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CHAPTER 4 THE DISPLACEMENT METHODS
_—-—————

4.1 INTRODUCTION

The displacement methods solve the structural analysis problems in terms of
deformations. These deformations are found using the equilibrium equations for the
end actions at every free joint. That is why a method is also called the equilibrium
method, or more generally, the stiffness method, because the coefficients of the
equilibrium equations are stiffness coefficients. Thus, the displacement methods deal
with the degree of kinematic indeterminacy which represents the degree of freedom
in the structure. The obtained number of equilibrium equations must equal the degree
of kinematic in in the structure. If the structure is kinematically determinate, it means
that every member in the structure is fixed at both ends and that the end actions can
easily be found from the available tables or using any of the flexibility methods. It
means also that the structure which is kinematically determinate can not be analyzed
using the displacement method. The situation is similar to the structures which are
statically determinate. The analyst can determine the end actions in these statically
determinate structures using only static principles.

Preference between the force method and the displacement method depends on
the number of unknowns in each method. However, as it will be shown later at the
end of this chapter, the dispiacement method can easily be programmed for a
computer using the minimum input data. This is not the case for the fiexibility
method, which depends basically on developing the equilibrium matrix E in order to
solve the problem as was shown in section 3.9,

In this chapter, the classical methods will first be given. The transformation
from the classical methods to the matrnix approach without losing any of the
fundamentals will also be shown. The methods given in this chapters are the
following:

1) The slope-defiection equation method

2) The moment distribution method

3) The use of Castigliano’s first theorem

4) The stiffness matrix method : Approach I

5) The stiffness matrix method : Approach Il

4.2 DEGREE OF KINEMATIC INDETERMINACY

Determination of the degree of kinematic in is the first step in solving the
structural analysis problem by the stiffness method. It indicates the number of
equilibrium equations need to be solved for the problem. In the case of using the
classical methods, and before using the computer, this was an important step in order

to decide whether to use the flexibility or stiffness methods. The degree of kinematic
in is directly related to the type of the free joints, and the unknown displacements
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which need to be considered for solving the problem. This is illustrated in the
following subsections:

4.2.1 Free Joint in Space

A rigid joint in space should have six degrees of freedom, three translational
and three rotational with respect to Cartesian Coordinates. However, the analyst
could neglect, for example, axial deformations or torsional rotation from the degrees
of freedom. This depends on the type of structures, loading, and the degree of
accuracy required in the solution. A frictionless free joint in space should have three
degrees of freedom which all are translational displacements with respect to Cartesian
Coordinates.

4.2.2 Free Joint in Plane

A rigid joint in plane should have three degrees of freedom, two tanslational
and one rotational, with respect to Cartesian Coordinates. The analyst, however,
could neglect some of these disptacements. For example, in beams, one may only
consider the rotational displacements that are of importance. A frictionless free joint
in plane should have two degrees of freedom which are translational with respect to
the Cartesian Coordinates.
423 Numerical Examples

Example 4.1

Determine the degree of kinematic in (DKI) or the degree of freedom (DOF) in the
space structures shown in Figure 4.1.

Solution
(@)  The space frame has 4 space joints, two joints, at A and B, are completely
fixed, and the third joint at D is restrained against translational displacements.

Therefore, the degree of freedom of this structure is

DKI =4x6-2x6-1%x3=9

\
P . c

i

SPACE FRAME SPACE TRUSS

Figure 4.1
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which represent six displacements at C and three displacements at D.

®) The space truss has 6 space joints, four of them at A, B, E, and F are restrained
against any translation. Therefore, DKI is given by

DKI=6x3-4x3=6
which represents three displacements at each of C and D.

Example 4.2

Determine the degree of kinematic in in the structures shown in Figure 4.2.

B (o
{A B [
s = /M\
4 S % N ) S
- {c}

Figure 4.2

Solution

(8)  The beam has three ngid joints. One is completely fixed at A, and the joints B
and C are restrained against vertical motion. Therefore one has

DKI =3x3-3-1-1=4
which represents a rotation and horizontal displacement at each of B and C.

M) The frame has four joints, one is fixed at A and one is restrained against
honzontal and vertica) displacements at D. Therefore,.

DKi=6x2-2-]1=9

which represents two displacements at each of B, C, E, and F, and one
horizontal displacement at A

Example 4.3
Determine the degree of kinematic in for the structures shown in Figure 4.3,
Solation

(2)  The frame has 5 joints, two are fixed at A and E. The hinge at C introduces
relative rotation and DKI could be one of the following solutions:
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Figure 4.3
DKI =5x3-2x3 =9
If one considers the relative rotation at C is one unknown.
DKI ='9 + 1 = 10 (considering absolute rotations at C).

If one considers the relative rotation at C consists of two unknowns, the left
and right rotations at C.

(b) The structure has 8 joints, two clamped at A and H. Then,
DKI=8x3-2x3-2=16

These include two displacement at each of E and D, three displacements and
rotation at each of B, C, F, and G.

4.3 THE SLOPE-DEFLECTION EQUATION METHOD

The slope-deflection equation method deals only with rotational and relative
translational displacements of the joints of every member. The method does not
consider the axial deformation and therefore it can not be used in solving truss
structures. The method is most suitable for beams and some frames where the axial
deformations can be neglected without having significant errors.

Consider the plane frame shown in Figure 44. Member AB is subjected to

A tm F?i 8

Figure 4.4
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deformations due to the intemal actions. The deformations consist of rotational
displacements at A and B, and relative displacement between A and B. Neglecting
the axiat deformation, the horizontal displacements of Joints A and B are the same.
Consider only member AB which is shown in Figure 4.5 and has constant stiffness EI
For simplicity, the end moments and rotations are considered positive when they are
in the counterclockwise direction. Also, the right joint, B, when is displaced
vertically upward with respect to the left joint A, is considered positive.

Figure 4.5

Using the superposition principle, the end moments M,,, Mg, can be written as
follows:

Mg =M + Mg + M + M, (4.1)
Ma, =Mp, + My, + M, + My, 42)

where M, and M, are the fixed end moments due to the applied loading. The
M, and M, are the fixed end moments due to the deflection A;,. The end
moments which cause the angles of rotation 8,; and 8,,, are denoted by
M,s. Mg, .M, and M, respectively.

The relationships between My, M, , and A,, can be found using any

method in the previous chapter. According to the sign convention used in this
chapter, these relationships are (refer to example 3.21):

. 6El

MFAB =-—L2—ABA (43)
, 6EI

Mp. ='—LZ_ABA (4.4)

The relationships between M ;, My, and 8,, were also found in Example

3.20 of the previous chapter. They can also be found using the unit load method or
the conjugate beam method. These relationships are
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i 4E1

M, = Oen (4.5)
) 2El

MBA ='TGEA (4.6)

where the coefficient (4EI/L) is called direct stiffness coefficient, and the coefficient
(2ELL) is called cross-stiffness coefficient. Similar relations are obtained between
M., M, and 8, . Substituting the values of M_,;,M, and M’ into Equation
4.1, one obtains the general slope-deflection equation for member AB as follows:

M, =M, +-2§¥ [28AH +8,, - 3ALB" J )

Similarly, substituting the expressions M, ,Mj;, and M;, into Equation 4.1 one
obtains

M,, =M,,, +2TEI[2BBA +0,, -3’1“] (48)

Therefore, every member in the structure has two slope deflection equations like
Equations 4.7 and 4.8. If one is able to determine the unknown joints displacements
in the structure, then the end moments of each member can easily be found.
Determination of the Joints displacements depends on satisfying the conditions of
compatibility, equilibrium, and the boundaries. The compatibility conditions involve
the relationships between the rotational or translational displacements of various
members and the unknown displacements in the structure in order to insure the
integrity of the structural elements. For example, in rigid joints, the angles of rotation
of aill members connected with the joint should be the same as the rotation of the joint.
The equilibrium conditions satisfy the equilibrium between the internal actions and
the external actions applied at a certain joint in the structure. The boundary
conditions provide the necessary information for the kind of the boundary joints in
order to solve the problem. These conditions, as explained in Chapter 2, are
compulsory to solve any structural analysis problem.

Thus, the procedure to analyze a structure using the slope-deflection equation
method is summarized as follows:

1. The structure is considered clamped at every joint in order to be kinematically
determinate. In this case, the fixed end moments are determined for every
member. The fixed end moments could be due to applied loads, rise in
temperature, suppori, deformation, or any combination of them. Tables 3.2
could be used to determine the fixed end moments.

2. The two-slop-deflection equations are written for every member in the
structure. These equations are used to form the equilibrium equations at the
joints in order to determine the member end moments.
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The compatibility conditions at every joimt should be written. These
conditions reduce the number of unknown displacements from the members
displacements to the structure displacements. For example, if joint A is rigidly
connected with members AB, AC, AD, then one can say that Gan =8¢ = Bap
and that the three angles of rotation can be denoted by only one variable which
is the rotation of Joint A called O4.

The equilibrium conditions at every joint are applied. These conditions state
that the sum of the end actions of all members connected with a joint must
equal to the external actions applied at this joint. It is our interest to write
these equations at the free joints since the external actions are usually known
at these joints. Thus, one ends up with a number of equilibrium equations
equal to the number of unknown displacements.

In plane frames, the equilibrium equations at any joint subjected to the
external actions Py, Py, and M, can be written as

k
Pe=Y Ay (4.9)
i=1
k
B =§ Ay (4.10)
M,=> M, @.11)

i=1

where k indicates the total number of members connected to the joint, and i is
any member of the set k.

However, because of neglecting the axial deformations in the slope-deflection
equation method, equations 4.9 and 4.10 are replaced by the equilibrium
equations of forces in the direction of the translational displacements.

The boundary conditions help in using the known kinematic variables whether
they are zero as in fixed supponts or have values as in case of deformation of
supports.

The obtained equilibrium equations are linear simuitaneous equations. Their
solution gives the unknown rotational and translational displacements.
Substituting the displacements into the slope-deflection equations of each
members, one can determine the end moments for each member.
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4.3.1 Applications to Beams
Example 4.4
Draw the bending moment diagram for the beam shown in Figure 4.6 due to the

applied loads, a rotation at support A, and a rise in temperature in member BC (EI =
10° kKN.m?, o0 = 10°%/°¢).

:\L ‘som . + S . WKN/m,
K - °
| 28m | 285m | s.om. | 20m. |
1 T T T T

Figure 4.6

Solution

The beam has 7 degrees of freedom. However, due to neglecting axial deformations
only 8g, O¢, Op, and Ap are significant. Since member CD is statically determinate, 6p
and Ap may be ignored if the loading on CD is applied at C. The slope deflection
equations for the members AB and BC are:

M, =M, +£(2e ox )
2EI

Mg, =Mg, +T(203A +9A.B)
2EI

Mge =Mp + (2eac +ecn)

2E]
M =My +— (2ecs +eac)

The fixed end moments of members AB and BC are determined from Table 3.2. The
signs of the moments are transformed into the signs used in the slope deflection
equation as shown in Figure 4.7.

3125 3125 SOKNm

G el B

LI'E | 2.5m.

Figure 4.7
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Mrap = +31.25 kN.m ; Mraa = -31.25 kN.m

Mppc =+ 40 kKN.m ;. Mpca=-S0kN.m

The compatibility conditions can be stated as:

Ban=6s , Opa=6pc=6s ; Bcp=OBcp=6c

The equilibrium conditions state that:

Mia=Map ; Mp=Mea+Mac=0 ; Mc=Mcp=-20kN.m
The boundary conditions state that 6, = + 0.002 rad.

Therefore, substituting the slope-deflection equations, compatibility conditions, and
the boundary conditions into the equilibrium equations, one obtains

2EI

M, =o=-31.25+—-s-(29, +8,)+ so»rg(zeB +8.)
M =-20=-50 +%(zec +8,)

These equations can be solved for 8p and 8¢ to have
6p=-8125x 107 rad.; 8¢ =78.125x 10" rad.

Substituting these values into the slope-deflection equations, one determines the end
moments as follows:

Map =+31.2s+2TF‘[ x200x 107 -81.25x10'5)=lss,7s KN.m

MBA=-31A25+1;£—I x81.25x|o'5+200x10”)=-16.25 kN.m

MBC=50+3?1 x81.25x 10 + 73.125x|o")=16.25 kN.m

Mcp =-so+% x78.125x10° - 31.25x10'5)=-20 kN.m

The bending moment diagram can now be drawn as shown in Figure 4.8. The student
should notice the matching between the signs of the moments and their directions in

Figure 4.8,
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( 158.75 KN.m. 16.25 16.25 KN.m. 20)

: SH G :

20
— O 8. M.D.

Figure 4.8

Example 4.5

Determine the moment and shear force diagrams for the beam shown in Figure 4.9 (EL
= 10° kN.m?, a = 10”%/°¢, spring constant K = 10 kN/cm).

2KN/m.

e &
) El 2E1
T
‘ 65.0m, L 8.0m. L

Figure 4.9
Solution

With neglecting axial deformations, the beam has 4 DOF (9a,6p,6c,Ag). The

settlement at B is denoted by A as shown in Figure 4.10. The slope-deflection
equations are written for members AB and BC as follows:

N&”/ﬂc

Figure 4.10

Map =MEaR +2TEI[26AB +6BA -9(—;9—)]

3(-A)

2El
MBA =MFBA +T(2QBA +GAB -T)



3(A)

Mgpc =Mrp +3?(29BC +6cB -—B—J

4E] 3(A
Mcp =MFrcB +—8—[29ca +6pC —(8—))

The student should notice the sign of A for members AB and BC.

The fixed end moments are determined from Table 3.2 as shown in Figure 4.11. They
are written according to the sign of slope deflection equation as follows:

33.33 KNm 3333 10.67 10.67 KNm
20. IKNJm
Figure 4.11
Mgap =-33333kNm . Mpga =+33333 kNm
Mpge =+10.667kN.m \ MEgcp =-10.667 kN.m

The compatibility conditions are given by
6aB =0a | 6pa =6Bc =68 .  6cB =6¢C

The unknown kinematic variables are 8, ,6pg,8¢c,and A. The equilibrium equations
are then,

Map=Mp =0 | Mpga=Mgc=Mp=0 | Mcg=Mc=0
Thus sum of forces in direction of A at B = 0
From Figure 4.12, the reaction at B is obtained from

Mac *Mcp , o Map *Mpa

Rp = = KA =10004
8 6
ma( ﬁ?w" )nm (uac 2 KN/m wuca
tmn-_uu Mg+ ".J e o8 .8 t
3 6 ] g My tMg

Figure 4.12



Therefore, the equilibrium equations need to be-solved are

8, +0p +2=33333x > = 1%
2 El EI

158 +8, + 50, -0.0625A= _115313

21.333

200 +GB - 0375A=

-68
0.256g +1.1250~ -6, -1.101875A = B

Solving these equations one obtains

684098 . o _ 428298

A El "7 E

rad. , 6, =
B EI

-52.5379 .

ad.

, A

31.4366
= m

264

Substituting into the slope-deflection equations one can determine the end moments

as follows:

EIl A
Mg, =33-333+7[293 +0, +;)=26.35 kN.m

EI 3AY
My =10.667 +-2—[zeB +6 - —S—J =-26.35kN.m

It is obvious that the values of Mga and Mgc satisfy the equilibrium at B. The
bending moment and shear force diagrams can be developed as shown in Figure 4.13.

2 KN/m

26.35
i3 T 3 T 1 1]
T:..ag KN R.nm(: :‘::“ rnnu
£.7KN
2% [T =IO M,
s.F

4

Figure 4.13

"
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4.3.2 Applications to Frames
Example 4.6

Determine the bending moment and shear force diagrams for the frame shown in
Figure 4.14 due to the loads shown and a rise in temperature in member BC (El = 10°

kN.m?, a =107 °c).

25 KN/ m
0d L o S T Y O W S A
m 8 2€; <
20°c
El €l om
2 L
-t
1 120m
T f
Figure 4.14
4y op

Figure 4.15
Solution

When axial deformations are neglected, the degree of kinematic indeterminacy is four
which represents Bg, 8¢, 8p, and A as shown in Figure 4.15.

The slope deflection equations for all members can be written considering the
assumed direction for the sway of the frame as follows:

, 261 )
M, =M 20,5 J3C8)
B “Mpap +— [ 3 J

2EI 3(-A)
Mpa =M, + [29 - TJ



4EI
Mpc =Mpgc *7(291% +0cp)

4EI

Mcp =Mgcp +F(29cs +0gc)

2EI 34
Mcp =Mgcp +T[29co *Opc "6"]

2EI 3A
Mpc =M *T[ZODC +Oep '?}

30 30 KN.m T, -T.=20°
( 2.5 KN/ m. n

rg.l'_Ei_l_l_t_i_L_D_l?f %?

66666 KN.m

Figure 4.16
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The fixed end moments for all members are determined, using Table 3.2 as shown in

Figure 4.16, as follows:

Mgap =Mggp =0 ; Mgep =Mppe =0

Mpac =-36.666kN.m ; Mecp =+36.666 kKN.m

The compatibility conditions are determined as follows:

0a8 =04 + Opa=0pc=0p  Bcg=0cp=6c , Opc=6p

The boundary conditions are determined as 6, =0
The equilibrium equations are

Mp, + Mg =Mp =0

MCB + MCD = MC =0

Mpe = Mp =0

The sum of horizontal forces in the direction of A= 0.

Substituting the slope deflection equations, into the equilibrium equations one has

(@)
(b)
©
(d)
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0+ E}—I (?.GB +0.SA)+(-36,666)+% (2eB +ec)=0 (a)

El El A
36.666+?(29c +BB)+0 +T[ZBC+BD+EJ=0 ®)
?(290 +8c¢ +%]=0 (©)

The horizontal forces contain the horizontal reactions at A and D and the horizontal
force at B of 36 kN. Thus one obtains

H, +Hp =36

where Ha and Hp are obtained, using Figure 4.17, as follows'

_Mup™Mps _M¢p tMpe
H,=—2B _BA =y -
6 6
FRLLE ¢ ‘Mo
- -o_u.:‘:- 43a Q—?\J”AB o) C—-Ho_ig_u
Figure 4.17

Substituting into equation (d), one obtains

ox (30 + A} 2 <2 (205 48, +0.58)=36kN @

Solving the equilibrium equations (a). (b), (¢), and (d) one obtains
BB =-43 3636/E1 rad. BD =-141.7272/El rad.
ec =-694545/E1 rad. | A=705818/El m.

The positive value of A indicates that the sway is in the same assumed direction.

Substituting into the slope deflection equations one obtains the end moments of each
member as follows;
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EI
Myp == (05 +4)=103.182 kN.m

El A
Mp, =-~3-[2e,a +E}=ss_727 kN.m

El
Mpc =-36 667+~ (205 +8¢)=-38727 kN m

El
M p =+36.667 *7(2% +65)=-2409 kN m

EI A
MCD =0+ ,,:;_[zec +6D +E]:24.09 kN.m

The bending moment and shear force diagrams can be developed as shown in Figure
4.18.

%09 56N s,
o -] (:u "
-+
/é — “ oy
103.18 KN.m N8 KN sos D
8. M. D S.F. 0
Figure 4.18
Example 4.7

Determine the bending moment and shear force diagrams for the frame given in
Figure 4.19 due to the applied loads and a vertical settlement at B of 1 cm downward
(EI=10° kN.m?).

Solution

This example shows an application when the relative displacement in a member is
known. The expected deformed shape is shown in Figure 420. Due to neglecting
axial deformations, the degree of kinematic Figure is two which represents 8¢ and 8g.

The slope deflection equations for members AC and CB are

2EI]
Mac =Mgac +T(26Ac +6c, )



l:oxN
\ 8 B
1 £l et
30m
SOKN
—
El I
10m. .
A |
sl
| 40m [ “Om. 1
™~ v 1
Figure 4.19
o B

Figure 4.20

2El
Mca =Mgac +T(29CA +8,c)

2El

3x(-0.01)
Mcs =Mrca *T[zeca - O e— ]

8

2El

3x(-0.010)

in which the settlement A has been substituted for member CB.
The fixed end moments are found from the tables and shown in Figure 4.21, where

Mpac=+375 kNm ,  Mpc, =-37.5 kN.m

Mpcg =+20 kNm  , M =-20 kN.m
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(:u G?O KN.m. ‘ZUKN 20 h

(2]
(]
-]

-

375

-

LIPS

Figure 4.21

The equilibrium equations are
M =M, +Mep =0 ; Mg =Mp-=0
Substituting the slope deflection equations into the equilibrium equations one obtains

El El 0.03
—37A5+?(:zec)Jrzo,uT[zec+e,3 +T)=° (a)

El 0.03

T(ZBB +BC +Tj=20 (b)
Solving equations (2) and (b) for O¢ and B one obtains
8, =-0.000378 rad. ; Oy =-0.001286 rad.

The end moments can be obtained by substituting the values of ©¢ and On into the
slope-deflection equations as follows:

EI
M,c =37.5+?(O‘000378)= 249 kN.m

El
M, =-37.5x?(2ec)=-62.7 KN.m

El 0.03
MCB =20+T[29C +GB +T)=62.7 kN.m

Mpe =

The student should note that the results satisfy the equilibrium at joints C and B. The
bending moment and shear force diagrams can be determined as shown in Figure
422
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17.83 (62.7 KN.m l 20 KN
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Figure 4.22

4.3.3 Applications to Members with Moments Releases

In many structural problems, the member can be hinged at one end and rigidly
connected at the other end The direct application of the slope deflection equation
method, even when the joint is an external hinged support, was shown in the previous
examples. One notices that the direct application approach deals with the angle of
rotation of the hinged support, which is known to be of zero or known moment. The
structural engineer is usually interested in determining the magnitudes of the end
moments and not the deformations. Therefore, the direct slope-deflection equation
can be modified to account for the fact that the moment at the hinged extemal support
is zero and the angle of rotation at this hinge is not required for the solution. The
modified slope-deflection equations can be derived using the superposition principle
and Figure 4.23 as follows:

o Tl S B
+?1Ld1"_"“

Figure 4.23
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The superposition principle gives the end moment at A as
L %' * .
Mup=Mp, g +Mp g +M g (12)

where M:\B is the moment at the right end, M;-‘AB is the fixed end moment at A for
the member which has a hinge at B due to the applied loading or temperature, M: AB

. o
is the fixed end moment due to relative displacement and M, is the fixed end
moment due to the rotation at A.

The fixed end moment M; AB and M:B can be found from Tables 3.2. The

relationship between M;AB and A is obtained as

. 3EIA
Meas 2"LT (13)
assuming that A at B is upward with respect to A.
The relationship between M:.B and 8 , is given by
» JEl
Mg = T e (19
Thus, the modified slope deflection equation is obtained as
* . 2El A

Example 4.8

Solve the problem given in Example 4.4 using the modified slope-deflection equation
method.

Solution

The fixed end moments are determined as shown in Figure 4.24, considering the
members are with external hinges.

31.25KN.m 3123 75 KN.m
. 0% 0KN. . 20

C
.§A 8£ '%f (*ﬂ—_CD

Figure 4.24
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Mp,p=3125 KNm  ; Mgy, =-31.25 kN.m

The fixed end moment for member BC due to temperature change is obtained from

Table 4.3 as
(r-1,)
h

L

The fixed end moment for member BC due to the moment 20 kN.m applied at C is

Thus, the total Mgy =75 ~ 10 =65 kKN.m

.The slope-deflection equations for the members are obtained as

Mg =MFaB +2TEI(29AB +6p,)

2E1
Mpa =Mgga + (2954 +6,8)

Mpc ~Mimc + 2 1-595c)

The equilibrium equation at Bis Mg = Mg, + Mg~ =0 which leads to

2EI 2E1
-31.25+ (205 +0.002)+ 65+ Z=(156)=0 . 05=-0000813 rad.

The end moments can now be determined from substitution as
2E1
Mg =3125+ (0004 +65)=15873 kN.m

2EI
Mpy =-3125+ <= (285 +0002)=-1625 kNm

. 2EI
Mpc =65+ == (1.585)=1625 kNm

which are the same results as in Example 4 4.
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Example 4.9

Solve the problem of Example 4.5 using the modified slope-deflection equation
method.

Solution

The kinematic variable 6 , and 6 - here are not required since the moments at A and C

are zero. The modified slope deflection equations are thus
¥ . 2E1 (-2)

*

. 4E1 A

The fixed end moments are determined as in Figure 4.25 considering the hinges at A
and C, to give

' (r,-1,) 20 _ e 2x8?

Mppa =15Ela"—Lo=15x =50 kNm 5 Mgge=""—=16 kN.m
b
06 //1 2XN/m
.:vaj-? jkg \83‘_11111111:1{2;&
Figure 425

The equilibrium equations are thus

» ’ -0
Mga +Mpo =Mg = (@)

The reaction at B equals to KA. Thus, equating the reaction at B one has

.

.
M M
_":C +a-—§" =1000A (b)

Substituting by the slope-deflection equations, one has

{ 1.
66+E 1.58g +é +E L"SBB —ilz()
3 4 2 8

2+ 5150, -1.52 +s-9—5{|.595f§]:mooa
16 e 8 6 18 4



275

The solution of these equations is BB=-52.538x10'5rad . A=31.437x10"m

which are the same results as in Example 4.5.
4.3.4 Slope-Deflection Equation with Relative Stiffness

It has been shown in the previous sections that the magnitude of the kinematic
variables are usually very small. This may affect the accuracy of the results. The
structural engineer rarely uses the magnitude of these variables. He is only interested,
for design purposes, in the members bending moments. That is why one can deal
with relative stiffnesses between the members instead of using the exact stiffness of
each member. The relative stiffnesses are obtained by taking the ratios between
(2EL/L) of all members. This eases solving the problem and provides more accurate
results.

The slope deflection equations 4.7 and 4.15 can be written in terms of the
relative stiffness as follows:

3A
MAB=MFAB+KAB[20AB+BBA-TJ (4.16)

. A
MAB=MFAB+KAB(1,SBAB—1.S E) 4.17)

in which K .5 is the relative stiffness of member AB.
Example 4.10

Solve Example 4.6 by using the relative stiffness and the modified slope deflection
method.

Solution

The relative stiffnesses are defined as shown in the following table:

Member AB BC cD
Stiffness
2ED EL [ 4EL | 2E
L 6 12 6
Ratic =K 1 1 1

The slope-deflection equations can be written in terms of the relative stiffnesses as
follows:

3A _ 3A
MAB=°+1[°+GBA +?J R MBA=0+I[29BA+O+?]
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Mpo=-36.666+1(26p0 +65) i Mg =36.666+1(2005 +65.)

» 1.5A

The equilibrium equations are obtained as
Mp=Mp, +Mpc =0

A
=-36.666+465 +8¢ + =0 (a)

[ 3
Me=Mcg +Mep =0

A
= 36.666+3.58 +8p +-=0 (b)

36=HA +HD

[ ]
M, +M M 1 A
AB BA CDh
+ =—1360,+A+1.50, +—
6 6 6[ B c 4] ©

Rearranging and solving the three equilibrium equations (a), (b), and (c), one obtains

Bp =-14.4548 ; 6c=-23.1512 ; A =235273

These values are relative quantities and not the real ones.

The end moments are obtained by substituting into the modified slope-
deflection equations, as follows:

A
M yp =0p +2=103.18 kNm

A
Mp, =205 +- =873 kNm

Mpn=-36.666 + 264 +6C =-88.73 kN.m
Mg =36.666 + 26C +BB =-24.09 kN.m
MCD =24.09 kN.m

To determine the exact values of the deformations one can substitute into the
original slope deflection equations using the exact stiffness factors.
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Example 4.11

Solve Example 4.7 by using the relative stiffness, in the slope-deflection equations.

Solution

The fixed-end moments are determined, considering the hinge at B as shown in Figure
4.26.

MFAC =+375 kN.m ; MFCA =-375 kN.m

M’ o = a2 x84+ 3EI 2 —30+46875= 76,985 kKN.m
FCB 16 82
37.5KN.m ﬁ:. 30 KN.m
c (‘c Jo B
} .8
SOMN,
6875 [ C B
375KNm \{w
Figure 4.26

The relative stiffnesses are found as shown in table below:

Member
Al
Stiffness c 8
2E 2E 4EI
L 6 8
Ratio =K 4 3

The slope-deflection equations with the relative stiffnesses are obtained as

M, =375+40+8)

Mc, =-37.5+4(26 +0)
L]

Mep =76.875+3(1.50,.)

Equilibrium equations are
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M =Mg, +Meg =0

Substituting by M, and M::B one gbtains

3375+ IZ.SBC =0

The solution is 8~ =-3.15. The end moments can then be found as follows:
M, =375+4(8.)=249 kN.m

M, =-375+4(0)=-62.7 kN.m

Mg =76875+4.50. =627 kN.m

which are the same resuits as in Example 4.7.

4.3.5 Non-Prismatic Members

The slope deflection equations derived in the previous sections were dedicated
to prismatic members only. For non-prismatic members with stepped variable
moment of inertia as shown in Figure 4.27, one can still apply the previous equations
but with considering a joint at each change in the moment of inertia. This process
increases the number of equilibrium equations. However, one can deal with
analogous slope-deflection equations dedicated to non-prismatic members. In this
case, the equilibrium equations are obtained in the same routine as in the original
approach.

Figure 4.27

The derivation of the general slope deflection equations is the same as in the
previous sections, except that one has to be careful in calculating the fixed-end
moments and the angles of rotation for non-prismatic members. The fixed-end

moments MFAB’MFBA’M‘FAB’ and l'vi'mA in Figure 4.28 can be found using any of

the flexibility methods, for example, the unit load method, or the column analogy
method.

In order to determine BAB and GBA as functions of M'AB and M'BA one

applies, in turn, a unit moment at A and B, respectively, for a simple beam chosen as
primary structure as shown in Figure 4.29.
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lu%u Meap "ru *“
y il i ) nl
(n : ”‘)

Figure 4 28
"‘“[U\n\ ——+ Mr=—a_" +— 4
~ X ' X X
| =),
M e m, e
Figure 4 29

The angle of rotation 6 5gis determined as follows.

(x X . L-x ...
_Mmy b LE)( T Mhe o 52 Mo Jo
AB~0  Epyy 0 El{x)
2 M, M,
X Lx{L-x
=y —=—4% -y ( )—13" (4.18)
El(x) L El(x) L
Similarly, the angle of rotation By 1s calculated as follows:
(L-x)[x : L-x .+ J
2 M M
5 :[LMdex: L\ L y, L AB L BA .
BA 70 F] 0 El(x)
X0 Mg o (Lo0? Mps o 4.19)
 Elx) LZ i El(x) |2 '

For simplicity, the three integrals in Equations 4 18 and 4.19 are denoted by C,, C,,
and C;, as follows:

x?

(L
C, =l 51w dx (4.20)
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_(Lx(L-x)
Cy=1lo 7 100 dx (4.21)
c, =t L-x" (4.22)

30 P

Equations 4.18 and 4.19 can thus be written as

LXM:\B C LXMIBA

8ap =C1— = (4.23)
LxM, LxM,
Bpp =Cy —p 0 -Cp —— 22 (4.24)

The end moments MIAB and M'B a as functions of the angles of rotation are obtained

as follows:
5 E C; J ¢,
M,g=—| —————10,,+| ——=———1(8 (4.25)
AB 2 AB 7 BA
L[CICJ-C2 C,C,-C;
\ \
g E c, C,
Mg, =—| — 8, +t ———— |8 (4.26)
BA L[CIC3-C%J AB Clc3-C§ BA

Note that one can also derive these equations using the column analogy method.

In order to introduce the relative displacement A in the slope-deflection
equations, the unit load method can be used, as shown in Figure 4.30.

The equations of consistent deformations at B are

Alo+f“xl+f,2 x, =0 (4.27)
Ay +Ey X +fyy %y =A (4.28)
/_EIA Xi= 1 KN.m.
i bl o— i
1a gt 1 Mzo + i mz) )
3 3 o
I 2 t N;= 1KN

Figure 4.30
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The flexibility coefficients f1;, fi2 and fz; are determined using Figure 4.3 as follows:

foo= mildx- Lldx _ 1 L dx
70 Ei) P Eix) E°I(x)

_ILI(X)dX_ lILx_dx
12 7)o Ex)  E‘0 I(x)

_LXx dx IL x? dx
2 "0 EY 1)

R X X
OO = _—_1m T+

Figure 431

Substituting into Equations 4.27 and 4.28 one obtains

£y x +f|z =1
froxy+fyy %, =4
The solutions of these equations are
X, = 'fIZ
2
'fll
f
Xy = —L—A
f, fzz'f

The fixed end moments at A and B according to the sign conventions are thus

M‘FAB =-(>|:1 +Lx2)

MI‘BA =+x;

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

(.37

It is obvious that there are relationships between f),.f,,.f,,, and the coefficients

C,. C C , as follows:
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€\ =5hy (4.38)
E
c, =§(f12L-f22) (4.39)
E 2
c, =L—3(r“1_ S2, L+£y) (4.40)
Solving Equations 4.38 to 4.40 one has
L
f“=E(C1+2C2+C3) (4.41)
L2
fi == (C,+C,) (4.42)
L3
£, = f(cl) (4.43)

Substituting into Equations 4.34 and 4.35 and using Equations 436 and 4.37 one has

. E(C,+C;) A
S e L e (4.44)

FABT (c,c,-cd) 12

. E(C,+C,) A
Mpgp =+ —o—2— — (4.45)

2 2
(CCy-CH L
The general slope-deflection equations are then given by

Mg =Mpag * | Sax B am +San0na ~San + San)| (446
AB “MpaB *T|5an ®aB +SaBOBA ~San * Sap/T |  (446)

E

A
Mg, =My, +E[SBA B a5 *+ Spp Ona - Spp +sBA)ﬂ (4.47)

in which S, ,,S .5, Sp,, 8nd Spp are, respectively, given by

$ = (4.48)
AA ’
C,C,-C2
C2
Spp=———— (4.49)



Spa = =
C\C;-C
>BB = C cCl-c2
1~3 2

4.3.6 Non-Prismatic Members with Moments Releases
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(4.50)

(4.51)

If member AB is hinged, for example, at B, then the procedure is the same, as

shown in Figure 4.32. The fixed end moments M;?AB and M;AB are found using the

flexibility methods. The angle of rotation 8, is calculated using Figure 4.33 as

follows:

[ 1 dx
0 =L_£][-1M ]_
a8 IO[L L ABJEIx)
‘v
_c, XMap
L E

&
+ ( " (5
Figure 432
Wap
]  KNm
[ — M
M, m,
Figure 4.33

The moment MXB is obtained from

(4.52)

(4.53)
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Similarly, from Figure 4.34, the fixed end moment M;AB can be determined

by using the consistent deformation at B as follows:

Alo +fll X, =A

e

Figure 4.34

The flexibility coefficient fy; is obtained from

_‘[Lm2 dx J-Lx dx
U Jo Fixy 0 Elx)
The fixed end moment is thus
MFAB =-X, L
= a X
f

The modified slope-deflection equation is thus

L]

_E— |

E( 1 1 A
Mo =M, b= — 0, - ——
AB T FAB [C AB C L]

If member AB is hinged at A, one has
. » E|l 1
Mpa =Mppa +f{_9

These two equations are written in general as

»

M

1 A]
JUpn
c, C, L

. » E( . . A
MA.B =MFAB +E[SAAX9AB-SAA XI

o

~—

L E 0 ' A
B =MFap +E[SBB *Bpa -Spp "f]

Xyz1 KN

(4.54)

(4.55)

(4.57)

(4.58)

(4.59)

(4.60)



where S'AA and S'BB are the modified stiffness factors given by

4.3.7 Numerical Applications to Non-Prismatic Members

Exampie 4.12
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(4.61)

(4.62)

Determine the bending moment diagram for the beam of rectangular sections of width

0.30 m shown in Figure 4.35 using the slope-deflection equations.

Solution

One should first determine the fixed-end moments for members AB and BC. To save
time in the calculation, one can determine the fixed-end moment using the column

analogy method as shown in Figure 4.36.

The beam moment of inertia for rectangular section are calculated as follows:

0 3 3
_Bx08" 012798 m? ; 12=t”‘g6 =0.0054 m?

I =

. Lo [ow I L ‘IOKN Ry
= Re——for]

J30m | 30m [30m |30m [30m |30m |20m |30m. |
T T t + * L4 — t -t

Figure 4.35

‘IOKN El | El

JOKN. m.

Figure 436



The properties of the column are calculated as follows:

6 + 3x2 157993
0 0054E  0012798E E

2 2

[ = 6 6— 2 3)(_1_ 3 +3x _l—x452 :M

Y 0.0054E 12 0.012798E 12 0.012798E E

15x3 1 1 15 X3 1 _ 28516.17
x +2

N=2x +15x6x x
2 0.0054E 0.0054E 2 0 012798E E

MMy -Noo B8I6IB_ ooy iim
A 1579.93
M, =-18.04 kN.m ; Mg =-18.04 kN.m

The fixed end moments according to the slope deflection sign conventions are then

M =+18.04 KNm ; MFBA =-18.04 kN.m

FAB

The stiffness factors S,,,S,q,andSgy are determined using the
coefficients C,,C,,and C; as given in Equations 4.48 to 4.51 and the relative
stiffness.

Lx 2 dx
17 L31()

2 9
X +
bawﬁ

2
x“ dx
12 [I°o 012798 Sl oo1279s ]

3 3 ] 3 9 1 3 12
A1 X, oL _|X| |z405418
127| 0012798 | 3 |, " 0.0054| 3 || “o012798| 3 |,

=Lx(L-x)dx
270 13w

2 3 2 9 2‘12
12 1 x2Y 1 (), 1 (x%) | 70056247
T123| 0012798 2 ) T 0.0054( 2 | 0.01278 2 ) 123

=25.288
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I({,(Lx)dx 1[

p122dx Ll2xdx [LX 2 dx
Pix 123 2o

Iy X0 *ho 1(x)

o0 144[ 3.5 3 ).2x12(9479.597)+ 70056.247
1220012798 0.0054 = 0012798 :

=40.5418

The stiffness coefficients are thus

C;, 40.5418
C,C,-C3  (40.5418)(40.5418)-(25.288)2

Sap = =0.04037

C
S,0=Sq, =— 2 - 00251833
AB"BATcc,-c2

1737 "2
Spp =S4 =0.040374
Substituting into the slope deflection equations one has

E
Mg =18.04+ =15, 6,5 + 5,505,

E
=18.04+E[0.0251833BB]

=-18.04+£[SBB eBA + SBA eAB]

=-18, 04+—[oo4074eB]

Mg,

E
Mpc =18.04+-0.04037465 + 002518330,

Mg =-18. o4+—[oo40374e +0.02518338

The equilibrium equations are
Mep =0 , and Mg =Mg, +Mp-=0
Substituting, one obtains

12 x18.04
————=0.0403748, +0.0251833GB (a)

0=0.0807486p +0.02518330 - ®)
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The solution of these equation is

B = 6656.836 al 0 = -2076.1 rad.
E

The end moments can now be determined from the slope deflection equations as
follows:

E
M,p =18.o4+1—2[0.0251833 0pl=13683 kN.m
Mg, =-18. 04+—[0 0403748, |=-25.025 kN.m

E
Mpe =18.04+l—2[0.04037483 +0.02518338,.|-25025 kNm

M. =0

CB

The bending moment diagram is plotted in Figure 4 37. Notice that one can use
the modified slope deflection equations considering the hinge at C, and also the
relative stiffnesses which are the ratios between S AA° S sg-and Sap-

15.02 KN.m.

|0646 /LLLUV

|7 SKNm.

BMD.

Figure 4.37
Example 4.13

Solve the problem of the previous example considering the hinge at C using the
relative stiffnesses.

Solution
In this case, one needs to determine the fixed end moment for member BC
considering C as & hinge. This is shown in Figure 4.38 using the column analogy

method.

The elastic center in this case is at C. Using the properties of the column in the
previous example, one has
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i! l .A.W:ﬁ“l’

Figure 4.38

(2]

_ 28516.17 x(-6)= _171097.02
y E E

A=

2 2 2
P o3 (), 6 (6 o), 3 (3 5 ) 700562588
Y "0.012798E( 3 | 0.0054E | 12 0.012798E | 12 E

5 — 109702 o) 2929 KN.m
70056.2588

The fixed end moment at B is thus M;'BC =2929 kN.m.

The stiffness coefficients are the same as in the previous example, except for S.BB'

where

Syp =0.04037 | S, =00251833 .  Sgp =0.04037

. [€€,-C2
Spp = “ce, " Sgp =0.610934 xS, = 0.024663

The slope deflection equation for member BC is then

. E
Mpc =29.29+ = (002466365 )
The equilibrium equation is only at B, where Mg =My, +Mp. =0. This gives

~18.04+ % o.040370, ]+ 29.29+-]%[0.024663 8]=0

2079 rad.

The solution is 98 =.

The moments at B and A are obtained from the slope deflection equations as follows:
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Mpe =29.29+ % (00245200 )=25.023 kN.m

E
Mg =18.04+— (0.02518336,)=13.684 kN.m

which are the same results as in the previous exammple.
43.3 Applications to Gable Frames

Gable frames are special types of structures which have inclined members as
shown in Figure 4.39, instead of having only horizontal and vertical members. The
geometry of the frame imposes a kind of relative deformation even when the frame is
subjected to gravity loads only. That is why gable frames should be treated carefuily
in order to determine the effect of the distortion in the frame geometry on the various
members.

v

Figure 4.39

Consider, for example, the symmetrical gable frame, shown in Figure 4.40, which
is subjected to symmetrical gravity loads. The frame geometry imposes the kind of
deformation shown by a dotted line in Figure 4.40. By this deformation, each
member in the frame is subjected to a relative displacement between its ends.
Determination of these relative displacements needs geometrical analysis as shown in
Figure 4.41. From Figure 441 and neglecting the axial deformations, one obtains the
following relationships:

Ap =Ag=A( tana (4.63)
App =A Ap (4.64)
€D~ "CB " gna )

The slope deflection equations for member CD, for example, are thus



Figure 4 41

2E1, Acp
Mcp =Mecp * 7= %cp *Opc - T
D D

2EL, { 3A

_ 2 CD

Mpe =Mepc + T Lzeoc*eco‘——]_c J
D

The slope deflection equations for member DE, are

Mpe =Mepg +

2E1 i-ap)
1 D
L) [26DE+9ED- Ly J

2EI 3-a,)
1 D
Mep =Mggp +_L [ZGED +6pg L ]
1 |

The equilibrium equations for this frame are

29

(4.65)

(4.66)

(4.67)

(4.68)
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Mg =Mg, Mg (4.69)
M =Mg +Mp (4.70)
Mp =Mp +Mpe 4.71)
The summation of the horizontal forces in direction of Ap =0 (4.72)

Equation 4.72 can be found either by taking the horizontal reactions at A and
E, or by calculating the horizontal reactions at B and D for the frame BCD. The
solution of Equations 4.59 to 4.72 provides the kinematic variables 65.8¢,8p,

and Ap.

There are also more difficult situations for asymmetrical frames or
symmetrical frames subjected to horizontal forces as shown in Figure 4.42. The
difficulties encountered in developing the geometrical relationships for these kinds of
frames are obvious. The solution, however, can easily be obtained by using the
stiffness matrix method approach 11, as shall be shown in Chapter 5.

0 ROTATION
’4! CERTRE
’

im =

ASYMMETRICAL SYMMETRICAL

Figure 4.42
4.4 THE MOMENT DISTRIBUTION METHOD

The moment distribution method is basically the slope deflection equation
method but the equilibrium equations are solved by successive iterations, instead of
solving the linear simultaneous equilibrium equations by the exact mathematical
methods.

The basic concept in the moment distribution method staris by making the
structure kinematically determinate by fixing all joints. This results in fixed end
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moments at the fixed joints due to the applied loading and other effects on the
members. In order to satisfy the equilibrium equations at the free joint, one has to
balance the moment at these joints by introducing an external balance moment. The
application of the balance moment must, however, satisfy the equilibrium and obeys
the stiffness in each member. In order to clarify this point further, consider the beam
which is given a balance moment Mg at joint B, as shown in Figure 4 43.

Mp
{ A _3
i 1 S 1 L
l u i L2
= +
Figure 4.43

The slope deflection equations for members BA and BC at B are, respectively,

2El

Mg =0+ (265 +0) 4.73)
2EI,

Mpc =0+ {26, +0) (4.74)
2

The equilibrium at the free joint B requires that
Mg =Mp, +Mp. (4.75)

Solving equations 4.73 to 4.75 one obtains

0,1

BA (]|/L1)+(]2/L2) B “79

(1,1,)

M. = M 4.77)
BC (_)_r—) B
L+,

which indicates that the balance moment at the free joint is distributed to the members
connected to this joint according to their stiffness factors. The stiffness ratios in
Equations 4.76 and 4.77 are called distribution factors, and their sum at every free
joint must be unity.

The external balance moment applied to the members at the free joints should,
however, obey the equilibrium conditions. For example, the end moments in member
AB of Figure 4.43 are obtained as follows:
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. dE ) " @)
S T {,)+,,) 8 '
M =E1-e =Ly (4.79)
AB ; B 2 BA °

which indicates that half of the end moment obtained from the balance moment at the
free joint of a member is given to the other joint of the member. The ratio
M ,5/Mp, }is called the carry-over factor.

The procedure in the moment distribution method can now be summarized in

the following steps:

L.

Determine the fixed end moments in all members after fixing all joints in the
structure.

Determine the stiffness factors, the distribution factors, and the carry-over
factors for all members.

Remove the fixation of the free joints by applying external balance moments
in order to satisfy the equilibrium of moments at these joints.

Distribute the balance moments to the members connected with the free joint
according to their distribution factors and the carry-over factors.

Repeat steps 3 and 4 unti! the values of the balance moments at all free joints
are very small and can be neglected.

The sum of the fixed end moments and the balance moments iterations of
steps 4 and 5 gives the final end moment at every joint. As a check of the
solution, the sum of the end moments at every free joint must equal the
external moment applied on that joint. Another check is to calculate the angle
of rotation of the free joint, which must be the same when calculated for the
individual members connected with the free joints.

Example 4.14

Determine the bending moment diagram for the beam of Example 4.4 using the
moment distribution method (EI = 10° KN.m?, & = 10°/°C).

S0KN  osm 0.
Ay 1 8 1‘ N0 K.m. o
i 7 -y L% T &
| |
[ 5.0m. L 5.0m. [ 20m |
T L4 1 T

Figure 4.44
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Solution

The stiffness factors, distribution factors, and carry-over factors are determined using
the data shown in Figure 4.44, as in the table below:

Member AB BA BC CB
Stiffness coefficient 4El/5 | 4EL/S | 4EV/S | 4El/S
Stiffness ratio 1 1 1 1 |
Distribution factors 1 0.5 05 1
Carry-over factor ) 0.5 0.5 0.5

The fixed end moments are determined from the tables for the cases shown in Figure
4.45 using the signs of the slope deflection equation as follows:

50x5 4El
MFAB= +—S—6A =+19]1.25 kN.m
50x5 2El
MFBA Bo +—-—5—-6A =+48.75 kNm
M_.. =EI (T‘_Tz)— 50 kN Mo =-50 kN
FBCTH T — ¢ oL FCB =" -m

The steps of the moment distribution method can be organized as in the following
table. As indicated in the table, after determining the fixed end moments, joint B
which is a free joint 1s offered a balance moment of (-98.75) which is distributed
between members BA and BC according to their distnbution factors. One half of the
balance moment is given to the other end of the member at A and C. Similar step is

¢ 620002 150 KN

30°C
| e —
¥ {06m 3 k
a 8 8 K C
Figure 4 45

J0KNm.
— T e, a6

Figure 4.46
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done for joint C which is given a balance moment of (+30) and one half of that
moment is given to joint B. The steps are repeated until the balance is very small.

Joint A .. B c
Member AB  BA ~ BC '~ CB | _CD
_ DistributionFactor L 0S5 | 05 1o .
Fixed End Moment | +19125 ' +4875  +50 S50 | +20
Balance Moment ! - . 49375  -4937S +30
Carry-over Moment | -24.687 | 0 +15 | -24 687
Balance ‘ - 75 75 | 424687 i
Carry-over ' 3.75 0 | 12343 ' 375
Balance - : 6171« 6171 | 3.75
Carry-over 308 , 0 . 1.875 | -3085
Balance - 1 L0937 -0937 ° 3.085
Carry-over -0.468 . 0 1 542 -0.468
Balance 0 P-0.771 -0.771 0.468
Carry-over <0385 ' 0 0.234 -0.385
Balance 0 - -0117 . -0.117 | 0385
Carry-over -0.058 0 1 0192 | -0058 |
Balance 0 -0.096 | -0.096 | 0058 |
Carry-over 0048 0, +0.029 | -0.048 i
Balance - -0.0145 | -0.0145 | +0.048 |
Final Moment | 158774 | -16.232  16.232 20 +20

The bending moment diagram is given in Figure 4.46, which is approximately
the same as Figure 4.8.

Example 4.15

Determine the bending moment diagram for the frame shown in Figure 4.47 due to
the applied loads and a vertical settlement at B of 1 cm downward (EI = 10° kN.m?).

o]

|20KN
B

3om
SOKN

30m

40m . 40m

El R

Figure 4.47
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The fixed end moments are determined from the tables for the loading cases shown in
Figure 4.48.

Mpao=+375 kNm Mpca =-375 kN.m
Mpcp =+20493.75=+113.75 kN.m My =+93.75-20=473.75 kN.m

The steps of the moment distribution method ca be organized in the following table:

Joint A ~cC B__ |
Member AC CA CB BC |
Stiffness Coefficient  4E/6 | 4El/6 | 4ELS __ 4EI8 |
StiffnessRatio 4 4 3
Distribution Factor |~ 057143 042857 1
Fixed End Moment +37.5 -37.5 +11375 | +73.75
Balance Moment - -43 571 -32678 | -73.75
Carry-over Moment -21.785 0 -36.875 | -16.339
Balance . - 21.071 15.803 16.339
Carry-over i 10535 0 . 8.169 7.901
Balance ; - -4.668  -3.501 -7.901
Carry-over 1 -2.334 0 : -3.950 -1.750
Balance ; - 2257 1.693 1.75
Carry-over co 1128 0 0.875 0.846
Balance - -0.5 -0.375 -0.846
Carry-over -0.25 0 -0.423 -0.187
Balance - 0.242 0.181 0.187
Carry-over 0121 0 . 0,093 0.090
Balance : - -0.053 . -004 -0.09
Carry-over + -0.0026 O © -0.045 -0.02
Balance - -0.0257 | +0.0193 | +0.02
Final Moment 24 8885 1 -62.6963 ! 62.6963 0

20 ({ 1 20KN n}o KN.m.

{c Gl
96 (=

/1 C 8, I
T M 10
_J\ 3

5_512:9375 &
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—3-93.75“]1

>1

s k

Figure 4.48
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The bending moment diagram for the frame is shown in Figure 4.49, which is the
same as solved by the slope deflection equations.

62.722 \\

62.72 ] L TS =
Ki‘ 8 65 KN.my
— 3.2 KN.m.
A
246915 é

BMD

Figure 4.49
4.4.1 Angles of Rotation by Moment Distribution Method

It has been pointed out that to check the solution obtained by the moment
distribution method, the equilibrium condition of the final moment applied at each
free joint must be satisfied. This means that the summation of end moments at the
free joint must equal the external moment applied at that joint. However, the process
of distribution may hid an error which is eliminated at the end of the iterations.
Therefore, one needs another tool to verify the solutions obtained by the moment
distribution method.

Since we are dealing with linear elastic structures, the compatibility conditions
should also be verified at every free joint. This means that the angles of rotation
calculated at the end of all members connected with a free joint must be the same. In
order to caiculate the angle of rotation, one may use the slope deflection equations.
Member AB, for example, has the following slope deflection equations:

M5 =Mpag + K ag (26,5 +954) (4.80)
Mga =Mpga + K ap (205, +645) (4.81)
in which KAB 1s the relative stiffness for member AB.

Solving Equations 4.80 and 4.81 for 6,5 and 6, , one obtains
85 ={Map -Mpap)-0-5(Mp, 'MFBA)]/(I'SKAB) (4.82)

Ops = (Mg, -MFBA)-O.S(MAB-MFAB)]/(I.SKAB) (4.83)
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It is obvious that one can obtain the angles of rotation from the final results of
the moment distribution method. This tool is very powerful in detecting errors in the
distribution process. It can be augmented at the end of the moment distribution table
as illustrated in the following examples

Example 4.16
Check the compatibility conditions at the free joints of Example 4.13.
Solution

The check can be organized at the bottom of the same table used to solve Example
4.13, as follows:

Member AB BA | BC CB

Stiffness Ratio (K) ] 1 1 1

Fixed end moment (FEM) 191.25 48.75 50 -50

Final Moment (FM) 158 774 | -16.232 16232 | -20
(FM-FEM) -32.476 | -64 982 -33.768 +30

- 0.5 (FM - FEM) of other end +32.491 | +16.238 | -15 +16.884
Sum = (FM—FEM) - 0.5 (FM-FEM) | 0015 | -48.744 | 48768 | +46.834
8 = sum/1.5K 00! |-32496 |-32512 | 31256 |

The results indicate that the angle of rotation at A is approximately zero, and
the angle 65, equalstheangle6g~. The little difference is coming from not
carrying out the iteration to full convergence. One can thus sketch the deformed
shape of the beam as shown in Figure 4.50. Notice that if the exact stiffness (2EI/L)
has been used instead of the relative stiffness (K), one obtains the exact values for the
angle of rotations.

Example 4.17

Determine the angles of rotation in Example 4.14 and draw a sketch for the deformed
shape.

A
-
___ __~—pfes 8CB
X T,

Figure 4.50
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Solution

Member AB BA BC CB
Stiffness Ratio (K) 4 4 4 4
Fixed end moment (FEM) 375 -37.5 113.75 73.75
Final Moment (FM) | 248885 | -62.6963| 62.6963] 0
(FM-FEM) -12.6115 | -25.1963 | -51.0537 | -73.75
- 0.5(FM — FEM) of other end 12.59815 6.3057( 36875 25.52685
Sum = (FM-FEM) - 0.5 (FM-FEM) -0.01335| -18.89 -14.1787| -48.223
8 = sum/1.5K | -0.00222| -3.1484| -3.1508( -10.716

The results indicate that the angle of rotation at A is approximately zero since
it is a fixed support, and the angle 6 A is approximately equal 6. The deformed

shape of the frame can be sketched as shown in Figure 4.51.

1>
I~ _ -~

Figure 4.51

4.4.2 Applications to Members with Moments Releases

It was shown in section 4.3.3 that the modified slope deflection equation 4.15
is used when the end of the member is a hinge with zero moment. In the case that the
relative displacement is zero, the equation can be written as:

¥ M

MBA =MFBA +—L—GBA (484)

where member AB is hinged at joint A which has zero moment.

Equation 4.84 indicates that the stiffness factor for a member with a moment
release is (3EI/L), not (4EI/L) as was shown before for ordinary members. Thus, one
can use this modification in the moment distribution method whenever a member has
a moment release. The modification can be done by multiplying the stiffness factor
(4EL/L) by the fraction 0.75. In this case the distribution of moment to the hinged
support is always zero.




Example 4.18

Solve Example 4.13 using the modified stiffness factor for member BC.

Solution
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One proceeds as in Example 4.13 but the stiffness factor of member BC is multiplied

by 0.75. The steps of the moment are organized in the following table:

[ Joint A B C |
Member AB BA BC CB | ¢cp '
Stiffness Ratio (K) 1 1 1 1 |
‘Modified Stiffness (K*) 1 1 0.75 0.75 |
Distribution Factor 1 0.57143| 042857 1 |
FEM +191.25 [ +4875 | +50 -50 +20
Balance Moment - -56.428 | -42.321 | +30
Carry-over Moment -28.214 | 0O +15 0
Balance 0 . -8571 | -6.428 0

| Carry-over 4285 | 0 0 0 |
Final moment (FM) 158.75 -16.25 16.25 -20 +20
(FM - FEM) 325 65 23375 | 430
-0.5 (FM - FEM) +32.5 +16.25 | -15 +16.875
Sum 0 14875 [ 4875 46.875

'@ =Sum/l 5K [0 | -325 2325 31.25 ]

Omne notices the fast convergence of the iterations leading to the exact solution, which
gives the rotation at A is exactly zero, and 8y, =6p..

One can solve this problem by using the fixed end moment M;.Bcfor member

BC which is fixed at A and hinged at C. This sometimes provides a faster
convergence for the distribution process. The solution according to this method is

shown in the next table:

Joint A | B [¢

Member AB  BA BC CB CD
 Stiffness Ratio (K) 1 ] 1 1

Modified Stiffness (K*) 1 1 0.75 0.75

Distribution Factor 1 0.57143 | 0.42857 | 1

FEM 191.25 48.75 75 0 +20

Balance Moment - -70.715 | -54.035 | -20

Carmry-over Moment -35.357 | 0 -10 0

Balance 0 5714 4285 0

Carry-over 2857 | O 0 0

Final moment (FM) 15875 | -16.25 16.25 -20 +20

Example 4.19

Solve Example 4.14 using the modified stiffness factor method.




302

Solution

The steps of the moment distribution in this case are given in the following table:

| Joint [ A C B ]

| Member AC CA CB BC
Stiffness Ratio (K) 4 4 3 3
Modified Stiffness (K*) 4 4 2.25 225
Distribution Factor 1 0.64 0.36 1
FEM 375 -37.5 113.75 73.75
Balance Moment 0 -48.8 -27.45 -73.75
Carry-over Moment <24 4 0 -36.875 0
Balance : 0 236 13.275 0
Carry-over 1.8 0 0 o_
Final moment (FM) | 249 -62.7 62.7 0 l

One can also use M;CBfor member CB which is hinged at B instead of

Mgcg. The value of M;CB is calculated using the fixed end moments tables as

follows:
)
3x105 x—
3PL  3EIA 20
M}cp = ;EA _3x20x8 7 100 96875k
16 2 16 g2

The steps of the moment distribution in this case can be organized in the next
table. One notices the fast convergence leading to the exact solution of the problem.

Joint B | B fl
_Member CA CB BC
Stiffness Ratio (K) | 4 3 3
[ Modified Stiffness (K*) | 4 _1 225 225 |
| Distribution Factor 1 | 064 | 036 1 |
FEM 375 -37.5 76.875 0
Balance Moment - —25 2 | -14.175 | 0
Carry-over Moment -12.6 0 )
f Final moment (FM) | 249 fﬁ 27 ' &7 ] o

4.3 Consideration of Relative Displacements

It has been pointed out that the moment distribution method deals basically
/Ath the moments at the joints, and the distribution process depends on satisfying the
quilibrium of moments at every free joint. In the presence of relative displacement
etween the joints of a member of known quantities like settlement, one uses the fixed
end moment due to the settlement as was shown in Example 4.14, However, if the
structure is subjected to sidesway or deformation, which also need to be determined,
the problem can be solved by the moment distribution method if the sidesway is
assumed to have a specific value in order to carry out the distribution process. By
using the equilibrium of forces in the direction of the sway, one can determine the
exact moment and the exact relative displacement, in the members.



To illustrate the procedure, consider, the portal frame shown in Figure 4.52.
The applied loads impose the deformation shown by the dotted curves. In order to
solve the problem by the moment distribution method, the frame is prevented from the
sidesway by applying the force H, as shown. The value of H, is obtained after
determining the final moment M, and from studying the equilibrium of the forces in
the direction of the sway. Since the sidesway A is unknown and it is difficult to
determine its magnitude when applying the force H; in the opposite direction, one
usually assumes a certain value for the sidesway which is denoted by A' This
assumption assists in calculating the fixed end moments due to the assumed sway for
the structure. The moment distnibution of this structure provides the final moment
M;. The magnitude of the force H; which has caused the assumed sway A’ can be
calculated from the equilibrium of forces in the direction of the sway. If one is
fortunate, the force H, should be equal and opposite to the force H;. However, one
can correct any deviation by linear interpolation since the structure is linear elastic.
This means that the value of A and the final moment M of the actual structure can be
determined by the following relationships:

Hl
A=A — (4.85)
H2
Hl
M:M1+H_M2 (4.86)
2
Py L . 8
s b }
+T' --------- & SECESS “""“i *&—m _____ = .:t Wy
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Figure 4 52

One should, however, realize that the above process should be repeated for
every unknown relative displacement. For example, if one has the three story frame
shown in Figure 4.53, in this case one has to solve the problem by the moment
distribution method four times as illustrated in the figure in order to obtain the final
moment diagram. The interpolation factors Bl'ﬂz' and B3 which are applied for the
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assumed deformations A'],A'z,and A'3 can be obtained by writing the equilibrium

equation of forces in the direction of each assumed sway as follows:

H, -8, H,+B, H, +B; H| =0
H, +8, H, —BZH"Z +B, H;'zo

H; +B Hy +p, H; B, H; =0

4.87)

Values of the forces Hi,H'.I, H‘i', and l-ll fori=1, 2, and 3 are obtained from the

equilibrium of moment distributions M,, My, M3, and M,.

lh ady lﬁ £ . N ~
| ] A “n T T -
1 P4 gl 4 / /! 3 s
£33 4 L H2 H2 o2 ]
o™ I VL
i =¥ M3 <H3 fty |4 £ A
L’I I = + + + [/ |
| A A N
M My M7 My My

Figure 4,53

The final moment M and the sidesways A, Aa, and A; can now be determined

from:
M=M, +B M, +B, My +B; M, (4 88)
A =P, A, (4.89)
A, =B, 4, (4.90)
Ay =B, A (4.91)

For example, the value of H, and H; in Figure 4.52 are determined by studying
the equilibrium of forces in the horizontal direction as shown in Figure 4.54. The
horizontal forces Hya, Hir, Haa, and Hyy are determined as follows:



H,, =M|A1:'+MIAB +LPll
AB AB
Hy =M1c11+Mmc
cp
H,, =M2ABL+MZBA
AB
H,g = Mzoi+M2cu
cD
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(4.92)

Values of H; and Hj are thus obtained from solving the following equations:

H1+H|A +H13'Pl=0
H,, +Hyp-H, =0

(4.93)

B JPrc B
— -— M
{
P
-]
A
i -
HiA H24
D
s =
H1B
M,
Figure 4.54
Example 4.20

M;

—_— M2

alg

Determine the bending moment diagram for the beam shown in Figure 4.55
(Example 4.5) using the moment distribution method (EI = 10° kN.m®, a = 107/,

K = 10 kN cm).
20°C 2KN/m'
a T B
& K T
6.0m. 8.0m.

-4

t

Figure 4.55
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Solution

In this problem the settlement at B is unknown. One thus solves the problem in two
stages. The first stage is to assume B a rigid support without settiement as shown in
Figure 4.56. The second stage is to assume a certain amount of settlement at B, as

shown in Figure 4.58. The final bending moment is obtained using the superpaosition
and equilibrium principles.

20° B 2 KNfm

s

Figure 4.56
Stage 1

The fixed end moments are determined from the tables according to the signs of the
slope deflection equation as follows:

(Tl ~ Tz)
h

Mpcp = ~10.667 kN.m

Mg,p =-El =-33333kNm  ;  Mgg, =+33333 kN.m

The steps of moment distribution are organized in the next table.
The reaction force Hy which prevented the settlement at B can thus be

determined from the equilibrium of forces in the vertical direction. Using Figure
4.57, one has

Hy =8-295-3.933=1.117 kN (upward).

[ Joint A | C B ]
Member AB BA BC CB

| Stiffness Coefficient 4E1/6 | 4EL/6 | 8EI/8 8EI/8

| Stiffness Ratio (K) 2 2 3 3
[ Modified Stiffness (K*) 15 | 1S 2.25 225 |
| Distribution Factor 1 04 0.6 1

FEM ' 233333 | 33333 | 10667 | -10.667
Balance Moment 33.333 -17.6 -26.4 10.667 4]
Carry-over Moment 0 16.667 | 5334 0 l
Balance 0 -8.8 -1322 0 '
Carry-over 0o L 0 0 0
Final Moment (M) 1o 236 | -236 0 |
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Figure 4.57

Stage 2

Assuming a certain deflection at B, say 1 cm, the fixed end moments due to this
settlement according to the signs of the slope deflection equation are calculated using
Figure 4.58 as follows:

6EIA 6EI(0.01) _ _ ~
MFAB= ]_2 = 62 =+166.667 kN.m R MFBA—+I66.667 kN.m
_ 6(2EDA _-12EI(001) _ _ B
Mg = - e =-187.5 kN.m ;, Mgcg =-187.5 kNm
Ay s ~)C
i <\--.\ AzVCm ___,”’ '
Tt T

Figure 4.58

The steps of moment distribution of this stage are given in the following table:

Member T AB | BA | BC CB
Distribution Factor 1 04 06 ]

| FEM 166.667 l 166.667 | -187.5 -187.5
Balance Moment 166667 1 8333 | 12.500 | 1875
Carry-over Moment 0 | -83.334 | 93.75 0
Balance 0 ' 4166 | -6.249 0
Carry-over | 0 0 0 0 |
Final MomentM;) | 0 87.5 -87.5 | 0

The forces H'B which has caused the assumed settlement A' = 1 ¢m is calculated from
the equilibrium of forces in the vertical direction. Using Figure 4.59 one has

Hp =14.5833+10.9375=25.52 kN (downward)

In order to determine the final moment diagram, the following equilibrium
eoustion is develnned usineg Fioure 4. 60
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Figure 4.60

Since Rp=KA=Kf, A", onehas

. 1.117
108, =1.117-25.528, , which leads to B, =~ =0.03144

The final moment at B is thus obtained from

Mg, =M, +B, M, = +23.6+003144 (87.5)= 26.352 kN.m

The deflection at B is also obtained from
A=B, A'=0.03144 cm

which are the same results obtained in Example 4.5. The bending moment diagram is
given again in Figure 4.61

BMD.

Figure 4.61

Example 4.21

Determine the bending moment diagram for the frame shown in Figure 4.62 (Example
4.6) using the moment distribution method (EI = 10° kN.m%. a = 10" %).
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Solution

The frame is subjected to a sidesway in the right direction. The solution is obtained
from the sum of two stages. In the first stage the frame is prevented from the
sidesway, and in the second stage a certain value to the sway is assumed, as shown in
Figure 4.63.

.

+4- 25004 2 pnn 25 KN/ m n+F &
a = 1 ) BN G SEE ol GER UED SR U SN o g p T ﬁ%z
’ B cl! ' I
: ' '
! I= + lt lf
H | /
y Ha D Ha Hp
& A Dlh A - = -—
Figure 4.63
Stage 1

The fixed end moments of member BC are determined from the tables according to
the signs of the slope deflection equation as follows:

qL?

(T -T,) 25x122 20x2
My =—-a (2E)) 1 —2-Z .
FBC =, - (2ED

h 12

=36.667 kN.m

MFcp =+36.667 kN.m

The steps of moment distnbution of this stage are organized in the next table. The
value of H; is determined from the equilibrium of forces in the horizontal direction, as
shown in Figure 4.63 as follows:
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_Joint A | B C | B
Member | AB | BA | BC CB CD CB |
Stiffness Coefficient 4El/6 | 4El/6 | 8EI/12 | 8EL/12 4El'6 | 4EL/6
Stiffness Ratio (K) 1 1 1 1 1 1

| Modified Stiffness (K*) 1 B i 1 075 | 075
Distribution Factor [ 05 0.5 0.57143 | 0.42857 1
FEM 0 0] -36.667 | 36.667 0 1]
Balance Moment 0 18334 | 18334 | -20953 |-15.7144 0
Carry-over Moment 9167 ¢ 0 -10.476 9.167 0 0
Balance 0o | 5238 | 5238 | -5238 | -3928 | o
Carry-over 2619 0 -2619 2.619 0 0
Balance 0 i 1309 1.309 -1.496 -1.122 0
Carry-over 0654 | O -0.748 0.654 0 0
Balance 0 | 0374 | 0374 | 0374 -0.28 0
Carry-over 0187 | o0 | -0187 | 0.187 0 0
Balance 0] 0093 | 0.093 -0.017 -0.08 0
Carry-over 0.046 1 0 | -0053 | 0.046 0 0

' Final Moment (M,) | 12686 | 2538 -2538 | 21144 | -21.144 | 0
H1+HA+HD-36=O , where
HA:M*ﬁ:s.m KN . and HD=M=-3.524 kN

6 6

H, =36-H, -Hp =33.181 kN (in the assumed direction).

Stage 2

In this stage, the frame is subjected to an assumed sidesway, say A’ = 1 cm. The fixed
end moments due to this sway are determined from the tables according to the signs
of the slope deflection equation, as shown in Figure 4.64, as follows:

2
6(10%) —
+6EIA" 100 _
Mgag =Mppa =Mepe =Mecp = 2 16 =+166.667 kN.m
_{ A‘ MFBA A‘
= J C )Mrcn

Figure 4.64
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The steps of moment distribution of this stage are given in the following table:

[ Member AB BA BC | CB CcD DC |
Modified Stiffness 1 1 1 1 0.75 -0.75
(K*)

Distribution Factor 1 0.5 05 0.57143| 042857 1
FEM 166.667 | 166.667 | 0 0 166.667 | 166.667
Balance Moment - -83.334 | -83.334|-95238 |-71428 | -166.667
Carry-over Moment | 41.667 | 0 -47.619 | 41.667 | -83.334 0
Balance 0 23809 | 23809/ 71.43 53.57 0
Carry-over 11904 | 0 35.715 | 11.904 0 0
Balance 0 -17.858 | -17.858 | -6.802 -5.102 0
Carry-over 8929| 0 | -3.401 | -8.929 0 0
Balance : 1.7 1.7 5.102 3.827 0
Carry-over 0.85 0 2551 ) 08S o 0]
Balance - -1.275 -1.275 | -0.486 -0.364 0
Carry-over 0638 0 -0.243 | -0.638 0 0

| Balance - I 0121 0.121 | 0.365 0.323 0

iCarry—over 006 ' 0 0.182 ! 0.06 0 0

' Balance Lo i -0.091 | -0091 -0.035 | -0.025 0
Carry-over 0048 | © _g -0.017 | -0.046 0 0
Final Moment (Mz) | 128,199 8975 8975 | -64.134 | 64.134 | 0

The force Hy which has caused the assumed sway A'

H,=H, +Hg

M, +tM M
H,=—AB "BA , "CD_47012 kN

2 6

The interpolation factor f, is obtained from

=] ¢m is obtained from

The actual sway A is obtained from A=f,A'=0.7057 cm.

The final bending moment M is obtained by the superposition of M; and f;M;

as given in the following table:

Member | AB BA BC CB CD DC |
M, 12.686] 2538 | -25.38 | 21.144 | -21.144| ©
M, 9047 | 63329 -63.329 [ 45256 45256 | ©
M 10315 | 887 |-887 [-2411 | 24.11 0

The blending moment diagram is given in Figure 4.65, which is approximately
the same as the results of Example 4.6.
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Figure 4.65

4.4.4 Non-Prismatic Members

In order to use the moment distribution method for non-prismatic members,
one needs to determine the fixed end moments and the stiffness factors for these
members. It has been shown in section 4 3.5 that the stiffness factors for a non-
prismatic member AB are obtained from

_E C3 E

AL TG, O L @
1™~3 2

E (o E
Ky, = (4.95)
BA =7 SBB

L C/C;-C3 L

E c, E
Kug=—S,g=—2— = 4.96
AB L AB L ( )

where the coefficients C;, C;, and Ca are as defined in equations 4.20 to 4.22 and
given here again for completeness as follows:

2
- 4.97
€=t 497)
c, =L XL-x" x)* 4.98
270 Ty @99
c, =k & 9 4 (4.99)
L} I(x)

Equations 4.94 to 4,96 indicate that the carry-over fac - rom A and B which is
denoted by Cap is given by

(4.100)

>

(o]
O'O

~
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Similarly, the carry-over factor from B to A which is denoted by Cga is given
by

C,
=2 (4.101)
C
It is obvious that symmetric non-prismatic members have Saa the same as Sgpp,
and thus Cap = Cga. Once the stiffness factors, carry-over factors, and the fixed end
moments have been determined for each member, the moment distribution process
can be carried out in the usual manner.

Example 4.22

Determine the bending moment diagram for the beam shown in Figure 4.66 (same as
Example 4.11) using the moment distribution method.

+=

08m C6m aém. o6m 08m

1~om
Ay

IJOm 1 3om !30m !30m l3om |30 ‘30m |30m l
[ t ¥ t t 1 1 |

Figure 4.66

Figure 4.67

Solution

The fixed end moments of members AB and BC can be obtained by using the unit
load method or the column analogy method for the beam shown in Figure 4.67. The
solution by the column analogy method was obtained in Example 4. 11 and is given in
Figure 4.67. The fixed end moments according to the signs of the slope deflection
equation are

Mpap=1804 KNm | Mpg, =-18.04 kN.m
Mppc =180 KNm .| Mp.p=-1804 kNm
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The stiffness and carry-over factors can be obtained by calculating the coefficients
C,C,,andC,.  According to Example 4.11, the values of these have been
determined as follows:

C,=405418 C,=2288 ; C;=405418

The stiffness coefficients are thus obtained as

E C, E
aa =Kgp =Kce == | ————5 [=0.04037 = kN/m
L C,Cy-C3 L

K

aB =Kpa =Kpc =Kcg = LL

Ef

The carry-over factors are thus

C2
=0.025183 £ k/m
cl CJ C

Sap _ (0.0251833

Cap=Cpa =Cpc=Ccp = N [ oo } 0.62366

Joint A B C
Member | AB BA BC CB

| Stiffness Factor | 0.0403 E/12 | 0.0403 E/12 | 0.0403 E/12 | 0.0403 E/12
Stiffness Ratio (K) | 1 1 1 1
Distribution Factor 1 0.5 05 1
Carry-over Factor 0.62366 0.62366 0.62366 0.62366
Fixed End Moment 18.04 -18.04 18.04 -18.04
Balance Moment - 0 0 18.04
Carry-over Moment 0 0 11.2508 0
Balance - -5.6254 -5.6254 0
Carry-over -3.5083 0 0 -3.5083
Balance - 0 0 3.5083
Carry-over 0 0 2.188 0
Balance 0 -1.094 -1.094 0
Carmry-over -0.6823 0 0 -0,6823
Balance - - - 0.6823
Carry-over 0 0 0.4255 0
Balance 0 -0.2127 -0.2127 0
Carry-over -0.1326 0 0 -0.1326
Balance - 0 0 0.1326
Carry-over - - 0.0827 -
Balance - -0.0413 -0.0413 -
Carry-over -0.0258 0 0 -0.0258
Balance 0 0 0 0.0258

| Final Moment | 13691 [ -25.0136 25.0136 0 |
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Figure 4 68

The bending moment diagram is given in Figure 4.68 which is almost the same as
Figure 4.37 of Example 4.11.

4.4.5 Non-prismatic Members with Moment Releases
The derivation of the modified stiffness factors accounting for a moment

release at the end of a nonprismatic member was shown in Section 4.3.6. For member
AB which is hinged at the right end B, the modified stiffness factor is

K:\A:CLE (4.102)
in which A represents the unreleased end of member AB.
If member AB is hinged at A, the modified stiffness factor at B becomes
K;38=C—13—% (4.103)
One can also prove that Equation 4.102 may be replaced by
K5, =K ap 1-Cpp Cpa) (4.104)

where Can and Cga are the carry over factors given by Equations 4. 100 and 4.101.

Similarly, Equation 4,103 may be replaced by

Kpg =Kpg (1-C 5 Cpa) (4.105)
In using K:AA or K;BB for members with a hinged end, one can disregard the carry-

over moment to this hinged end. This prompts the process of convergence during the
moment distribution.
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Solve Example 4 21 by using the modified stiffness considering the hinge at C.

Solution

Since the support-at C is hinge at the right end of member BC, the modified stiffness
factor for member BC is

1
Khn =—
BB
Cl

E

E =0.024666 — kN/m
L L

One can use the fixed end moments Mrgc and Mgcp, or use the modified fixed end
moment Ml.-'BC- The steps of moment distribution considering Mgpc and Mycp are
given in the following table:

Joint A | B C
Member AB | BA BC CB
Stiffness Factor (K) | 0.04037 E/12 | 0.04037 E/12 | 0.04037 E/J2 | 0.04037 E/12 |
Modified Stiffhess (K*) 0.04037 0.04037 0.024666 | -
Stiffness Ratio 1 1 0.61100 -
Distnibution Factor 1 0.6207 0.1793 1
Carry-over Factor 0.62366 0.62366 0 0.62366
Fixed End Moment 18.04 -18.04 18.04 -18.04
Balance Moment - 0 0 18.04
Carry-over Moment 0 0 11.2508 0
Balance . - -6.9834 -4.2674 0
Carry-over |  -4.3553 0 0 0

[ Final Moment (M,) [ 13684 | -25.023 25.023 0

The moment distribution considering M;-'BC which was determined in example 4.12
is shown in the next table.

Member - AB BA BC CB
Distribution Factor 1 0.6207 | 0.3793 1
Carry-over Factor 0.62366 | 0.62366 0 0.62366
Fixed End Moment 18.04 -18.04  +29.29 0
Balance Moment 0 -6.9833 | -4.2671 0
Carry-over Moment -4,3552 0 0 0
Final Moment (M;) 13.684 | -25.023 | 25.023 0

The results are the same as example 4.21.
Example 4.24

Determine the stiffness factors and carry-over factors for the beam shown in Figure
4.69.
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Solation

The coefficients C,, C;, and Cj are calculated for member AB considering point A as
an ongin, as shown in Figure 4.70.

Figure 4.70
L(L.
C3=-13—]' S x)z dx
Lo 1(x)
1 ‘}(16-x)2 - 12 Qs-x)* I =L(109|.555J
(i6Y |0 151 4 I 21 163 1
L
sz_l_ J- x(L-x)dx
Ly I
_ ﬁx(us-x)‘mll2 x(l6-x)dx+ x(16-x)  |_ 1 [493.7775]
L .2
cl=l3j X dx
Lo I(x)

_1 ‘]‘idx:‘[z x?Z dx dx+l]6 x?d __1_(963.555)
(16 [0 151 a 1 2 21 | 16 I

From equations 4.94 to 4.101 one has for member AB
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C E ( 963.555 ]163 FI El
Kyp=| ———|== =5 6443— kN/m
AR [c,c3 -cg] (699201.5 16 16

5

C 3

Kgp = 1 E (1091 555}16 EI”63943§1 o
C1C3-C% 699201.5) 16 16

C 7
Cpa 22 3BT _sasg
C, 1091555

The coefficients C,, C,, and C; are calculated for member BC, considering the origin
is at B, as shown in Figure 4.71.

g —2! 1 151 X
[ c o
L0m. 8.0m. u()m. '
1 T
Figure 4.71
L1 _.\2
C, =lj L-x) dx
L} o I(x)
(16 x)2 I (16- x)2 16 (6-x) x)2 ] (963 sss]
(16)3 21 4 I ,2 1.51 163 I
'593.777 091.55
c,- 13 [593 7 sJ c, - 1 (1 L5 5]
16 I 163 I

For member BC, the stiffness coefficients are’

C
Kpp = — = B 6303 v
c,.C,-ci L 16

C
Kee=| —— E os6am L ium
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3 N
! 16" EI =4.2509% kN/N

KBB = =

963.55 L

L5
c, L

: El
o,  Kpg=Kpp (1-Cpp Cgy )= 42509 kNN

4.4.6 Gable Frames

The difficulties in analyzing gable frames by the slope deflection equation
were pointed out in Section 4.3.8. These difficulties are encountered from the
geometrical analysis of the deformed shape of the frame. One will have more
difficulties if he intends to use the moment distribution method to solve gable frames.
The reason is that the moment distribution must be applied for undistorted frames or
for frame of known distortion For the symmetrical gable frame shown in Figure
4.72, the moment distribution has to be carried out two times. The first time is to
restrain the frame against any distortion. The second time is to assume a certain value
for the distortion A' in order to carry out the moment distribution. The exact values
of A' and the final moment M are obtained by interpolation after determining the
imposed forces H, and H, from the equilibrium conditions.

Figure 4.72

The problem may even be more difficult if the symmetrical frame is subjected
to unsymmetrical loading, or the frame is asymmetric in geometry. For example, if
the frame is subjected to asymmetric loading as shown in Figure 4.73, one has two

"

Figure 4.73
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unknown sways, A, A;, and the problem has to be solved three times by the moment
distribution method. Therefore, it is recommended to not solve these kinds of frames
by the moment distribution method and use the stiffness matrix method which is a
more general method.

4.5 THE USE OF CASTIGLIANO’S FIRST THEOREM

In order to apply Castigliano’s first theorem, the strain energy must be written
as a function of the displacements. The general form of strain energy is given by

U=—[. o  edv (4.106)

=L
2
Castigliano’s First Theorem, as given in Chapter 2, states that

eu
A (4.107)
a,

where A, is the action associated with the deformation D;.

The applications of Castigliano’s First Theorem are very limited and usually
fit the small kinematic indeterminate problems. By applying Equation 4.107 at the
free joints, one ends up with a number of equations in terms of the unknown
displacements. The following simple example illustrates the procedure:

Example 4.25

Determine the displacements of joint C in the truss shown in Figure 4.74. (EA = 10

kN).

A 8
e
€A EA 40m
} 50 KN
NPy
‘- 4 20kn
LO0m J
= 1

Figure 4.74
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Solution

The truss has two degrees of freedom at C. Let the kinematic variables be expressed
by Aw and A,, which denote, respectively, horizontal and vertical displacements at C.
Assuming that the internal forces in members CA and CB are in tension and are
denoted by P, and Py, respectively, the strain energy is thus given by

L
U=LjoTedv=1s(cTeadl
2v 2 0
2 2
P2J2L PIL

Using the relationship between the axial deformation and axial forces one may write
the strain energy as

1 EA
Tt

where P=EA A/L.

1EA

U= =2 a2

B

Now, one has to find the relationships between Ay, = 2 Ap -A, . Using Figure 4.75
and assuming small deformations one can write

=50= (a,+a.) (2)

Figure 4.75
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:20=—(Ah+Av)+TA ()

Solution of equations (a) and (b) gives
A =--ET=-1.20m (T , A, =00685m=685cm(—)

4.6 THE STIFFNESS MATRIX METHOD : APPROACH 1

In this method, the slope deflection equations method is formulated using
matrix operations. The method can be formulated for whether the members have
relative displacements or not.

4.6.1 Members Withont Relative Displacements
In this approach, the slope deflection equations for each member are collected

in 2 matrix form. For example, the slope deflection equations for member AB in a
malrix form become:

4EI 2EI
Map | (Mrap| |7~ T | |%as
- % (4.108)
2EIl 4EI
Mpal Mrsal |7 7|, [O8a
AR

In a short form, one may write Equation 4.108 as
Map =Mpap + Sag Pag (4.109)
For a structure consists of a set of members, Equation 4.109 can be repeated

for each member. The structure shown in Figure 4.76, for example, the slope
deflection equations are collected in a matrix form as

Figure 4.76
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Map] [Meag| [Sag 8 0 0 0 [[Dug]
Mpgc | | Mgese 0 Sgc O 0 0 {|Dpc
Muc|=[Mpac|+| @ 0 Sac 0 0 ||Dyc| (4110
Mcp | (Mg 0 0 0 Sep 0 ||Dgp
Mo | [Mgep| | 0 0 0 0 Scg ||Dep

Equations 4.110 can be written for any structure whose members are not
subjected to relative displacements. It can be expressed in a general form as

My =Mgq + [, [D,, (@111

in which M_members end moments, M [, contains the members fixed end

moments, and Tsm] is the augmented members stiffness matrices.

The compatibility conditions for the frame of Figure 4.76 can be stated as
follows:

848 =04c =04

Opa =Opc =05

6ca =8cp =8cp =Oce =0 (4.112)
8p¢ =6p

where BA, BB, ec, and BD are the kinematic variables at the joints of this structure.
Equation 4.112 can be expressed in a matrix form as

[6,p] [1 000
Bga| {0100
Bgc| 10100
Bcg| (0010 GA']
Bac| (1 0 00| 6
Bca| |0 0 1 0f|6 ol
Bpc | [0 00 1] 8p
bep| |00 10
8ce| |0010
[8gc| [0 00 0]
Equation 4.113 can be expressed in a short form by
D, =CD (4.1149)

where C is called the compatibility or connectivity matrix.
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In order to solve the problem one has to apply the equilibrium conditions at
the free joints. For the structure of Figure 4.76 one has the following equilibrium
conditions:

My =Mup +Myc

Mp =Mpc +Mg,

Mc=Mcg +Mey +Mp + Mg (4.115)
Mp =Mpc

Equation 4.115 can also be expressed in a matrix form as

M,y ]

BA

=

M
M,] [1000100000]M
Mg| [0110000000||M
Mc| (00010101 10|[Mg,
M M
M
M

>

(4.116)

p] (0000001000

EC J
Comparing Equation 4.116 with Equation 4.113, one may write Equation 4.116 as

M=CT M, 4.117)
where M is a vector which contains the external moments at the free joints.

Substituting Equation 4,111 and 4.114 into Equation 4.117, one obtains
M=C" Mg, +C s JcD @118)
Equation 4.118 can also be written in a shorter form as
M=Mp +[S|D (4.119)
where My and [S] are, respectively, obtained from

Mg =C" Mg, (4.120)

Is]= cT s, )c (4121)
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Equation 4.119 is now in a suitable form to be solved for the unknown displacements
D as follows:

D=(s}' (M-Mg) (4.122)

It is a common practice to call the terms (-Mr) in Equation 4.122 by the
equivalent joint moments due to the direct loadings on the members. It is obvious that
this matrix approach is suitable for computer applications. The analyst stores the
structural data in the form of [S,], the loading data in the form of M and Ms., and
finally the compatibility matrix C which is obtained from boundary and connectivity
conditions. The matrices Mr and S are then calculated by matrix multiplication
according to Equations 4.120 and 4.121. The free displacements D are obtained
according to Equation 4.122. The member end moments are determined from
Equation 4.111 using Equation 4.114.

Example 4.26

Determine the bending moment diagram for the beam shown in Figure 4. 77 using the
stiffness matrix method — approach I. (El = 10° kN.m’, a = 107%/°¢).

8, =0.002¢ad. R
) lsoxu qc 0 s
[} m
A 806 + € pp—p—r D
%\ o 7 b=+ Ay
]
! 1
l 2.5m. l 25m. 5.0m | 20m
T T T —
Figure 4.77

Solution

The stiffness matrices San and Spc, are determined as follows:

4El 2EI
== = 0.80 0.40
5 s
§A.B =§BC = =EI
2E1 4EI 0.40 080
s S '

The members stiffness matrix [S,,) is composed as follows:
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0804 0 O
04 08 0 O
6 0 08 04
0 0 0408

s, ]-E1

The degree of freedom in this structure is two, which represents the angles of
rotation at B and C. The compatibility equations are put in a matrix form as

8| (00
6 1 0116
A H@
Osc | |1 0l|8¢
Ocg | [0 1
8,:0002
" 50 N .20
\]f. § 3 j ) ck
[\ \} OIS ES LS

Figure 4.78

The fixed end moments are determined for the cases shown in Figure 4.78 using the
tables and according to the signs of the slope deflection equation as follows:

4E1 505
MFAB S— 9A+—~=191.25 kN.m
5 8
2EI 505 ‘
Mpga ="y 64~ =5 =487 kNm
M.~ = EI (T"T2)~som My =—50 kN
FBC - SO moo FCB =~ ~ m

The fixed end moments are collected 10 form matrix Mg, as follows:
Mf =llo12s 4875 50 -50]

The matrix M; and [S] are obtained according to Equations 4.120 and 4.121 as
follows:

M. =CT M 01 lo“M _[87s
AUF =z ﬁ_Fm‘[O 00 ]J =2 Fm .50
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sl-cTfs, Je-ei | °"‘}

04 08

Substituting into the equilibrium equation one obtains

M=M; +[s|D
1 c

FMB}FS 75]+Ef|.6 04}[63‘;= 0 ]
LMC - 50 LOA 08) 8¢ | _-20
The deformation D is solved to have
D=[GB':L{—8I_2SJ

e | E1[ 78125
The members end moments are calculated from Equation 4 111 as follows:

Mm =MFm - [Sm]gm

M,g| [9125] 0804 0 01 o© 158 75
Mga 4875 04 08 0 O (|-81.25/E1| |-1625
= + El = kN.m
Mpgc 50 0 0 08 04|[-81.25/El] : 1625
Meg -~ 50 0 0 04 08 78125EI -20

which gives the same results obtained previously The bending moment diagram is
given again in Figure 4.79

Example 4,27

Determine the bending moment diagram for the frame shown in Figure 4 80 using the
stiffness matrix method approach I, where Support B has displaced down 1 cm, and
El=10° kN.m?

Solution

The stiffness matrices S.c and Scn are determined as follows:

158.75 KN.m.

Figure 4 79
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Figure 4.80
4E1 2EI 41 261
6 6 8 8
Sac= . Scp =
2E1 4EL 21 4EI
6 6 8 8

The members stiffness matrix (S,] is obtained from

0.667 0.333 0 O

[S ]: Sac 0 —EI 0333  0.667 0 0
m 0 Scr 0 0 0.5 025
0 0 0.25 05

The degree of freedom in this structure is two, which represents 8¢ and 9.
The compatibility equations are Bac = 0, Bca = 8¢, and Bpc = 6. These relations are
put in a matrix form as follows:

6ac| [0 O

8 1 ol[6s]

CA |_ [Ckgg
8cp 1 0|6

The fixed end moments are determined for each member using the tables for the cases
shown in Figure 4.81, and in the signs of the slope deflection equation.

50x6

MFAC = =375 kN.m ; MFCA = -37.5 kN.m



Figure 4.81

SOKMN
ke
A
20x8 o6Elf 1
M = 4 —t—| —
FCB 8 g2 []00

The calculations of Mr and S follow equations 4 120 and 4.121 as follows:

1 kN.m

T
Mg =[375 -375 11375 7379

Mo T M o oM [76.25

=T 0 0 T Ins
0333 0 ]
0 667 0 1167

T

S]=C C=El =EIl

Isl=c [s"']— 05 025 [025
025 0.5 |

Substituting into Equation 4.119, one obtains

M. | [7625 1.167  0.25]
= +El
Mp | |73.75 025 05

The solution for 8¢ and Op gives

0 1| -37.788
C

=— rad
BB El| - 128606

The end moments are now calculated using Equation 4.111 as follows:

Mm =MFm + [sm]Dm

b¢
©p

)

025
05

|
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]=IIJ.75 kN.m ; Mepe =-20+9375=73.75 kN.m
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M,c (37_5 fo667 0333 0o 0 || 0 24916
My | | =375 0333 0667 0 0 || -37788/E1| |-62704
Mg | |113.75 0 0 05 025|-37788/El| | 62704
Mge | | 7375 ] o 0 025 0.5J—128.606/El 0

The bending moment diagram is given in Figure 4.82, which is the same as the
results of Example 4.7,

S22 7KNm

b

+ 317 RN m.

20 L= BMD

Figure 4.82
4.6.2 Effect of Members with Moments Releases
If the moment in a member is released at one end, one may use the modified

slope deflection equation, given in Equation 4.15. For any member AB which has a
hinge at B, one may write Equation 4.15 in a matrix form as follows:

» » 3EI
[MAB]:[MFAB]’“[_L’ :‘GAB (4.123)
where the stiffness matrix §,;, is in this case of dimension | x 1.

The procedure for obtaining the salution is the same as in the previous section.
The following example illustrates the procedure:

Example 4,28

Solve Example 4.26 by using the moment released at joint B for members BC.
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Solution

The stiffness matrices S, and S are respectively given by

4ET 2El
6 6 3EI
Sac= » Sca =[“8—]
2El 4El
6 6

The members stiffness matrix [Sn] is thus given by

0667 0333 0 ]
s, J=E1] 033 o667 o
o 0 037

The compatibility relation between 84c.68ca.8¢cp,andf¢c is

B¢ 0
8ca |=|18c=CD
8cp | L1

S0 KN

3758 (.A

Figure 4 83

The fixed end moments are obtained for the cases shown in Figure 4.83 using the
tables and put according to the signs of the slope deflection equations as follows:

50x6

Mp,o = =375KNm Mg, =-37.5KN.m
M;-‘CB = £ ?2)(8 + SEL{0O0) =76875kN.m
8

One can now form Mg, My and [S] as follows:



ML =pB75 -375 783875
Mg =C" Mg, =39.375 kN.m

[sl-=c" [, Jc= E1(1.042) kn/m

The equilibrium equation is Mc = 0, which gives
M=M; + [S]|D

0=39.375+1.042E1 BC

The solution for B¢ gives GC =-37.788/E1 rad.

The member end moments are obtained from

M=MF=M_F|]\+ [Sm]g!)_

MAC-' 375 [0,667 0333 0o Tlo]

Mc, (=] =375 |+ E1/ 0333 0667 0 J I
L]

MCBJ 76 875 0 0 037511

which are the same results as in Example 4.26.

4.6.3 Members with Relative Displacement

-37.788

332

[24.916
]: -62.7 | kN.m
627

In order to consider relative displacement, or sidesway, the slope deflection
equations (4.7) and (4.8) must be used. According to Figure 4 .84, the end moments

and shear force in member AB are given by

2El 3AAB
MAB:MFAB+T[28AB+8BA_ L (4.124)
8BA __

BW IA (HAB Mga

A B

AL [ | ¥5aB VsBa
L

T T T *I lvM VM l

DEFORMATIONS

Figure 4 84

ACTICNS
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2El 3Aga
MBA =MF8A+T (zeBAHBAB'T (4125)
\
M,p+M
- AR BA
VBa = Vspa ~ (__L_] (4.126)

where Vsgpa is the shear force due to the member loading on simply supported beam
AB; and Vy is defined as the shear force due to end moments, which equal (Map +
Mpa)/L.

Substituting Equations 4.124 and 4.125 into Equation 4.126 one obtains

Mg, o +M 2EI 6A
_ FAB FBA S8 .
Vga _[VSBA—[ - H-—l 30 p +30p -

L\
6EI 6EIl 12ElA 45
=VFBA -L—2 AB-TZ_ BA+L—3 (4]27)

One observes that the direction of the shear force V) due to end moments is in
opposite direction to the sign convention of A. In order to unify the sign conventions
between the actions and deformations, the shear force at B is taken with negative sign
to be in the same direction as A. Equations 4.124, 4.126, and 4.127 can thus be
expressed in a matrix form as

(41 261 -eEl]
L L L2
Map | |Mrab ap
_ 2EI 4E1 -6El]
MBA = MFBA + T —L_ 'Lz— GBA (4]23)
Vaa | | VrBa Apa
-6E1  -6El 12Ei
L L2 L2 L

where Vraa = Vsaa — (Mran + Mraa)/L.

One should observe that the sign conventions here are the same as in the slope
deflection equation method. Posilive moments and rotations are anticlockwise.
Positive shear force, V, and relative displacement, A, are obtained when the right hand
side of a member is displaced upward with respect to the left hand side. These signs
are again given in Figure 4.85. Therefore, one may use the shear at A instead of that
at B where VEap = - Vsan - (MFAB + Mraa)VL.

Equation 4.128 is expressed in 2 matrix form as

[Amlig =[Afm]an +848[Pn]as (4.129)
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m(M i‘t

v

Figure 4.85

inwhich [0, ]up =B ap 95a Apa l:20d A% hig = Mran Mema Arma -

Repeating Equation 4.129 for each member in the structure, one obtains a
matrix equation as

Am=Apn +s_|Dy (4.130)

This equation is in a similar form as Equation 4.111 of the previous section.

In steps similar to these of section 4.6.1, one can develop the compatibility matrix C
and generate an equation similar to Equation 4.119 as follows:

A=A +[S|D (4.131)

where Ap and [S] are generated from
T
Ar=C" App, (4.132)

s=cTls,.]c (4.133)

The following examples illustrate the application in the case of relative
displacement.

Example 4,29

Determine the bending moment and shear force dlagrams for the frame shown in
Flgure 4.86, where member BC is subjected to rise in temperature as shown (EI = 10°,
kN.m?, o = 107°c).

Solution

The members stiffness matrices considering the relative displacements are determined
as follows:
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Figure 4.86
[ 4EL 2EL -6E(]
6 6 6?2
CSep<| 2L L 6B
TR T g 6 g2
-6EI -6El 12EIl
6t 6 6
[ 8E1  4EL -12EI]
12 12 122
_( 4E1 SEL -12EI
12 12 122
-12EI -12E1 24El
| 122 122 123
San 0 0
=] 0 SeC 0
0 0 Scp
0.667 0333 -0167 O 0 0 0 0 0 ]
0333 0667 -0167 O 0 0 0 0 0
-0.167 -0.167 0.056 0 0 0 0 0 0
0 0 0 0667 0.333 -0083 0 0 0
0 0 0 0333 -~ 0.667 -0.083 0 0 0
0 0 0 -0.083 -0083 0.013¢9 0 0 0
0 0 0 0 70 0 0.667 0.333 -0.167
0 0 0 0 0 0 0.333 0.667 -0.167
0 0 0 0 0 0 -0.167 -0.167 0.055_
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r JOKN m. 25 Kh /e ,\:o KN.m. 66 66 TKN.m. 66.667
A c i 20°C 3
=+
15 KN ISKN,
Figure 4.87

The fixed end actions due to the member loading and temperature are determined as
shown in Figure 4.87 according to the sign convention of slope deflection equation as
follows:

MEpe =+30-66.667=-36.667 kNm MFCB =+30+66.667=+36.667 kN.m

Ve =+ ISKN | Vpeg = Veep — Mppe +Mpcg /122 +15kN

T

Apn = Meap Mega Vega Meac Mecg Vg Mecp Mepe Vepel
= [0 0 0 -36667 +36667 +15 0 0 0 ]

In order to develop the compatibility matrix, it is assumed that the frame is
deformed as shown in Figure 4 88 indicating the frame has four degrees of freedom.
Considering the member coordinates shown in the figure, the compatibility relation is

Ol [0 0 0 0

B4 | |1 0 0 0

Apa| [0 0 0 il

Bge | |1 O 0 o0 [eB

Bep |0 1 0 {BC =CD
gl |0 0 0 0 H’

6o (0 1 0 0| -
Bpc | (0 0 1 0

A L0 0 0 -

The fixed end action A gis obtained using Equation 4.132 as follows:

o 1 0 + 0 0 0O 0 0 -36.667

0 0 0 0 o 1 0 0 36.667
Ag =CrAp, = 0 0 0 0 0 0 0 | HFm — 0

o o -1 o0 0 0 0o 0 -1 0
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Figure 4 88

The structure stiffness matrix [S] is obtained using Equation 4.133 as follows:

1.333 0333 0 0.167
0.333 1.333 0.333 0.167

0.333 0.167 0.167
0.167 0.167 0.167 0.112

[S]‘-'-(-:T [Sm ]g =El

Substituting into Equation 4 131, one obtains

MB 0 -36 667 1.333 0.333 0 0.167 GB
MC 0 36.667 0.333 1.333 0333 0.167 || 6
=l |= +El c
MD 0 0 0 0.333 0.667 0.167 OD
HB 0 0 0167 0167 0.167 01112 A

The solution gives DT = 11 [43364 -69.455 -141.727 705.818]

El
The member end actions can then be obtained using Equation 4.130 as follows:

Anm=AFm +[Sm] cb

The substitution gives

AL =M

m

AB Mpy  Vpa Mpe Mgy Vg My Mpe Ve ]
[103.18 88.72 -31984 -8872 -2409 244 2409 0 ~4‘015]

The bending moment and shear force diagrams are given in Figure 4.89 which
are the same as the results of Example 4.6
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Figure 4.89

Example 4.30

Determine the bending moment and shear force diagrams, and the deformations at B
for the beam shown in Figure 4.90 due to the loading on member BC, and the rise in
temperature in member AB. (EI = 10° kN.m’, & = 10*/°c, spring constant K = 10
kN.cm).

0 4 2KN/m.

& O.Sm‘_F R s (D D S S S N S S ity o S R O G Y

e ~ 7 El 1" 2E1 Y

ST A " |
Figure 4.90

Solution

Because of the spring at B, the deformed shape is expected to be as shown in Figure
4.9]1. The degree of freedom is thus four, which represents 64, 8a, 8¢, and Ap. The
member coordinates are also shown in Figure 4.91.

2 o %

& 28 ES——
T

sm( om) (0 8¢ UOCB
4BA l 1 IABC

Ra

Figure 4.91

4015,
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The members stiffness matrices are

[ 4EI 2EI -6l SEI 4El  -12ET]
6 6 62 8 8 82
. 2E] 4El - 6EI1 S 4El 8EI -12E1
=ABT s 6 62 =G 8 8 82
- 6EI - 6El 12E1 -12EI -12E1 24E1
| 62 62 63 | 82 8? 83 |
[ 0667 0333 -0167 0 o
0333 0667 -0167 0 0
-0167 -0167 0.0555 0 0
[s_]-E1
m 0 0 0 | 0.5 -0.1875
0 0 0 05 | -0.1875
0 0 0 -01875 - 01875 0.046875 |

The members fixed end actions are obtained from the tables for the cases shown in
Figure 4.92 and expressed according to the signs of the slope deflection equation as
follows:

. )
An =IMMeag Mpga Vega Mese Mece Vracl
=[-33.333 33333 0 10667 -10667 -8 ]

where Vg =-Vepe - (Mpge +Mgcp V8=-8 kN

The compatibiiity relation can be developed according to Figure 491 as
follows:

O] [0 0 0 0]

8gal 10 1 0 o0 [BBT

A 0 0 0 -1[i8

8:: o 1 0 o eEJzCD
g | [0 0 1 A
|Apc | (O 0 1|

20°
3230 nm 10.667 2 KN/m 30.667 Ty
(1 0.6m t = J:\ (;T-r“r-. "r-1"JTr—$
B B4 B B c
Ia«n BKN

Figure 4 92
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The fixed end action Ar car be obtained using Equation 4.132 as follows:

Ap=CT Apy =[-33333 44

~10667 -8]F

The structural stiffness matnix [S] is determined using Equation 4.133 as follows:

0.667
0333
0
0.167

[sl=C" s, ]Jc =1

Substituting into Equation 4.131

M, ] [-33333 0.667
Mg 44 0.333

= +El
M. -10.667 0
-Rg| | -8 0167

The negative sign of Ry is due to its opposite direction to Ap

equations one obtains

0.667  0.333 0 0.167 ][0, | [33.333]
pro| 0333 1667 05  -00208 } 8y | | -44
0 0.5 1 -0.1875 |18 | (10667
0.167 -0.0208 -0.1875 0.112425]| Ay +8

The solution gives

- pT =E]I[68,41 -52.538 42.829 31.4366]

0.333 0 0.167
1.667 05 -0.0208
0.5 0.1 - 0.1875
-0.0208 01875  0.10242
, one obtains
0.333 0 0.167 {8, | 0o ]
1667 05  -0.0208 || 8 0
0.5 I -01875|[6c| | o
~0.0208 -0.1875 0.102425 | Ay | |-1000Ag

Rearranging the

The member end actions are thus determined from Equation 4 130 as follows:

Ap=Apg+[S,]CD

=Msp Mgy Vga M

\Y

BC MCB BC]

T
Ap=[o 2635 -439 -2635 0 -47]]

The bending moment and shear force diagrams are given in Figure 4.93, which

are the same as in Example 4.5.
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Figure 4 93

4.6.4 Relative Displacements with Moments Releases

If member AB, for example, is hinged at the end support B and is subjected to
a relative displacement between A and B. the slope deflection equation 1s given by
Equation 4.15 as

. . 3EI 3E!
MAB:MFAB‘TQAB"T BA (4.134)
L
The shear force Vg, can be calculated using Figure 4 94, as follows:
. 4
Vea = Vega - Y
=Vsga Mg /L
, . 3EI 3EI
Yo -
( | dp4
T I 1T
A ++

T ¥548 Vsa&?
TVM le

] L |

1 g +—

Figure 4 94
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Equations 4.134 and 4.135 may be combined in a matrix form as

. 3EI  -3EI

L
Map| (Meas | 2 ||%ae
= (4.136)
* . -3EI 3EI
VBa Vraa 2 L3 BA

where V}:BA =VeRa 'M;‘AB /L. One can use V;AB =-VgaB -M;-AB /L instead of
[ 3
VrBA -
By using Equation 4.136 one can save the determination of the rotation at the

hinged support. The steps of solution are the same as in the previous sections and are
illustrated in the foliowing example:

Example 4.31

Solve Example 4.29 by using the modified stiffness matnx method due to the
moments releases at supports A and C.

Solution

In this example, only 8g and Ag need to be determined, if the modified stiffness
matrices are used. The directions of these variables are assumed in Figure 4.91. The
modified member stiffness matrices for members AB and BC are given by

3EI -3EI El -6EI
S .= 6 62 . S..—| B8 g2
=AB 7| _3F] 3EI 2 =BC ~| . 6El 6EI
62 63 g2 g3
05 -0.0833 0 0 1
—0.0833 0.0138 0 0
5., J=E1
i 0 0.75 -0.09385
0 0 -0.09375 0011718

The compatibility relation is obtained, according to Figure 4.91, as follows:

Bna 1 0

A 0 -1/ 6

BA |_ B -Cp
B 1 0| g
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The fixed end moments are determined for the cases of loading shown in Figure 4.95,
using the tables and are put according to the signs of the slope deflection equation as
follows:

- 2x82
Mepc =

=16 kN.m

The fixed end actions are then obtained using Figure 4.95 as follows:

T . . . «

Afm =Mmpa Vesa Mpsc Vel
=[50 -8333 16 -10 ]

A§=[§TAF,..P=[66 -1.667)

The structural stiffness matrix is determined from Equation 4.133 as follows:

-0.01042  0.025598

l-cTlc =& [

1.25 -0.01042]

Substituting into Equation 4.131, one obtain

MB o 66 12§ -0.01042(( 8
= = +EI =
—RB —IOOOAB -1.667 0.01042 0.025598 AB
The solution for D is obtained as
[93 } _L[' 52.538}
Ap | EI[314366
The member end actions are determined from

Ap =Apym + Bm]gg
[ ] [

=[MBA Vaa Mgc M;c]=[26.35 -439 -2635 -4.71]
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which are the same results as in Example 4.29.

4.6.5 Nonprismatic Members

In steps similar to those in the previous sections, and according to Equations

4.46 and 447 of section 4.3.5, one may write the slope-deflection equations
considering moment only in a general matrix form as follows:

|:MAB-I:[MFAB1+E[KAA KABHBAB]
MBAJ MFBAJ LK K

In the presence of relative dispiacements, one uses the matrix equation

(4.137)

BA BB eBA

Mg I'MFAB
Mga (5| Mma
Vea | | VeBa
I K K _J/EAli&]
AA AB L
\ 84n
JE X K [Kpa *Kpg 5
6
_[KAAi(Al:] _{KBA“LKBBW (&\A*KBB*KAB‘LKBA‘] BA
L L L J\ L i
(4.138)

In case of a non-prismatic member AB with a moment released at B, Equation

4.137 and 4.138 become, respectively,

» * E *
i E o o
K‘
» . .
Map | (Meas| p| Kia ——2([%s
- = (4.140)
* L g
Ve VrBA -—AA  _AA 1[A,p

L L2

where Kaas KAB’KBA’ Kgg,and K;A are as defined in sections 4.3.5 and 4.3.6.

The procedure here is exactly the same as in the previous sections. The extra

efforts in the calculations consist of the determination of stiffness coefficients and
fixed end moments for the nonprismatic members. Example 4.11 is solved again next
by using the matrix approach.
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Example 4.32

Determine the bending moment diagram for the beam of Example 4.11 by using the
stiffness matrix method, approach I.

Solution

The stiffness coefTicients are determined as in Example 4.11 and given by
K sa),p =K gp L = 004037

K,p =Kpa =Kpe =K g =0.0251833

[Kes by, =Kcc =0.04037

The stiffness matrices for members AB, and BC are obtained as

E [004037 002518
§AB=1—2[0_02513 0.04037}—'3‘C
0.04037 0.02518 0 ]
] E |002518 004037 ©
[Sa 12| o 0 0.04037 0.02518
0 0 0.02518 004037

The fixed end moments have previously been determined as follows:

My, =[1804 -1804 1804 -18.04]

The compatibility relations is

as [0 O

8aa (|t 0|[6a]_.,
Bpc |1 0]l6c| =

D
g
o

The fixed end moment Mg is obtained from

My =C! Mg, =
AF X IFm [-18'04]

The structural stiffness matnix {S] is obtained from
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[sl-cfs,.lc

[81=%[

0.08074 0.02518
0.02518  0.04037

Substituting into Equation 4.131 one obtains

M= Mgy, + [S] D

Mp _ 0 _ 0 +£ 0.08074  0.02518]|0p

Mc| (0] (-18.04] 12{0.02518 0.04037 (6
The solution of this equation gives

0g 1 -2076.1

6c | E|6656.836
The end moments are thus obtained from My, =Mg_ + [Sm] CD which gives

Mup Mpa Mpe Mgpl=li3688 -2502 2502 0]

which are the same results as in Example 4.11. One can also solve this problem by
the modified stiffness matrix for member BC using Equation 4.139. In this case, only
O need to be determined.

47 THE STIFFNESS MATRIX METHOD : APFROACH II

Stiffness matrix method approach II is 2 more general approach which
depends basically on finding the relationship between external actions and the free
deformations using the unit displacement method. For simple types of structures, this
approach can easily be used, where the structure is made to be kinematically
determinate and each degree of freedom is subjected, in turn, to a unit displacement.
The restraining actions obtained are the stiffness coefficients which are arranged to
form the stiffness matrix. This approach has briefly been mentioned in Chapter 2,
section 2,16, when talking about the applications of the unit displacement method.

For compficated structures like space frames, or multistorey frames, it is very
difficult to use the above-mentioned method in developing the relationships between
the external actions and the free deformations. In such cases, the element method is
more general and can be used. This method shall be given in more detail in Chapter
5. The philosophy of this method is to develop the stiffness relationship for every
member and then augment these relationships using the compatibility and equilibrium
conditions at the free joints to obtain finally the structure stiffness matnx. This
method is very systematic and suitable for computer programming,.
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In the following are few examples to show the applications of the unit
displacement method for simple types structures.

Example 4.33

Determine the free deformations at the joints for the frame shown in Figure 4.96
{Example 4.27) using the stiffness matnx method approach II (EI = 10 kN.m’, & =
10°°/°¢).

Solution

The degree of freedom of the structure is 4, which represents the joints rotations g,
B¢, 6o, and the honzontal sway A, The frame is made to be kinematically
determinate, by fixing all joints. Every free deformation is given a unit value as
shown in Figure 4.97. The corresponding restraining forces and moments are
calculated and arranged to form the structure stiffness matrix as shown below.

rMg1 [(BEL,AED)  4ED 0 6El |,

12 6 12 62 || B

M a2 EEJ_E'] 2E1 6EI || g

_ 12 12 6) 6 62 | €

Mg, 0 2E1l  4El 6El N
6 6 62
6EI 6El  6El 24El

(M5 | 7 7 3 o |8
L 6 6 62 6

1333 0333 0 0.167 |6y
0.333 1333 0.333 0.167 .GC

0 0333 0.667 0.167 GD
0.167 0.167 0.167 0.1112]| A

which is the same matrix determined in Example 4.27.

B asml ¢
36xN - - ,
oL _£ ET

12.0m

—~——

Ficure 4 96
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3 6EL
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Figure 4.97

The external actions at the free joints include the actions applied at these joints
and the equivalent joint actions due to the member loadings. The negative of the
fixed end actions provides the equivalent joint actions. In this example, the actions
applied at the free joints in the direction of the free deformations are
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Mg Mgl [0] [-36667] [+36.667
Mc | | 0| [Mgc| | 0] | 36667 | |-36667
Mp | |o| Mg | |0 0 0
Hg | [36] |Hgp | [36 0 36

Solving the above equation for the free displacements one obtains
- 1n-5
By 6c 6p Al=10°[43364 -69455 -141727 705818

which are the same resuits obtained m Example 4.27.

The members end actions are obtained from the substitution into the actions -
deformations relationship for each member. In this example, the slope deflection
equations can be used.

Example 4.34

Develop the stiffness relationship between the external actions and the free
deformations for the beam shown in Figure 4.98 (EI = 10° kN.m? K = 10 kN/cm).

Solution

The beam has four degrees or reedom which are represented by 6,4, 8p, 8¢, and As.
The stiffness matrix relation can be obtained by applying a unit deformation at every

A B C
gy €t iu 261 A
6.0m. I A0m
i l !
Figure 4.98

degree of freedom, in turn, for the kinematic determinate structure as shown in Figure
4.99. The stiffness matrix relation can be arranged as follows:

i
[MA] %EI %! 0 %1 WreA"
M[|o | m oo,
ol [ (23 3= (el
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(&A:‘
1A 18
k¢
| 1
Al 261
s 7. e
1 El €1 1
62 X
8, =1
B
AL; rk\ rc
{ t t
2E1 LEI ‘) 8E1 LEL
6 (‘ 3 ( 8 3 8
]sm GE! 1 IlZEI 12E1 l
62 6? 8! 'Y
A B eC =1
‘T { L)
3 i 3
CEL 8€!
8 {‘ ) 8
| 12E! l 12E1
a2 2
L } 13
) \4——_—/ 5
El 6El 12E1 12E1
& ) (e )
1\2&1 1ZEL l lzz.ex 24€1 T
g3 63 g3 g3
Eigure 4.99

which can be expressed as

M

[« 4

0.667 0.333 0 0.167

A A
Mg 0.333 1667 05 -0.0208 || 6y
M, 0 05 10 -01875 8,
Hy 0.167 -0.0208 -0.1875 0.102425 || Ag

which is the same relation obtained in Example 4.28. The equivalent actions are the
joint actions minus the fixed end actions, which give



0

0

0
—1000A

-33333
44
-10.667
-8

33333
-44
10.667
8.1000A

351



352

Exercises
L. Determine the bending moment and shear force diagrams for the beam shown
in Figure 1, using the Moment-Distribution Method. (E =25 x 10° kN/m®, 1=
0.0054 m*).
SOKN
Aﬁ l 8 (o OKN/m . o
N e:0.02raq . N .
| 2 l 2.5 L som. 1 2.0 Y
Figure |
2, Draw the bending moment diagram for the frame shown in Figure 2. Use the

Momerit-Distribution Method. (EI =10 x 10* kN.m?).

20KN/m .
| D . % ) U I I S A |

B c

Ilom 10m.
2.0m, 0 —

7.0m,
~Re
1.5 4.0m. 1.0
1’ 1
Figure 2

3. Establish the slope deflection equations, and the equilibrium conditions, for
the frame shown in Figure 3. (EI = 1.32 x 10’ kN.m?).

4. Draw the bending moment diagram for the frame shown in ‘Figure 4. Use the
slope deflection equation method. (E =30 x 10°kN/m?;, 1, =5.4x 10° m% I,
=16x 10" m").

5. Use the slope deflection equation method to determine the bending moment
diagram for the frame shown in Figure 5. (EI = constant).

6. Determine the bending moment and shear force diagrams for the frame shown

in Figure 6 using the moment distribution method. (E =30 x 10 kN/m?, 1=
constant).
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Analyze the ngid frame shown in Figure 7 by the moment distribution
method. Draw the shear force and bending moment diagrams. (E = constant).

Solve Problem 2 by the moment distribution method.

Solve Problem 3 by the slope deflection equation method.

(a)  Find the bending moment diagram for the beam shown in Figure 8 due
to a settlement of B 2” and at C 1" down. (Consider EI = 3000 Kf?

and use slope deflection equation).

(b)  Considering a concentrated load at mid-span of AB of magnitude 10
kips, determine the bending moment and shear force diagrams.



E
A8, _‘r_
MIOKN/mM. | 2.0m.
25 KN I
4 2 l o
C
™ 30m.
- \
SOm. ‘SKN/M,
- %L +
A
— e
l 25m. 2.8m.
-
Figure §
IJ0KN
SKN/ m"
1 1T 171 3§ 1 [ 1 . T 1T 1T [T 1T 71
b - S D 51 EN. 31 FEL
4.0m. 4t ot
1 |4
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Figure 8

11.  Determine the bending moment and shear force diagrams for the frame shown
in Figure 9 using the method of slope deflection equation method. (EI =

constant).

2K/ 1t
—— E ) ] 2 3 P - x__ I [ S F
10 LU
R c
10 |
- L2 &
1l e ) <0 |
T hd

Figure 9

Using the slope deflection equation method, write the necessary equations to

12.
analyze the frame shown in Figure 10. (EI = constant for all members).
A sLYAL! B

D N Y 1 1 ¥ 1

51
12 2 21

IK /1L,

I ¥ 11 0

A
12 41 21
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12. Determine the bending moment diagram and sketch the deformed shape for the
frame shown in Figure 11 using any of the stiffness methods,

0 0
A 1OK 1 CK 5 |l K LK
s‘ l £ | ¢ L
T I T T T
Figure [1
14.  Determine the stiffness factors and carry over factors for the beams shown in
Figure 12.
al 2t | 21 1B Ayl ] P3N

Figure 12

15.  Using any of the stiffness methods, determine the bending moment diagram
for the beam shown in Figure 13, where all members have a rise in
temperature as shown. (EI=30000K.fi’, @ =6.5 x 10%/° F).

.+

Figure 13

16. Using the method of moment distribution, determine the bending moment and
shear force diagrams for the beamn shown in Figure 14. (EI = constant).
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Figure 14

17. Using the moment distribution method, determine the bending moment
diagram for the frame shown, in Figure 15.

’luu

41 T

6.0m.

al, £L
1 3.0m. y 90m. YL

—

Figure 15

18.  The continuous beam ABCD is subjected to the loads shown in Figure 16 and
settlement at B of 0.5 inch downward. Determine the bending moment
diagram using the slope deflection equations. (EI = 10000 K.f%).

. ;au 3 YLVAR! C {3x
A e ey I 1 | 1 ) I et | ¥
B | 31 BN 21 1 °
| \ |
9 N 9 " 18 A
_+_ * he +
Figure 16

19.  The frame ABCD shown in Figure 17 was subjected to settiement at D of 0.5
inch down. Use the slope deflection equations to determine the bending

moment diagram. (EI = 10000 K ft*).

20.  Use the slope deflection equation method or the moment distribution method
to determine the bending moment diagram for the beam shown in Figure 18.
(EI = 3000 K.ft%).
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Figure 18

2]1.  Using the slope deflection equation method, determine the bending moment

diagram and the deformed shape for the frame shown in Figure 19. (EI = 3000
KAf%.

C ) S —— T 2KNle oy Sl D S G o G ____#_
D
“0m
LKN/m
B — 1T E ——
40m,
A ~rdex et F H «dec —9—
1
120m 1' o 12.0m |
Figure 19

22, (a) Determine the number of kinematic unknowns in the frame shown in
Figure 20.

()  Write the equilibrium equations needed to determine these unknowns.
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23. (a) Determine the fixed end moments, stiffness factors, and the carry-over
factors for the beam shown in Figure 21.

10 K

Al l hn
L t T
R S S O B

Figure 21

(b)  Use the moment distribution to determine the bending moment
diagram shown in Figure 22.

20K 15K LK
“ } 8 } c {o
2 i PR ST t 21 A 2
~ ~ ~ A 1 . q
a 2 ¢ DR O e D l

Figure 22

24.  The continuous beam ABCD shown in Figure 23 is subjected to the given
loading, clockwise rotation at A of 0.002 radians, rise in temperature in
member AB, and settlement at B of 0.50 inch down. Use the slope deflection
equations or moment distribution to determine the bending moment diagrams
for the beam. (EI= 10,000 K ft*, @ = 6.5 x 10°/°F).
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25. (a)  Using the method of column analogy, determine the stiffness factors,

carry-over factors, and the fixed end moments for the beam AB shown
in Figure 24,

(b)  Determine the bending moment diagram for the beam ABC shown
using the moment distribution method (EI = 30000 K.ft*).

AWJ: \ﬁ"ﬂ_f'
| & 4o SR

101
‘H1- J! _ﬂ-ill 1 2 g %
| s J el e |} s s el e | o]

Figure 24

26.  Using the moment distribution method, determine the bending moment
diagram for the beam shown in Figure 25.

»
e

10KNR 10%N
1 B 1 C
1= 64 1227 < 1264 1:27 Iz64 i\

20in. | 0m. pm‘l 1om. | 20m. | 3om. | yom. Lgmiy

1

Figure 25

27.  Using the stiffness matrix method, determine the bending moment and shear

force 2diagrams for the beam shown in Figure 26. (EA =6 x 10%kN, EI = 10°
kN.m").

28.  Using the stiffness matrix method, determine all member forces in the truss
shown in Figure 27. (EA = 10° kN).
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29.

Using the stiffness matrix method, determine the bending moment and axial

force diagrams in the frame shown in Figure 28. (EI = 10’ kN.m?, EA = 10°
KN).
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B ] t
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JOKN
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Figure 28
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