in each member cAn similarly be obtained. The bending moment and
axial force diagrams are shown in Figure 3.50.

To detemmine the horizontal sway at joint B, one applies a unit horizontal load
at B for an arbitrary primary stnucture, and determine ms and aرe sة shown in Figure
3.51.

€

٨٢ ج 9٣g

Figure 3.51

٢,٥M, m. 4r ٢4٥٠٥s4 د د
٥ EI EA

[-6٧٨(-97.788)٧2 +0 +86.88w(-6)]+0=652. 176w10-9 ٨
6EI

which means that joint B is translated in the horizontal right direction a value of0.652
cm.

ExAmple 3.13

Neglecting the axial deformations, determine the bending moment and shear force
diagrams for the frame shown in Figure 3,52 due to the applied loads and a verical
settlement at B of 1 cm downward. (El= 10' KN.m).

Solution

The degree of static indeterminacy is computed from
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٥

30m

10٠I

 إ٤٥٣•
Figure 3.52

DSI = 3m+٢-33-5+٧23ز= x3=2

Select the redundants to be the two reacions at B. The bending moment diagram for
the primary stncure, Mمر , is shown in Figure 3.53.

K7-0[0-a0

w2  ء.2xN ج

Figure 3.53

The euAtions of consistent defommations are

,x ر =4,f٦+x٨\64 م+٨
,f4 x,=4ر,٤ +ر f+4 ذ

where A, =-.01 m end . =و0&

To deemmine the coeficients of these cuations let x and ر xر be unity in tum
The bending moments m,ر and mن are show in Figures 3.54 and 3.55 respecively.
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٥

Figure 3.54

،
2KN#و= 

Figure 3.55

The coefficients 4a٥ and fز are calculated as follows:

٥s,m_ه م«م, 
١٥ EI

= -4(«sox2+80x4)3ة-(م» se)+3667706-0ة(ر 033ا/٤ ه x1o5 «
6EI EI EI 2

m 4 ds٢ ءMه, 
EI»م 

٥0x3٧2-230x6٢2-80x6-3x230) =-2565 x10° m)_3(+ر3ة so'ء .ا 
EI 2 6EI

 ٣ةأإى,ى »ة+و»ج،ة6 -[ة«٩5٩.667x1٥' م
3EI 2

6x6 2 .fؤ =x-٧ 6=70 ٧10٩m
2EI 3



١٥ و

6x6 .f,144=8=م w1٥2 ٨
2EI

Substituting into the consistet deformation eguations one obامins

- 6706.667 + 554.667x, +144x, =-1٥'w0.01=-1000
- 2565 +144x, +72x,=0

The solution ofthe above euations gives x, =2.1625 kN an x,=31.3 kN.

The fnal bending moment can be obtained either by the sperposition prirciple  فه
presented before, or by using suatics euilibrium euations. The bending moment
diagram is shown in Figure 3.56.

627

24 9BN.a

Example 3.14

Figre 3.56

[»73

Detemmine the bending moment diagram for the frame shown in Figure 3.57 due to a
vertical settlement at D of 5 cm dowward. Consider EI = 10 KN.m' and ignore axial
force efect.

:
 و لا

Figure 3.57
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Solution

The fame is extemally three times stAtically indetemminate. The general consistent
defomation equations are

4 +x, f;٨+٣,f+ ٤ و f;و=٥ 
,x,f, +x, f =4+٨,x, f+4 و
4 و+٤,f ر,+x,6 يو,+f و,=4 و

The primary stncture, show in Figure 3.58, is chosen such that the reactions at D are'
released. The moment diagrams M,o, m٤1, mn and m,و are constnucted in order to
detemine the flexibility coefFicients and deformation as follows:

4 ر=0 %4 م=0 43 و=0.

mkN٥o8 33٨1٥••10x5،5..وي» x5..2.4 يtث mج د رلإر ر،.{ م م 
2EI2EI 3EI١

2so «10% Mw-.0ة-(5٣ ذ(_ mm 4t,,10x10د {ح أبي ع (،,م 

١٥ EI 2EI 2 2EI

10x5،10:666.67 a10 mKNم m2 dt 1٥x10  لإد)ا، او كر ح مي م،2.

a EL 2x2EI 3 EI

m? d4 5 5 10f,,=[5+-+=ا ا= x10' radNRN.m
EL EI EI 2EI

 Mم

 م

m٥  ها-]ً

Figure 3.58

 3mه
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10mN10 وx10 5»I0م yر ح 
2x2EI EIدة 

Substitting into the consistent deformation equations where b, =0, ,m ر-=0,05& and
A0=و , one obtains

208.33 x١-250x,- 50x0=و 
-250 x١ +666.67 x, +75x, = -5000
-50 x75+ر x,+15x0=و 

Solving the ahove euations one obtainS x\=0, ;=-17.14 kN, and x, = 85.71 kN.m,
The bending moment in the frame is obtained as follows:

M, =M٥ +8, m,+x, m m٥ ر ر+
M,=0 +0-1714٧10 +1x85.71=-85.71kN.m
M,=0+0-1714٦10+١x85.71=-85.71HN.m
M =0+0-17٠14٧0+1٧85.71 =85.7IkN.m
M =0+0-17.14٧0+1w85.71-85.71kN.m

The tending moment diagram is given in Figure 3.59.

B.M.D

Figure 3.59

This exAmple can be solved by considering the pnmary stncure show in Figure
3.60 in which the internal actions at the middle of member BC are used as redundants.
ln this case, the night hand side of the euations of consistent deformations represent
thwe relatiwe defomations at the location of the redundants. Therefore, & -= ر=0, ر
0.05 mn, and . و=40 The fexibility coefficients are obtained using mz, maa, and m,3
given in Figure 3.6l as follows:

2
mwN'1ا55 ر2 »و،2=383 »د٥d=٨ غ"ر

2EI 3EI

2
6 ر "ر=id'5 ءئلاs ,لأد,يد2 »ذر2-Nw '67s٥٥9١م

3 2EI22ElEI
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 ي،
... -مل

Figure 3.60

 «و٨

 وة.؟و· :ا٤
Figاir€ 3.61

-.»٢ ه٩ج
N.Mم,5 قلا ،,ر,25١6° &ه. m 44 5x5mح لإه لإسد غ لإا٥ م]٥ 

2E12EIEI١
t م  بm4 ه٢٤m .ج

EL8 د

5xIm? dt 1x5f, 'x2=15x10 -ت+x2= و ش-]= radRkN.m
EIEIEI

The euations ofconsistent deformation become

83.33 x, +25 x0=و 
291.67 w5 =-5000
25 x١ +15x3=0

The solution of these equations is x, = 0, x3= 0, and x, = 17.14 KN. The final
bending moment is obtained as follows;

M,=M +٤,m, +, m +, m٥
M, =0+0+17.14(-5)+0=-85.71{N.m
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M, =0+0+17.١4(-5)+0=-85.71kN.m
M=0+0+17.14(5)+0=85.71N.m
M, =0+0+17.14(5)+0=85.71LN.m

which are the sمme results as obtained bcfore in Figure 3.59.

3.3.4 Appliations to Trusss

Erample 3.15

Detemmine the member forces in the tss shown in Figure 3.62 due to the applied
loads and a venwiمc l settlement at B of 1 cm downward (EA = N] ف10 for  اله
members).

Solutiom

The degree of static indeterminacy is computed from

DSI = m+٢-22-4+7ز= x5=١
Number of extemnal redundants =4-3=]

Figure 3.62

Select the released redundant to be at support B to fom the primary structure
shown in Figure 3.63. The released redundant is arbitrary but by this choice one
aves much time in calculating the coresponding displacements due to the settlementع 
at B. The reActions for the pnimary stncture and the internal forces are also shown in
Figure 3.63.

The equation of consistent deformation is

٥/ +f,١ =A, =-0.٥1
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 ته

 ية١

Figure 3.63

/٠

Figure 3.64

T٥ detemine &, and f,, apply x,= 1 kN on the pnimary stnucture and
detemine as رية shown in Figure 3.64. The values of and م,& f,, are thus calculated
as follows:

L.3.5"د ه ه 
١o EA

[-٩٥o)@١٧5+٥+٥+٥+0+(-2oo,)(Z)(s,5)]EA
=- 4828.43x10 m

=١١»٤ ،د EA

«٥6«s.7))-2a.12٨2«)(5+)م s١3»1٩+5 ه)
EA

Substituting into the consistent deformation equation and solving for x١ one obtains
w١=-214.215 kN.

The member forces can thus be found using the superposition as follows:

A, =A٠٨ +a١٠

The values ofthe member forces are indicated in Figure 3,65.
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5 .غلا215

1 و«ء،

Figure 3.65

Eد op3.16عا 

614.215

Deemine the member forces and the horizontal displacement of suppor C for the
trus show in Figure 3,66 due to the applied loads and a unifomm rise in temperature
for members ED and DC of20%c. (EA= 1 x 10%kN for all members, a= 10-5/%c).

Figure 3.66

lution$م 

The degee of static indeterminacy is computed as follows:;

DSI = m+r-22-4+8ز= x5=2
Number of ertemal redundants =4-3=
Number of intemal redundants =2-1=١

Select 0ne redundant among the reactions and one redundant among the
indeterminate members. The reactions and internal forces for the chosen primary
stncure are show in Figure 3.67.

The equations of consistent defommations are
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8w

pا aox

Figure 3.67

4٨+f٦ +f, x,=٥, =0
f,, x, +f,, x,=8 4 مد+0=

T٥ detemine the coefficients 4,, 44, f,,f,,, and f,, apply, in tum, a unit
oad for x, and xو to detemine the member forces a, and aي as shown in Figure 3.68.

8 ر

Figure 3.,68

 ج&1

A a L L٤ ,ةa(T+'4 ر٨=٤-0 إ٦ EA »

"[+90x(-1.5x3)-150x1.25٧5+120٧4x(-1)]+a x20x [-1.5x3-1.25x5]
EA

=- 306.125x102 m

A a L
٤a07)a4,L+'2٤ -04 =م٤ ٣

EA '

-15٥٨1x5 90x(-0.6)x3 120x(-0.8)x4 .20, [ 3,ر0.6-]
 د ل٢،{ ٠]ل ل

EA EA EA
=-100.8x109 m
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2 Lم٩ ز 
2=n١ ي Eو 

0.75٩3x2+1.5'»3+1 4]=1.4875x١0' m+5٧2252ء٧[ 
EA

Notice hore that in c lculatingم fa2, member, EB which is bjected to 5=1 kNis
considered in the wmmation as follows:

2  مرة!
4 =ر٤ EA

="[6' ٧ 3x2+0.8٧٩4x2+1 x5x2=0.864x10' m
EA

a L'٤١2=٤ إ- ة EA

=[-06٣ (-1٠5)x3+0.8x4x1-0.6x0.75x3+1.25xIx5]=0.54x10' m
EA

Substituting into the compatibility euations one has

-306.125 + 1.4875 x١ + 0.54 w0ر= 

-100.8 +0.54 x\ + 0.864 x,=0

The colution is obtained as x,= 211.42 kN and x,=-15.49 kN.

The member forces are obtained by the superposition principle using the relation
A , لاa,22+ ر٥+A١٩٠١= ر and the results are show in Figure 3.69. To
detemmine the horizontal displacement at C apply a unit horizontal load at C for the
primary strcture, as shown in Figure 3.70, and obtain aye.

A٨

Figure 3.69

M

 ب
٥

Figure 3.70

1 KN
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Lر A٥ عد%ج
 د

C EA
(167.8+158.565)x3 .0.04g9

2 حب, {ر{}

2x10°

which means that the displacement of C.is in the same direction as the unit load.

3.3.5 ApplicAtions to Frame-Truss Structures

EIample 3.17

Draw the bending moment and axial force diagrams for the stncture shown in Figure
3.71 due to:

(a) avertical load of 40 kN atjoint H.

(b) a nise in temperature of 20%C for members CD and DE. (Consider EL = 20000
kN.r%, EA = 20000 KN, a= 10'/٩).

٤٥

 إ٩وn إ٩٥مم

Figure 3.71

Solution

Consideing the structure as a plane frame, the degree of static indetemminacy ١s
calculated as follows:

m= 1l,]=8, T=4, and n=6+6=12
DSI = 3m +r-31-٨=3٧١1+4-3٧8-12=1
Number ofexteal redundants = r-3-n1=0-3-4=ام. 

Select primary م stnucture sه shown in Figure 3.72. The Mم and gramsفA diمي are
the detemmined.



Par aد 

M2٥  له٥

Figure 3.72

[a
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The diagrams for M, and Aة are shown in the Figure 3.72.

The euation of consistent deformation is

=0٥ +f,٢٨=,٥,

To deemine and ر٥& f; apply a horizontal unit load at G and get and رة mي١ 
as shown in Figure 3.73.

٥٨١ ٥21

Figure 3.73

The coefficients D o ر and f} are ر calculated as follows:

 ٦م ، د مM ه ه," مدم٥ بد٩

EAEI١٥

«=0٥+[2o»2.5x«2]- o-4 لأ2٥ م«1
EAEA
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2 2 { ح+ م٤» دم3 ه
١1 EI EA

1 6x6 2 6x4 2 I ١52 [ء «4+٧٤٧6»2\+-s% «4»2+'6x2=خ""/ي« 
EI 2 3 2 3 EI

240 68 ١54. 10°  +ح= إلإ]

EI EA

The value of w is found to be x١ = -1.2987 KN. The final internal forces are
calculated using the superposition principle. The axial force and bending moment are
shown in Figure 3.74.

Par(6)

2٥

٨

77:

20KN

Figure 3.74

M,

_,7: KN.٨

The deflection &o due to temperature change is calculated as follows:

Ta, dx4]= ه

=20a[-1.5x4x2]=-240w1٥2 ٨

Substituting into the consistent deformation equation one gets x, = 0.1558 {N. The
final bending moment and axial force diagrams are shown in Figure 3.75.

 Aي
0.1558 K

Figure 3.75

M,
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Ernmple 3.18

Deerine the bending moment and axial force diagrams for the stncture shown in
Figure 3.76 and detemmine the horizontal displacement of support C due to the apphied
loads. Then solve the problem without the cable AC and compare the results. (El=
١٥' HN.m%, EA=0.5 « 10' KN).

٨

Figure 3.76

lution$م 

The degree of static indeterminacy is

DSI = 3 m+4-3]-n
=3w3+4-3x3-2=2

Number of extemal redundants =4-3=١
Number of intemal redundants  =ا١-2=

Select a primary stncture as the one shown in Figure 3.77 and detemmine Aمي and Mم, .

The equations of consistent defommations are

 ما
 د٤٥

 عاNرمن

f ٠ ه.
Figure 3.77
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0=,٥=,f, x+,٢,f٥ و+٠
f, 8,+f4 x, 4 مد+0=,4=

The coefficients , ,,ا4 مر ,,,f ,,fز and f,, are obtained by constncting the diagrams
m٤١, aد , mz>, and aر which are shown in Figures 3.78 and 3.79.

 ة١

a2

١KN
m,  ر

Figure 3.78

m

Figure 3.79

4.8

{٧١٠٤٨

The coefficients and زا f;; are found as follows

dx,٥,8م M. m. dx4 د ,ن م
١٥ EI EA

1 2 40x8 2 360x8 8 . m'٤8+"-x4/+0-3200w١٥-80x8x4+-x=-اي- 
2EI 3 2 3 2 3

dم٩,٨ و dم٤ M, mصد إن م, 

EI EAه 

[-4.8w360x2-2.4x360] +[20x(-0.8)x8]
6EI 5EA

1 2 40x8 -4.8 360x8 2 - ٨2w١٥9.4.8)/+0=-51١)-x4٩.80+) لا٦٠(ر%٠--"":,٣x88(-2«4+ا 
2EI 3 2 3 2 3
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 د د د م ثدم، جى م4:٥ و
EAEI١١

-18 21  اب=١xx6)=91.33x10/+)8x%»-x8 د٨
2EA2 32EI

٢ (m,m,d4٩٢8ج٠ rد د ، 
EAEI١

-I1 88 .8' 2EA32EI ا,ير= ».ي_+اقاء.؟6«١+6--)°2٧1٥« 2

 صد د د ,م لأدم ه {دم0٤
EAEIa

1I م 4.8x6 21 4.8x8 2 5EA32EI322EL ا،اه.ه»م·""/-= +اه»»ج"-""٥8 ه٥[

EA2EA ه].ي٥? -امه]،[ء١o0s° ء

Substitting into the consistent deformation equations one obtains

3200 +91.33x, -22x,=0
-541١.2 - 22x, + 101.008x,=0

The coresponding solution is x23.358-=ر KN and x48.48ر= kN.

The fnal bending moment and axial forces are detemined using the superposition
principle as follows:

M,=40-8 ٧ 23.358 +0=-146.86 KN.m
Mg = 360 -4.8 7 48.48 = 127.296 kN.m
M=0
٨٠=+120-0.8 x 48.48=81.216 kN

x(-23.358)-0.6 x 48.48 =-5.73 KN1-0=8ري

THe bending moment and axial force diagrams are show in Figure 3.80.

81 216KN

Figure 3.80

١46 86KN.«
٦

 692ي٦
!+

M,

116.4
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€

m
2c

Figure 3.81

€ KN.٨
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To detemine A, apply a unit horizontal load at c to determine m,e and aر e as
shown in Figure 3.81. The deflection at C is obtained using the unit method. ln this
case, the moment diagram of Figure 3.80 can be decomposed, as shown in Figure
3.80', for easy integration, as follows:

dx.٩,٢4M, m, dى م. ، EAEIء 

. \٠٩٠٤٠٤a,/١o٠١٩٤٠١٨٥\٤,١[ ءءء  د د د ه ل)

282EI 3

1 127.296w6 120w6 6 1٠x3/+-[81.2١6x8w1]=0.01212 m-ا-+٩-"- 
EI 2 4 2 5EA

 ٧:ا٣.

w

 كدها

Figure 3.80'

Solving this problem again without the cable AC, we find that the stncture is one
degree statically indetemminate. The coefficients of the consistent defomation
euation are as computed before, where

٥\ =3200w102 ٨ fi١=91.33w109 m
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The solution of the consistent deformation equation gives x35.038-=ر kN. The
bending moment and axial force diagrams are shown in Figure 3.82. It is obvious that
the moment and aial forces are larger in the frame without the cable. The
displacement A is calculated as follows:

١١ -170228+360 2 g% )1o0%«6»4«م"":/ا-+٠8 +هfم:/ aos8»1،=8 «م'ج
5EA 2EI 2 3 8

m2x69360 + 360x3]  ]م0.1092١=
2EI

which is very large as compared with the displacement when using the bracing cable
Ac.

Iمث D120 دRN

3SA4 R
 مد هى

Figure 3.82

3.4 THE USE OF CASTlGLLANO'S $SECOND THEOREM

3.4.1 The Basie Formulations

lt was shown in section 2.2l that Castigliano's second theorem is the basic
tool for the force (flexibility) method. This theorem is stated again as "the partial
derivative of strain energy with respect to a cerain action gives the displacement in
the direction of this action". The action could be a real load or a virtual load, The

alue of the load is substituted afer taking the derivative of the strain energy withب 
respect to specific action

The theorem could be used in solving statically indeterminate stncture if one
n fommulate the strain energy in temms of the redundants. The partial derivative ofت 
the strain energy, (in general, called the complementary strain energy) with respect to
ech redundant gives the defomation in the direction of the redundant. By applying
th boundary conditions for the defomation at the released redundants, one obtains a
et of liner simultaneous equations in terms of the unknown redundants, which can
be solved.

Consider, for example, the two times statically indeterminate fame shown in
Figure 3.83. Selecting X and ر , sة the redundants, one can find the strain energy for
the fame in temms of P,, P81ر, , and xر because tHe interal actions in the members
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(Aر , A,, and M,) are functions of these actions. The strain energy is obtained fiom the
formula

{A وبا dxر ,بط ?A3 وبا
U= y ]+]  :إ:- مء امة،}[+

=U(3, (,x,,,,٠ م

in which k represents k" member in the frame.

، )بو«
2EI

(3.26)

Figure 3.83

By applying Castigliano's second theorem one obtains

8U٥,==f,(2,P,,x,,x)o, -

8U - ==ياf(,٢,P,,x,,8 )ر &, ٠

1١

(3.27)

(3.28)

 م2

in which A; is the defommation in direction of x,, and f, f areز symbols for functions.

By specifying the boundary conditions for D, and at را the redundants
locations, Equation 3.27 and 3.28 are solved to obtain the values of the redundants x
and x,. For example, if the hinged suppor in Figure 3.83 is not subjected to any
movements, then ٥, and are ر4 equal to zero. lf there are settlements in the hingc
support, one has to substitute the values of these settlements for ٥ إ and & in
Equations 3.27 and 3.28, respectively. By fnding the redundants x and ر x5, the
stcture becomes statically determinate and the internal actions can easily be
detemined in all members.

In order to determine the deformation at any point c, one may use the
approAch of the unit load method afer determining the final internal actions in the
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stncture. One can also use Castigliano's second theorem by applying a virual load
at point c and write the strain energy in terms of this virtual load.

3.4.2 Applieation to BeAms

ExAmple 3.19

Solve Example 3.11 using Castigliano's Second theorem.

2$٣/m

2٨N{ m

Solutfom

4٩.٥٤-#7

Figure 3.84

11.4 -ع٦٥٣١ ة

Lsing the reaction at B as a redundant denoted sة x , ر the reactions at A and C are
deemmined in tems of the redndant as show in Figure 3.84. The bending moments
at any scrction are defined as follows:

For member BC,

2

M, aa)¢-24S14 +ر»؟١١>/-» 2

For member AB,

Ma«د٩/ sn2-م)٨«, 
14

for 0s&s8

for 0<ns6

The strain energy in the beAm is given by

20١61 ١M#@)d2 M}()٢ه٤ 
MGdnU=[- ] اإماه-{x» [+=لإإأ "بلإ:2" ي»ج,

0.6/٥2 K2ة EI٥ 4EI

Uang C igliano'sع second theore, one hs
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 إي اتيي"+', 'ا;ةي٤0 (ء%3!){/(
68  ;:.بو»ا]:،ز-»»4 ا٠ »ا=أ٥ د١.4٩ ««ا
00

1 20 6 8  إ):(ء-/:' )أمة٩+
2,٢١ «as٤.54 ٤ ,ي.][ي.4٩٣24 أأجه  ،ا، ،د ، د د

14EI١43ا x3 4 ; 7EI 3 7x ;ا

1 20 -8 ٨3 6
 =اةءم أاة كر{(Y. ر

=1٥'[-417.938+15.675x, +219.428-188.105+ 23.51x, +342.833]+x, =0
1000

which leads to 139.185x0-43.78-ر fom which x, =0.315 kN as was deemmined in
example 3.11.

3.4.3 Application to Frames

ErAmple 3.20

Detemine the bending moment diagram for the frame show in Figure 3.85 (as
Example 3.12) due to the loads, and a rise in temperature in member BC. Detemine
also the honizontal sway ofjoint B. (EI= 10'kN.m, EA= 50 x 10' KN, a= 1o%٣).

.- "ج

Solution

2.5K8/m.

 له عذ
 ا م.«0.2ا

Figure 3.85

6.0٨.

The frame is two degree statically indeterminate as was detemmined before in
example 3.12. The redundants x and ر x3 are taken at D as show in Figure 3.86. The
internal forces in the frame as functions of the redundAnts X1 and X2 are detemmned &s
follows:
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25٢٨/m

٥  أ]

/٠
Figure 3.86

For member CD where 0<x56,

M,= ٢x,

Aر-=٤٥ 

a4,
 ب رد

' 6,

 ة8 مر
' 6١

a,
• ت})= a,

5A, ,
 ر ي

' a,

For member BC where 0<x<12,

2s44M6ر= x -xxx3+ ر
2

8, =+x,

a42  ءى
' 6,

 ةA ر_
' a,

a  علإت
' ,ة
,Aة 

• a,

For member AB where 05x<6,

25x12
M, =12x5 +(6-x)xx36-ر- x

2

A, =-30+x,

3 ج ج،
 مح كر.

' &
 ةM م_,

' a,

a±  ور
' و&

,8A م  ر
' a,

The strain energy is obtained by sbstituting as follows:

 د د د د د د د، ، وزا،.}4 [بو ±يد{. [و:د{. جيد{. [بيدي،
2EA2 جEL4 ةEA4 جEI2 جEA2 جELج 

AH'BCCD

2.5,220 ١212 20.6 ه«[ةا· »ا].:مم.» اهاج±,«،
٥٥ CBا

Using CAstigliano's econd theorem one obuain
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x643 ي2 ير12٦2.542126 ه
١& أ± هيr آ+ ا±6 +ر+xx ه/--,٢+f لإ· 6 EI ٨ 2EI 2 ٥ 2EA

646-n) 2.5x122
24ooa-240+0/٢ -ر4--36٣ ++هx-12x,  الجماز+6٢١+

E1 2
6 ،12

6x754313 أججء ا:،٠٠ "[':،،;، بجي، ر2 رةEI EI 2 2x3 EA
0 ١٠0

66 +4w 25w122446 .4,٠"م· ا.ه. ءx.2+٢١ar+اخ EI 2 2 2
0

,٣3x فه6 25w12°,2422١ س 216oe-»%ج-١234+%6 ر8 م"<.لم·-%-·36 ا/ 
EI 2 2 3 4 3

0
72x 1 6x]+إ x, +216x5 = ]+ل2160216- EI EI EA
+[432x, +216x, -108x, -6480 -3888]EI
-[216x, +108x,-72x, -3240 -2592]-2160aEI
360.12x, +432x,  ت0=8856-

a2.52 ا2 ا،.: ثء وي•• أأجث», ت6»12 يرEI٥EA c5 ن&
BC

6 1 ٠ 122 6\-30+xإ(، +ااج6-+٤-+29 -ج'+٠ ه\» اءهل.جاء EI 2 ٥ EA
AB

20 0.6 آه،إء:.أ.12 6 lBc

]36w, -18x, -1060 ,215w ,د+648- +288x, -32o]+ 9EAالو]72]" EA EI
6x3 180 3 ٢ ع٠ قع' هoم
EA EA

= 432x, +1152.24x, -26379.6=0

 )ه(

@b)

Notice that the two euations ( ة) and (b) are the sAme as the euations
obteined by te consistent deformation method in Example 3.12. Solving equations
(a) and (b) one obtAins the ameع results obtained previously which are x =-5.219 kN

.nd x,= 24.851 KNه 

To detemmine the horizontal displacement at joint B, one applies a virقl
horizoمtn l loed P at B sم whown in Figure 3,87. By using Cstigliano's theorem, we
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need, out of the strain energy tems, only the tems which are fnction of the load P.
Ft is obvious from Figure 3.87 that only the moment in member AB is fnction ofP.
Therefore, the stnwin energy expression can be written as follows:

.4٨3 dx
٥fe١amsntfmeniا:"""]ا=ن+٥ 

; ،فه 2E1

hereن 

M,(x)=24.85x12-2.5x12x6-5.219x(6-x)-(P+36)x.

The substitution into CAstigliano's second theorem gives g ا =٥/٥P where P is
zerO.

6
٥ =[-x(86.886 +5.219x -Px -36x)dx

0
12 و 6ا

'6s22oxo=د«٥ ء4 ا+ s2؟.١. we332 -ا-86 ة
0

m

which was obtained by substituting P =0 for the virtual load. This result is the same
.in Example  كة3.12

D22521 ه
f٢7-٦4 ٥5K٨

Figure 3.87

3.4.4 ApplicAtion to Trusses

Erample 3.21

Detemmine the member forces and the horizontal deflection at suppor C for the tnuss
shown in Figure 3.88 (Example 3.15) due to the applied loads and a uniform rise in
temperature for members ED and DC f 20%e. (EA=2x 10% kN, a= 10'/%e).
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Figure 3.88

Solution

The tnss is two degree statically indeterminate, one external and one internal
redundants, as was shown in example 3.15.

Select the redundants to be x and ر x; as shown in Figure 3.89. The members forces
are determined as function of x, and x . ر The strain energy function is then obtained as
follows:

A;L
[]= 2 aمء 

2EA [,ئ,.«هو»'-»»/84[,, [ي،«» تبيدا،2 cp 2EAIAc EAIaD 2EA
EB

 ،]٩•• ةا1 ذ٧ ,و]٥٤ به١٩1 ,ن ا]،7s.0 )ي[
2EA2EA2EA

EDAD
120-0.8x -x١4 1xle + I20aY5٢6-1 25wle-٠G0-06v2 اء بشا ?ي"" الا-]+20 د٠EA

AE

in which the letters shown at the end of each temm indicates the contribution of that
member.

Using Castigliano's second theorem one has

6U 1-=[5x(1.25x١)x1.25+3x(0.75x,) x0.75-5»1.25 »(150-x\-1.25x ( ر
&, EA

-1.5x3 x690-0.6x, -1.50x,)+(0.75x, -0.6x5)x3w0.75
- 4x(120-0.8, -x,)]-20aw3x1.5-20ax5x1.25=0

This leads to
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90 -

F :gure 3.89

Similarly,

29.75x, +10 8x =61225 (a)

4x0.8x(0.8x,)+5x3]=8ل١ -5(150-x3 -1.25x,)-3x0.6x(90-0.6x3 -1.5x ( ر
&, EA

-3x06 x(0.75x, -0.6x5)-0.8٢4«(120-0.8x5 -x0.6ر(]- x60a =0

This leads to

10.8x, +17.28x, = 2016 (b)

Notice that the two equations (a) and (b) are exactly the same as the consistent
defomation euations obtained in example 15. Solving these equations one obtains
the vahes ofx, =2١١42 kN and x5=-15.49 kN.

To detemine the horizontal displacement of C apply a honizontal virtual load
P a1 C as shown in Figure 3.90.

In obtaining the strain energy, we may only be concemned with the temms
which are fnction ofP. The strain energy is given by

 م

Figure 3,90
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.4.ا%)s3.4 %٩.١%ج٩٩٢٤٩)٣»-٠٠»»٠ء م«»٠٣
According to Castigliano's second theorem one has

s6s)+ «(158.565+0.6x15 49)=0.0489 cm.58ل@يم«) 
٥ EA EA

which indicates that the displacement of C is in the same direction as the assumed
wirلa load P. This is the same result obtained in example 3.16.

3.4.5 Applieetion to FrAme-Truss Structures

Erample 3.22

Detemmine the bending moment diagram for the stncture shown in Figure 3.91
(Example 3.17) using Castigliano's second theorem.

١20٥KN2٥R -+.يا

٤٥٥ ل·،

Figure 3.91

Solution

The stncture is one degree statically indeterminate. The redundant x is chosen at F.
The strain energy is obtained as follows:

 ه ، ،ن٤ رM عه{ رج4 ه
2EA2EI

For members AB and EF



M,=x(x١) for 0sx<6
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For members BC and DE

M, =x(1.5 ( ر for 05x<4

For membes AB and EF

A,=-20 for 0sxs6

The magnitudes of axial forces in the tnهs are shown in Figure 3.91. Substituting,
one has

٠ اعيي±إم. :ي±ا"إ_ ا[له 2EI2EI
lBC,DE0١٥AB,EF

\21&٢"٧٩0+2s٩٠٤٠٦٠»٩٥١٩»٩+٤١«}2+(ao٠5»١٩»٩«sاء[ 
sعtnا m 2EAعmعط

 ، د ، نة و،3٢ عه إ{و.٤ أ٤٢ عه,

EIة EIة &,

١+[6x(1.Sx)x1.5+8x2x(20+2.5x,)x2.5]
2EA

2EA3EIEI آي/ج.2!أ .أ'يا إ٩٠١»٠١ و ه{دعة+»+ و١6 3١4،2 3
١00

This leads to x\=-1.298 kN which is the meق result obtained in example 3.16.

3.5 THE TuREE MOMENT EOUATTON

3.5.1 L treductionص

This methd is a special consistent defomation method in which the alyst is
obliged to es ectل specifc redundants and so له neglects the axiدl force and sheAr force
effects. The three moment euation is thwIs, most suiuable for coninuous beams.
however, it could be uوed for some fames which are not sbjected to sidesway. The
methuod considers the redundants to be the bending moments at the intemediate and
fixed suppors in order to mAke the primary stncسre consiss of a se of simply
$ppored beAms.

3.5.2 Berivation of the Fauntion

Consider tHe continwos bem show in Figure 3.92. By selecting the
redhunwdnts to be the unلnown moreems at the auppors te primary stucure consiss
of simply pported ن bems as shown in Figre 3.93. Eمch reduAn is assmed to be



 بكم م
٢ a6

/٠١

Figure 3.92

4
[٠٠

1c4
 ج"ا
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 م °،٥

 :-ب#-eK4 جيء -فز:خ
Figure 3.93

- 'عره
٥ م@)م. ء

.٥=ء يإ'
 ه -فإي

Figure 3.94

unity, as shown in Figure 3.94, in order to determine the fexibility coefficients and
the supports relative rotation in the primary stnucture.

For the consistent deformation at each released continuous or fixed suppont,
the sum of the relative rotations of the primary stncture must equal the relative
rotation of the same support in the actual stncture. For example, the equations of
consistent deformations at supports B andC are, respectively,

8, +f, 8, +f٠0 x, +f48,=و 

8٨ +f;٠ x, +f, f٦+ ر٢ ر x6ر= 

(3.29a)

(3.29b)
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where is م0 the deformation at B in the primary stncture obtained from integrating
M, and mn, and f; are the flexibility coefficienls, each is obtained from integrating
mج , with m;ز . Therefore, the moment diagrams of Figures 3.93 and 3.94 are used to
detemmine these coefficients.

 و#ي=و}')ه
 ا[= س ه-

 د)و=و ه
 ع ر ينيب
 و()مء=،ة

 ٤س [ل]= ي.سعم
 بها،بعام ، بط

Figure 3.95

Considering. for example the consistent deformation at support B. The
fexibility caefficients are obtained using the moment diagrams shown in Figure 3.95
as follows:

dx ,٢,٢mm وا  ,م

,EI 6El٤ ا

 ,ل د م مdr2 ا٥ وا

3EL, 3ElEL٥ د

 د,مد٢٢mdx"٥ يا

,EI 6EI٥ د

(3.30a)

(3.30b)

(3.30c)

Substituting into eguation 3.29a, and realizing that x, = M٨, 5 = MA, and x5 = Me one
obuمins

w,[جم ].»w./(506 جيم -[جي].م«)جيء٥.. .هEI, 6El, 6El 6EI
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where Bg٨ represents the rotation at suppor B in the primary structre which is
obtained fom integrating the moment diagram of Figre 3.93 with the moment
diagram m٥ of Figure 3.95. It can be expressed as 8 , رج=0 مج0+0 و to show the
contribution of' the lef side and the right side of the suppor B.

The relative rotation 8g, in the actuAl stRcture is zero if the support is not
subjected to any settlement. However, if the interior support B, for exAmple, is
subjected to a downward settlement, as shown in Figure 3.96, then is و8 obtained by
summing up the angles made by members AB and BC with the original position of
these members. This gives

=٥٥. لا٥ ولا, L ، ما
(3 32)

ln general, if suppors A, B and C are displaced downward with specific
quantities yم , yA, and ye as shown in Figure 3.97, then the relative rotation at B is

٤

ye,م ولا ولا- -ولا. 
٦ LeL.

9

Figure 3.96

8

Figure 3.97

c

c

(3.33)

Tables 3.1 provide the rotations at the supports of simply supported beams due
to various cases of loading to be used in solving problems by the three moment
equation method.
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Elastic reaction = Riven values x L6 ElCase ofLoadingNo.
at right supporat lef suppor

٩xt45١'٤'''١٠٠٠٠٠ %»و
44٢

xbxLو2 و xbxL٨٩١٢١١١، و ه2 و
2

٥٥ 8 128  ر» إ· ا٠١ ب·2

2 ، د .فمي4 )و Lده٤ .،('2 )و ، ،2 L3 صد،٢٩  ت
 "ض ة٠٤٩ ب

5 25 2٠٨٦٦٨4
٢qxLxqxL٥ ت  ف٩ ر ظ4/2 د3232

١١١١١١ 4/$٢.٠ )ج. L(٤)4/}٤.٠ ة L
5 ٥ ه

 مر4 ر ة١٩ ب

26 وxt لحد اTص L٥ ه «و
551 ١ إ·

7] ل4+ وx ح وxt ح

 ما د2020
}

x2 و·[D8 ٩xL
5 1512٥  م ا د

L4٢٢9++2 د »و ٩xL٥ { ما1215

DH!2211 اxqxL10 xLو 
 ه660

٦  م\·

pعtm9عع .
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Table 3.1 Elastic Reactions (Cont'd...)

Elastic reaction = given values x L/6 EICase of LoadingNo. /
at night sppor

P xaxb (a+L)Pxaxb (b +L):.21 أد ١

 ه من ن
٥

a/ج.ا( د٠00 La)3.+0 )فم.ا L٣٤221
٥ ادت

 إ٥٠ ها°+

15wPwL15xP xL٢٢٤23 I

 ت1616٥
• ر٠٢٩م" ،١٩ ر، ٢ ا٥إ٥٥٠٠

PxL(٨2-1)P٨L(n2-1)!٤٤٤24١ اء
4n4nت 

٩١٥١٩٠ ب١٩٠١٥

8 ر٢ )ي«(ء:م nPxL 8 ا=·a )}.م1 n/ا" ج٤٤٤٤٤٤ 
 بعر عمي"م+" بجد"+

M2Mأه 
 جر لا

26 ص\
2م

٠٠١ أ٠ أ;ي-L أ;:ا.«2 L

 جيلا

4،27 /ه
 ل

٥

-3xE»1xa,,(Ti-7z)(T-T)ة٦ 
-3٢Ex1a,x 83K28 ا2

hh٤



142

3.5.3 Beams with Fired Supports

If the beam has a fxed support, the moment at the support is unknown. One
can derive the three moment equation in the same way derived for continuous
supported beams. Consider the continuous beam shown in Figure 3.98. The pnimary
structure and the bending moments Mo, mz, and mz2 are shown in Figure 3.99. The
consistent deformation at the fixed support A is

8٨٥ +f١1 x1+f١25=0٨

The flexibility coefficients f١ and fi5 are obtained as follows:

٤, مm جm {جdx فها  دل,ه دمر

3EL,\EI١١

m جويا 4r"_م 
 ج ب ح

6ElEI١2

&٠٠ ، تامن ر+ ---

Figure 3.98

 ه'متاوي.
FRIARY STAUCTUwE

 ي(
،[E=  م ه·

 ()ة-==ه٥ ه
 =سس- الالا د]•

Figure 3.99

(3.34)
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Therefore, E uationم 3.34 can be written as

6EI )جم(,ء«+ه0(.« جم -,و-)٥. 6EL

which shows that it is a special fomm of Eguation 3.31.

(3.35)

The angle of rotation B, here represents the relative angle of rotation at A, in
the actual structure, which could be due to settlement ot rotations at the suppor A. If
a settlement occurs at A as shown in Figure 3.100, 0,is obtained using Equation
3.33 as follows:

0 لاء,٨ ولا-
 ءا

(3.36)

If the fixed suppor A was subjected to an angular rotation, one must substitute
its value and appropniate sign in the three moment equation. ln the derivation of the
three moment euation, the redundants X, were assumed to provide tension in the
bottom side and compression in the top side of the beam. This assumption is
considered throughout solving any problem by this method. Thus, the sign is positive
ifthe angle of rotation provides tension on the bottom side as shown in Figure 3.101.

 مرا// ،م
Figure 3.100

Exnmple 3.23

Rigure 3.101

Detemmine the bending moment diagram due to a clockwise unit rotation at A in the
beam shown in Figure 3.102 (El is constant).

B

Figure 3.102
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$olution

Applying the three moment equation at A one has

a،( ,6EI. جي جم(.«،)-[٥-,٥ 6El,

where D,0=م due to the absence of any loading on the beam, and 0,=+1 due to
the angular rotation at A Substituting, one obtains

2M +M. 6EI['٨ =ه

Similarly, applying the three moment equation at B one obtains

M,+2M, =0

Solving equations (a) and (b) one gets

(a)

(b)

M, 2EI
،L٩ =مElM

٨-٤

The bending moment diagram is shown in Figure 3.103. This result is important and
should be remembered because it shall be used in the stifTness matrix method. The
values of M, which results in a unit rotation at A is called the stifTness coefficient.

4E١
 ا

Figure 3.103
Example 3.24

2٤٢
 ا

Detemmine the bending moment diagram for the beam shown in Figure 3,104 due to
the settlement of support A a unit value downward (El is constant).

Applying the three moment equation at A one obtains

,6EL6EL' جم(،« (ا.م« جم ,ق-) ء».



١45

 إ.
Figure 3.104

8

where due =ج8,0 to the absence of any loading on the beam, and 0,= (١-0)/L
This gives

6ElM٢,2M  هو ح
[٥٨

Similarly, applying the three moment equation at B one obtains

6EI6EL -)ي(.« -إم(].،«٥-.٥٠

where and مي=00 L( ي(=0-0١ This gives

M. 2M, -6Elح، 
L٨ م

Solving euations (a) and (b) one obtains

(a)

(b)

6EI٨٨  ن م د=
٨٢, -6EIp=

The bending moment diagram is show in Figure 3.105. This reلus lt should also be
remwembered because it shall mostly be used in the stifTness matrix method.

 اعت
٦٦

6٤١
-٦٤

Figure 3.105
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3.5.4 NumericAl ApplicAtions

Erample 3.25

Detemine the bending moment and shear force diagrams for the beam show in
Figure 3.106 due to the applied loads, a rise in temperature in member BC and an
anticlockwise rotation of support A of 0.002 rad. Consider EI = 10? KN.m and a=
1٥%٣%e.

5olution

 ذ

 .-ه02

Figure 3.106

٥

ln this beam, the moment on member CD is determinate. The unknow bending
moments are M, and M, because the degree of static indeterminacy is two
determined from

DSI=3 x3+5-3x4=2

Applying the three moment equation at the locations of the two redundant moments
M, and Mم respectively one has

552N» 6EL6EI -[,ج(ة٥٨-M٩٨+ +ج(م0 ا

where rad م-=80.002

This leads to

0٨ م
5٥«s2

١6EI

»a755$8/.4ا /ا) »ه• ذد.-)ذ?لإب»», 5 16El

The three moment equation at B gives

555w،(ايج(ء«+)بهج٥٠-٥٠- »,)6 +أفي2EL 6EI ر 6EI6EI

(a)



where 8g =0
5052 -30 x5.16 ه تة:- ))ئ:'اتخ(ءEI 0.6 2
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which reslts from 0 Table) ج٥ إ 3.1 case No. 20) plus Table), جي8 3.1 .ac Noعك 28).

Substituting, one obtains

M, +4M = -223.75 KN.m.

Solving (a) and (b) one obtains

(b)

M16.25=-م kN.m Mg =-158.75 KN.m.

The negative sign indicates that the moment makes tension on the top side and
compression on the bottom side. The bending moment and shear force diagrams are
shown in Figure 3.107 which are the same as in Example 3.10.

١68 65

D8. ن

·٦ م-"٤ حم(م
 و/ ، ا،د ,,ا أء, ,إ

3$ و،

5 F ٥
25

Figure 3.107

Example 3.26

Detemmine bending moment, shear force diagrams, and the deflection at B for the
beam shown in Figure 3.108 due to the applied loads and a nise in temperature in
member AB (El= 10' KN.m, a = 10/%e, spring constant K = 10 kN/cm).

٥6m٥, Ka
 إ6٩5

 تتلإي· ءبدد،
 إ٥٥m م

Figure 3.108
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Solution

This beam is one degree statically indeterminate and hAs unknown moment at B since
Mم = M =0. The three moment equation at B gives

860+M,/٥٠-٥٥=06 +ام+جEI 12EI

where 8 are ,ج0 و obtained according to Figure 3.109 as

٥, لاe ولا,  د،

B 6 8

20 1x6 1 2xg1 640Ao =-a/ل< /"+x--=-100a+-
0٥.6 2 2EI 24 3EI

Figure 3.109

Substituting into the three moment equation, one has

12EI -),يم(.«2ج+2s »»-ا) [ييق. 6 8 EL

20Mg =1.75yg E1+472 (a)

Since ye is related to Mg by the spring reaction relation at B, using Figure 3.110 one
has

٤٥ «.و(د٥.9 )و 6B د للم دد د د K 1000  )م لا8

The assumed deformation at B indicates that the spning is under compression and the
reaction at B is upward. Therefore Rg is taken as upward reaction.

Solving equations (a) and (b) one obtains

M26.351=و kN.m



 و' ,٢'او%",
Figure 3.110

1٢W/».

٥mم 
٣1٤
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M M
00315cm=٥'٨3١5x10""ور اشب=8 .و"- -ا 

861000

The positive welue of ye indicates that the defomed shape of the beam is downward
.assumed. The moment and shear force diagrams are shown in Figure 3.1llقة 

JJ52KN.؟()م ه 
• ام«،/ أء}ود،٠٠٥ ،
-lIEي.F..TI= B.M.D.

$.F.D.

١1 293

Figure 3.111

3.6 THE ELASTIC CENTRE METHOD

3.61 lntroduction

This method is applicable, in general, to structures having three degrees
staثically indeterminacy such as closed rings, closed frames, arches with fixed
Supports, and poral frames with fied supports. lt is considered as a special
application of the consistent defomation method using the virtual work principle. It
hمs been developed in order to eAse solving the three simultaneous consistent
defomation equations before the wide spread 0f computer utilization. The
rcdundants are chosen at a certain location called the elastic centre in order to obtain
three independent consistent defomation euations, which can easily be solved. This
mehd depends on the assumption that the axial force efFect is small and can be
neglccted.
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3.6.2 Determination of the Elastic Centre

Consider for example, the three degrees statically indeterminate portal frame
shown in Figure 3.112. ln general, the equations of consistent deformation for three
degree static indetemminate stnuctures are as follows:

4 +f ٨ +f4م٢ , + f ,٥=,x و
,x,=8ر f,, x,+ f4+,٧f4 مد+٠

٥ +f, , ر +f,ي٧٠ + f,  ر8 =ر4 ر
(3.37)

To convert Equations 3.37 into three independent equations, the flexiEility
coefficients f, fori= must ز be zero. In this case Equations 3.37 become

Figure 3.112

,٥=,f, x+٥ ر
,f, x, =A+مرط 

 رط+f و,x=,٥ و

which can easily be solved for x1, 2, and x3.

Figure 3.113

(3.38)

Let the elastic centre location to be at point O as shown in Figure 3.113. The
three redundants x1, 2, and x3 must be applied at point O in order to obtain Equations
3.38. Because point O is not connected with the frame, and it is not know yet and in
order to make this discussion realistic, point O is connected with any section in the
frame by rigid members having infinite moment of inertia. The location of the
connection is arbitrary. Figure 3.114 show different choices for the connection
between the elastic centre and the frame members.

Considering Figure 3.114a, the bending moments at any point with
coordinates (x,y) with respect to point O and due to the redundants X ,l= ر x٥=l, and
x1ر= , can be obtained. Directions of x , ر A, and x are assmed to produce positive
bending moments such that
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(b) {ة( (c)

Figure 3.114

m,=y (3.39a)

m,3 =x (3.39b)

m,ر١= (3.39e)

Subsitting Eauations 3.39 into the expressions of the flexibility coefficients f,,i#  ز
and with ignoring the axial forces efTect, one obtains

yxd4م md4ر m٢. ر =f  ز5= -إ) م
EIEI

٢d4م 'dر mر m٢.٤. م =٦= 3)=
EIEI

y d4م m, d4ر m٢,٢. ري  د ر

EIE13١١3

(3.40)

(3.41)

(3.42)

One realizes that to make Equations 3.4! and 3.42 equal zero, the elastic centre 0
mnust lie at the centroid of the areas (d8/El) of the fiame members including the
imposed infinite moment of inertia members These members, however, do not afFect
on the location of the elastic centre since their (dt/El)is zero, due to infinite EI. To
make Eauation 3.40 equals 2ero, the axes x and y must pass through the centroid of
the areas (d&/El) and their directions are in the direction of the principal axes.
Therefore, the location of the elastic centre must be the centroid of the areas
(d٤/EI) of the fame members and the redundants x and ر x are Jocated at the elastic
centre in the direction of principal axes of the areas (d4/EI).

Eمx mple 3.27

Detemmine the location of the elastic centre and the directions of the redundants x١
and x1, for the frames show in Figures 3.115a and 3.115b.



 إ +بى
-.
 إ س ا
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Solution

Figure 3.115

(a) The frame shown in Figure 3.1l5a is drawn as a tubular section, where the
thickness is (lfEl) for each member in the frame. This is shown in Figure 3.116.

 ى٩ ا ا

Figure 3.116

K

To deemine the centroid of these areas, the moment of the areas is taken about any
two arbitrary perpendicular axes, such as axes 1-1 and 2-2 shown in Figure 3.1l6.
The first moment of areas about these axes are, respectively,

6.٨٨ و٥'2 ج٤١٥8 دبن  رج إر ار{ ح

EIEIEIا- 

١2.٨٨ ى12 ج6 و180 دبر  أرهح) ر د

EIEI2EI٦-٦ EI

The total area of the cross section is

12 6 6 12 30 •  م+=++=.][[]
EI EI EI 2EI EI

From statics principles, the locations of the centroid xand y fom the axes 2-2 and
I-١ are respectively,
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- M,, 180  ع
 ع =مد=٥)

30A

- M,, ١08  و
٧===٨١ A 30

To deemine the directions of the principal aes, select any two arbitrary axes,
x and y, pAssing throgh the elastic center O. Calculating the moments of inertia , ا

and 1_ for the tblar section one hasر,ا 

1.,=0

3
6١ و ا2 م122 م1962 بNم

 ¥ح ر كر3٠

EIEI2EI12EI

٨N١2٢ د١2'6 ج،6 اى،648 م  د د لأد كرسي سد

EIEI12x2EI 12El EIلا 

The angle, 8, which detemines the direction of the principle axis with respect to x­
axis is obtAined from

-2I
tan 28 ==0

١ -،٦,

The prirciلap axes are thus along the chosen x andy axes This result was
obvios fom the begining because of the symmery of the areas dt/EI about the
elastic centre.

(b) From Figre 3.115b, the tubular section is shown in Figure 3.117.

Taking the moment of areمs about axes 1- and أ 2-2, one obtains, respectively,

5 10 50 -١Mرر =x2.5x2 + N =ر ز
EI 2EI EI

10 5 75 -1M5_ =x10+ ر5= kN
2EI EI EI

The totA] are of the cross section is

10 5 5 15A=++= [N-' " م
2EI EI EI EI

The location of the elaaic centre is 4



١54

Figure 3.117

, M٦-٥ 7 -ت=5
A

M 50y'=3.33=ل= m
A 15

d٤ ،.٠From the symmetry of areas about the elastic centre, the directions of the
EI

redundants x, and x; should be along the chosen axes x and y

3.6.3 Numerical ApplicAtions

By determining the location of the elastic centre, and the directions of the
principal axes, one knows the locations and direction of the redundants x,, , و and xو 
which make f;, =0 for i= The ز process of analysis by the consistent deformation
method is continued as usual. A primary stnucture is chosen, the bending moment
diagram M, is obtained, and the three bending moment diagrams m,, m,, and m,و 
due to the unit values for the redundants x,, X2, Xو , respectively, are determined. The
coefTicient A and f; can be calculated as usual by the integration of diagrams. One
finally obtains three independent linear equations which can easily be solved for the
values of the redundants x\, x, and x. The following examples illustrate the
application of this method:

ExAmple 3.28

Determine the bending moment and shear force diagrams for the frame shown in
Figure 3.118 using the elastic centre method (EI = .(? مp آر ر Then, determine the
bending moment due To verical settlement at D 0f 5 cm downwArd.

Solution

The elastic centre of this frame was determined in the previous example. The location
and directions of the three redundants are shown in Figure 3.119. The elastic centre is
connected with joint D by a memnber of infinite moment of inertia. The bending
moment diagrams for the prinary stnucture due to the applied loads and unit values of
the redundants are shown in Figure 3.120. The bending moment diagram M,٥ was
drawn decomposed for easing the integration.



28M4m

،: ،
 مM0٨ ا

Figure 3.118

 م٦٥٣م
 !ه او

"
Fig. 3.119
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١ ٥و
 مع"

aلا 

 .ا667

 تدد.د

Figure 3.120

1 KNm

It is obvious fiom the figures of m,, m and m that f, =0 for i = . ز The euations
of consistent defomation are

١=,٥=٥,f+٥ ر
4 ذ+f, =,ا=,0
 مرط+f يؤ =و؟٥=,0

The flexibility coefficients and are منا calculated as follows:

٨, ملامm ي .يمه إ!ws«o،2 دe مa%n.4%٣١ [دمه ٩{ د د لإد أ لإ ا أ{،
22EI 3EI

+[٩٥٢3.333»2-10x1.667»2+333.3-150x1.667]_ 346951  م
EI•6E1

2 2
٨ i"ر٥٢1.667'٣١0,2 ود]يج2+32+2-66722٤١»3333«667[

EI 2EI 6EI
N41.666 م

 د

EI
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Therefore, the value and direction of x, is obtained from

KN5327.346.957-4 ر٥-  د٥٥ ا

! f١ 41.666

which indicates it is in an opposite direction to the assumed x direction. Similarly,
for finding x and x5 one has

]1oox5٧2+0+1ooxs[-ء زح ,ه٤ه[»a موه 
EI 2EIx6

5 354166+[-100x5x2-150x572-100x5-150x5]=-'m
6EI EI

،na 29١.667،١٥ ي]3٥ و-3 ،2. و2 ،٥ ,أ55٤5 ,إم,m2 dح دلأ ر ا{، در م_,,م 
E1EI٠12EIEI22-

22e 12.143H-«و 
fa2

»Ma m dوى م 
38} E1

٥ ا3 د{ لأ٢ ي .عا-ا [ماوو،ة"!٠ -ف٩ [وإعم إ-٤•

EI2EI322EI

1x5 110 15fوو =x2+xl= rad/(kN.m)
EI 2EI EI

.52.778B.m-03لإ «
fوو 

The final bending moment diagram is obtained by calculating the moment at
A, B, C, and D using the superposition principle as follows:

M, =M+١ m٥١ +22 m٥ +x3 m3
M٨ =-150-3.333x(-8.327)+12.143x(5)+52.778x(1)=-8.753 KN.m
Mg =-100+1.667x(-8.327)+ 5x(2.143)+52.778 =-0.388 kN.m
M =0+1.,667 x(-8.327)-5x(12.143)+52.778=-21.818 KN.m
Mp =0-3.3337(-8.327)-5x(12.143x5)+52.778= +19.816 KN.m

The bending moment and shear force diAgrams are show in Figure 3.121.

In the case of settlement at D, as shown' in Figure 3.122, one has A\4مAو, , and
re zero since no loads are applied on the fiame. The consistent defomationمول ق 

eauations become



١57

7٥75KN

٩٦-
 .وp ع1و د.

4.753

6. ٥٨.

5 م٥

n18w4 RN.م 

8 326

Figure 3121

0+f0٢١١١=٥ =ر

0+f0.05=-4ؤ="٥ m

0+f0و٤3=٥ =و 

which gives X١=x;=0٠

4 -0.05EI [7.14kNل2 ،ه ءح 

62 رز291.667

The finلa bending moment diagram is obtained by superposition principle as

M, =M٥٥ +x2 m٥2
M,17.١4-0=ر x(5)=-85.7 kN.m
M,g =0-17.14x(5)=-85.7KN.m
M٥3 =٥-1714w(-5)-85.7 KN.m

The bending moment diagram is shown in Figure 3.123 which gives the same results
.example  كم3.14

Eهx mple 3.29

Detemnine the bending moment diagram for the frame shown in Figure 3,124 using
the method of elastic centre (El= 10' kN.m).
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Solution

Figure 3.122

60m

Figure 3.124

Figure 3.123

This frame is three times statically indeterminate since, m=4,]=4,r=3, ٨=0 and

DSI=4x3 +3-4x3=3
Number of external redundants = r-3=0
Number of internal redundants =3-0=3

The elastic centre of this frame has been determined in Example 3.25. By
cutting any section in the frame and connecting the cut section by two infinitely nigid
members to the elastic centre, one obtains the primary stRcture shown in Figure
3.125. Due to the symmetry of the frame about the vertical axis, the directions of the
redundants coincide with the principal axes x and y.

The bending moments for the primary stncture due to loading and unit values of the
redundant are as shown in Figures 3.125 and 3.126.
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Figure 3.125

2.4

J6 KN.٣

159

2.4 24

 و6
mT
 ا

3.6 KN.a

m
22

2 و»

Figure 3.126

For the selected primary stncture, the equations of consistent defomations are

٤,=٥=٥f4 م+٠٨
f, K,=A,=0+4 ج
f% K,=A,=0+4 و



in which the cefTcients are detemmined as follows:

m, dxم M)ن, 
١٥ EI

4م]-3e اء٤0 د٥,36٣6 ء،٨, ي36٠2٩ ود.[  د درYY,) كر د

2EI 2EI EI 2

+(-36x2x3.6+2.5x36)
6EI

7776 259.2 -129.6 -172.8 -820.8
 د{ د د د ة8م

EI EI EI EI EI

2 2 2
٢ (5٤ dr.24x12 3.6 12 6x2[ 1 ث د د{،. إبر٣ ، إ{ ٠, ،إ{ إ{ ر٨2.2••3.62 ،2-2٩»36«2 ا

EI EI 2EI 6EI
187.240.32146.88 N٨م

 د دد

EI EI EI

KN4.385ر=2 ء, 
4،
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dsم M m)8 ,ى،

EI
.36x636,رج .م x6x6 o قo )ج6م2,1.432-1296-8/,3676.

 لأد د د لألأ، ح٥ 8م؟

2EI EI 2EI 3 EI EI

22 ٤ »ؤ"/دين ء(±و،6لإ»n (±+)ه«ةد+2 ء2+4»%2-6 )مع%
12EI6EIEIEI

64872144432 م
 دج ب

EI EI EI EI

1.666uNر د2± ي, 
6 ء

M m dx٨ي م 8

EI»م 

+36x6 36x6 36x12 36x6 648  ,م
3 ه ب ب د ر٠ ر$م

2EI EI 2EI 2EI EI

 ح دب{ ع ع2م2 ,م م,m ث4ع.18u2••١6 .م,1x12,,30 )و,.@هه
2EI EIEIEIEI13

21.6-===2-4 و٥-648 kN.mn
f30وو 
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The final bending moment is obtained from the superposition principle as

M = Mي+٤ , m٨ +x, m ٥ +x m ر  ,ن
M3.6+36=-م x(4.385)-6x(1.666)-1x(-21.6)=-8.6 kN.m
Mg =0-2.4 x(4.385)-6x(1.666)-1x(-21.6) =1.074 WN.m
M =-36-2.4x(4.385)+6x(1.666)+216=-14.928 kN.m
M3 =-36+3.6x(4.385)+6x(1.666)+21.6 =11.388 KN.m

The bending moment and shear force diagrams are shown in Figure 3.127.

16»2

 ا6)2

Example 3.30

5 ٥٤

46

Figure3127

 ر4.92

Detemine the bending moment diagram for the frame shown in Figure 3.128 using
the elastic centre method.

30 m

 م

Figure 3.128
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Solution

· ٠ . d8 ٠Detemmine the elastic centre by taking moments of the areas about lines AB and
EI

BC.

8 4  ر4 ر+8
EI E _48 42636 mج_ ،

6 8 4 11
 ، ي د

2EI 2EI EI

4 6  ر2 ر--3
,_EL 2EL ._1721s45 aد 

11 11
EI

T detemmine the orientation of the principal axes, one calculates the values of l  ,ي جرا
d٠٠٤ ،and for the areas about x-y axes, using Figure 3.129. The calculated values are1 ر
EI

4N31.06د م 
٠ EI

٨N,١31.878ر ى 
EI

 دد ر10.1819 رم
EI٣

Figure 3.129

The direction of the principal axis is determined from

2w10.1819-21 بر-tan2o===02019858
1-1 و131.878-31.06

2a =11.419° a =5.7096°
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The principal axes are called u and ٧ in Figure 3.129. The bending moment Mج for
the primary stnucure is detemined as shown in Figure 3.130. THe bending moments
m٤١, m, and m can also detemined as shown in Figure 3.131.

30
«٤٥

Figure 3.130

٣2

3 ووو

٨٢3

Figure 3.131

197١

١ KN.م 

m
٤1

1٢55
١١155 KN.m

2 و&

The coefficients ofthe consistent defommation eguations are calculated as follows:

m44M٥ر م٨ 1{{ ه<
EI

4= (24x1.573»2+0+1.1755x 24)
2EIx6

4
+(24x1.573v2+241.971)

12EI

+±(w30x3.99+3ox1 o1a)  م,890,3٩ا
2EIx6 EI



4d٤.3أ م s2. هةs-176ss(a«+h&os?»2+11596 نفج="إ=ا٩
8 (2w1.971x1.1755+2»19712+17552٧2+-ت)، 6x2EI
6 + و]-١2 ه2+39 «?و2-2 د.د71 _[وود30042 وم

6x2EI EI

2١4.٦63kي,ة. 
f

m, d4ى مي هلا, 
EIمد 

4=(0.208»24w2-3.772x24)+ (0.208٧24x2 +4.188x24)
2EIx6 2EIx6

3 -95.8335+-(-30x2x4.806- =( ج4.49730 m
6EIx2 EI

٨2. e (2x3.37x2x3.772+2«37722+2%»3٦٩)4«6 لأا[در ع
EI 6EI

 (م7722»29377244.188-4.18822+2)
2EIx6

+_(٩.1٥?»2+4.8٥6»2+244.188x4.so)_!3.}76م 
2EIx6 EI

x,0.7195د4د ى. KN
f

,M ي44 mه م, 
 د

EI3م

24»8 , 30x3 , 25.5  ,ر
 ربح د إ) ح م2

EI2x2EI2w2EI

(٨..Nالا. @لهم m3 d4 1x4 18 1x6ح د ع {8م م م 
2EI EI2EIEIEI»د 

x23161-و-230 ج KN.m
f3ذ 

The final bending moment is obtained using the superposition prirciple sق

M= M X١+ ي m,٨+٢, m٥ +x, m٥

M=M-4.763 m, +0.7195m -2.3181

164
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M, =-30-4.763(-3.999)+0.7195(4.806)-2.3181=-9.813 kN.m

M =0-4.763(1.971)+0.7195(4.188)-2.3181--8.692 kN.m

M٥ =0-4.7631(1.1755)+0.7195(-3.772)-2.3181=-1.631 kN.m

M =0-4.763 (-2.805)+0.7195(-3.374)-2.318I-+8.615 kN.m

The bending moment diagram is show in Figure 3.132.

8 @2

 و41 د

Figure 3.132

3.7 THE COLUMN ANALOGY METHOD

3.7.1 Introduction

١٥ 63١

B.M.D.

As was preented in Example 3.29, the application of the elastic centre method
is teious in the case that any of the principal axes is not an axis of symmetry for the
areas (dt/El). The column analogy method is developed from the elastic centre
method. The method considers the areas (dt/E) as a cross section of a column and
the bending moment of the primary stnctre MA as the appli .de pressureث The method
an esily be Applie to asymmetrical frames, fixed ended beams, and also toت 
stnGures with one or two degees of staIic indetemminacy.

3.7.2 Derivetion of the Method

Consider the frame shown in Figure 3.133 where point O is the elastic centre and x,
y are two arbitrary axes in the direction of the redundants x١ and x5. The bending
owoment m, m and m3 due to unit values for the redundants X, K2, and x about a
geneal point of coordinAtes (x, y) with respect to the elastic centre are respectively

m, =y
m,, =x
m,ا=ر 

(3.43)
(3.44)
(3.45)
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K

Figure 3.133

Notice that directions of x1, x2, and x3 are assumed to give positive bending moment
at the arbitrary point.

The fexibility coefficient fi, can then be calculated as follows:

 د، ، م م_ ثد&٥٤,٤٢

ErEI٠ لا (3.46)

which can.be considered as the moment of inertia of the areas (d8/EI) about the x­
axis and is denoted by lر .

Similarly, the flexibility coefficients fAد , and f3و are obtained as follows:

٢,٤ ثد4 ع٢ ،4 ع  ج ح كر
EIEIm

٦4tبم-٢ ر 
EI31

(3.47)

(3.48)

where fر is eual to the moment of inertia of the areas (de/El) about y-axis and is
deroted by l and is و6 the total areas of (d4/EI) and is denoted by A

The other flexibility coefficients fi, fو , and are و6٤ given by

d4  [=ء»٤أ ا-٠
d4f.=[ y0ت= 
E1

d4x-=0=[,6 ر
E1

(3.49)

(3.50)

03.51)
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lt is obvious that fوز and fرؤ are zero bccauسse the redundمnts are ppliedف t te icعa ك
centre which is the centroid of the secuion. EauAtion 3.49 represents the prduc
moment of ineruia of the are (dt/EI) about the two caresian axes x And y.

Subatitting Eauations 3.46 t3.51م into the eunions of conieen
defometion Eautions 3.37, with considering the relative displacements & , ر Aد , an
Dو at the elastic cemntre Are zero, ope obAins

4/٥ +l, ٣,+l, ٢=,٥,=٥

٢=,٥,=٥,l+٤٨l+4 ر

A=,٥ و=٥ x+4 مر

The codfficients & a ر Anم, and Dمو wre deemined as follows:

d4 d44=] Mم m. ==] yM  و
EI EL

dt d4=٢M==}mم٥ M=[وه EI EI

dt d4م M==]M m4 مر[=٥ EI EI

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)

The bending moment M is regarded as a pressre applied on the ares
(dt/EI}. Therefore, is موه na logousه to nه force لدنxه called N applied on the
scction. 2he coeffcients D١٥ and &»o are thus the bending moments of' N about x and
y axes respcctively. Eauations 3.55 t0 3.57 cAn then be wTiten as

,M=4 و
,M=4 ر

N=مرط 
(3.58)

Solving Equations 4.52 to 4.54 and using Eauations 3.58, one obtains the magnitudes
ofthe redundants xر , Xa, and x3 as follows:

 ب /،,٧٠ إ٣جب م,ا
١٠1,-1;

 ع ج٠•.٢ أحد
1٠1,-4;

(3.59)

(3.60)
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(3.61)

If & , ,ر د& and dy are not zeno, they must be transfomed into equivalent values
in temms of bending moments M,, M,, and axil force N. This shall be shown in
ection 3.7.4. THe fnAl bending moment at any point (x, y) is determined fom theو 

:nperposition principle as followsو 

M,(x,y) =M2 +٤ m ٥ ر+ m +Xر m
=M+٤, x+ ٤ ر y+x,

Substituting Euations 3.59 to 3.61 into Eauation 3.62 one obtAins

./١ وبلا-١ ,أد/١١٠ د.٦ \د ٨. X-](yy)=  ر '،رد عا-لا
1,1,-1١٠١٤,-1٨٤٠٠٠

(3.62)

(3.63)

It iو obvious thAt the tems in Eauation 3.63 except the temm M represent the
epression for noma] stress at any point (x, y) in a column whose cross section areA
is the B mل of the areas (d£/El). The sign conventions considered here are N is
positive for poditive Mي . EuAtion 3.63 is only suitable for the assumed directions of
X1, x2, and xو in Figure 3.125.

3.7.3 Binge in the Colm» Amalogy

The fiictionless hinge cAn be represented by a section whose moment of
inerمi is zero. TTerefore itو (d£/EI) is infinity. lt meAns then the elastic centre lies
at the hinge location which is the centroid of the infinite areA. If the structure contains
mnore thAn one hinge, then the elastic centre shall lie somewhere on the line
connecting the two hinges. It is obvious that a stncture with three hinges is statically
deteminAte and there is no need to solve it by the column analogy method.

The roller spport can be considered as a link connected with two hinges.
Therefore, the elastic centre lies along the line of the reaction. The exact location of
the elastic centre in this case is not importAnt since it is not needed to solve the
problem. ExAmples for the location of the elastic centre for stnctures with hinges and
rollers are shown in Figre 3.134.

The column analogy fomula in the case of stnucture with a hinge becomes

M,I, -M, I, M, 1,-M,I:(3.64) "و{ي""؟'.»-«.» )"ي

where A in this case is infinity and the term N/A is dropped out. The column analogy
formula used in the cAse of a roller whose reaction, for exAmple, along y axis becomes
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١0 ١0

Figure 3.134

 لا

M ,١ إ"ا-ء«-«».«٠

since both A and , ا are infinity.

3.7.4 $ettlements and Temperature EfTeets

(3.65)

From Eauations 3.55 t0 3.57, it is obvious that the displacements &o and o دا
were epressed sة bending moment M, and M, and the rotلa ion b s م ة an xialع force
N. The bending moment is considered about the axis along which the deflection
occurs. The axial force is considered positive if it causes tension on the bottom fibers
of the member. Ore can thus consider the settlement as bending moment and the
$ppor rotation as axial force, in the cohumn analogy method.

Consider for example the frame show in Figure 3.133. Ifthe suppor D has
displaced values of & , ر &, and ٥ و in the s meه directions wssmed for the redundants,
then one can coRsider the following bending moments and axial forces for the

:pporن ttlements in the sعع 

٥, =M
4, =M,

,N=ظ, 

where the sbscript s indicates ettlement effect.

(3.66)

Theيe walues are sbstitte in the night hand side of euations 3.52 to 3.54. In the
cوe of temperatre, the defomation is منه given by

٨2 ه٠ ء-3؟" ا)٠. )ج±(ه.+١٠ د ه
(3.67)

where is ية the axial force and m is the bending moment due to reundant x = 1.

Neglccting the axial defommation temm, one obains



T -T h /ه.-ه ]ا"" ،» ه4

T -T,  [)'ج"/ه.- لا٥٤
h ز

T -T ٠٥tآ)":"اء.=.ه h-

T-T, h [)"±ا.- عه»
T -T 4e«ا""اء.-.ه د[ h

h ±(ء.-٠٦٢4
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(3.68)

where, the integrals are taken only for members subjected to temperature change. The
integrals which contain x o y are evaluated as the length of the member times the
ordinate of its centroid with respect to elastic centre. One should note that axial
deformation due to temperature changes could be included in the column analogy
using Equation 3.67, but this reauires the determination of the axial force aر in the
members subjected to temperature. This point shall be illustrated in example 3.33,

3,7.5 NumericAl Exnmples

Erample 3.31

Determine the bending moment diagram in the beam shown in Figure 3.135 due to:

(a) avertical downward settlement D at A
(b) aunit clockwise rotation at A.

A ٥

Figure 3.135

Solution

Cne first detemmines the properties of the column analogy which is shown in Figure
3.136. It is obvious that the elastic centre O is at the middle of the member AB. The
properties of the column are:

L tA= ٧N'm"; L,= kN'm"EI 12EI 1,=٥; 1,=٥



١71

 ن و ، ج و'و"٦ و

-- --إيي:
 [عد--

Figure 3.136

The settlement is expressed as a moment in the direction of x for part A0 as shown in
Figure 3.136. The forces and moments applied on the column cross section are

M,=+٥ , N=0٠ M,=0, M0ج= 

M, =Mير٥=+ 

Substituting into the column analogy equation one obtains

+6ELA/-L+٥M,M,=0-ذ x=-xت=ا-ا kNmم ا(٥ ز ن 
(2Eiا 

،(L) .eELA .ه,M± برع < ه كر أز {٢م

L٥(2٤ ر
 اi /تذ

The signs of the moment here follow the sign conventions presented in Chapter 2.

The bending moment diagram is shown in Figure 3.137, which is the same as the
results of Example 3.24.

(c) The clockwise rotation is considered as an axial force N, at A as shown n
Figure 3.138. The sign is opposite to in و« par A0, therefore one has

N,=-٢١ad ; N=N,=-١٢ad

The moments are obtained using Figure 3.136 as foliows.



•
 فتم

٤ن-

 فه
٤ن-
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Figure 3.137

٤ ه  ء ي م ء
»• ٥ ٥٥٠» »ي3 ي

Figure 3.138

-L L
M, =Nx=-1x/-م=ا HN.m٢ 2 2

Substituting into the column analogy equation one obtains

N M,
[M ت٢--

A 1,٨

L  بي ،إ:,ي،.ي(لجل م،
(٤) ا'٨ ،،، دم ، د ن٢٠{٥ ة{ 12EIEI
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L
 ، )؟( ، ة

 ذ:" {ثتي- د
١2E1EI

The bending moment diagram is given in Figure 3.139 which is the same sة the
results of Example 3.23,

 د2٤1
 ا

4٤ ا
1

Figure 3.139

Exmple 3.32

Detemine the bending moment diagram for the frAme shown in Figure 3.140 due to
the applied loading shown.

Figvre 3.140

lution$م 

This example was solved before, exAmple 3.30, using the elastic centre method. lt
ved here again using the column anlogy. One first deemmines the elasticعoنع اbالمع 

centre lcction at O and the propenties of the column cros section show in Figure
3.141.

6 8 4 11 ,١١
pأ{{=++=ر 

2EI 2EI EI EI
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 له

Figure 3.141

8 4-٧4+٢8
2EI EL 484.3636 mد، ج، 

11 11
Ei

4 6x2+3
;EL 2EL .l7545أ mد 

11 11
E

 في-,(s4 )و ي+از},ي]+-(١s وY ي،ي,يي+1-6.s٨ )و
2EI 12 2EIEIEI 12٦ 2EI

٤٨31.06 دب ٨=<
EI

1, ف--(٩366) م+-(٩3ee) (,ف+)إي(,في,5e د6)
2EI EI 2EI 12 2EIلا 

131.878 دب
 بج {1ر

EI

(1.54s)+(-03636)(1.545)+ 1 م=(43636-8)-(3+1.545+2-)(43636-)
EI 2EI 2EI

10.1819 ا-ين}
 مج 2لإلا

EI

The normal forces and moments applied on the column due to the loading Mمه of
Figure 3.142 are obtained as follows:

48124x8يم 
 اربج

2EI EI2١
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30

Figure 3.142

22.5I30x3بر. 
 ح لآ د،ر

EI2EI2٦
25522.548NN, ٨ب  ح ر٠٠٠ د

EIEIEI١ ة

M, =N, ٧1.545+N,8(-6+1s45+ • ,ر151897 م EI
M, =N, (٩-4.3636)+ N, (.6  ه6 ر80728 م

EIو 

Substituting into the column analogy equation, Equation 3.64, one has

M,1٤-M N,٤ ا M,1و -M 1 N و  -إءرب[=ت نإ-لا لإ
22A2 1,1,-1 ذ1,1 -وl ذ

hereن 

WN-' M3992.249=103.6711-4096.13=1 ر1 و-1 بخ

M, 1 ,M+ و '-HN ر=190819209 m

M, 1٤ +M, 'KN را=960.8116 m

Therefore, the bending moment is calculated as follows:

M,=M.42٩8118د. y-0.24066 x
١١

M,=-o_42،2024066(4.3636)-4.8118 (-6+1.545)=-9.831 KN.m
I1

M,=0.42.2024066 (-4.3636)-4.8118 (+1.545)=-8.702 KN.m
١1

M10.627(=-1.545)4.8118(-4.3636-8)2024066،م=ج3ث. HN.m
1١



176

M=o.48.6195(=+1.545+4)-4.8118(-4.3636-8)2024066ش، kN.m
11

The bending moment diagram is shown in Figure 3.143, which is the same as
obtained in Example 3.30.

ExAmple 3.33

8.702

9.83

Figure 3 143

١0 627 RN.m

B 11.D

Determine the bending moment diagram for the frame shown in Figure 3.144 due to
the applied loads and a rise in temperature for member BC shown (EI = 10' kN.m, a
= 1٥%/%e).

 ج،
٢-- 12.0 m

6.0m

Solution

Figure 3.144

The elastic centre is at the hinge D The properties of the column cross section are
obtained using Figures 3.145 and 3.146 as follows:

A=a



Figure 4.145

٧

 د ،، ل
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 وز6

Figure 3.146

6 64 12 , 360 ،x2+(6) = kN m=ر .]
• EI 3 2EI EI

 )دح+ ح 2رج .ر١2١2'62 :ر1152 ر٨ د

EI.EI3• 2EI

o ا42-(0(2)_w٨ ا» • (ش٥ »ر2+
» 2EI EI EI

٨. 2 , 12 180yا٠ ،ير 
2EI EI3ا 

N. -180x12 1 540
 لآ ب

2EI EI2ة 

N. E1 ف !ى180.1080= EIد- 

216x6_ ٨ي648
 ، د

• 2E1 EI

M, =(N, +N,)6 + N,٢3+N,يد 6لأف66- ر٨ «• : El
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M,=N,٣(-6)+٤,٨(٠٩)+(N, +N٠)w(-12  ر ى23976 م
EI

Temperature Efeet

Neglecting Axial deformation due to temperature change, one has

 )±ج±(ه.-.م« «ر ء
h عق

«"2٨o0.6 (ه.3%-إل")٥٠٥--٧١٥

T -T»,=ه»إ)":"/ه 
h Bc

«٦٩oo s٥9-e(«ء«ا)- -.0.6 "-%د/ه

Therefore, the total moments due to the loading and temperature effect are

M, =-6696x10-3 -240ox10-9 =-9096w10-3 M

M, =23976w 10-3 +240oxto9 =26376x10-5 ٨

To ubstituteو into the column analogy expression given in Equation 3.63, one should
calculate the following tems:

1, l, 19-x1٥ ,ج=1228096- wN-2 M2

M, 1, -M, 1g =915E4ox1o-"9 W-2 M2

M, 1 -M,1, =5565888w10-l9 ٤N2 ٨2y y

Equation 3.63 gives

(se), /5ses09 ا٩٩).-wب ب لأ .من ,م 

a لا/228096 228os'ة 

M, =-396-4.015(0)- 24.401(-12)=-103.188 KN.m

M88.722(=12)-24.401(-6)4.015-180=-ج KN.m

M24.09(=-0)24.401(-6)4.015-0=م KN.m

M, =0-4.015(0)-24.401(0)=0
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If one wishes to include the a defommationلxiع de to the chnge in temperature, one
,ld ue etion 3.67 insted of euations 3.68. In this caseك» 

w،-. »v إ)5:"ه  إ)"لإ±ه•• ه
'Ec2قch

which eر is the xiAl force in member BC due to x1ر= kN.

w.=. an٠64( (ه3% سمة ' (ه3مإل"" .-ر«ا»)٦١»٠١٥ «
20.6

Similarly, Mر is calculated as follows:

T+TT-T ه ,« إ)""/ه-٢ ا)"م"/ه+ه ,ه] ه
Ec2Bch

wtere is the axiلد force in member BC due to x5=1 kN.

«'٦٩oosر«١٥- o20.6 (ه-,من2 ه)"0١)٠ إ٣±(ء »)%"لا٠

Therefore the moments due to loading end temperature efect, including axial
defomation are given by

M, =-6696v10' -2160x10°=-8856x10' m

M, =23976x102 +2400w10' =26376w102 m

Substitnuing into the cohumn anAlogy euation one obtains

M, 1, -M, '٥N%"١x1٧ ر=1192320 m°

M, 1,-M, I =5669568٧10"" ٧N ٨4

w. ,\a .مد±(92، ./ ( لإs وهو  د د ، د لأ
a 'اeو528096  ء'2280

M, =-396-5.227(0)- 24.856(-12)=-97.73 KN.m

Mg =-180 -5.227(6)-24.856(-12)=86.91 KN.m

M= 0 -5.227(6)-24.856(0) =-31.36 N.mا
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M= ٥ -5.22700)-24.856(0) =0

lt is obvious the influence of ignoring axial deformations due to temperature change.
These results can be compared with the case of including axial deformation treated in
example 3.12. Since the results of example 3.12 almost the same as the case of
including axial deformations due to temperature efrect, it is concluded that axial
defomations due to temperature should not be neglected in any structural analysis
problem. The bending moment diagrams of this eample for both cases of
temperature efFect on axial deformation are shown in Figure 3.147.

Tو. 

ErAmple 3.34

Taمدو ب 
 Dاmمنا Aلد

1a1٥

Figure 3.147

amKN.m

1 ممه eص
 لمهم لالا

 هالا

Determine the bending moment diagram for the frame shown in Figure 3.148 using
the column analogy method (El= 10KNm') .

• {.١20mإ 

Figure 3.148

Solution

The elastic centre of this fame was determined in Example 3.27. The primary
stncture and the column cross section are shown in Figure 3.149.
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2.4
٢

 لا6

 Mم

Figure 3.149

For the chosen coordinates x and y at the elastic centre properies of the column cross
section are'

١2_3066١٨2  د، د د ب
EI EI EI 2EI EI

12:66 ر ا2•6 د،187.2 =36} +-(0.6) x2)٢+(x٢2+-x(2.4إ= 
• EI ١2 EI 2EI 2EI EI

١2١2١2١2'٤6 و:648
 أ برء ر ،٢ كي إن ح

EIEI2EI2E١١2٢ EI

l,, =0

From M, one can determine the analogous forces and moments as follows.:

36x6_-108٨ -ي
 د

١- 2EI E  ا

١ 6 216=-6x=-]}ر 
2EI EI

N 6 '2_ 216
 د د دل د

3= 2EI EI

6 108N36=-ر x=-
2EI EI

648٨-N-NN N,  ح+ ء
El٦١ د د

M, =2.٩N,-٥6٨٨-١٠6N,-36N, »EI 802لأج



182

M,=٩٨,+6N,-6N,  08٩ا
EI

The final bending moment is detemmined from:

N M, M,
M. =N. XA- ث٧- I 2 ه1

=M٥ +21.6-4.3846y -1.6667x

M,=-36+21.6-4.3646 (-3.6)+1.6667 (-6)=-8.615 kN.m

M =0+21.6-4.3646(2.4)+16667 (-6)=1.0769 KN.m

M =-36+21.6-4.3646(2.4)+1.6667(6)=-14.875 KN.m

M =-36+ 21.6-4.3646 (-3.6)+1.6667(6)=11.312 kN.m

The bending moment diagram is given in Figure 3.150, which is the same as in
example 3.27.

8.615

B. . 4ر D.

Figure 3.150

Example 3.35

١4.875

Detemmine the bending moment diagram of the frame of example 3.14 due to a
vertical settlement at D of 5 cm downward (EI = 10' KN.m").

Solution

The elastic centre of this fiame was detemmined in example 3.28 and is shown in
Figure 3.119. The properties of the column cross section are determined using Figure
3.151 as follows:
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4 د
167

333

5 I0 5 15
 بر د٢ د

EI 2EI EI EI

A
 فمر مر4 بى

Figure 3.151

c

 و·
 م1

D

G-) إ,,4167 !06 رو٠ ،!67g.6' إ,33 ذ33  دد{ ، كر ر لا بر
EIEIEI3EI• EI

5١1٥ دو و291.667 [ ح ر إ) إ{ ح
EIEI2EI 12

 يا=٥

The settlement at D is in opposite direction to xر direction for the right part connected
with elastic centre, then M, = My = -0.05m, M, =0 and N= 0. Substituting into
Equation 3.63 one has

M M NM,=M-خ y-"x-
1, 1, ٨

EI 0.05EI(0.05)-0. .م
 ح ء كر٥ ر-

291.667 21667

0.05 x10'M,=x(-)=-85.7] kN.m
291.667

M85.71=-ي kN.m

N85.71:(:5)0.05 هx10ح إبر ح]2{ ,بم 

c 291.667

M =85.71 kN.m

which are the sAe results detemined in example 3.14 and 3.28.
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Erample 3.36

Determine the bending moment diagram for the frame of example 3.14 due to a
clockwise rotation at B of 0.001 radian by the methods of elastic centre and column
analogy،

Solution

a) By elastic centre method

The moment diagrams for m,, m», and mر were given in Figure 3.120. The
corelation between the support rotation and the redundants directions is given in
Figure 3.152. The right hand side of the consistent deformation eauations &1, AA, and
A are given by

 م

 .ز]0•• بز:1٥ مممن
w8  مشة إب:""

Figure 3.152

٥, =+48 sin d=3.338
٥, =+48 cosnc=56

 و&-=0

where 8 =0.001 radian and .m =5ر2وو3.6/=4

Recahling from example 3.28 the values of f; , ر fa, and f3, one obtains the values of
the redundants as follows:

N[793.330٥ و  -ح{ ا

' f,, (41.67fE1)

4X و58 N] إ==ع7]4=
1 f,, (291.67En

٥ -0X,=6.667ق==- {N, m.
f,15)ر En)

The bending moment in the frame is obtained from
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M, =0+7.99x(-3.33)+1.714٧5-6 667»1=-24.7kN.m.

M6.667-(5)1.714(+1.67)799+0=ج w1=15.24 kN.m.

M=0+7.99(167)+1.714(-5) -6.667x1=-1.89 kNm.

M =0+7.99(-3.33)+1.714(-5) -6.667 x1=-41.84 kNm.

The bending moment diagram is shown in Figure 3.153.

1534

24.7 Rد 

Figure 3.153

b) By column analogy

1٥ و

41 4ع.

The properies of the column have been determined in example 3.35. The rotation at
D is considered as aial force at D with positive sign (N =+B) which is in agreement
with the sign of x5 in Figure 133. Therefore, one has

N= N,=0

M,=-3.33x0

M, =5x0

where 0 =0.001 rad.

Substituting into Equation 3.63 one obtains

0 -3.338)y (S0)x 100B. g و[7[94[+-=--()-
٦(١5IEI) (41.67fEI) (291.667fEI) 15 '

M,2٩.7(=-5)-1.714-(3.33و)- للألأ.ج79, KN.m
15

M1524(=5)-1.714-(1.67و)+ يي79.±, HNm
15
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M1.89(=-5)1.714-(1.67)+جج,٦9 و! kN.m
15

M,41.84(=-5)17١4-(3.33)-99ور@لأي kN.m
15

which are the same results obtained by the method of elastic centre.

Erample 3.37

Detemmine the fixed end moments for the beam shown in Figure 3.154 due to a unit
anticlockwise rotation at A.

Solution

@

Figure 3.154

B

The column analogy is shown in Figure 3.155. The rotation is applie as nommal
force with positive direction in agreement with xو direction.

N=N,=1

M, =-6x1=-6
1 1 0.316

A=6ج3 لإ2 ر =
64E 27E E

١ ى2.6352.333١3
=Y5لا +-ر} ,]  ة-'i٤'I٤ ة'ETae ا'٤

N-1ر e&#و 
 د

Figure 3.155
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N M, E -6E
N=٢=-.x=3. 164E + 2.77 E

A ly 0.316 2.635

M, =-3.164E +2.277E (-6)=-16.826 E kN.m.

M, =-3.164E+ 2.277E(+6)=10.498 E kN.m.

The values of Mم and Mg are called stiffness coeficients and shall be used in Chapter
4. The ratio between Mg and Mم is called carry over factor. ln this example, the
camry over factor is 0.624.

EIample 3.38

Detemmine the bending moment diagram for the frame shown in Figure 3.156 due to
rise in temperature in members BC an CD as shown. EI= 1o' kN.m, a = 1٥2/%e, EI
is constant for aل l members

3m

c

 "فر مبي٩m بر

Figure 3.156

$olutiom

The elastic centre is determined as the centroid of dt/EI areas. The centre is located
along the axis of symmetry and at distance y from line AE as

4 5-x2x2+-x2x5.5
- EI EI 4 {ء==لا9 ن& ي 52+x2

EI EI



EI12EIEI12 ,م-. ';ي٠ اي.ا«»و»» ،'لإج٠ -[و»7ي

١ أ$-,»»»o٠ [درء،؟.و تلإة،_
EI12EI

(due to symmetry)برا=٥ 

٨ و'5 و ا8  ٤رم٢ لإ ح

EIEIEI

T +T T-Tw،- K إ)":"ء٠ إ)""ء،٧ ه
2 'Bc,'' h 'Ec,

CD CD

Diagrams of a , ر and a , ر for members BC and CD are shown in Figure 3.157.

M, =a05008x5»2)-ا"(ه (s«1.ss602)--346.8a
١

T +T T-T
٦eo «de « smmer-44٢""2أء-م,« ]ام ,ه إم-عه [ا 

T 2 'Ec, '2 h 'Bc,
CD CD

T -T  /ه.-, إ)"١ هe (ء-3 »«د--ردء/ا
1'Bc,h

cD

Substituting into column analogy equation one has

M«.-«أوجي،لإرم z A I

(-300 E• 4 د ، دs ه )،346.847+667_
18/EI 72.623mE"  لا

M2.163(=-3.944)-4.775+16.67=إو kN.m

M16.937(=0.056)+4.775+16.67=ي HN.m

M%31.262(=3.056)4.775+16.67=ح kN.m

The bending moment diagram is given in Figure 3.158.

188
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 ممه ا

 و6ه بلا

8

 ية

Figure 3.157

c

2.16
BuD2١6٥٨

Figure 3.158

ExAmple 3.39

Deenine the bending moment diagram for the fiame shown in Figure 3.159 due to
the applied loads and the settlement at C of 1 cm downward. EI=10' [N.م .
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a0RN

B C

 همر بمه٨

Figure 3.159

Solution

The column analogy properties and the elastic center are detemmined, using Figure
3.160, as follows:

a0RNه 
133
 بر

F
F-

A=o

 ر6 ف72
٤ ب بر

• 3EI EI

,6٥ )م(6795٨  ،ج د ،ر"
EI3EI EIلا 

6 144(=x 1 ر-=٢-(8)3-)
EI EI

٤

Figure 3.160

230RNه 
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80x4  ,يم160
 د3

1 2EI EI

480.g٥ 6N.  ح٠ أر٥

EIEI1

N. 150x3 225
 دب د

3 2EI EI

M, =N,8(-3)+N,»(-5ر256ذ 
EI

M, =N, w0.33-8)+N,x(-)+ N,  رج670.672-)«
EI

The settlement at C is dowward with respect to y-axis, therefore, M0.01ي=- m.

The moment due to loading and settlement is

M. =-٥٥١,67%6.67 25706 674o
٧ EI

Substituting into Equation 3.64 one has

M,1٠ M٠lM٠ 1 M, 1s Y222 {م=٨أ ا-بو إ-لا
1٠ 1y-1ذ١,١٠-١٠ 

=M2 -31.3y-21625x

M=-230 - 31.3 ٢(-6)-2.1625 x(-8)=-24.9 KN.m.

M٨ =-80- 31.3 x(-0)-2.1625 x(-8)=-62.7 kN.m.

M=0

The bending moment diagram is given in Figure 3.l6l which is the s meه results as
example 4.13.

3.8 THE FLEXIBILITY MATRLX METHOD : APPROACH I

3.8.1 Introduction

t was stown in Section 3.3.1 that the euations of consisten defommation can
be expressed in a matrix fom as

X]٥=٥م]+٢ (3.69) د،
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HN.m7ة. 

24.9

Figure 3.161

where ,"[٥=]٠٠٠٠٠٥٦٥١ ا represents the actual deformations at the chosen
redundants locations; ...،b22 مل=]٥١٨ ,"[ رما represents the deformations of the
primary structure due to the applied actions at the released redundants locations; [f] is
the stRctural flexibility matrix, where a general element f;; represents the deformation
of the primary stncture at the released redundants i due to a unit load for the
redundant j applied; and X =[xx2.... x,]', represents the unknown redundants.

It has been shown how to determine the values of and وتا f, by the unit load
method. The objective of this section is to calculate tle values of these deformations
in an automatic way which assists in using the computer to solve the problem, if one
provides the necessary data needed for these computations. THe flexibility matrix
approach-] is a direct application to Eauation 3.69, which means that the analyst
prepares all internal forces and momnents, but the mathematical integrations are done
using matrix multiplications. The multiplications are done in a systematic way in
order to enable the analyst to use simple computer programs to solve the problems.

3.8.2 TAnsformation of lntegration to Matrir Multiplication

Consider, in general, that member k in a loaded primary structure is subjected
to axial force Aمر , bending moment at the lef end M,م ,, and bending moment at the
right end M,, where Mمر diagramn is linear. For simplicity, tle shear deformation is
neglected. The unit values of the redundants xi and x; induce in member k,
respectively, axial forces aر and a، and bending moments m,, m٨i. m,ز , and mzj,, as
shown in Figure 3.162.

The contribution of the intenAl actions in member k to the deformation o; ا
and f; is given, respectively, by

LL(،h-٥٠4« ٦٠٠»M٣٠4٨٠» ,ا,ج رج\' »a« ».M.«.]
KK

(3.70)
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٠{- ن. -ي٠
 موسه ""حببت حرمنب ا«"مسمد

 رمدتا "ءسا =,ن1 ا اع
M ٤o١

x=1Pmary Sauaure

Figure 3.162

LL(e\ ٦٥٠٥ )خ ر٤أزا"04."٠0٦".٠"٠"4 ا."ء" 'KK

(3.71)

Equations 3.70 and 3.7I can be written in matrix fomm as follows:

(3.72)

(3.73)

L 0 ٥ \ 8١EA م

(eal -, L L
/M١٦ ه٠) ()m ٥i٤ 'iK 3EI 6Etن 

L L{) M6EI 3El٤ 7orJK

L 0 A [ه .
$]

EA

(e\ L ا٠- L
\ MzjemT (m ٥٤ 'ir K 3Et 6EIة 

L L
0 M6Ei Ei\ع [ '»r ،  إ

E uationsم 3.72 and 3.73 can be repeated for all stncture's members, k= 1,2, ..., m to
give finally

(3.74)
m

 ه٥٦ لإ ا٥ \ء

(3.75)
n -,٤ت )،(

k=١

L tع represents يع an array of dimensions represent the intemal actions in All
stncture's members k= l,2, ..., m due to the unit action at i. Then g canز be written
as
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o76«.,«.(م )ء»،»,(+,),««, أ kء?= 
Let A representsم an anTay which contains the interngl actions in all members,ن 

k=1,2,٠.., m, due to the applied actions on the primary stncture. lt can be
expressed as

6m».,ه.(,/ a.(,)٠,٩)ه «,م:-[A،».»( 
Therefore, by substituting Equations 3.76 and 3.77 into Equations 3.74 and 3.75,

one obtains

٨ "م= ١ f.  مر اد١ هA (3.78)م ر

T (3.79)f,= , و [fa] ٥

where [fa] is cAlled the members flexibility matnix which is of dimension (3m x 3m)
and contains the fexibility matrices of all members k= 1,2, ..., m aranged as
follows: 2

L 0 0 0 0 0 0 0 0
EA
0 L L 0 0 0 0 0 0

3EI 6EI
0 L L 0 0 0 0 0 0

6EI 3E1
0 0 0 L 0 0 0 0 0

EA

k٠/-[٥ 0 0 0 L L 0 0 0
3EI 6EI (3.80)

0 0 0 L L 0 0 00
6EI 3EI

0 L 0 00 0 0 0 0
6EI

0 0 0 0 0 0 L L
0

3EI 6EI

0 0 0 0 0 0 0
L L

6EI 3EI

Let the matnix g contains the arrays for نق a lل redundants i= 1,2, ..., n. Therefore, it
is of dimension (3m x n) and obtained as follows:

(3.81) ر]=ء٥٠٠٩٦..٥ [ر

The tems A and in ؟ Equations 3.69 are thus given by



 "ء=،هk.8 م
=[] 'و]٤ و[. ،

3.8.3 Effect of Member Loading

195

(3.82)

(3.83)

The previous formulations were based on the assumption that Mم, for eAch
member k is a straight line. ln pracice, however, members may be subjected to direct
loading. In this case, one has to transfer the load into euivalent joint loading at the
member ends. This can be done using Maxwell's theorem as follows:

Consider, for example, member AB which is shown in Figure 3.163. Under
the efTeet of the uniform distributed load, the rotations at A and B are named and م0
8g. Le this case of loading and deformation be called case I Thus, one has

M ٨و0
A,= • ث":=

8 هم0٨
p,= =·{::.]

 لإععييي("".ييييي
٣ ابإ[١٣٤

Figure 3.163

(3.84)

(3.85)

4ف ي#.
I٢ the member AB is fixed at both ends, the rotations at the fxed supports are

zero. However, at the suppors, there are the fxed end moment MrsA and MPAم . Let
this case be denoted by Ar and Dr, of case of loading ll.

،;A٤ =
M g٨ م

0 إ'-ه0

(3.86)

(3.87)
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To keep the deformation consistent, the unloaded beam is rotated at the fixed
suppors A and B by angles of rotation and م8 Dg, respectively. Let the actions A"
have caused these deformations which are called D, thenد 

٨ و%
A= • اً}

0٨p

(3.88)

(3.89)

From the superposition principle it is obvious that D, =D_+ p" and A, =A,+د ، 

A. This result can also be found by Maxwell's Theorem as
 د

٨? (p + { ه(-)°م +A?)د ,

One concludes that A"=-Aج٠ This means that the loading A", which is
called the equivalent joint loading, equal in magnitude and opposite in directions to
the fixed end loading Ar lt is used whenever the member is subjected to direct
loading. The fixed end moments for several cases ofloading are given in Table 3.2.

ExAmple 3.40

Detemmine the angle of rotation at A for the beam shown in Figure 3.164,

(3.90)

٣ اي
M٥

Solution

wL
12

 بم "يةئثي
 ومتسهة

٣
M  ج

Figure 3.164

 =يم
M٩, ٥

This problem can be solved using the actual loading or the eauivalent joint loading.
Applying a unit moment at A one obtains mz٨ diagram as shown in Figure 3.164.
Using the moment diagrams M and mz٨ one has
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32L
 عه ح د سه{ لإ كر ح وأم؟ ,هf هيجلاw،2!.4 ادي[إ.،ا .،

2 24EIEIl3 8EIج "

Using the moment diagram of equivalent joint loading M; and m,, one has

 م٥ أ{ ر ه ؟2إ ,ه}٣٨:49,١(w -)إء،٣ ا مد

24EI212EIEIة 

which gives the sAme results.

3.8.4 Efect of Temperature Changes

It has been shown in section 2.17 that the deformation due to temperature
change on any member k is given by

h2 .ه (ه-3%" إ)٠ ء.3ج3 إ)٠ عه.(3.91)

This equation can be transformed into a matrix form, as Equation 3.78, to give

 ا ه20 /"/من4)"
EA

 ر اh ء٠ ر)"-"(

L L (3.92)٥ =a m m 0 3EI 6EIx a4 zrه٢ 

٨ ما ماh -"/ء-٥١
6EI 3EI  م

This meAns that the equivalent joint loading is given by the temm EAa (T, +
T5)/2 for' Aمر , and the temm (-Ela (T- T,)/h) for both Mog and Mم e.

This also indicates that the fixed end loading for a member k due to rise in
temperature T on top surface and T; on the bottom surface is given by

T +T:±(.أممك 
2

 ا=ه ءك3ج")
 ±(ء، )لج

h

For a trss member subjected to change in temperature T, the fixed end
loading is an axial force given by

A٢ =-EAaT
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3.8.5 Deforoation of Steticaألy ldeterminate Structwre

By the fommation of Aم and [8] in Equations 3.82 an 3.83, the values of the
redundants ٤ cn be found fro the solution of Equation 3.69 afer specifying the
boundAry condition for 4 Deemmination of the redundants will ل lead to the final
inteفl forces in the stncture by using te sperposition principle. Denoting the final
ctions by A ore hs

&-&+4٤+A٤ (3.93)

in whch Ag is the fixed end acions due to the diret loadings and/or temperature
chnge.

To deermine the defomation at nyع point C one applies a unit loAd at this
point an detemmine the intemal wctions in the primary stncture. Denoting these
intلفnme acuions by which يع is of dimension (3m x 1), the defomation at point C cمn
thus be obuained fom

(3.94) ، ن ]{و=ه618

If the defomations at points like , b, €, ec..... on the stnucure are reuired,
or pplies, in tm, a unit load 4 ech of these points in order to obtain .... ,مع ه& بعم
rcspectively. Let A be,ر a mAtrix which contins aل l these intemal actions. One c nم
then detemine the deformations at these points by

3.8.6 Application٥ to Beams

٥-٥B[6]A (3.95)

If the ialه defomations in the beams are neglected, the fexibiity matnix of
each membe k, becomes in the fomm of

L L

» 3ا ي L[له= 

6EI 3EI

(3.96)

previous fomulations are valid except thAt the dimension (3m) becomesالم 
(2m) in the cae of beams.

Eد aple 3.41

Daw the bending moment diagam for the beAm shown in Figure 3.165 (Example
,the applied loadings, a rotation a4 sppot A of 0.002 radianمt4.10) عه

antickckwise nن rise ه in tempeaNure in member BC .show و (El= 10' [N.م ,  dن
- ١٥٣).



202

 هم.002 ه

٥

 موه] ر جود ا ة /وإ
Figure 3.165

$olution

This problem was solved in example 3.10 where DSI = 2 Select the released
redundants at A and C. Transform the concentrated load 50 kN into equivalent joint
loading as shown in Figure 3.166.

25KN.m.50KN 3 .ا3١25

 أ؟( أ:,
 سه] أوء

F١٢٤٥ END LOaDIG

31.253125 KN.٨.  مر( )ز
»s} أوج

٤OU١٧AL٤٨٦ JDINT LOADING

Figure 3.166

Similarly, transfomm the uniformly distributed load and temperature on members BC
and CD into equivalent joint loads shown in Figure 3.167.

The fixed end actions are expressed for each member as follows:;

T٠٤١
-3.3350aEI/-2- 31.25  ا::.ه إجء ي الاء

h

The reverse of these moments is applied on the primary stncture to determine M.
The bending moment diagram for the pnimary stnucture due to the equivalent joint
loading is shown in Figure 3.168.

 {سيسيج
»٣٦ ج ٦'

.3.3331.33 KN.m.

 ع( لآري
 «إ»

4 عدع رز٣-
Figure 3.167
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50 RN.  ")يدد"m .ssم
٢ ه١
١٥ KN

M,٨
3 ذ.33

31٠25

Figure 3.168

The internal action A due to the equivalent joint loading can thus be written as،
follows:

-88.75 -70 +30 -16667  ى2+]=3125[3.333+

The intemal actions due to unit values of each redundants x١ and x; can be obtained
using Figure 3.169 as follows.

0 {و-]=١ 0 0 0 o]

o5+ ]={ء +5 0 0 ٥\

Therefore, 4 = [٤١ 21] gives

-1 0
0 5
0 0 و]=5 0
0 0
0 0

m٥١

m 2 ر

$٨٨٩

Figure 3.169



The members flexibility matrix is

10 5 0 0 0
5 10 0 0 0
0 ا0 10 5 0[f.]= 0 م 5 10 06EI 0 م 0 0 4
0 0 0 0 2

Substituting into Equations 3.82 and 3.83 one obtains

4-٥,Tf,]A

٩
5 0 0 0 0 31.25

1 -1 0 0 0 0 10 0 0 0 0 -88.75
0 10 5 0 0 -70

-6Ei 0 5 10 0 0 30
5 5 0 0 0 0 0 4 2 -16,667

0 0 0 2 4 3.333
1 21.875

-E٢ -1067.70
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10
٠ "افى-ءهء-6 -25
6 :

The boundary conditions are given by

٥" =[o.oo2 o]

Solving Equation 3.69 one obtains

"]=٢٩٥1-٥٠=x=ا ا٠٠/;-
+20.751067.70w1٥-5

kN.m

kN

The finAl internal actions are found using Equation 3.93, as follows:

A=-A+٥٤+A٨

 +ي٤٣? ا·٤ ن و
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The bending moment diagram is shown in Figure 3.170, which is the same as
Example 3.10.

Exmple 3.42

Detemmine the bending moment diagram and the deflection at B for the beam shown
in Figure 3.171 (Example 3.11) (EL= 10'kNm, ,e -ه١٥/٩ K=1٥kN/cm)

158 75

Figure 3.170

2N/m

ltion$م 

6 0٨

Figure 3.171

٥ 0m

This beam is ore degree statically indeterminate as detemined in Example 3.1l. The
euivalent joint actions are detemined as shown in Figure 3.172.

The fixed end actions in each member are expressed as follows:

٠ إ;إ3 [-]ا.،.إ =هع& , AFDe==
 )":±(رءء [ددددا -ا١»7

h

(""٣"• ٨: .33 N.1.33م. KN.إ{(٥} 

(٠٣٨
{ ٤١٢€٥) f٥٣]٩o

(€OU١٧8t٤٨٢) ·١

Figure 3.172
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The reverse of the fixed end actions are applied on the primary stncture. The intemal
actions for the primary stnucture due to the euivalent joint loading are shown in
Figure 3.173.

 م33ث.p3ي.٥.
(«57

03.33 .ه.

 ير3ف.٣.٤33.
/,١6 د

٥KN
٥667 ه  {ه

M42٥t

Figure 3.173

One can form A as follows:

A}=[-33.3 -590 38.095 10.667]

Mم 
w0.&٦

The intemnal actions due to the redundant x,=1 kN are determined as shown in Figure
3.174.

]o -3428 -3.428  ]={و="و0

The fexibility matrix [fA] is formed as

J.624 KN.m

Figure 3.174

 ة
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6 6 0 0
3EI 6EI 2 ٥ 0

6 6
٥ 0 1 2 0 0

6EI,]٢ أد[ ٥ ب 3EI  ن

0 0 8 8 EI 0 ٥ 1.333 0.667
6EI 12EI 0 0 0.667 1.333

0 0 8 8
12EI 6EI

Substituting into Euations 3.83 and 3.84 one obtains

 'م=م]A]6 م
2 ١ 0 ٥ -33 33

1
١0 ١ ا٠

2 0 0 -5.905 -43.715=[٥ .3.428 -3.428
EI 0 1.333 0.667 38.095 EI

0 0 0.667 1 333 ١0 667
 ة

٠4٢٠ رد ،2 [ع&د =٥ و١ا٥ - - El

Substitting into Equation 3.70, where D= -0001 x\ one obtains

43.175 4kN(0,3ر== 
139.166

- 43.715 39.166 .0.0o1
 ر{-- ٢٦,٠

EI EI

The fnAl actions are detemmined from E uationم 3.94 as follows:

-33.33 0 33.33 0
-5.905 -3.428 33.33 26.35 kN.m

A= + x اً<3.428-09538 0.314+ =
-10.667 26.35 kN.m

10.667 0 -10.667 0

The deformation at B cn be detemined fom Dg = x,/6 or by applying a unit load at
B and integreting mج, with M,, using Eguation 3.95, where 4 = A.

- T A]ءf[=±4 و غ  د

2 0 0 0

[٥ -3428 -3.428 0] 1
2 0 0 26.35

\=0.003 cm
EI 0 0 1.333 0.667 26.33

0 0 0.667 1.333 0

The bening moment diagram is show in Figure 3.175, which is the same as example
3.11.
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 .ه .يم٥

Figure 3.175

3,$.7 Applications to Fremes

Example 4.43

Detemine the bending moment and axial force diagrams for the frame shown in
Figure 3,176 (example 3.12) due to the applied loads, and a rise in temperature in
member BC. (EI= 10' WN.m%, EA = 50x 10' WN, a=1٥٩/٩٥)

 "ج
± د أي ه4ب مه0

Figure 3.176

Solotion

The fixed and eguivalent joint actions are determined as shown in Figure 3.177.
Then, M and Aي for the primary strcture are constnucted as shown in Figure 3.178.
The mzL, A1ء , ma, and aر diagrams due to unit values of the redundants are obtained
s shown in Figure 3.179.

 ")ععاشنععق("""{« -»ر!"
eau0٧stew1 Jow1'[cro» roRcesه wo٣ م ءeم '[

 ع"}سد جي١A٠٠ -""إ -ر٠»
Figure 3.177

25 KN4 m'
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2000 KN a00

36.67

216.67 KN.m

39
M٩١wARY« و٩ م٥ 57MCTuRE

Figre 3.178

 ا٠٠٤٠٠٤١٤N٩٤١٤٤ ة

 ة٣ا٠ا6٩
 ، م.ا

 ي
1 ا-٢ ٩ ء١ ج·١

١2٤-1
6 وء ٩ وء

Figure 3.179

The fixed end actions for member BC are

-2000-2000٥-aEI(T+T,)20  ه ع ري.ه يجب#.: ي}ا أتجواية:ا
36.6666.66-30+aEl(T,-T;)/h-30

From Aب and M one can for A as followsء ي ·

٨7- -30 - 396 -١80 2000 -216.666 - 36.666 0 0 o]د٥ 

0 -آء 0 6 +[ 6 6 0 6

-0 و ] ١2 12 0 ١2 0 -1 0
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The members flexibility matrix [fم ] is given by

6
0 0 0 0 0 0 0 0EA

0 6 6
0 0 0 ٥ 0 0

3EI 6EI
0 6 6 0 0 0 0 0 06EI 3EI
0 0 0 12

0 ٥ 0 0 0
2EA

[٥.]=/٢ 0 0 0 12 12
0 0 03v2EI 62EI

0 0 0 0 12 12 0 0 06x2EI 3w2EL

0 0 0 0 0 0 6 0 0
EA

0 0 0 0 0 0 0 6 6
3EI 6EI

0 0 0 0 0 0 0 6 6
6EI 3EI

0.12 0 0 0 0 00 0 0

0 2 1 0 0 0 0 0 0
0 2 0 0 0 ٥ 0 0

0 0 0 0.12 0 0 0 0 0
=1o-ذ / 0 0 0 0 2 0 0 0

0 0 0 0 2 0 0 0

0 0 0 0 0 0 0.12 0 0

0 0 0 0 0 0 0 2

0 0 0 0 0 0 0

Substituting into Equation 3.82 and 3.83 one obtains

[f م A[ن "و=مخ 

-30

.396

-180

2000
5 0 6 12 012 ١8 18 0 12 6 5 -8856

=1٥- -216.666 =10-
0.12 36 36 0 24 12 0.12 0 0 -26379.6

-36.666

0

0

0
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]٩ "و-]٠ م[
0

0 12

6 2

6 0 ا:6
=١o-0 ذ 6 ١2 0.12 18 18 0 12

١2
0.12 36 36 0 24 12 0.12 0

6 0

0  ا-
6 0

0 0
 ا

=1٥-9 360.12 432
432 ا152.2

Substituting into Equation 3.69 where A =٥. one obtains

/ ا'»-[%٥ يد- /د٤2 ا%ا kN24.852 =ا رو»

The end actions are determined from Eauation 3.93 as follows:

A =Aم٤+ x + Aي٢ 

-30 0 1 0 -5.15
- 396 0١2 0 -978
-180 6 12 0 86.886
2000 ١ 0 -5.219 } - 2000 -5.219

A=\-216.667 + 612 + 36.667 86.886
- 36.667 6 0 -24.85 + 36.667 -31314

0 0-1 0 -2485
0 6 0 0 -31314
0 0 0 0 0

The bending moment and axial force diagrams are shown in Figure 3.180.

5 219KN

 ,بم و٥٥٦ ر«

Figure 3.180
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3.8.8 ApplicAtion to Trsses

٠٠٠٠٠٠ Lln tnsses, the member flexibility matrix for any member is . اكم] All other
EA

steps are the same, where the dimension (3m) is replaced by just (m) for tnsses.

Example 3.44

Determine the member forces and the horizontal deflection of support C for the truss
shown in Figure 3.181 (example 3.15) due to the applied loads and a rise in
temperature for member ED and DC of 20%c. (EA=20 x 10' kN, a = 10'/%).

40m'

 د

٢

3.0m. 3.0M. -٣
c

Solution

Figure 3.181

The tss is two degree statically indeterminate, one external redundant and one
internal redundant as was determined in example 3.15. The member forces due to the
applied loads in the primary stncture are determined as shown in Figure 3.182.
Members have to be numbered as shown in Figure 3,181.

 ن٨٠
٣ م

90 يه
400 ه

 ، م
Figure 3.182

٢٠٥
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Since members ED and DC are subjected to temperature change, the fxed end action
in these members are as follows:

Arc =[-aEAT]=[-4oo]،Areo= [-aEAT]=[-4oo]

The reverse of these forces result in the equivalent joint loading as shown in Figure
3.182. Therefore, the member forces due to loading and temperature are

A} =[٩9o 40 0 0120 ٥-١50 0]

Applying unit load for each of x and x, one can fom and رج from ري the member
forces shown in Figures 3.183.

a3  ه٢ و

Figure 3.183

T- - 1.5 -1.25 0.75 075 -.0 0 1.25
0 -و_٥6 ا.ه-0 0 0.6 - 0.8 1.0 1.0

3 0 0 0 0 0 0 0
EA
0 5 0 0 0 0 0 0 3 0 000 0 0 0

EA
0 0 3 0 0 0 0 0 0 5 00 0 0 0 0

EA 0 0 3 0 0 00 0
0 0 0 3 0 0 0 0 0 0 0 3 0 00 0

k.H- EA
4 EA 0 0 0 0 40 0 00 0 0 0 0 ي 0 0

EA 0 0 0 0 0 5 0 0
0 0 0 0 0 5 0 0

EA 0 0 0 0 0 0 5 0
0 0 0 0 0 5

0 0 0 00 0 0 0 4
EA

0 0 0 0 0 0 0 4
EA
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Substituting into Equations 3.82 and 8.83 one obtains

٢ 1 -6122.5
'٥=٤ د [f٨]A20١6-م= - - FA

1 29.75 10.8r١٨-٥I6 ia,٥- ج [ و ء«
Substituting into Equation 3.69 where ٥ =9 one obtains

١»-١٥-٥ إ"-/٩ [و»
The fnal end forces are obtained from Equation 3.93 as

A =A+٦٢+ A ،، م

490 -1.5 -0.6 - 400 -217.836
400 -1.25 0 - 400 -264.275

0 0.75 0 0 158.565

0 0.75 -0.6 211.42 ٢ 0 167.859·
A = ٢- 120 -1.0 -0.8 15.49 0 -79,03

0 0 1.0 0 -15.49

-150 1.25 1.0 0 98.785

0 0 -0.8 0 12.392

which are the same results obtained before.,

To determine the horizontal deflection at support C, one applies a unit load at C and
determine g from the analysis ofthe primary stncture as shown in Figure 3.184.

٥٥ o 0]0o٥= ]="و٥

Substituting into Equation 3.95 one obtains

).{ KN1.0) ب

Figure 3.184



 د ، ±م=]٢18

١ [()= 0 أمء 3 د و 0 0 0
979 270] A==0.0489 cm- EA
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which indicates it is in the same direction of the unit load of Figure 3. 18l.

3.8.9 .ppliation to FrAne-Truss Structures

ln these 1ypes of stnctures, either to consider the tnss members as frame
menbers connected together by hinges. or use the flexibility matrix of tnss members
comnbined with the frame memnbers Both approaches lead to the same results

Example 3.45

Determine the bending moment and axial force diagrams for the stnucture shown in
Figure 3 185 (example 3.17) (El = I0'kN m', EA=0.5 ، ١0')

Aو 

 د٥/«

±
Solution

٥.0 د-- m

Figure 3 185

٥

The stRcure is two degree statically indeterminate, one external redundant and one
internal redundants as was determined in example 3.17, The fixed and equivalent
joint actions are determined as demonstrated in Figure 3.186.

 تتتغ/"" "ا
1٠ ،١

15n١

B

٠ (ء -تن٤٢٨١

90-+(٤ هن

Figure 3.186

٢" FN.m

 ه.،٠
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The fixed end actions for the members are formed as follows:

 ,يؤيا«0
+90

0

 إ:يج.-ه
One constnucts Aم and M,, for the chosen primary stnucture as show in Figure
3.187. The action vector Aم is formed considering the order of the members shown in
Figure 3.186 as

A} =[20 93.333 41.333 ٥ 270 -90 0]

where member AC is considered as tnss member since both ends are hinges.

 مد ، ر.٦""
٩212٥RN ءه}

2٦

90 KN.٨.
M 4 مر ج

Figure 3.187

To determine g, let x and ر x be unity to find a٤, aر , me١ and mz. The results are
given in Figure 3.188.

١KN

nء {

٥

1 ,ه
0.6

0.8

m,
٩ ر2

2

Figure 3.188
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0 0 0-10 8 0٢
• = .\·٥ و٥-٠٥٥٠٠ وما ه [ً
The members flexibility matnix [f] is formed according to the nmbering of the
members as follows:

8
0 0 0 0 0 0

5EA
0

8 8 0 0 0 0
6EI 12E1

0 8 8 0 0 0 0
12EI 6EI

[e.1- 0 0 0
6

0 0 0
2EA

0 0 0 6 6 00
3EI 3EI

0 0
6 6

0 0 0
3E1 3EI

0 0 0 0 0 0
10

EA

3.2 0 0 0 0 0 0
0 1.333 0.667 0 0 0 0

0 0.667 1.333 0 0 0 0

٥/o50 ء 0 6 0 0 0

0 0 0 0 2 1 0

0 0 0 0 ١ 2 0

0 0 0 0 0 0 20

Substituting into Equations 3.82 and 3.83 one obtains

 ٠مه٠ -م-»١٥9/3١989[
t9.54ا مل-١m من=٤ 

-225 91.336
]١٥١oos٥٨/"0١٨-٤'»1 -ء

Substituting into Equation 369, where 4 =٥. one obtains

-23.358 kN-١  =ىI٩ [و»ا-)ه-ا" بم
The final forces are obtained using Equation 3.93 a

A =-Aم ع+٤ + Ar،،
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120 0 -0.8 0 81.216
93.333 8 0 -53.33 -146.86
413.333 0 -48 -53.33 127. 296

-23 358
A = 0 -١ -0.6

48.4890
0 -5.73

270 0 -4.8 90 ١27.296
- 90 0 0 90 0

0 0 0 ا- 48.48

The bending moment and axial force diagrams are shown in Figure 3.189.

١6.4 KN.m.

146.81 .2١٤HN

A,

Figure 3.189

3.9 THE FLEXIBILITY MATRIX METHOD : APPROACH-I

lt was shown in the previous section how the mathematical integrations were
calculated through matrix multiplication, in a way that the analyst can use computer
programming to solve the stnuctural analysis problem. The analyst needs only to
introduce the data to forn the fexibility matrix [f,], the internal actions in the
primary stncture A،,, and the internal actions due to the unit redundants g. 0ne thenي ، 

obtains Eauation 3.69 which provides tHe values of the redundants.

ln this section, a more general approach is introduced. This approach deals
with all joint loadings and tle desired free joints deformations, so that one can obtain,
as well. the deformations at thesejoints.

3.9.1 MathenaticAl Forntulations

ln this approacl, all external loadings and redundants on the stRcture are
considered to be the structural coordinates. lf the stncture is subjected to joints
loading A,, the redundants can he augmented to these joints loading to fom theي 

stncture loadiny vector A, as٣ د

4,(-8 ر:٧"(3.97)
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where A containsر the loading at the fiee joints; and $ contains the chosen redundants
for the stnucture.

Denoting ,[ ]Aم is the intemnal actions in member k and [f,] is the flexibility matrix
of member k, the internal work (strain energy) stored in the stnucture is given by

m }iاAم(]٢-1 م(} f-ا wن- 
2 ا-ع

where m is the number of members in the stncture.

This equation can be written in a shorter fom as

'-w م A}[6٠1 -2 -ن8

(3.98)

(3.99)

where [f,] is the members flexibility matrix, and [ ]Aم contains the intemal actions of
all members, i.e

٨٨\=٢8٠١ (4٠٠١٨٠(4٠١٠ [4٠l ٨ أ (3.100)

From the aw ot'conservation of energy, the strain energy in the stncture must eual
the external work done by the loads A, Therefore, one has

، 8]٢[}w=-'8=ن 
2

where [f] is the stnctural flexibility matrix

From Equations 3.99 and 3.101 one obtains

8/ I٢] A, =8}[6٠]  لا ، د8

(3.101)

(3.102)

The static equilibrium conditions enable one to make a relationship between the
members intemal actions A and the applied extemal actions Aو. Let this relationship
be expressed as

 --ه٤ ا"إ«-ه٨ ر
٤

(3 10)

where E is called the equilibrium matrix. lt can be obtained by assuming a unit value،

for each of A andر to ج detemmine the members internal actions . Aر Substituting
Equations 3.103 into Equation 3.102. one obtains

A? [٢1٤, =A} ٤]"٢1EA»، ، ، د 

From Eauation 3.104. it is obvious that [f,] can be detemined from

(3.104)



[٤]=٢"  د و1٤]
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(3.105)

Detemination of [f,] leads us to wrte the deformations-actions relations for the
stnucTure as

D,=[6] (3.106) 8و

which enables the detemination of the deformation at the stncture joints in the
directions of . Aم Since the loads A constituteو known joint loads, , ز& and the
unknown redundants , لا the defommations are also decomposed into unknown
defomations at the joint of known loads, ,,ل and known deformations ٥ at the
redundants locations. Eauation 3.106 can thus be written as follows:

/٤٥%٠

By partitioning the flexibility matrix [f], Equation 3.107 can be written as

/ ;%ج]  ه ،{؟ا و
From Eguations 3.108 one has

 {,ء,دار}-ره
 أ(-ه٨ ر٠٢٤

(3.107)

(3.108)

(3.109)

(3.110)

Equation 3.110 is exactly the same as Equatio 3.69, which we have dealt with
in approach l, where [fنر ] A providesز the deformations, , م& due to the applied loading
at the reduRdants locations.

The redundants ; can thus be determined fiom Equation 3.110 As

٥=['[٤-[]A] (3.11)

The deformations at the free joints can also be detemmined from Equation 3.109 as

٥-[6l8+%aI[٥-٢٠1A] (3.12)

The type of the member flexibility matrix should match the number and order of the
member intemal actions [A,، For example, in section 3.8, the member flexibility
matrix for a plane fiame member was given as
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L 0 0
EA

L (3.113)L
،6E'(f٠1=0ا ،

3EI
L L0

6EI 3E1

w hichن is ordered according to the member intemnal actions [A,[" =[A, M, M,إ .

If one uses the flexibility matrix defined in Equation 2.60, section 2.21, which is
given by

L
0 0،

EA

[l=/ ٥ 11 ف
(3.114)

،5E1 2Ei'

0 L ف
 د

2EI EI

then, the member intemal actions shold be aranged as axial force, shear force, ndة
bending moment at the right end of the member as follows:;

(3.115)W٠٠٤-h٨٠, .\
3.9.2 Applictions to Bems

n the cAse of beams, if the member end actions Are defined as the bending
moments M, and M,, then the flexibility matrix of the member is the s meه as
Eauation 3.96. However, if the intemal actions are defined as the shear force and
bending momer at the right end of the member, then the flexibility matrx becomes

 فن قن

(3.116)aeا E"[إ_إ m،  ا

12 L
2EI EI

ln the following example we use the members flexibility matrices as were used in
approach I.

ExAmple 3.46

Detemmine the bending moment diaتg am for the beam show in Figure 3,190
(example 3.41) due to the applied loading, a rotation at A of0.002 rad, anticlockwise,
and a nse in temperature in member BC, (EI= 1o' KNm, a= 10/%).
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8A

Solution

s 35٠].3٤]٥ و [  سدسه ،

Figure 3.190

١٩٥ ا-

One defines the structural coordinates to be related to the members coordinates as
shown in Figure 3.191, where the last two numbers 5 and 6 in the stnucturلa 
coordinates are used for the redundants x at ر A and x٦ at C The members and their
coordinates are numbered as shown in the Figure.

٨, م

51AuC٦uAAL cooRDINA15
5 ن لا

CooRDtwAT€5٤wBبن٤٢ 

Figure 3.191

6

 ر

By applying a unit load or moment for each structural coordinate, one determines the
member intemnAl actions in the directions of members coordinates from which we
form the equilibrium matrices E, ,ع and From ج Figure 3.192 one has:

 لإية
 ه ي. ا

 سم ةتثي
 لإmدمبم

 ييم و.,
Figure 3.192



 )-ده٦5٦

0 0 0 0 0 ٥٢ 0 0 0 0
- 2 0 0 0 0 2- ا002 0 0 0

٤-١-2 0 0 0 0 0
-7 0 0 5 5= _, ٥ ٨ =، 0 5
-7٦ 1 ١ 0 5 -٦١ 0 5
0 0 0 0 -[ 0 ر 0 0004 0 ا-

The member flexibility matrix [f,,] is then determined ١n accordance with the
numbering of the members such that along the diagonal we put [f],, [fa],, and [fa],,
rcspectively, as shown below

2 2 0 0 0 0
3 6
2 2 0 0 0  ب0

6 3

0 0 5 5 0 0
،[6] =· 3 6
EI 0 م 5 5 0 0

6 3 ١

0 0
5

 ي:5 ا
0 0

3

0 0 0 0
5

6

The fxed-end actions and equivalent joint actions are detemmined as shown in Figure
3.193.

 بيتيي"
),٠ د٨ ء

 ي;"""G ة٦
 أ ء«. أ ماددد بد

 د١.٤٢' ٦م«٠«

DSه ouIvALENY MNT  ت0

Figure 3.193

The values of A areز then detemined from the euivalent joint loading according to
the.$tnctuial coordinates, and the fxed end actions are expressed according to the
member coordinates shown in Figure 3.19l as follows;

 ]={ى1875-46.67333٥-(3125+x١)-(x+10 [)ر

٨]={١٥ 3.33 4667 -187]



A}=[-3.33 -3.33 -50 -50 -31.25 -31.25]،

The strctural flexibility matrix is then determined from
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k.)-٤k.]٤

٤?٢

 ا-ا/أ"٠ا-
from which we have

:٢
١٨-٤"kkف 

0.67 0.33 0 0 0 0 0
0.33 0.67 0 0 0 0 0

0 بد1 0 0 0 0 -1 0 0 1.67 0.835 0 0 0
EI 0 0 0 5 5 0 0 0 0.835 1.67 0 0 0

0 0 0 0 1.67 0.835 0
0 0 0 0 0.835 1.67 -1

-5 1.67 -4.167
-١٥ ا٠»١٥ ردوده

Similarly, [f4] is detemmined from

 أ "و-k.le ر

-5 5.845 -0.835 -0.835 -0.835
]3sه sدة s =٥" د.ا هa دة.2

Substituting into Equation 3.110, one obtains

٥]=٩٠[٥+٢٩٤

" 5484, لإ -0 ٥s د5-08 د -083s٥٥o2٦  ي:.]•• ي• أث
 ا•• أ."اء

The values ofx and x5 are obtained as

0
0
0
5
5
0
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x = 20.75 KN٤, =158.75 KN.m

The deformations at the free joints are obained from

٥ =IE,]8+[6]X

[o D ر D, D1ر]= o2[-13624 64.785 78.125 [ د81.5-

To detemine the member internal actions one has

3.33 -3.33 0

-1667 -333 -20

30 -50 -20
&»=EA,+A٨=/ }

- 3375 -50 -١6.25

15 -3125 -16.25

١275 -31.25 -158.75

which results in the values of the end moments according to the numbering of the
member coordinates The bending moment diagram can now be plotted according to
the conventions of Figure 3.191 as shown in Figure 3.194.

B.M.D

 ه

 ما
 د د

١58 38

Figure 3.194

3.9.3 ApplicAtions to Frares

ln plane frames, when considering axial deformations, the flexibility matrices
are the same as given in Equations 3 113 or Eauation 3.114

Example 3.47

Determine the bending moment and axial force diagrams for the frame shown
in Figure 3.195 (Example 3.42) due to the applied loads and a rise in temperature in
member BC. (EL = 1oKNm, EA= 50x ١0' KN, a=١٥2/ ٩)

Solution

The stnctural and member coordinates are selected as shown in Figure 3.196 The
redundants x١ and x; are in coordinates number 7 and 8
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2.5 #N/m.

60m

 ي،
) إ- ١0»

Figure 3.195

4، ،مد}
 أم

٥
5٢RUCrURAL COORDINATES

5

8

9

4EMB٤٨ CCRDINATES

Figure 3.196

Applying a unit load in each stnuctural coordinate, one can determine the equilibrium
matrix E as described in Figure 3.197.

'٠١٢٠٦
١٠١٠١٠٦٠

١-٠-٢-­
١ ٠ا

Figure 3.197
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0 0 0 0 0 0 0 -1 0 -1

0 0 0 0 0 0 0 0 ٥ 0
0 0 0 0 0 06 0 6 0

٥ 0 0 0 0 0 0

٤-٥ 0 0 0 0 6 0 =[E : 9 لع 3= 6 0

0 ١2 0 0 06١2 6 12

0 0 0 -١ 0 0 0

0 12 0 0 6 12 6 12

-6 12 .6 0 0 12 0 12
 د

The members flexibility matrix according to the numbering of the members is

0.12 0 0 0 0 0 0 0 0
0 2 ١ 0 0 0 0 0 0
0 ١ 2 0 0 0 0 0 0
0 0 00١2 0 0 0 0 0

]٢٠١=١٥ \د 0 0 0 ٥ 2 0 ر 0 0
0 0 0 0 ١ 2 0 0 0
0 0 0 ٥ 0 0 0.6 0 0
0 0 0 0 0 0 0 2
0 0 0 0 0 0 0 2

 :تحتب لإهث"ي.""
t  ء أء

3647Kجد١١5 من٢67ي,٨٣ 
«mرN «

١ 4ه

€au١٧AU٤MT AoIAr 0$٤١XEa €N٥ AcroNS

Figure 3.198

The fxed end actions and the euivalent joint loading are detemined sة in Figure
3.198. They can be arranged in matnix forms as

A} =[200 -15 -3667 -١964 15 36.67]

200000TAi-036.6736.67 ه٥[ =[o
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،٤ ر+]ء"x [ء

The stnucurel fexibility matrix [f,] is detemmined fom [f,] =E" [f] E. This matrix
is partitioned into [f,], [f,]. [f] and [f]. The matrix [f] is detemmined fom

»١ ]'ء-١, /و-3a ه2, '٤ ٨. 2= 432 1152.24

The matrix [f;] is detemined from

18054 -36432.5-35.88٤
[f]=١٥:=]6و]٨ - ]IE: s٠١s ا١٨٥' -21٥-٥١،
Substituting into Equation 3.110, one has

٥=[6٢٩٤]+٠

10="10+ ا3 -ا٠٣٣٠٠٠/ ج,»
432 1152.24 x5-26379.720

from which we obtAins x,= -5.22 kN and x,=24.85 kN.

The member internal actions are detemmined from

Aر =£A +&6٠ ، or fomA4&م +ز=& ¥+A

0 - 24.85 0 - 24.85

0 0 0 0

0 -31.32 0 -31.32

2000 -5.22 - 2000 -5.22

- ا=مد د-667 -31.32 + 36.67 = -31.32
-216.67 266.68 36.67 86.88

-30 24.85 0 - 5.15

-180 266.88 0 86.88

-396 2982 0 -97.8

The deformation at the free joints are obtained from

D-[61 8 +[6٠Xد 

This gives

p}=1o32.667-0618652.058594-2.982-891.428[ف ]
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The bending moment and axial force diagrams can be drawn as shown in Figure
3.199. The results are the same as obtained before.

 و76

D8. .م

3.9.4 Applications to Trusses

Erample 3.48

Figure 3.199

 م٥٤

٤ 2 KN

Detemine the member forces and the horizontal deflection at C for the tnss shown in
Figure 3 200 (example 3.44) due to the applied loads and a rise in temperature for
members ED and DC of 20%e (EA = 20 « 10' KN, a = 10'/%e).

4 ٥m

" ممل، ر مقى ا+

Figure 3 200

Soltion

The stnuctura coordiates أ and member coordinates are selected as shown in Figure
3 20١

Applying a unit [oad in each stnctural coordinate, the equilibrium matrix E cAn be
detemined using the members forces shown in Figure 3,202.
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$1R٧٥7UAAL COORDINATES٣٤w٥٤٨ COORowArEs

Figure 3,20

6
 أ أمد

{
٥.٦،

 شله

 قد

 له

Figure 3.202

0 0.75 0!-1.5 -0.6 -1.5
١

0 0 0 0'-1.25 0 -1.25 0

1 0 0 0 0.75 0 0.75 0

1 0 0 0 0.75 -0.6 075
E.= 1 ر-٥=2 0 -1 -0.8 -1

0 0 0 0 0 -0.8 0
0 -1.25 0 0 1.25 1.0 1.25 1.0
0 0 0 0 0 1.0 0 1.0

٤ نقا- [م:

The member flexibility matrix [f,] is determined as
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3 0 0 0 0 0 0 0
0 5 0 0 0 0 0 0
0 0 3 0 0٥ 0 0 0

٢
٢. 0 د١o-5 ر 0 0 3 0 0 0 0
« 20 0 0 0 0 4 0 0 0

0 0 0 0 0 4 0 0
٥ 0 0 ٥ 0 0 5 0
0 0 0 0 0٥ 0 0 5

The fxed end forces due to temperature change and the euivalent joint loads are
detemined sة shown in Figure 3.203.

4"

400 KNىررد» 

 امب
٢

Figure 3.203

The values of A andز A6 can be amanged as follows:

A? =[240 -200 160 ٥ -320 0]

o ٥ o]A}=[-٩٥ -4٥0٥٥٥٥

T  ى,]=[
The stncturلa fexibility matrix [f,] is detemmined from [f] = E" [f٨] E, and [n] and
[fر ] are detemmined as follows:

0.54
-»٠'١.٠-١٥ %م'/د [هةه

-0.2
 [ة،ه.

-0.225
-0.09

 "و-ر( )م]٤ر9/0225-1٥-0759٩
0.54-0.09-'m=ا.زير4 =ز= 

Subsituting into Eaualion 3.110, one obtains
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-٢ [ج8 ر+٢٤

The solution is x,=211.413 kN and x=-15.466 kN

The member intemal forces are determined from

A٨ =K,4;+٥٤+A٨٨ O٢ و from AA =EA, +AH

590 - 307.84 - 400 - 217.84
400 - 264.26 - 400 - 264.26

0 158.55 0 158.55

0 167.83 0 167.83
A - -٢ -m- اkN ه 120 - 199.04 0 -- 79.04

0 12.368 0 12.368

-150 248.8 0 98.8
0 -15.46 0 - 15.46

which Are the same results as example 3.44.

To detemmine the free joints displacements, Equation 3.109 is used as follows:

T71sر18 +ر T2 =ر

where is siven by[م] nd٢,٦" ة[,]=[

6 ٥ 0 0 4.5 -1.8

0 13.5 2.25 4 -15.1875 -10.8

0 2.25 3 0 -4.5 -1.8
[٢.]=

4 لا0 0 4 - 4 -3.2

4.5 -15.1875 -4.5 - 4 29.75 10.8

-1.8 -10.8 -1.8 -3.2 10.8 17.28

Substituting, one obtains

٥} =105[a8.96 -26.19 27.32 -15.8] m

The horizontal displacement of coordinate number l equals 0.04896 cm which is the
sAme result as Example 3.44.
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3.9.5 Application to FrameTruss Structures

As shown in Section 3.8.8, one may consider the tnuss members possess only
axial force and therefore their flexibility matrix is just [LfEA], or they can be
considered as fiame members but the end moments are zero.

ErAmple 3.49

Detemine the bending moment and axial force diagrams for the stncture shown in
Figure 3.204. (EI= IoKN.m", EA=0.5» 10' kN)

+٨
0m0لا 

J8 m:

 ا
 ا

Solution

$.0 m

Figure 3.204

«

120 4N

The stncural coordinates and members coordinates are selected as shown in Figure
3.205 where the redundants x and x; are in coordinates 6 and 7.

4٤w8٤A ؟ CORDINAT١ ي٤

Figure 3 205

 ا}

، iم
6

57RUC ٢URAI CCRDIN rES

The euilibrium matrix E is determined by applying a uni load in direction of each،

stncturaأ coordinate and fnd the members forces as shown in Figure 3.206
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١g

:٣
 م1٣

Figure 3.206

1z p

93 م١ »ه

 لب الا€
90 ء٤٠٥0٢e٥ و»ه،»عه( ٢.A.

 م»K -م$0

€aUtWAt٤N ٢O١M٦ ص 1@0S

Figure 3.207

0 0 1 0 0 -0.8٠

0 0 6 ١ 0 .48
0 8 6 1 8 0

E=١0 0 0 0 0 -١  ه-e, 6\-ا [ء:
0 0 0 6 0 -4.8
0 0 0 0 0 0
0 0 0 0 0 0 ١

The fixed end actions and the equivalent joint actions are determined as shown in
Figure 3.207. The loading A andز A٨ are given by

A}=[60 -40 +143.33 60 -90]

A}09090٥5333-53.33-[ 0]=و

The member flexibility matrix [f,م ] is assembled as
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3.2 0 0 0 0 0 0

0 1.333 0.667 ٥ 0 0 0

0 0.667 1.333 0 0 0 0

0 م(1-١٥ ا° ه 0 6 0 0 0

0 0 0 6 2 0

0 0 0 0 2 0

0 0 0 0 0 0 20

The strvcural flexibility matrix, [f], is determined using Equation 3.105 :a followsق

91.334 -22
- -ا»٠ ء.»' ،-٥/" أ" - -22 101

T و16961685.336٥
-١٥,=E'٤ إ= ٢ «"1= لء""ءE _ا٦»-٥s٥ و-٥-١36 [هد.

Subsitting into Eauation 3.110 one obtains

-٥ ٠-+1١٥= ا;]٠/٣٣ إ٠"٣:[-
-22 101 x3-5411.20

wtich give x\ = -23.35 kN and w, = 48.49 kN.

The member inteهl forces are compted fom

A٥ =E٨86+2ز+,&٤ or fom 8 =EA, +AR

120 - 38.79 0 81.21
413.333 - 232.75 - 53.33 ١2725
93.333 -186.8 -53.33 -146.8

0 ر- + -5.744 0 ي = -5.744
270 -232.75 90 127.25
- 90 0 90 0

0 48,49 0 48,49

The deforation at the fee joinus are ated اc cل fom Dر =[f,] + ز& [f;ي٤] 
which gives

p}=1o-1.6121.2117423.32-26د[ ]

The bedding moment and axiel force diagrams are plotted as show in Figure 3.208.



146.&0 KN.m

- ,n&. 50 KN.m.

Figure 3,208

236
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Exercises

1. Detemmine the flexibility matnx associated with the actions A, A and Aو for
the tnss shown in Figure l. (EA= constant).

 إ5و}

Figure 1

2. Use the column analogy method to determine the bending moment diagram
for the frame shown in Figure 2.

1٢/١١
16.٥

،٠-;-
Figure 2

3. Use the consistent deformations method to solve problem No. 2.

4 Use Castigliano's second theorem to solve problem No. 2.

5. Lse any of the force methods to determine bending moment diagram for the
beam shown due to the applied loading and rise in temperature as shown in
Figure 3. (EI= 10" KN.m = 10/%e, K=10kN/m).

6. Use the three moment euation to detemine the bending moment diagram for
the beams shown in Figure 4.
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 0.ى ن4٥

Figure 3

.،,45 هي
8.0

4

! 2.٥ ، 4.0

10 KM.ع(=.٨- 

2.0٤m.ا: 
{ 6.0

c

 إ٧ و إ و٥إ
.cm/m٠3-1٢٨ مع-+2٢٨/٤٨. -+بي1٢٨٢٤

 \معإ إموإء٠و
Figure 4

7. Detemine the bending moment diagram and the horizontal deflection at C for
the frame shown in Figure 5 using any of' the force methods. (El= 2x1o6
KN.m", EA= 8x10% KN)

20 4٧

Figure 5
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8. For the tnuss show in Figure 6, if suppon A has moves towards the night 1
inch, detemine the member forces due to the settlements and loading given
(EA= 1000 Kips).

 ا
1٥

 -ن

، ١g

Figure 6

9. Solve problem No. 8 if upponو A is an elastic with spring constant of 2 Kip/in.

10. Use three moment equation to draw being moment and shear force diagrams
for the continuous beam shown in Figure 7 de to the loads shown and
setlement at B 0f2 cm down. (El= 1.5 x [0 KN.n%).

٤
 ل .ر

٢"٠
٤١ .. ا٠ إءء ب#=اعم.

Figure 7

]1. Use any of the force methods to detemine the member forces in the tnss
shown in Figure 8. (EA = 10' [N 6or all members).

50

 ع٨
٤٥٥1 ا٤ ه إ ه؟٥  دء، د

Figure 8
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12. Use the consistent deformation metlod to deterIine tle bending noment
diagram for the frame shown in Figure 9. (El = 10KNm)

٤١-١٥kw. ,36.0

 إ د٥ م \٥و

Figure 9

13. Use any 0f the force methods to determine the bending moment diagram for
the beams shown in Figure l0.

٤ إى إ] م\ و٦٦-٠4٧٠١٥/٠٩٠٣٥٠ •
3€١

 م٥

 إ ة إ ة(
2E١ ها ابي تمرا

٨a

Figure 10

14. Use the force method. Matrix approach l, to analyze the tnss shown in Figure
11. (EA=2500 Kips for all members).

5Kم 

no '

 و٤
 إ.aفز إفد٨8 ف

Figure 1١
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Use the force method, matri approach I, to analyze the tnss shown in Figure.5ا 
١2 (EA = 2000 Kips for all members).

 ة٥/•
٠ لم

M٥

«،} 20

٣

a٥'  إ٠+
Figure 12

١6 L!se the force metlod. mnatriv approach , ا to analyze the frame shown in Figure
13. considering avial deformation (EA= 3000 K, EL= 30000 K.R).

2٢/٤١

 ي

١5·

20

--- ٤
 إ }فه

Figure 13

١7 tse any of the natrix approaches of the force method to determine the
bending momcnt diagran for the structures shown in Figure I4.

• لم-١ Dع 

،،  ن'٩،١2 إ و!
٩

٥
١2

9

l:iure ١
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18. Use the elastic centre or column analogy methods to determine the bending
moment diagram for the frame shown in Figure 15.

/ إة
٨

Figure 15

 /ة

19. Use the three moment eauation to determine the bending moment diagram for
the beam shown in Figure l6 due to the applied loads and a settlement at A of
0.4 inch downward. (EL=10' K.R%).

Figure 16

20. Use any of the matrix approaches of the force method to determine the
member forces and horizontal displacements at B and D for the tnss shown in
Figure 17. (EA = 3000 Kips for aل l members).

 ،،ا م ور

Figure 17

 م
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21. If member DE was subjected to rise in temperature as shown in Figure 18,
Detemine the member forces in the trss using any of the force methods. (a

(.٣F, T= 50%F%106.5 د=

٤+ ٥

 ر

١٥ ,

 ر

A'4م ه٨A 
2٠-٥٠ -٠ اد٠ د سد،-.2٥

Figre 18

22. Solve problem No. 2I if suppor B yields down of % inch. (EA= 3000 Kips).

23. Use any of the force methods to analyze the beam shown in Figure 19 due to
the rise in temperature (EA= 2000 kN, El = 20000 kN.m, a= 10%/%e)

 لم

 و
٤٨٤١

16 ٥

 ٤"يU:ا
- --٥-

Figure 19

٤٤١A

.10
٤
 م--

24. Use any of the force methods to analyze the trs show in Figure 20 and
detemine the horizontal deflection atD (EA = constant).

6٥  اي. ي-

 د ي

5.0

Figure 20
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25. Determine the bending moment diagram for the frame shownin Figure 2I due
to the loads and settlement at B of 2 inches downward, using any of the force
methods. (EI =30000KN%)

10

C 8

 د+٨
Figure 21

26. For the tuss shown in Figure 22, determine the member forces, and the
displacements of joint B, using the matrix formulation of the force method.
Consider the length of each member is 12 f, and EA = 1000 Kips for all
members.

Figure 22

27. Ulse the three moment equation to determine the bending moent for the beam
shown in Figure 23, if supporT A sEttles 15 mm downward, support B settles
25 mm downwvard, and suppor C ro4ates 0.0005 radian counterclockwise. (EI
= 6١٧0'kN٨١%)

5.0 -ي-- 50  ، مه
Figure 23
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28 Ifthe fixed support at C has rotated 0.0005 radian, clockwise, determine the
bending moment diagram for the frame shown in Figure 24 and detemine the
horizontal deflection at B. (Neglect the axial defomation, EI =6 x 1o9
kN.m?)

 ي·

3
12.0٥

Figure 24

$

29 Detemmine the bending moment for the frame shown in Figure 25 using the
method of elastic centre.

٨
-

,4٩, ،٥٥ و2}

Figure 25

30. Detemmine the reactions and member forces of the tnss shown in Figure 26
using the consistent deformation method based on the matrix approach {EA =
constant for all members).

31. Determine the bending moment and shear force diagrams for the frame shown
in Figure 27 using matrix approach 1 of the fexibility matrix method. (EA=
1000 Kips, EI= 10000 K.R")
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a3

1004 .١t.

٨
«aأ«من٥ 

650 ٢ 4١

١٥٨ «مه]

 يم
٤١-٧0 ٢١

٤A-٢٠١&

 م5٩م م٧ة

Figure 27Figure 26

32. Use the matrix approach ll f the fexibility matrix metod to determine the
displacements and reactions of the frame shown in Figure 28. (EA = [000
Kips, EI = !bo0 K R?)

24/١t.

،/

 ٠أ
Figure 28

33. Use any of the force methods to determine the bending moment diagram for
the beam shown in Figure 29.

 م -إ؟!ى/ة}ى
Figure 29

34. Use Castigliano's second theorem to determine the reactions in the beam
shown in Figure 30. (El= constant).



- بم  "«ا
 لم
١٥ م إد,

٩٠ إ-ا٤ غ
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١"

Figure 30

35. Use any of the force methods to analyze the tnuss shown in Figure 3] (E =
30000 Ksi, and A as indicated)

6

4

٢ إ٩

 ي

€١٥٣\ )ا(

Figure 31

36. For the beam shown in Figure 32 find:

(a) Stiffness factors and carry over factors at A and B respectively.

(b) Fixed end moment at A and B.

/١0٢

A

Figure 32

8

37. The stncture shown in Figure 33 is used as a culvert for irrigation and
drainage purposes. Detemine the bending moment diagram forthis structure
using the method of column analogy. (El = constant).

38 The frame shown in Figure 34 is being designed for an industnial building.
The wind force is estimated as 8 kips and the roof load is 0.5 kip/f. If
member BC is subjected to a nise in temperature as shown, use the consistent
defomation method to deermine the moment diagram for the fame. (El=
10000 K.R%, EA = 20000 kips, a=6.5 x 106r F)
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Figure 34

39. Use the matrix formulation of the flexibility matrix method to determine the
bending moment diagram and the rotation at B for the frame shIown in Figure
35. (Neglect axial deformation, EI= 10,000 KR4).

8 ٤٢١٤ c

Figure 35

40. Determine the forces in AD and CB for the tnss shown in Figure 36.
Consider EA is constant for aل l members. Determine also the horizontal
displacement ofjoint C.
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41. The beam shown in Figure 37 is fixed at A and simply supported at B and C.
If appor C settles dow a walue of 2 inches,

.Detemmine the bending moment diagram for the beam)ء( 

(b) Prove thAt 8=0.

(c) Find the reAction at B.

(EI=30coK.R).

Figure 37

42. For the frame shown in Figure 38, EI= 3000 K.R4 EA = 10000 Kips

(a) Detemine the forces in tHe bracings AC and BD.

(b) Daw bending moment diagrams for the frame.

43. Uوe the three morent euation to deemine the bending moment diagram for
the beam shown in Figure 39. (EI= constant).
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Figure 39

Determine the bending moment diagram for the frame shown in Figure
40 using the method of column analogy.

44. (a)

(b) lfEL=20,000 kN.m, determine how much the sway in the frame.

٥

٨

!-٠±
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Figure 40


