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THE DISPLACEMENT METHODS

The displacement methods solve the strctuلar analysis problems in temms of
defomations. Theوe defomations are found using the euilibnum euations for the
end actions at every free joint. That is why a methd is also called the equilibrium
method, or more generally, the stiffiess method, because the coefficients of the
euilibrium euations are stiffhess coنefficients. Thus, the displacement methods deمl
with the degree of kinematic indeterminacy which represents the degree of feedom
in the stncture. The obtained number of euilibrium euations must eual the degree
ofkinematic in in the strucure. If the strcture is kinematically deteminate, it means
that every member in the strcure is fixed at both ends and that the end actions cAn
csily be found from the available tables or using any of the flexibility methods. It
means also that the structure which is kinematically detemminate can not be analyzed
using the displacement methd. The situation is similar to the stnctures which are
statically determinate. The na ystلق can detemmine the end actions in these sمt tically
deteminate stnuctures using only static pninciples.

Preference between the force method and the displacement method depends on
the number of unknows in eAch methd. However, &s it will be shown later a theل
end of this chapter, the displacement method can esily be progammed for  ه
computer using the minimum input data. This is not the cAse for the flexibility
method, which depends basically on developing the euilibrium matrix E in order toد 

solve the problem as was shown in serction 3.9.

ln this chapter, the classical methods will first be given. The transfomation
from the classical methods to the matnix approach without losing any of the
fundamentals will also be shown. The methods given in this chapters are the
following:

The slope-deflection euation methodا( 

2) The moment distribution method

3) The use of Castigliano's first theorem

4) Thestifhness matrix method : Approach I

5) The stifhness matrix method : Approach Il

4.2 DEGREE OF KINEMATIC INDETERMINACY

Determination of the degree of kinematic in is the first step in solving the
struclurلa analysis problem by the stiffness method. lt indicates the number o
euilibrium equations need to be solved for the problem. Ln the case of using the
classical methods, and before using the computer, this was an important step in order
to decide whether to use the flexibility or sifness methods. The degree of kinematic
in is directly related to the type of the free joints, and the unknow displacements
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which need to be considered for solving the probkem, This is illustrated in the
following subsections:

4.2.1 Free Joint in Space

A rigid joint in space should have six degrees of fieedom, three translational
and three rotational with respect to Cartesian Coordinates. However, the analyst
could neglect, for example, axial deformations or torsional rOtation from the degrees
of freedom. This depends on the type of stnctures, loading, and the degree of
accuracy required in the solution. A frictionless free joint in space should have three
degrees of freedom which all are translational displacements with respect to Cartesian
Coordinates.

4.2.2 FreeJoint in Plane

A rigid joint in plane should have three degrees 0f freedom, two tanslational
and one rotational, with respect to Cartesian Coordinates. The analyst, however,
could neglect some of these displacements. For example, in beams, one may only
consider the rotational displacements that are of importance. A frictionless free joint
in plane should have two degrees of freedom which are translational with respect to
the Cartesian Coordinates.

4.2.3 Numerical Examples

ExAmple 4.1

Detemmine the degree of kinematic in (DKD) or the degree of freedom (DOF) in the
space stnuctures shown in Figure 4.1.

Solution

(a) The space frame has 4 space joints, two joints, at A and B, are completely
fixed, and the third joint at D is restrained against tanslational displacements.
Therefore, the dcgree of freedom of this strcture is

DKI =4٧6-2x6-1x3=9

A A

$PACE FRANE

Figure 4.1

SPACE TRUsS
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which represent six displacements at C and three displacements at D.

(b) The space trss has 6 space joints, four of them at A B, E, and F are restrained
against any translation. Therefore, DKI is given by

DKI=6x3-4x3=6

which represents three displacements at each ofC and D.

Example 4.2

Detemine the degree of kinematic in in the structures shown in Figure 4.2.

a ,

 يم$ti «م

٢
Figure 4.2

(c)

The beam has three rigid joints. One is completely fixed at A, and the joints B)ه( 
and C are restrained against vertical motion. Therefore one has

DK] =3w3-3-1-١=4

which represents a rotation and horizontal displacement at each of B and C.

(b) The fame has four joints, one is fxed at A and one is restrained against
honizontal and vertica} displacements at D. Therefore,,

DKI=6x2-2-١=9

which represents two displacements at each of B, C, E, and F, and one
horizontal displacement at A.

Exmple 4.3

Deemine the degree of kinematic in for the stnuctures shown in Figure 4.3,

nاiم lo$م 

The fame has 5 joints, two are fxed at A and E The hinge at C introduces)ه( 
relative rotation and DKl could be one of the following solutions:
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H

'b)

Figure 4.3

DKI =5x3-2x3 =9

(a)

Ifone considers the relative rotation at C is one unknown

DKI =9+1 =10 (considering absolute rotations at C).

lf one considers the relative rotation at C consists of two unknowns, the lef
and right rotations at C.

(b) The stnucture has 8 joints, Two clamped at A and H. Then,

DKI=8 x3-2x3-2=16

These include two displacement at each of E and D, three displacements and
rotation at each ofB, C, F, and G.

4.3 THE SLOPE-DEFLECTION EOUATION METHOD

The slope-deflection equation method deals only with rotational and relative
translational displacements of the joints of every member. The method dces not
consider the axial deformation and therefore it can not be used in solving tnuss
stnctures. The method is most suitable for beams and some frames where the axial
deformations can be neglected without having significant errors.

Consider the plane frame shown in Figure 4.4. Member AB is subjected to

 م3

Figure 4.4

A
B
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defomations due to the intemأه actions. The deformations consist of rotationلa 
displacements at A and B, and relative displacement between A and B. Neglecting
te axial deformation, the horzontal displacements of Joints A and B are the same.
Consider ony member AB which is show in Figure 4.5 and has constant stifness EL
For simplicity, the end moments and rotations are considered positive when they are
in the counterclockwise direction. Also, the right joint, B, when is displace
vertiلac ly upward with respect to the lef joint A, is considered positive.

 "#سنهي+.
 ء .ث(،

Figure 4.5

w و؟ ±( )ج+ ص ملا

 هدنهم}

Using the sperposition prirciple, the end moments Mىم , M1م can be written &s
follows:

M M+ بى,M= ى ٤ فر +Mز +Mمز 

M ٨,M= مه +M;و , +M٥٨ +M,

(4.1)

(4.2)

where M,فر and Mويم are the fixed end moments due to the applied loading. The
M; and مر M are مز the fixed end moments due to the deflection 4gو . The end
momens which cause the angles of rotation and و0 , و0 are denoted by
Mمز . Mمز .Mمم ، and M , 'ج respectively

The relationships between M,و, , M nd ,مز ة 0 , و can be found using any
method in the previous chapter. According to the sign convention used in this
chapter, these relationships are (refer to example 3.2 .( ا

6EI[٨٨.
 د

 هه؟- ور'٥٨

6El[٨٨. ٥ ب
'B٨[2F8٨

(4.3)

(4.4)

THe relationships between M'ى, , M; nd ,إ ع B, were found موله in Example
3.20 of the previous chapter. They can also be found using the unit (oad methwod or
ht conjugnteع beAm methed. Theوe relationships are



4E1M٨٠  ، د
8A[هم 

2El .٨٢ م ،
'8٨1»٨ =
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(4.5)

(4.6)

where the coefficient (4ELL) is called direct stiffness coefficient, and the coefficient
(2ELL) is called cross-stiffhess coefficient. Similar relations are obtained between
Mج ,, Mم , and 6 ،, ج Substituting the values of M,و ,M and ;و M;ى into Equation
4.1, one obtains the general slope-deflection equation for member AB as follows:

3٥٥٨2EIM =M+0٠٨+2ا٥٠ -"/LL
(4.7)

Similarly, substituting the expressions M,م ,Mج , and M; into ر Equation 4.1 one
obtains

»٠٠-٨. 44(ao, +, ( ووهد
L L

(4.8)

Therefore, every member in the stnucture has two slope deflection equations like
Equations 4.7 and 4.8, If one is able to detemine the unknown joints displacements
in the stncture, then the end moments of each member can easily be found.
Detemination of the Joints displacements depends on satisfying the conditions of
compatibility, equilibrium, and the boundaries. The compatibility conditions involve
the relAtionships between the rotational or translational displacements of various
members and the unknown displacements in the stnucture in order to insure the
integrity of the structural elements. For example, in rigid joints, the angles of rotation
of all members conrected with the joint should be the same as the rotation of the joint.
The euilibrium conditions satisfy the equilibrium between the intemal actions and
the extemaأ actions applied at a cerain joint in the stncture. The boundary
conditions provide the necessary information for the kind of the boundary joints in
order to solve the problem. These conditions, as explained in Chapter 2, are
compulsory to solve any strctural analysis problem.

Thus, the procedure to analyze a structure using the slope-deflection equation
method is summarized as follows:

1. The stcture is considered clamped at every joint in order to be kinematically
detemminate. ln this case, the fxed end moments are determined for every
member. The fixed end moments could be due to applied loads, nise in
temperature, Sppor, defomation, or any combination of them. Tables 3.2
cold be used to detemine the fixed end moments.

2. The two-slop-deflection equations are wnitten for every member in the
stncTure. These euations are used to form the equilibrium equations at the
joints in order to detemine the member end moments.
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3. The compatibility conditions at every joint shold be written. These
conditions reduce the nmber of unknown displacements from the members
displacements to the stnucure displacements. For example, ifjoint A is rigidly
cornected with members AB, AC, AD, then one can say that B0٨ص=٨e =0٨٥
and thAt the three angles of rotation can be denoted by only ore variable which
is the rotation of Joint A ac ledل 0٨.

4. The euilibrium conditions At every joint are applied. These conditions state
tht the um of the end actions of all members connected with a joint must
eal to the eRteهm l actions applied at this joint. It is our interest to wite
these euations at the fee joints since the extemal actions are usully know
at these joints. Thus, one ends up with a number of equilibrium equations
euلa to the number of unknow displacements.

In plane fiames, the euilibrium equations at any joint subjected to the
eRteal actions P,, P,, and M, can be written as

k62٨٠
k

6 لإ-٨٠

-.»2 د»

(4.9)

(4.10)

(4.١١)

where k indicates the totلa nmber of members conected to the joint, and i is
any member of the set k.

Howcver, bccause of neglecing the axial defomations in the slope-deflection
euation method, euations 4.9 and 4.10 are replaced by the equilibrium
euations of forces in the direction of the tanslational displacements.

5. The boundary conditions help in using the know kinematic variables whether
they wre aero sد in fixed suppons or have values sه in case of defommation of

.ppOrs$ن 

6 The obtained equilibnium euations are linear simultaneous equations. Their
solution gives the unknow rouAtional and translationa] displacements.
Substitting the displacements into the slope-deflectior equations of each
members, one can deemmine the end moments for each member.
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4.3.1 Applicntions to BeAms

Eample 4.4

Draw the bending moment diagram for the beam shown in Figure 4.6 due to the
applied loads, a rotation at support A, and a rise in temperature in member BC (EI=
١0' KN.m%, a = 1o%٣%e).

rad0.002م ء 

Figure 4.6

Solution

The beam has 7 degrees of freedom. However, due to neglecting axial deformations
only 0A, 0c, 05, and An are significant. Since member CD is statically determinate, Om
and 0n may be ignored if the loading on CD is applied at C. The slope deflection
equations for the members AB and BC are:

2E1M M= ف (, فء+(20 م+8 و
L

2EIM٥٨ =M٦٨ +-(28,, +0 ( ,و
L

2EL
M٥ ي =MA+/ (20, ( و8+

L

2EIM=M0+م(-+28 و ,e)
L

The fixed end moments of members AB and BC are determined from Table 3.2. The
signs of the moments are transformed into the signs used in the slope deflection
equAtion as shown in Figure 4.7,

"٣-ه
 "نهت مشا ز2.5٨.{

Figure 4.7



M31.25+=فمع kN.m

Mp40=+ع kN.m

M»31.25-و٨ kN.m

Meeg =-50 kN.m
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The compatibility conitions can be stated as:

0 وم=6٨ 8a٨ =Ba = وBe ع=0 و Be٥=Be

The euilibrium conditions state th4:

M٨ = Mهم M\ = Me٨ + Me =0 M = MeA = -20 kN.m

The boundقry conditions state ht tم .rad +=م80.002

Theefore, s bstittingئ the slopedeflection euations, compatibility conditions, and
the bنonry conditios into tte euilibrium eguations, one obtains

M, =o=-31.2s ,e )ح3, +e,)+so ,3f(ae, +e)
5 5

M =-20-.s٥)3,م e +8,)
5

Thee euations can be solved for and و8 Bc to have

d., 8=78.125 x 10' rdه x 10' r81.25=-0 و

Subsituting thwese values into tte slopedeflection euations, one detemines the end
momens as follows:

M312=+٨وs,3ر(!ج nمo »o' s«1o9)1587s ة1.2- xm
5

Me٨ =-31.2s ,2fرمال e1 2s»1o+2ooxo')--162s KNm
5

Mae =so +?ro» اs25 رم)#+ 7e.1s o9)-1625 ء KN«
5

Ma٥ =.so,35رم(ا ne 12s»1o°- s1 2s»1o2د٥(-- HNm
5

The bending moment diagram can now be draw sع show in Figure 4.8. The studet
hold notice the mtching between the signs of the moments and their directions inك 
Figure 4.8.



158.75 KN.M. 16.25

 تل ذ:
 يد

 ه

16 .25 KN.m. a()ج 

A. 4. 0.
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Figure 4.8

Erample 4.5

Determine the moment and shear force diagrams for the beam shown in Figure 4.9 (El
= 102 kN.m%, = 10%/%c, spring constant K = 10 kN/cm).

Figure 4.9

Solution

With neglecting axial deformations, the beam has 4 DOF .(g,0c,4p ,م00) The
settlement at B is denoted by ٥ as shown in Figure 4.10. The slope-deflcction
equations are written for members AB and BC as follows:

Figure 4.10

2EI 3-٥Mهم =Me٨s +=/26٨٩ +ea ٨6 ا. 6

2EI 3(-٥)M٩٨ =M,e٨ +=(20A٨ +0 ٨6ف ا<- 6



 Aث

4EI 3(8)MAc =Mp28و/-+٥ c +0ce-</8 8

4EI 3(٥)Mce =Mrce +-/28c٥ +0Ac 8 ا>- 8

The student should notice the sign of ٥ for members AB and BC.

The fixed end moments are detemined from Table 3.2 as shown in Figure 4.11. They
are witten according to the sign of slope deflection equation as follows:

 ت-٣-ب
M٤٨s =-33.333 kN.m

Mpt =+10.667 kN.m

 """بشنة
Figure 4.I1

Mpe٨ =+33.333 kN.m

MpcA =-١0.667 KN.m

THe compatibility conditions are given by

0 هم=8٨ BEc =0g=0 م٨ 0cE =8c

The nknown kinematic variables are ,p,0c ,م08 and 8. The eauilibnum equations
are then,

MمE =M٨ =0 Mg٨ =Mac =M٥ =0 Mcg =M=0

Ths sIm of forces in direction of ٥ atB=0

From Figure 4.12, the reaction at B is obtained from

M +M M +MR Bc ب 'CEg A BAف K8  د مد10008

B 8 6

 ه.عمر.ممدأ إ'أ, "لإ,عتاس،
Figure 4.12

 ,جت-­٣
A8م٠w M + ي Mيوم 
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Therefore, the equilibrium equations need to besolved are

٥ 3 100=33.333x8+,8 =-+م
2 EI EI

1.58+٥٨+50,-0.0625٥ 23إ-
EI

28. ،0, 0.375٥  ج21.333

c 'B EI

02502+11250 -م٥٨-1101875 د ق@-
EI

Solving these equations one obtains

68.4098 م,
A<٢٣Al,

EI
EI٠' =م٢8, .ى٩2.8298 م,

٥,-52.5379 ي,31.4366
 ]ر2,, )8لا=

B EI EI ا

Substituting into the slope-deflection equations one can detemmine the end moments
as follows:

M, = aa دذ ا؟,ددد wN دA65- ي+٥+,2 ا «23

M4م =o667+± .a635wN-- ا±-e+ يمw ا
2 8

It is obvious that the values of Meم and Mec satisfy the equilibrium at B. The
bending moment and shear force diagrams can be developed as show in Figure 4.13.

٢ .ء صشييم:.. ء(""")بم-
6.7 KN

 .،3 و
.$ .م٥

11.2 و

.A. Dة. 

Figure 4.13
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4.3.2 Applications to FrAmes

Erample 4.6

Detemmine the bending moment and shear force diagrams for the frame shown in
Figure 4.14 due to the loads shown and a rise in temperature in member BC (El= 10'
kN.m, a= 1o/ ٩e).

·٠ ي=أ-
2.5٢N/m

 إ١٥٥/

Figure 4.l4

}

Solution

Figure 4.15

When axial deformations are neglected, the degree of kinematic indeterminacy is four
which represents Bp, 8c,0p, and Aas shown in Figure 4.15.

The slope deflection euations for all members can be written considering the
:sumed direction for the sway of the frame as followsعه 

3(-٥)2EIM٨و -M 66( ء٨و ا+26٨٥+٩ ء٨ ل<.

3(-٥)2EI
20٨ M٥٨-٨و0+ =M٨٨+ 66
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4EIMa =MR 12( ه(+20٥+8 م

4EIMى =Meee + (30+9)12

2EI 3٥
+M=MRc٥ ق 28٥+0ne6 6

2EI 3٥Mم =MRe+ 20p- +%e٥-6 6

 بمن "ة .ي "{زتمي(
Figure 4.16

The fxed end moments for all members are determined, using Table 3.2 as shown in
Figure 4.16, as follows:

M ٣٨ و =M0٤٥ =و

M136.666=-جز٤ kN.m

Mع٥ =Mpee=0

M10ع g =+36.666kN.m

The compatibility conditions are determined as follows:

8٨ و=0٨ 0e٨ =0ae=0 e ى=0e0 م =8 0m =8,

The boundary conditions are determined as B,=0

The equilibrium equations are

M ٥ و +Mee =Mg=٥

M٥ص +M٥=M=0

Mم e = M0=م 

The sum ofhorizontal forces in the direction ofD=0.

Substituting the slope deflection equations, into the equilibrium equations one has

(a)

(b)

(c)

(d)



٥(=aeg 36 ر+(6+ 6&o(+)-ae +0.sه٥+&) 
3 3

3s«م« ،±(ae 233 -)لإ+ه٥+a)±٠ -),ه٥ ء

٥3'C' (ا؟a ، م-)ها،ه.
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 )ه(

@)

(c)

The horizontal forces contain the horizontal reactions at A and D and the horizonلفt 
force at B of 36 kN. Thus one obtains

H,+H=36

where H٨ and H are obtained, using Figure 417, as follows:

Mأ{ =ج وم+٥٨ 
6A

45A.٤5م 
،،

M+Maeأ{ =د 
D 6

A  هى،8

Figure 4.17

،
Substituting into equation (d), one obtains

!،E3ا) e,+2م)ه (&،إ e36٥-)٤5ج٥,+٥+ N
6 3 6 3 c

Solving the equilibrium equations (a), (b), (c), and (d) one obtains

(d)

.EI rad/43.3636=-8 ج

4545fEL rad.69=-8 م

8 =-141.7272E1 rad.

٥= 705.818mEI m .

The positive value of d indicates that the sway is in the same assmed direction.

Substituting into the slope deflection equations one obtains the end moments of each
member as follows;
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EIM103.182(=٥+=)٨٥ م HN.m3

M4 ٥ ر =±(a s72n يم ة-)بهء w23

EI
M3 =-36667 WN.m ج+8-=)2888.727)--+

3

EI
M =+36.667 +-(20 kN.m -=)ج024.09+

3

EI ٥M, 0+(20+6 HNm3 =ا2409- 2

The bending moment and shear force diagrams can be developed as shown in Figure
4.18.

103.18 KN.m
8. .م0.

ExAmple 4.7

RNغبوق 
S. F. ٥.

Figure 4.18

wm(
{s،

 -لى
Determine the bending moment and shear force diagrams for the frame given in
Figure 4.19 due to the applied loads and a vertical settlement at B of 1 cm downward
(EI= 10' KN.M?).

Solution

This example shows an application when the relative displacement in a member is
known. The expected deformed shape is show in Figure 4.20. Due to neglecting
axial deformations, the degree of kinematic Figure is two which represents Bc and 0g.

The slope deflection equations for members AC and CB are

2EIM٨٥ =M٤٨٥+-(20٨ +6e٨)6
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B

30r

30m. 0٥m،.4 ا ، 4.9m.

Figure 4.19

Bc
٥

Figure 4.20

2EI
+6٨e)M٨=٨٤٨٤ ٠+(٦0٨6

3x(-0.0١)2EIMو =M 88 وم ا=+2٩٠٥+8٥ ا""--

2EI 3x(-0.010)
Mee =Mمee 8 ا"ت'--6+20٥٠/-+ 8

in which the settlement b has been substituted for member CB.

The fixed end moments are found from the tables and shown in Figure 4.21, where

M375=-م٥ إ kN.mM٢٨٥ =+37.5 kN.m

M20=-ر٥ kN.mM20=+وم kN.m
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2o٥KNm0 KN.m.}كز'م 

Figure4.21

The equilibrium equations are

M=M٨ +Me٥=٥ Mg =M٤٥=٥

Substitting the slope deflection cquations into the equilibrium equations one obtains

-..+ +ام'+ +ما'ح'= دns،%(a)+ (±ة ء ,ه، ه)9%.
843

a٠ه4٥ -ا، aد ر (لك 
8'C'B4

Solving equations (a) and (b) for 0eand 0g one obtains

(a)

@b)

8 =-0.000378 rad. .rad0.001286=-0 م

The end moments can be obtained by substituting the values of Be and into و0 the
slope-deflection equations as follows:

M٨ =37.s + 249-(ooo0378) ظ HN.m
3

M٨ =-375 627-=(aa) لظر KNm
3

EI 0.03M H٨4 م -ا"+0627+2٥/+20= 8

Mp٤ =0

The student should note that the results satisfy the equilibrium at joints C and B. The
bending moment and shear fdrce diagrams can be detemmined as show in Figure
4.22.



27١

{»RN67.7RN1.١7 -ييه،'٦. ء KN

 م[لج-----

Figure 4.22

4.3.3 Applications to Members with Moments Releases

In many stnctural problems, the member cAn be hinged at one end and rigidly
conwected at the other end. The direct application of the slope deflection euation
methd, eve when the joint is an extemal hinged supporT, was shown in the previous
eمmples. One notices that the direct application approach deals with the angle of
roRion of the hinged suppor, which is known to be of zero or known moment. The
stnucuلan engineer is usually interested in determining the magnitudes of the end
moments and not the deformations. Therefore, the direct slope-defection eguation
can be modified to account for the fact that the moment at the hinged extemal support
is zero and the angle of rotation at this hinge is not rcuired for the solution. The
madified slope-deflection euations can be derived using the superposition principle
and Figure 4.23 as follows:

 ،-اججصج،٦ ١م.١
 و},

Figure 4.23
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The superposition principle gives the end moment at A as

Mو =M:ف, +M:, (12) و فة«+

where M[ is ج the moment at the right end, Mمور is the fixed end moment at A for

the member which has a hinge at B due to the applied loading or temperature, Mمير 

is the fxed end moment due to relative displacement and Mيم is the fixed end
moment due to the rotation at A.

The fxed end moment Mم,ر and M,ي can be found from Tables 3.2. The

relationship between M and جير 4 is obtained as

٨٢; 3EL FAA د،(13) p

assuming that ٥ at B is upward with respect to A.

The relationship between Mيم and 0 is مم given by

3EI٠ ا
M ٨ و=8٨ و L

Thus, the modified slope deflection equation is obtained as

٥2EI٠• ٨و٨Mو-1S15 ي ي =Me٨+ LL

Erample 4.8

(14)

(15)

Solve the problem given in Example 4.4 using the modified slope-deflection equation
method.

Solution

The fixed end moments are determined as shown in Figure 4.24, considering the
members are with external hinges.

31.25 KN.m 31.25

 ةت& ٣"ا.ا().
Figure 4.24

3٥٣0٣N.٨.

 ا(a ا



M N.m ع٨و=31.25 ا M31.25=-م٨ kN.m
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The fred end moment for membe BC due to teperaNre change is obtAined fom
Tabا e 4.3 sم

• ١T-TMi=1.sE"}:"/7s eN.«
h

THe fxed erd moment for member BC due to the moment 20 kN.m applie at C is

• MM LN.m عوم-=--=1٥
2

Thus, the tلهo M65=10-75ر= kN.m

_The slopedeflection equations for the members Are obtained sة

2EIM٨و =Mوء +(a0,8+و eم )
L

2EIMe٨ =M L(٨و٨(+٦0٥٨+9 فم

• • 2EIMف e =MHe+-(90ج٥ )L

The equilibrium equation at B is M which ح=hg0+ ومM= ج leads to

,aa ة+)s (ل&,se ه=)ج +ooo,&2 (اs3 ا-
5 5

0, =-0.000813 rad.

The end moments cAn now be detemined fom substitution &s

M2=٨و اذs , o4) 53ا +0,)=١58 73 HNm
5

M٥٨ =.31 2s ,4F(aa0ج+ .oo2)=-1625 KN«
5

M2=6و ،#( so,)-1625 WNه 
5

which are the same results sع in ExAmple 4.4.
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ExAmple 4.9

Solve the problem of Example 4.5 using the modified slope-deflection equation
method.

Solutior

The kinematic variable B, andDم here are not required since the moments at A and C
are zero. The modified slope deflection equations are thus

(-٥)2EI٠٠
»٥٨=M5-66 وم٨+١١5٥٥٨ ا

٠٢ 4El 8
Me ي =MHee+ ١50g٥-١5-8 8

The fxed end moments are determnined as in Figure 4.25 considering the hinges at A
and C, to give

١٠T-TMi٨=1se s ؟"ا" ءق,وادل' « م ا
0.6h

2• 2x8
M «ن =gc م =16 kN.m8

"": ،ند و.."
Figure 4.25

The equilibrium equations are thus

M2٨ +M=»0=و 

The reaction at B equals to KA. Thus, equating the reaction at B one has

"M'٨م BC g م BA10oo8، ،

8 6

Substituting by the slope-deflection equations, one has

 ا(؟/م»,« .)ج ,»ا(؟ ،)لإ'
8243

 (إ±م١ لأووا-ي» ا/إ؟ ي» -)ي0o «ع
41868١6

(a)

(b)



The•٠٠ د5 solution of thee euations is x10 م-=052.538 rad

which are the mد reuhts As in ExAmple 4.5.

e-Pefleetion £watio» with RelativeStinessنpمSl44.3 .ا

275

٥=31.437w1٥2 ٨

lt h bcenمم own ل in the previos sections that the magnitude of the kinematic
waniables are uالمع y very smلa }. This may afrect the accrcy of the results. The
strcural engineer rarely uses the mgnitde of these variables. He is only interested,
for design prposs, in the membes bending moments. That is why one can deal
with relمtive siffhesses between the members instead of using the exact stiffess of
ae hع member. The relative siffesses are obtained by taking the ratios between
(2EL) of .members اله This eaمses solving the problem and provides more accrate
reslts.

The slope deflection cguations 4.7 and 4.15 cAn be written in tems of the
relative stiffess as follows:

38M ٨ و -Mوء +Kه [a0 L فه رو%+ ا:.

dه •M K+ فم%M= :و ٨ف ا1.9 ا-و,5 ا؟
L

in which Kصم is the relative siffhess of member AB.

Exampاe 4.10

(4.16)

(4.17)

Solve Example 4.6 by using the relative stiffiess and the modifed slope deflection
mehd.

$oleto»

The relative siffiesses are defned As shown in the following table:

The slope-deflection euations can be written in terms of the relative stifhesses as
follows:

3
M ٨=٥+١/٥+٥٥٨ ا+ 6

38+0+)٨٥٨=٥+1\a0٥, 6



Mp =-36.666 +1(20 ( ج+8 ى

• 1.5٥Me -0+1/1.0 ( م ل+
6

THe equilibrium eguAtions are obtained as

Mم =Mوه +Mpe=0
٥ -=36.666+40,+0 م=-+0
2

M= M+Mb =٥
٥ =36.666+3.58 م+8,=-+0
4

36=H, +H

M (e ي+288)36.666+1=
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 )ة(

(b)

M +M, M"
 د ، -عم}: -,هeاe«]!٥,+٥+١sa +ج4[

6 6 6 'B 'C 4
(e)

Rearranging and solving the three equilibrium equations (a), (b), and (c), one obtains

8, =-14.4548 0 =-23.1512 ٥ = 235.273

These values are reative quantities And not the real ones.

The end moments are obtained by substituting into the modified slope
deflection euations, as follows:

M103.18+-=03=وم KN.m
2

٥M88.73+-=203=إو KN.m2

Mg =-36.666 + 28, +0 =-88.73 KN.m

M =36.666 + 20 kN.m ج-=824.09+

M =24.09 kN.m

To detemmine the exact values of the defomations one can sbstitute into the
oniginal slope deflection equations using the exAct stifhess factors.
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Ewample 4,11

Solve Example 4.7 by using the relative stiffness, in the slope-deflection equations.

$oltio»

THe fxed-end moments are detemmined, considering the hinge at B as show in Figure
4.26.

M٤٨٤ =+37.5 kN.m M37.5=-م kN.m

M[ =EI30+46875 لث٧8+3+= 76.985 N.m
16 g2

c

379K ٨٥ لمي

"٢ مت٣-:
 اؤع("د٠٠

Figure 4.26

The relative stiffnesses are found as show in table below:

Member AC
Stiffness

2EI 2E1
 د

L 6
Ratio =K 4

CB

4EI

8
3

The slope-deflection equations with the relative stiffnesses are obtained as

M٨٤=37.5+ 4(o +e)

M0+20)4+37.5=-و )

Ma -76.87s +3(.sa)

Eauilibrium eguations are
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M٥-M٨ +M'0=و 

Substituting by Mم and M [ one obtains

12.58+3.375 م=0

The solution is . م-=83.15 The end moments can then be found as follows:

M4+37.5=٨ م(e)=249 KN.m

M4+37.5=-ح (o)=-62.7 HN.m

M=76875+ kN.m =م4.5862.7

which are the same results as in Example 4.7.

4.3.5 Non-Prismatic Members

The slope deflection equations derived in the previous sections were dedicated
to prismatic members only. For non-prismatic members with stepped variable
moment of inertia as shown in Figure 4.27, one can still apply the previous equations
but with considering a joint at each change in the moment of inertia. This proCess
increases the number of euilibrium eauations. However, one can deal with
analogous slope-deflection equations dedicated to non-prismatic merbers. In this
case, the equilibrium equations are obtained in the same routine as in the original
approach.

٨ C D E B

Figure 4.27

The derivation of the general slope deflection equations is the same as in the
previous sections, except that one has to be careful in calculating the fxed-end
moments and the angles of rotation for no-prismatic members. The fixed-end
moments Mومم ,hpg٨ ,Mومع , and Mمز in Figure 4.28 can be found using any of
the flexibility methods, for example, the unit load method, or the column analogy
method.

In order to detemmine 8 and وم as مج0 nctions of Mز and M[ one م
applies, in tum, a unit moment at A and B, respectively, for a simple beam chosen as
primary stncture as shown in Figure 4.29.
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 بحeز ج. م٦ إ-ج.
+ "ي=ة

Figure 4.28

 تعة طح=
Figure 4.29

The angle of rotation D Eis م determined as follows:

 عر م
 ,تTmmسسسب

 mي

١L-Xا xXw LLLL»٨ا» :-أاج(٨ فء=.-+٨٤ او m٤٨١
$ د د د (EIGهه6 )ع ذ 

 إ٤ عيلا إ_,ر34)« وؤ«,
 د

12"0 EI»)0 EI@») [2

Similarly, the angle of rotation 8gم is calculated as follows:

(4.18)

-L -ا٣ ٨٠٠٥ أr)٦ قم'٤'e٨ ر ،د'٨٨٤' ٢م Gy={) @(Eiم٨ أ= [ع ا 

.2M'. M' (x (إر,إ8)''٥٨ إ(٩.١9) AEد (لإ]م٥ 

"0 EI») 120 EIx) ?

For simplicity, the three integrals in Equations 4 18 and 4.19 are denoted by C, C,,
and Cو as follows

٤ «2
C, =I}ر dx

L Ix)
(4.20)



c.  هY إ٣ لا-( ج
2 " 13 1)

2c -  -@إم8'٥ إ
3 "0 1 1»)

Equations 4.18 and 4.19 can thus be writren as

LxMف٨ LxMز 
( ش(=6, مح

E2EAB

LxM}  ر}=٠C.C. -و فLxM٨ و
E2E1A

280

(4.21)

(4.22)

(4.2)

(4.24)

The end moments M and جم M} as م functions of the angles of rotation are obtained
as follows:

٠ E C, C,
h = {} [}٠-i٤٨a.""\a,,ا"

C,C,E
+- = }ر ()=N]٠٠i=،ج-عد"أ٠./ 

(4.25)

(4.26)

Note that one can also derive these equations using the column analogy method.

ln order to introduce the relative displacement D in the slope-deflection
equations, the unit load method can be used, as shown in Figure 4.30.

The equations of consistent deformations at B are

4٨٥+f١١٣١+6١٥ =و٥

4٥٨ +6١٥١+6٥ 3,=٥

(4.27)

(4.28)

X,=1 KN.m

{+ ز)

$ ز٧ ا-٨
Figure 4.30
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The fexibility coefficients fi,, fi and fr are detemined using Figure 4.31 as follows:

2 dx1 امdx  م مym إ;dx إم1_
 ،، ي

@(m€"غ @E-"ثل- )ع 

Lx dxا م _Lh(x)dx٤, م
@E امل د Eا أ 

x' dx 1,x4 dx
fa ) ر 6لا= م@ع &"ع ا

(4.29)

(4.30)

(4.31)

 مه م م م
١ K.م 

mz  ر

 ثمرا،
m23

Figure 4.31

Substituting into Equations 4.27 and 4.28 one obtains

6١١«١+6١5 =ر0

f١٥٤+63  =ر4«

The olutionsو of these equations are

{ 1ع-ته-4 ه 2١ 4i66٥ -ر

f١ { ج {م
22 6f٥ -6i

The fixed end moments at A and B according to the sign conventions are ths

Mفرء(.=٢ , +Lx,)

Mووز+=٤ 

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

It is obvious that there are relationships between f,,, , ررأ.ررأ and the coefficients
C,,C,,C,, sة follows.



E
C,= f5ن ر 

EC.-(٤٥L-ة )
L

E 2 -6L +ا,6) 0 و=و(26-
L

Solving Equations 4.38 to 4.40 one has

L6=(C, +2c, +c,)
E

12
f٥= (e,+c,)

E

e).,(يا= E
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(4.38)

(4.39)

(4.40)

(4.41)

(4.42)

(4.43)

Substituting into Equations 4.34 and 4.35 and using Equations 4.36 and 4.37 one has

، E(C,+C,) ٥
R  أب ءح

FهA (c,c. c?)122١ -د

· EC,+C,) ٥Rن د٠ 
Fe٨ (C,c,-c?) L2

The general slope-deflection euations are then given by

(4.44)

(4.45)

٥E -(5٨٨+ s,)٩6«ا؟ M٨و-M8ء٨و ا:ه6٨٩٨٨ ق+5 ق a، LL

٥E
+s٩٩7)ا;)رو M٥٨ =Ma, +: S ا LL و6٨ هه+5 و (-«ه&5 وء

in which S ، ,مم5 وقم5 مو ard Sgg are, respectively, given by

c,
 ؟ ع

٨٨ c,c. -c?
2١ 3

c,
3 =A8 .c,ح c?1 3- 2

(4.48)

(4.49)



c,
 ؟ عح

B٨ c.c. c?١ 3- 2

c,
$ دد

BB cc. ،c?١ 5- 2

4.3.6 Non-Prismatie Memben with Moments RelcA4es
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(4.50)

(4.51)

If member AB is hinged, for example, at B, then the procedure is the same, sه
shown in Figure 4.32. The fixed end moments M} and ,ي Mجوير are found using the
fexibility methods. The angle of rotation 8 is مم calclate using Figure 4.33  فه
follows:

dx٥ ر±م لا "٢م aه -)خ(ا-٤ )قذا» 
٢»M;م(= و 

E
(٩.52)

 .يم.تيج--
 د+ رأم

Figure 4.32

 م
MA٥

L"ت 
Figure 4.33

 ستلا
m٨

The moment M[ي is obtained fom

E ٣M ا1 ٨و-=8٨ ص L C,
(4.53)
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Similarly, from Figure 4.34, the fixed end moment M}ر can be determined
by using the consistent deformation at B as follows:

4 ر٥+f١١٣ =ر٥ (4.54)

٤م م,يم,م إ وا
Figure 4.34

The fexibility coefficient fi is obtained from

٤ م٤M ش٥r شم4s ما_
E د،،د E1م @ء م 

The fxed end moment is thus

Mز٨ف-=٢٨ L
٥E٥EL4 م

 د د ل د ر

Lع Lc, L6 ر

The mdified slope-deflection euation is thus

1 ٥E 1+٠M Mi= عة CLL ف ا+ فخ0 ألم-هد C
If member AB is hinged at A, one has

1 ٥E 1٠• +MHe٨= زM٨-٨ه0 C,LL cو 

These two equations are written in general as

4.٠E ,,٠• -sه٨ »{)M LL عة وة«= ؟ا:ه٨ م»9 فه

٥١، Eم٠ ;)M &M= وة LL قم (:ه5 ق٣6 ء٨-5 وء

(4.55)

(4.56)

(4.57)

(4.58)

(4.59)

(4.60)
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where S,م and Sمج are the modifed stifTness factors given by

2CC,-C,
S٨٨S ٨٨ ا= c.c

١ 3

C,€ ، 'أ"؟-ءC;s4- ر
4.3.7 Numerical Applications to Non-Prismatic Members

Eample 4.12

(4.61)

(4.62)

Detemine the bending moment diagram for the beam of rectangular sections of width
0.30 m shown in Figure 4.35 using the slope-deflection eauations.

$olution

One should first detemine the fxed-end moments for members AB and BC. To save
time in the calculation, one can detemine the fxed-end moment using the column
analogy method as shown in Figure 4.36.

The beAm moment of inertia for rectangular section are calculated as follows:

x0.832ه 
 ,ا==٨0.012798

12
b0.63د .  وا==0.0054 م

12

A

 mدإ ]-٥51.٥3\٥٥\١9٥٨e\3٥٦١3٥إ

Figure 4.35

A -ي٠- م!"
٤

Figure 4.36



2&6

The properties of the column are cAlculated as follows:

A 6 3x2 1579.93
 د,لدد د

0.0054E 0.012798E E

6 62 1 32 1 ٧oosaEI[ ردد2أ يرر{+رر{٥ ي13178.624 "/''ooiamoaEI 'ooLmE' '  ا ج
15x3 1 1 15x3 1 28516.17

P]  ج1 أ+لإبر5 ير6 ير1 برير ج
2 0.0054E 0.0054E 2 0.012798E E

M =0

The end moments are thus

MM, ٨ م,18.0428516.173 ا  ح اد- ت د" ٠' 12م
1579.930 A

M N.m -=م١8.04 ا M18.04=-ج kN.m

The fixed end moments according to the slope deflection sign conventions are then

Mع٨ g =+18.04 HN.m M18.04=-٦و٨ WN.m

THe stiffمe s factors S nd د,٨م ,وم ة Sور re detemined using te
coefficients C,,6 , و nd C, sه given in Eguations 4.48 to 4.51 and the reltive
stiffhess.

x# dxإم 
3 X ً"" ق

١ و1 و, ا١٠12.2 X' dxا= نإ ير +ير ير4 ير ]wت aا o""ةث s"وت هةا aاةة fأتور" 
 []ابها::.:،:]:أبلة# ف=+ ج4}{9 أ3أ

c, (x-@ لإإم dx
 د

2 » 13 1»)

112?»1 ير12 ر70056.2472
 ، ":، ["خء،[:(سنة. تم د د د ، ، د ،

=25.288



e, "a )جهر .ف ا,ل 4  ،د، د، ،( ي رم1 وق ي،٤ عة

3 t3 I») 13 («w ق"0 w») "0 i)

[n9s9+7osszo7»@مي_قر.فيم(هاإ-2 و(- 
12 0.012798 0.0054 0.012798 •

=40.5418

The siffhess coefficients Are tالs

C40.5418و 
$== (ج0ريع{{٦

(°C,C-C%  ٨ه025.288-(0.5418)(0.5418)

c
S٨و =S0.0251833=4=و٨ 

C,C, -C;

Sوو =S0.040374م= 

Substituting into the slope deflection euations one has

EM180=٨و+,F٨6,0ه+ قد؟ s ٨ أ
-1eمه +[oد su8 [ د3 ه

12

E
M 12 و٨-=١8.0 ]-+م٥ و0 و٨+5 و0٨ أعم

-=18 به+ مه]o74 [ه
12

M١8عه= . [٩٥s1833e ج+o +,%bco3700م

M o م-=18 ]+به ن [ ت746+0.02518330 ج
12

The cuilibrium cuations are

287

M ٥ و=٥ a dم M =Mg٨ +Mw0ع= 

Substituting, one obtains

,0.0251833e+03740 م٥o18.012 ي
E

0=0.0807488+0.02518330 م

 )ه(

@6)
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The solution of these equation is

٥إ6656.836 ل,
 ج٢2,

C E
 ,م-2076.1,

٢= Ia٤.
E

The end moments can now be determined from the slope deflection equations as
follows:

M١8.04=٨و +[o0251833 KN.m =[م013.683
12

M٥٨ =-180٩+[o٥o34a02525ي]-- KN.m12

M =18.04+ [o.040374e, +0.0251833e]-25.025 kNm
١2 -

Mى=٥ 

The bending moment diagram is plotted in Figure 437. Notice that one can use
the modified slope deflection eauations considering the hinge at C, and also the
relative stiffnesses which are the ratios between S , ,مم مً and S g م

25.02 KN.m.

17.3 KN.م 

B.M.D.

Figure 4.37

Example 4.13

Solve the problem of the previous example considering the hinge at C using the
relative stiffnesses.

Solution

In this case, one needs to detemmine the fxed end moment for member BC
considering C as a hinge. This is shown in Figure 4.38 using the column analogy
method.

The elastic center in this case is at C. Using the properties of the column in the
previous example, one hAs



10 KN

 اة ر، ع} ا ى
30 .لا٨.

Figure 4.38
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٢٠و' ا

٨٨-2851617 )ج.(،171097.02
 لآد٠ د،

Y E E

A=a

70056.2588,2323262623
{ ح ،إ ه {}أ±٦ ج ١ (ء#ةاةة "/ا" ةأاءمو»ة (غواه»ا'i م -ا٤

M, 171097.02 ,(12)٠ ،29.29 kNد{ -ع اء ))لا 

B 70056.2588

The fxe end moment at B is thus M[29.29=م kN.m.

The stiffhess coefficients are the same sة in the previous example, except for , ور5
where

5 =٨م5,004037 فم=0.0251833 S0.04037=وو 

c.C.-c2،
s ,xs ذ٥6١o9٩-s» وء ا{":""ا= ,€,C و=00 د»»

The slope defletion equation for member BC is then

M;=292و + (oo24s63e)
12

The euilibrium euation is only at B, where Mم =Mمو +M}[ =0. This gives

-18 به م]+o37 +[,ه9.2 و]+o«663e =[ج٥
12 ١2

· . 2079The solution is 8 -= ي rad.
E

The moments at B and A are obtained from the slope deflection euations as follows:
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M2 =(e +و4 م(29.2024520= 25.02 H.m
12

M13.684,(-02518330)و=18.04+ .م HN.m
12

which are the same results as in the previous exammple,

4.3.8 Applications to Gable Frames

Gable frames are special types of strctures which have inclined members as
shown in Figure 4.39, insteAd of having only horizontal and vertical members. The
geometry of the frame imposes a kind of relative deformation even when the frame is
subjected to gravity loads only. That is why gable frames should be treated carefully
in order to determine the efFect of the distortion in the frame geometry on the various
members,

Figure 4.39

Consider, for example, the symmetrical gable fiame, shown in Figure 4.40, which
is subjected to symmetrical gravity loads. The ftame geometry imposes the kind of
defomation shown by a dotted line in Figure 4.40. By this deformation, each
member in the fame is subjected to a relative displacement between its ends.
DetemminAtion of these relative displacements needs geometricAl analysis as show in
Figure 4.41. From Figure 4.41 and neglecting the axial deformations, one obtains the
following relationships:

g =4 tana=رط ا 

٥=٥ ح=4٥ 'CB sin aCD

The slope deflection equations for member CD, for exAmple, are thus

(4.63)

(4.64)



8
4م

] د اً ك د
Figure 4.40

٥
٤٢٦4

 غ

Figure 44l

- ة  ة
 يه

 ج٦٩
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2E34ا, coMe-26-:/٨ م٥a+6a:ا cص ا٥ cا 

34e٥2E1,Ma e-6e اطم ةe+0 م-٨ م  ا#م-
Lc٥Lc٥

The slope deflection equations for member DE, are

,2E1( ه-د + ٩٨٥e ا"--ء - ٨e م+- اا38 ه  ا ا٨

2E (A-)١, ذ
Me ي ر e -و٨ ء ae/ :ه ا '0  را ا --ءه ا"

The euilibrium euations for this fiame are

(4.65)

(4.66)

(4.67)

(4.68)



Mg =Mg٨ +ee

M=Mg +Meص 

M =Mp +Me

The summation of the horizontal forces in direction of 4p =0

29

(4.69)

(4.70)

(4.7١)

(4.72)

Equation 4.72 can be found either by taking the horizontal reactions at A and
E, or by calculating the horizontal reactions at B and D for the frame BCD. The
solution of Equations 4.59 to 4.72 provides the kinematic variables 8,,0 , ,ح0 م

and .( ه

There are also more difficult situations for asymmetnical frames or
symmetrical frames subjected to horizontal forces as shown in Figure 4.42. The
difficulties encountered in developing the geometrical relationships for these kinds of
frAmes are obvious. The solution, however, can easily be obtained by using the
stiffness matrix method approach II, as shall be shown in Chapter 5.

 ء ا ى 'م٥1١
 م(

١
١

/
/

/
/

١
/

/
١

/

ASYwMEYAICAL

M0TA7wON
C٤٣TRE

Figure 4.42

A-8 ر

$YwAeTAIC4

4.4 THE MOMENT DISTRIBUTTON METHOD

The moment distribution method is basically the slope deflection equation
method but the equilibrium equations are solved by successive iterations, instead of
solving the linear simultaneous equilibrium equations by the exact mathematical
methods.

The basic concept in the moment distribution method starts by making the
stncture kinematically determinate by fixing all joints. This results in fixed end
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moments at the fxed joints due to the applied loading and other effects on the
membes. ln order to Satisfy the equilibrium equations at the free joint, one has to
balance the moment at these joints by introducing an extemal balance moment, The
application of the balance moment must, however, satisfy the equilibrium and obeys
the stifness in each member. In order to clarify this point frther, consider the beam
which is given a balance moment Mg at joint B, as shown in Figure 4.43.

Figure 4.43

The slope deflecion euations for members BA and BC at B are, respectively,

2EIM0+٥ م=0(+2 م)
L  ر

2EIMg =0+(2e,  وا(0+

The eguilibrium at the free joint B reuires that

M M٥٨= م +MEe

$olving euations 4.73 to 4.75 one obtains

(,)
i,a,) "s-)٩٥٨ (4أ,,٨

(,,) ٧ "),إ(fa,@-ء٥

(4.7)

(4.74)

(4.75)

(4.76)

(4.77)

which indicates that the balance moment at the fee joint is distributed to the members
concctcd to this join according to their stifness factors. The stiffness ratios in
E uationsم 4.76 ndم 4.77 are called distribution factors, and their sm at every free
joint must be unity.

The ertemAl balance moment applied to the members at the free joints should,
bowewe, obey the euilibrium conditions. For example, the end moments in member
AB ofFigure 4.43 are obtained as follows:



4EI,M(, م٨)  را ,"}+١,,]«٥=,٥ -م م ]مزم ر,

12E1,
M ٨و=0 و =- M ٥ و

L2ر 
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(4.78)

(4.79)

which indicates that half of the end moment obtained from the bahance moment at the
free joint of a member is given to the other joint of the member. The ratio
(M ( ممM/ ,م is called the carsy-over factor.

The procedure in the moment distribution method can now be summarized in
the following steps:

1. Determine the fixed end moments in all members after fixing all joints in the
stnucure.

2. Determine the stiffhess factors, the distribution factors, and the carry-over
factors for all members.

3. Remove the fixation of the free joints by applying external balance moments
in order to satisfy the equilibrium of moments at these joints.

4. Distribute the balance moments to the members connected with the fee joint
according to their distribution factors and the carry-over factors.

5. Repeat steps 3 and 4 until the values of the balance moments at all free joints
are very small and can be neglected.

6. The sum of the fxed end moments and the balance moments iterations of
steps 4 and 5 gives the final end moment at every joint. As a check of the
solution, the sum of the end moments at every free joint must equal the
extemnal moment applied on that joint. Another check is to calculate the angle
of rotation of the free joint, which must be the same when calculated for the
individual members connected with the free joints.

Rxample 4.14

Detemmine the bending moment diagram for the beam of Example 4.4 using the
moment distribution method (EI= 10' kN.m, c = 10/e).

30o

Figure 4.44
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Solution

The stiffness factors, distribution factors, and carry-over factors are detemmined using
the data shown in Figure 4.44, as in the table below.

Member AB BA BC CB

Stifness coefTicient 4EL5 4EL5 4E/5 4EL5
Stifness ratio 1 1 ١
Distribution factors ١ 0.5 0.5
Camv-over factor 05 0.5 0.5 0.5

The fxed end moments are detemmined from the tables for the cases shown in Figure
4.45 using the signs of the slope deflection equation as follows:

50x5 4EI
M191.25,=+8=+م٨و kN.m

8 5

50x5 2EIMمg48.75,=+8=-+م [Nm
8 5

(T, -r)
Mpg =Ela 2،=+50 KN.m

h kN.mM5م٥ و-=٥ 

The steps of the moment distribution method can be organized as in the following
table. As indicated in the table, afer determining the fixed end moments, joint B
which is a fee joint is offered a balance moment of (-98.75) which is distributed
between members BA and BC according to their distribution factors. One half of the
balance moment is given to the other end of the member at A and C. Similar step is

50K8-002آي،إ ب "ال؟ إ 
Figure 4 45

Figure 4.46

8. M. D
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done for joint C which is given a balance moment of (+30) and one half of that
moment is given to joint B. The steps are repeated until the balance is very small.

c،،د 
CB ] CD

B

1.0
 م»٢.a م

+30
-24687
+24.687 i

-3.75
3.75

-3 085
3.085
-0.468
0.468
-0.385
0.385
-0.058
0.058
-0.048
+0.048

BA BC
،،

0.5 i 05
،،،،

+50
-49.375

+[5
-75

 ا12.343
-6.١71
1.875
-0937
1542

-077١
0. 234
-0.١١7
0192
-0.096

A
٨Bا 

Distribution Factor [
،،

Fixed End Momen  +ا19125
Balance Moment -
Carry-over Moment  أ-24.687
Balance

57s-ا 

-3.08

+0.029
-0.0145

+20-2016.232

+48.75
-49.375

0
.75

0
-6.17١

0
-0 937

0-0.468
0 : -٥٦7١

-0.385! 0
0 -0١١7

-0.058 0
0 -0.096

-0.048 ; 0 ,

, ا،
The bending moment diagram is given in Figure 4.46, which is approximately

the same as Figure 4.8.

ExAmpfe 4.15

Detemine the bending moment diagram for the frame shown in Figure 4.47 due to
the applied loads and a vericAl settlement at B of1 cm downward (EI= 10' [N.m).

30m

3 0m

40 m 4,0mود 

Figure 4.47



29

$olution

The fixed end moments are detemined fiom the tables for the loading cases shown in
Figure 4.48.

M kN.m م٨-=375

M٣g =+93.75-20=+73.75 kN.m
M37.5=+م٨٥ KN.m
Mم g =+20 +93.75=+113.75 kN.m

The steps of the moment distribution method ca be organized in the following table:

Stiffness Ratio
Distribution Factor

+375 -375 +1١3 75
-32.678

-2١.785 0 -36.875
21.071 15.803

10 535 0 ، 8.169
4.668 -3.501

-2.334 0 ، -3.950
2.257 1.693

1.128 0 0.875 0.846
-0.5 -0.375 -0.846

-0.25 0 -0.423 -0.187
0.242 0.181 0.187

٥.121 0 0.093 0.090
-0.053 -0.04 -0.09

-0.0026 0 • -0.045 -0.02
-0.0257 '+0.0193 +0.02

Final Moment 24.8885 ١ -62.6963 ! 62.6963 0

20 20KN A0KN.a.

 "ً,.5 "لا آ

٦---٤ ي٠
Figure 4.48
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The bending moment diagram for the framne is shown in Figure 4.49, which is the
same as solved by the slope deflection equations.

62.72

Figure 4.49

4.4.1 Angles of Rotation by Monent Distribution Method

It has been pointed out that to check the solution obtained by the moment
distribution method, the equilibrium condition of the final moment applied at each
free joint must be satisfied. This means that the summation of end moments at the
free joint must equal the extemal moment applied at that joint. However, the process
of distribution may hid an error which is eliminated at the end of the iterations.
Therefore, one needs another tool to verify the solutions obtained by the moment
distribution method.

Since we are dealing with linear elastic stnctures, the compatibility conditions
should also be verified at every free joint. This means that the angles of rotation
cAlculated at the end of all members connected with a free joint must be the same. ln
order to calculate the angle of rotation, one may use the slope deflection equations.
Member AB, for example, has the following slope deflection equations:

M٨و =M ٣٨ ق +K8+٨ و(28 وe٨)

M٥٨=٨٤٥٨ +K39)٨ مs٨ +9٨)

in which Fم is the relative stiffhess for member AB.

Solving Eguations 4.80 and 4.81 6or , مand8 م8 one obtains

٥٨ و]=M٨ ف-٨ م٨ -)ف05 و(٨-٨ (/)مءsK )و,

٥ م لآ-M٥٨-٨ -{رمم0.5(8٨ و-٨ (/[لفءsK )فم

(4.80)

(4.81)

(4.82)

(4.83)
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It is obvious that one can obtain the angles of rotation from the final results of
the moment distribution method. This tool is very powerf] in detecting erors in the
distribution process. l cAn be augmented at the end of the moment distribution table
as illustrated in the following examples

Ernmple 4.16

Check the compatibility conditions at the free joints ofExample 4.13.

u&ion$لام 

The check can be organized at the borom of the same table used to solve Example
:follows4.13, قف

Member AB BA BC CB

Stifness Ratio (K) ١ ١ 1
ixed end moment (FEM) 191.25 48.75 50 -50

158 774 -16.232 16.232 -20
-32.476 -64.982 -33.768 +30

fother end +32.491 +16.238 -15 +16.884
- 0.5 (FM-FEM) \ 0.015 -48.744 -48.768 +46.884

0.01 -32.496 -32.512 31.256

The results indicate that the angle of rotation at A is approximately zero, and
the angle euals م,0 the angleDg٥. The little difference is coming fom not
crrying out the iteration to fll convergence. One can thus sketch the defome
shape of the beam as shown in Figure 4.50. Notice that if the exact stiffness (2ELL)
has been used instead of the relative stifTness (K), one obtains the exact values for the
angle of rotations.

Example 4.17

Deemine the Angles of rotation in Example 4.)4 and draw a sketch for the defommed
shape.

9A
 ي

٥

Figure 4.50
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Solution

Member

StifnessRatio(
ixed end momen

F

AB

4
37.5
24.8885

CB

4
7375
0

The results indicate that the angle of rotation at A is approximately zero since
it is a fxed suppor, and the angle is وح0 approximately equal ، ح8 The deformed
shape of the frame can be sketched as shown in Figure 4,51.

Figure 4.51

4.4.2 Applications to Members with Moments ReleAses

It was shown in section 4.3.3 that the modified slope deflection equation 4.15
is used when the end of the member is a hinge with zero moment. ln the case that the
relative displacement is zero, the equation can be written as:

3EI٠٠٧
، 8e٨M٨٨ =M٤e٨+ L

where member AB is hinged at joint A which has zero moment.

(4.84)

Equation 4.84 indicates that the stiffness factor for a member with a moment
release is (3El/L), not (4ElL) as was shown before for ordinary members. Thus, one
can use this modification in the moment distribution method whenever a member has
a moment release. The modification can be done by multiplying the stiffness factor
(4ELL) by the fiaction 0.75. In this case the distribution of moment to the hinged
Support is always zero.
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Example 4.18

Solve Bxmple 4.13 using the modifed stiffness factor for member BC.

$olمزب n

One proceeds as in Example 4.13 but the stifness factor of member BC is multiplied
by 0.75. The steps of the moment reع organized in the following table:

Joint
etber

Carry-over Moment
Balance
c

-32.5
+32.5

0
6

-8.571
0

-16.25
65
+16.25
48.75
-32.5

+15
-6.428
0

16.25
-33.75
-15
8.75
-32.5

+20

Oe rotices the fast convergence of the iterations leading to the exac solution which
gives te rotation at A is exactly zero, and 8, . و عر}=

Oe can solve this problem by using the fixed end moment Mز for membe
BC which is fxed et A and hinged at C. This sometimes provides faae ه
convergerce for the distribution process. Th sohution according to this methd is
shown in thwe next table:

Joint
Member
Stifhess Ratio
Modifie Stiffess «

Bلa ance Moment
Carry-Over Moment
Balance
c

Exmple 4.19

Solve Example 4.14 using the modifed stiffess factor method.
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Solution

The steps of the moment distribution in this case are given in the following table:

M
Balance Moment
Cary-over Moment
Balance
Ca

One can also use M}gfor member CB which is hinged at B insteمd of

M . م و The value of M[و is calclated using the fixed end moments tables as
follows:

»0 لرذ
M; 3PL 3E3ا x20x8 100 77!k.٨Fgp= ٢-+ +د -ل76 5/لإ ر

16 12 16 82

The steps of the moment distribution in this case can be organized in the nex
table. One notices the fast convergence leading to the exact solution of the problem.

 م٤ا
 د ر

Joint

alance :ليج Moment -
arry-over Moment  ا-12.6
Finalmgment(FM)! 249  ا

.4.3 Consideration of RelAtive Displacements

It has been pointed out that the moment distribution method deals basically
ith the moments at the joints, and the distribution process depends on satisfying the
quilibrium of moments at every ftee joint. In the presence of relative displacement
etween the joints of a member of known quantities like settlement, one uses the fixed

end moment due to the settlement as was shown in Example 4.14. However, if the
structure is subjected to sidesway or defommation, which also need to be detemined,
the problem can be solved by the moment distribution method if the sidesway is
assumed to have a specific value in order to camy out the distribution process. By
using the equilibrium of forces in the direction of the sway, one can detemmine the
exact moment And the exact relative displacement, in the members.
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To illustrate the procedure, consider, the portal frame shown in Figure 4.52,
The applied loads impose the deformation shown by the dotted curves. In orde to
solve the problem by the moment distribution method, the frame is prevented from the
sidesway by applying the force H as ر shown. The value of H, is obtained afer
detemmining the final moment M, and from studying the eguilibrium of the forces in
the direction of tHe sway. Since the sidesway ٥ is unknown and it is difficlt to
detemmine its magnitude when applying the force H, in the opposite direction, one

٥y.'Thi و assumes a cerain value for the sidesway which is denoted byا alون 
assumption assists in calculating the fixed end moments due to the assumed sway for
the strcture. The moment distnbution of this stnucture provides the final moment
Mر . The magnitude of the force H; which has caused the assumed sway 4' can be
calculated from the equilibrium of forces in the direction of the sway. If one is
fortunate, the force H, should be equal and opposite to the force H. However, one
cAn corect any deviation by linear interpolation since the stncture is linear elastic.
This means that the value of ٥ and the final moment M of the actual stncture can be
detemined by the following relationships:

 بم

H
٥=٥' H,

H
M= M, + ,M,H -م

1

 ومن

Figure 4.52

٢

42

(4.85)

(4.86)

8,

One should, however, realize that the above process should be repeated for
every unknown relative displacement. For example, if one has the three story fAme
shown in Figure 4.53, in this cAse one has to solve the problem by the moment
distribution method four times as illustrated in the figure in order to obtain the final
moment diagram. The interpolation factors [,, , و and [, which are applied for the
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assumed deformations A,,4و , and &, can be obtained by writing the equilibrium
equation of forces in the direction of each assumed sway as follows:

H8ر- , H/+86, H;+8, H7" =0

H, +9 H,-8, H; +8, ;=0
H, +٨, H} +6, H;-8, H=0

(4.87)

Values of the forces H,,H,,H,, and H;" fori=1,2, and 3 are obtained from the
equilibrium of moment distributions M,, M5, My, and Mم .

M M2 ر

Figure 4.53

k3 M٩٥

from:
The final moment M and the sidesways , ا0,1 and can و0 now be detemined

M=M,+٥, M, +8, M6و+ , M,

٥ =ر8,٥\

4 =و8 ر4,

٥=,4,8 ز

(4 88)

(4.89)

(4.90)

(4.91)

For example, the value ofH and H, in Figure 4.,52 are determined by studying
the equilibrium of forces in the horizontal direction as shown in Figure 4.54. The
horizontal forces H٨, HM, H1 , م and H» are determined as follows:



P4M  أ{ +ح١ قم+٨٨ ه
1A  ا هم هما

Mc٥ +M٨٥cأ{ ج 
IB Lco

Mر٨و +M2 أسع٨٥٨A­  همما

M ٨ مر +M ٨٥ م
L2B أن ح

cD
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(4.92)

Values of H, and Hر are thus obtained fiom solving the following equations:

H,+H٨٨+h\٥-٩=٥
H٨٨+H1و -H0(4.93) =ر

p,

Example 4.20

B

M,

١%٠

H١٥

Figure 4.54

B

M,
H26

Detemmine the bending moment diagram for the beam show in Figure 4.55
(Example 4.5) using the moment distribution method (EI = 10' KN.m, a = 1038,
K=10 kN.c).

Figure 4.55
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Solution

In this problem the settlement at B is unknown, One thus solves the problem in two
stages. The first stage is to assume B a rigid suppor without settlement as shown in
Figure 4.56. The second stage is to assume a certain amount of settlement at B, as
shown in Figure 4.58. The final bending moment is obtained using the superposition
and equilibrium principles.

Stage 1

0 B 2 KNh

Figure 4.56

The fxed end moments are detemined from the tables according to the signs of the
slope deflection equation as follows:

T -T w»M  إ .ل"333 ذE"3 ء٨و ء=
h
kN.mM١0.667=-م٥ و 

Mع g33.333=+و HN.m

The steps of moment distribution are organized in the next table.

The reaction force Hy which prevented the settlement at B can thus be
detemmined from the equilibrium of forces in the vertical direction. Using Figure
4.57, one has

H, =8-2.95-3.933=1.117 kN (upward).

Stiffness Ratio
 ب ،

Modified Stiffnا 
 م ،

n Fact

10.667
Cary-٥ver Momen} 0 / / ا5.334 ا١66670

 .تيه#ا 3، أأ#-يثا ة
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 صشع(ثب
sKN} د8 ]د٥0٢٥٥

٨2.95KN[295K

Figure 4.57

SuAge 2

Aعsuming a certain deflection at B, say ,cm ا the fxed end moments due to this
ccording to the signs of the slope deflection equation are calculated usingق ttlementعو 

Figure 4.58 as follows:

M, 6EI٥ 6EI(0.01) 166.667 kN  له ، ح ع٢ {٤ر
FAA 12 62 "

M, 6(2ED)٥ -12El(0.0) 187.5 WN  ح ح٥. رم

mec 12  ج2

٥-١ Cس-- ---حيي٨- 
 ة+]

A

Figure 4.58

Mعg٨+=١66.667 kN.m

Mp187.5=-و kN.m

c

Thرe steps of moment distribution of this stage are g venن in the following table:

Cany-over Boment
Balance

cim-.owe
Final Momentا 

١66.667 ,
0
0
0
6

166.667
8.333

-83.334
-4.166

0
87.5

The forces H, which has caused the assmed settlement d'= 1 cm is calculated fom
the euilibrium of forces in the verical direction. Using Figure 4.59 one has

H} =14.5833 +109375= 25.52 kN (dowward)

order to detamine the final moment diagrAm, the following euilibriumمل 
(is develnned usinc Fiore  مoزم4.60
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87.5
M،ر( 

f7ewmm m»7f ")[«د(]770 د77٩6٠

Figure 4.59

+ =ج

R =H٥ -8, H

 مم كيم
f،  و ة{

Figure 4.60

Since R=K٥=Kp, 8', one has

10٨, =1117-25.528, , which leads to  أأد,م003١44
35.52

The final moment at B is thus obtained from

M ,M= ور +8,M352.26(=87.5)0.03144+23.6=+و kN.m

The deflection at B is also obtained from

٥,]=٥'=0.03144 cm

which are the same results obtained in Example 4.S. The bending moment diagram is
given again in Figure 4.61

Figure 4.61

Example 4.2I

B.M.D.

Determine the bending moment diagram for the frame shown in Figure 4.62 (Example
4.6) using the moment distribution method (EI = 1o' [Nm". a= 102/%e)
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25٢N/m

N6ز# 

6.0m

١ -أرحو
Figure 4.62

 دلم$tم«

THe fame is sbjected to a sidesway in the right direction. The solution is obtained
fom tte sm of two stages. ln the first stage the frame is prevented fiom the
sidgwy, ndة in the second stage a certain value to th sway is assumed, as shown in
Figre 4.63.

Figure 4.63

SuAge 1

The fxed end moments of member BC are detemmined fiom the tables according to
the signs of the slope deflection euation as follows:

2 /T-T ،2 ٧M ٩ أ. ،.e25رر {؟)" x2 ٤ ب ،R ح ح. {٤م.HN ء2023667
FEC 12 h 12 0.6

MFce =+36.667 KN.m

The aeps of moment distribution of this suAge are organized in the next table. The
whe ofH is detemmined from the euilibrium of forces in the horizontal direction, as

:n in Figure 4.63 as followsف 
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Joint
Member

' -2.61
 ا1.309

-0.74
nده /

 ا-0.18

١ ز05
 و+٥6
0

5.238
0

1.309
0

0.374
0

9.167
0

2.619
0

0.654
0

0.187

،

Distribution Factor
،

alance  أ0.093/00930 ا-0
Carry/-over 0046 0 [-0.053  ااًل_شش»: وثي اله ء.0

whereH, +H, +H, -36=0

Mand H,=-CD3.524ي. k
6

M +M
H AE ب 'BA 6343 KN٨= 6

H,=36-H,-H, =33.181 kN (in the assumed direction).

Stage 2

ln this stage, the frame is subjected to an assumed sidesway, say A'=١ cm. The fixed
end moments due to this sway are determined from the tables according to the signs
ofthe slope deflection equation, as shown in Figure 4.64, as follows:

6١o5،  ا
+ 6El ٥o'" ز WN.m5M د، د ، e مM= ومM٨= ما٨ و =M١66.667=+=36 م٤٨L

;:
M¢٨A

Figure 4.64
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The steps of moment distribution of this stage are given in the following tAble:

BC CB CD Dc
١ 0.75 0.75

0.5
0

, Balance Moment -83.334 -83.334
CArry-ver Moment 1.667 0 7.619
Balarce 0 23.809 23.809
Cary-over 11.904 0 35.715

/ Blance 0 -17.858 -17.858
Cary-over8.929- ا 0 ١ -3.401
Balance1.7 ر
Carry-over0.85 ا 0
Balance -1.275 ' -1.27
Carry-over .٥6 /ةد 0 -0.24
Balance 0.121 0.121 0.365
Carry-over 0.06 0 0.182 0.06

، Balance -0.091 -0.091 -0.035
c -o٧e٢ -0.048 0 -0.017 -0.046

128.199 89.75 -89.75 .64.134

The force H, which has caused the ssumedع swy 8' =1cm is obtained from

H,=H,+H

M +M MH = ,BA' هى CD 47.012 kN
2 6 6

The interpolation factor [ is ر obtained from

H 33.18,6 ا,٥057  ه م ع

H,  ا47012

The actual sway A is obtained from 8=,A'=0.7057 cm.

The final bending moment M is obtained by the sperposition of M and ر [ M ر
as given in the following table:

DccDCB
21.144 -21.144  افغغة افغؤة ة0

024.11-24.11

AB BA BC
12.686 25.38 -25.38
90.47 63.329 -63.329

103.15 88.7 -88.7

The blending moment diagram is given in Figure 4.65, which is approximetely
1he sعme as the results of Example 4.6.
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24.097

B.8..

Figure 4.65

4.4.4 Non-PrismAtie Members

ln order to use the moment distribution method for non-prismatic members,
one needs to detemmine the fixed end moments and the stiffhess factors for these
members. It has been shown in section 4.3.5 that the stiffhess factors for a non­
prismetic member AB are obtained from

EC,E
==$} ٤٨٨٨٨ c,c. c2L١3- 2

E C, E
K =  ,ي ت=

BA 'BB cc. ،c2 L١ 3- 2

E C EK =5 =AB ٤ .A ccق c? L١3- 2

(4.94)

(4.95)

(4.96)

where the coefficients C , ر C, and Cو are as defined in equations 4.20 to 4.22 and
given here again for completeness as follows:

٢١2C,=lوث dx
L lx)

2c, 'x- إم٤  ح لأ] ن

1I)"02

2c, ' لا-@إم 3 ح ا " 13Ie)

Equations 4.94 to 4,96 indicate that the carry-over faم 
denoted by Cفم is given by

F ٨ و C,=مم( ==م 
K ٨٨ ر€

(4.97)

(4.98)

(4.99)

iom A and B which is

(4.100)
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Similarly, the camy-over factor from B to A which is denoted by CAم is given
by

K٥٨ C,د ==Ce٨=
K ٥ و C,

(4.101)

It is obvious that symmetric non-prismatic members have S٨م the same as SAE,
and thus C = فم Ceو . Once the stiffness factors, carry-over factors, and the fixed end
moments have been detemined for each member, the moment distnibution prOcess
can be caried out in the usual manner.

Example 4.22

Detemmine the bending moment diagram for the beam shown in Figure 4.66 (same as
Example 4.l1) using tte moment distribution method.

Figure 4.66

 Hب"أ
18.٥4 K8 m

n.96 ٧N m.

Figure 4.67

Solution

The fixed end moments of members AB and BC can be obtained by using the unit
load method or the column analogy method for the beam shown in Figure 4.67. The
solution by the column analogy method was obtained in Example 4.1l and is given in
Figure 4.67. The fxed end moments according to the signs of the slope deflection
euation are

M kN.m م٨ف=0418
M kN.m حم=18.04

M٠١804=٤ و٨ KN.m

M kN.m م٤ و-=18.04
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The stiffhess and cAny-over factors can be obtained by calculating the coefficients
C,,6و , and Cم . According to Example 4.11, the values of these have been
detemined As follows:

C,=40.5418C,=2288C,=40.5418

The stiffness coefficients are thus obtained as

EC,E A؟ ooo7اخ- -ا- Kce=-هه» وو Lؤ c, C,-cا/ 

E C, EK٨و =Kم٨ =Kae =K «K و -ا؟=-/,002518 د ج
L C,6,-C; L

The carry-over factors are thus

5٨ و 0.0251833Cوم و@=٨ =Cee =Cc0.62366=5 هم0.04037 ==و

A B c
ber AB BA BC CB
1ess Factor 0.0403 E12 0.0403 E12 0.0403 E12 0.0403
ess Ratio (K) 1 1 ١ 1

Distribution Factor ١ 0.5 0.5 1
Carry-over Factor 0.62366 0.62366 0.62366 0.62366
Fixed End Moment 18.04 -18.04 18.04 -18.04
Balance Moment 0 0 18.,04
Carry-over Moment 0 0 11.2508 0
Balance -5.6254 -5.6254 0
CArry-over -3.5083 0 0 -3.5083
Balance 0 0 3.5083
Carry-over 0 0 2.188 0
Balance 0 -1.094 -1.094 0
Carry-over -0.6823 0 0 -0.6823
Balance 0.6823
CArry-over 0 0 0.4255 0
Balance 0٥ -0.2127 -0.2127 0
Carry-over -0.1326 0 0 -0.1326
Balance « 0 0 0.1326
Cary-over 0.0827 د
Balance -0.0413 -0.0413
Carry-over -0.0258 0 0 -0.0258
Balance 0 0 0 0.0258

25.0136
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Figure 4.68

The bending moment diagram is given in Figure 4.68 which is almost the same sه
Figure 4.37 of Example 4.11.

4.4.5 Non-prismatic Member with Moment Releases

The derivation of the modified stifFness factors accounting for a moment
relcse at the ed of a nonprismatic member was shown in Section 4.3.6. For member
AB which is hinged at the righ end B, the modified stiffness factor is

«· 1E
8٨c L

in which A represents the unreleased end of member AB.

If member AB is hinged at A, the modified stiffness factor at B becomes

1 E•
،K = وم C L و

One can also prove that Equation 4.102 may be replaced by

K,٨-K ( مهC فC-) ٨ه

(4.102)

(4.103)

(4.104)

where Cفم and C٨ are the camry over factors given by Equations 4.100 and 4.101.

Similarly, Equation 4.103 may be replaced by

('-C ٨ و C (4.105) وة»=K٥( ءه

l٨ wing F,و orKوز for members with a hinged end, one can disregard the cry­
Gwe moment to this hinged end. This prompts the process of convergence during the

.ooeaw disributionه 
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Example 4.23

Solve Example 4.21 by using the modified stiffhess considering the hinge at C.

Solution

Since the support a4 C is hinge at the right end of member BC, the modifed stiffhess
factor for member BC is

• 1E EK0.024666=-=وم kN/mC,L L

0ne can eه the fixed end moments Mpge and Mع cg, or use the modified fxed end
moment M}gg. The steps of moment distribution considering Mrec an Mpes are
given in the following table:

The moment distribution considering Mجز which was determined in example 4.12
is shown in the next table.

The reslts are the same as exAmple 4.21.

Rrample 4.24

Detemmine the stiffhess factors and carry-over factors for the beam show in Figure
4.69.
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 'رل،ا".," ،لا
»[o«٥ إ«٥٥ إ« ،٥ إ«٤٥ ل«٥٥٨ ل، 

Figure 4.69

Solation

The coeficients CI, C , ر and Cو are calculated for member AB considering point A as
an onigin, As shown in Figure 4.70.

A

Figvre 4.70

Le,٠1٦(-2}مث ،

)(I13 ت ج

 {]ب {ا] د {ب٤٤ /ي. ،٤3 ء-ع ، ي، ظج.عن .إ[.،2, ها(1 )و

15I(6) ة اI ذi2 ذ161

Lc !f±(-xه {إ ول 

)(I132 ج

(4e77n9),١{,]٤@٥ و-٤3»٤٤٨"{٤@٤ )ك- -ا[ه١ ٠ و[} لأ ع} د

1١32I١2Iة (t6) ٥ 151

dx[ م=ر1C ا42
L ٥I()

 ب د ر] براه د جر{,ا٨ ،3± وفيي،و] بيو(ب اووو

163i121ة1 ذ () 15L

From eutions 4. to 4و 4.101 one has for member AB
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 ب ه ، د ر ب٢، ,ء ,د جوي(ج),٥'٤ ل ليدمهء
1616699201.5.C,C,-C?L٨٨

». ب- ي إ(إ), د)يي إ$موء.ك»  د ه ب د ر صد8بب

i6166992o.5,c,C,-c}L8م 

cC ,c، و٥6162593.7775 o5.ss5هه 
c ,C و593.7775 م5ر3 و

 ح هد د١4ي

B٨ C, 1091.555

The coefficients C), C, and Cو are calculated for member BC, considering the origin
is at B, as shown in Figure 4.71.

 [ما

 ر-مد]ً ه١دآ
Figure 4.71

٢

٨2L ,١٦c خ)«-( و  د ب لأ]

I@)3 1

ss97,١}4٤ ،غ{4 )و-ع}4 يع و(د-إ[ه  دلأ]}3 أ د ب

١2 ذ11 ١5II2 ةI(6)

,١s)e(٤ ذو٦7
12 163

٢e١٩٩s)e  د

 ا1163

For member BC, the stiffness coefFicients are

c »wا-ء» إ$د««د،-جا,ج±ج 
١6C,C,-C; L

C E EIKee= »K ا »=جا"-40 لإ%د
C,C,-C; L 16
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3 +w; ١E_ ،El ا١6 RN4 "وود ر ، ،

BB C,L 963.555 L L

EI• - HN٨K K= وؤ ٨فC-) وم C25094(=و٨ L0r,

Gء ble Frames4.4.6

The dificlties in analyzing gable frames by the slope deflection eguation
were pointed out in Section 4.3.8. These difficlties are encountered from the
geometrical analysis of the defomed shape of the frame. One will have more
dificulties if he intends to use the moment distribution method to solve gable frames.
The reAson is that the moment distribution must be applied for undistorted fames or
for frame of known distorion. For the symmetrical gable fame shown in Figure
4.72, the moment distribution has to be carried out two times. The first time is to
restnain the fame against any distorion. The second time is to assume a certain value
for the distortion d' in order to camry out the moment distribution. The exact values
of ٥' and the final moment M are obtained by interpolation afer d teminingع the
imposed forces H and ر H, from the eguilibrium conditions.

c

٥ جه و#
 ج

wHبم 

Figure 4.72

The problem may even be more difficult if the symmetrical fiame is subjected
to unsymmetrical loading, or the fame is asymmetric in geometry. For example, if
the fiame is subjected to asymmetric loading as shown in Figure 4.73, one has two

€

٦-٣ تم جج {،ص ٢٩ ٥٦ ٦ ٨2 ٤-٠ ١ ،4 و،
١ ا

' عك{{
١ -
٢

٤
 كف رفن و، م#

Figure 4.73



320

unknown SWays, &١, , ر4 and the problem has to be solved three times by the moment
distribution method. Therefore, it is recommended to not solve these kinds of frames
by the moment distribution method and use the stiffness matrix method which is a
more generAl method.

4.5 THE USE OF CASTIGLLANO'S FIRST THEOREM

In order to apply Castigliano's first theorem, the strain energy must be written
as a fnction of the displacements. The general form of strain energy is given by

-2 ]=ا٥"dv٤ ر -

Castigliano's First Theorem, as given in Chapter 2, states that

 _ة٨
a0, '

where A; is the action associated with the deformation D,.

(4.106)

(4.107)

The applications of Castigliano's First Theorem are very limited and usually
fit the small kinematic indeterminate problems By applying Equation 4.107 at the
free joints, one ends up with a number of equations in terms of the unknown
displacements. The following simple example illustrates the procedure:

Erample 4.25

Detemmine the displacements of joint C in the tnss shown in Figure 4.74, (EA = 10
KN).

8 م

Figure 4.74
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Solution

The tnss has two degrees of freedom at C. Let the kinematic variables be expressed
by 4٨ and ,، ا which denote, respectively, horizontal and vertical displacements at C.
Assuming that the internal forces in members CA and CB are in tension and are
denoted by Pم and Pg, respectively, the strain energy is thus given by

L
2,2 ه "ور'٤ =«ه'٤ آ"٤A اه

١ ?%L ١٢}L
 د د ،

2 EA2 EA

lsing the relationship berween the axial deformation and axial forces one may write
the strain energy as

 دد د د، ن١E٨ ج1E٨ 2ج
2JaT ٨ 2t '

where P = EA .Lال

Now, one has to find the relationships between 4, . 2ل٥ و-٥= Using Figure 4.75
and assuming small deformations one can write

4=4 و

4=٠2 ٥٨-4٠
2

 د-د، د إ_ن٤٨/٥٠٣٥٠)٠١٤٨ برر
2١ ',52٠L

One can now apply Castigliano's First Theorem at the free joint C as follows:

a ,ab،(, و6٨.(٨, ه 2.2L '" ''

:
٤

 م٢
 ب،»،'

Figure 4.75

(a)



E ٨a ر . ل م« EA.( ٨, م)ه  ة22L,5'' ٠٧'L ٧' ح ، هدا

Solution of equations (a) and (b) gives
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(b)

30L4, =-=-1.2cm (T)
EA

)(m =6.85 cm0.0685=4 م

4.6 THE STTFFNESS MATRIX METHOD : APPROACH I

In this method, the slope deflection equations method is formulated using
matrix operations., The method can be fommulated for whether the members have
relative displacements or not.

4.6.1 Members Without Relative Displncements

ln this approach, the slope deflection equations for each member are collected
in a matrix form. For example, the slope deflection equations for member AB in A
matrix form become:

4EI 2EI
9٨L1M٤٨»M AB اتم٨t:1ف

In a short form, one may write Eauation 4.108 as

M ٨ و =Me٨و +S٨و B  هم

(4.108)

(4.109)

For a stnucture consists of a set of members, Eauation 4.109 can be repeated
for each member. The structure shown in Figure 4.76, for example, the slope
defection equations are collected in a matrix form as

B c

Figure 4.76
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Dهم$٥٥9 و ه Mع٨م Mهم 

Dec000Sec٥MمacMec
(4.110)2٨c/0٥S٨c0٥٢= Mم٨ cM٨c

Bco0Sco0٥٥Mم coMo
DcoSce00٥0Mم coMo

EauAtions 4.110 can be witten for any stncture whose members are not
subjected to relative displacements. lt can be expressed in a general form as

(4.111)M, =MRa + [s,l٥,

in whieh M4"%%bers emnd moments. M٤, contains th members fxed end
mwoments, ndع [ يه is the augmented members stiffness matrices.

The compatibility conditions for the frame of Figure 4.76 can be stated as
follows:

(4.112)

0٨e=86٨ و=٨
6ae=88 و٨=٥

6a٨ =e =6e =6ae=-8
8a8=م 

where 8 , .م .م0 ج a dم 0, are the kinematic variables at the joints of this stncture.
Eaution 4.112 cمn be expressed in a matnix fom as

(4.113)

0٨ ه 1 00 0

8 و٨ 0100

0ec 0 100

8c0٥10 و ٥٨
8٨e ١ 0 0 0 8 و
%e٨ 0 01 0 8
0 ع 0 0 0١ 6 م

8co 0 01 0

6ce 0 01 0

0ec 0 0 0 0

Eaution 4.113 cمn be expressed in s shor fom by

(4.1١4)2٥، =G٥

where£ is cال ed te compAtibility or connectivity matnix.
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ln order to solve the problem one has to appy the equilibrium conditions at
the fiee joints. For the strcture of Figure 4.76 one has the following equilibrium
conditions:

(4.115)

M٨=M٨٨ +M٨e
Mم =M٤ +M٥٨
M =Mى +M٥٨ +Ma +Me
M =Me

Eauation 4.115 can also be expressed in a matrix fom as

M٨و
Mم٨ 
Mac

M٨ 1 000١000 0 0 Meو 
M 0١١00000 00 M٨e (4.116)
M 0001 0١01١ 0 M٥٨
M 000000١00 0 Mae

Me٥
Me
Me

Comparing Equation 4.116 with Equation 4.113, one may write Equation 4.116 as

(4.117)M=g" M٨

where N is a vector which contains the extemnal moments at the free joints.

Substituting Equation 4,111 and 4.114 into Equation 4.117, one obtains

(4.118)M٨-٤"٥٨٠ +c"ks,kc٥

Eouation 4.118 can also be written in a shorter fom as

(4.119)M=M, -+[s]٥

where Nr and [S] are, respeetively, obtained from

(4.120)TM٤=G Me

(4.121)s}- c" s.lcا 
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Eauation 4.19 i now in a suitable form to be solved for the unknown displacements
D :a followsف

٥-[s}' (M -Mم ) (4.122)

It is a common practice to call the terms (-Mء ) in Equation 4.122 by the
euivalent joint momens due to the direct loadings on the members. lt is obvious that
this matri approach is suitable for computer applications. The analyst sTores the
stncturلa data in the fomm of [S,], the loading data in the form of M and MEم , andي 

finally the compatibility matrix G which is obtained from boundary and connectivity
conditions. The matrices M and S are then calculated by matrix multiplication
according to Equations 4.120 and 4.121 The fee displacements are obtained
according to Equation 4.122. The member end moments are determined from
E uationم 4.111 using Equation 4.114.

Erample 4.26

Detemine the bending moment diagram for the beam shown in Figure 4.77 using the
stiffness matrix method - approach l. (EI= 102 kN.m, a= 10'/%e).

Figure 4.77

Solution

The stiffness matrices S andوم ,Spي are deemined as follows:

4EI 2EI

EI==ا cو S=$فم f:::د 
The members stifhess matrix [S,] is composed as follows:
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0.8 0.4 0 0

 ر

0.4 08 0 0
S =EI

mn 0 0 0.8 0.4

0 0 0.4 0.8

The degree of freedom in this stncture is two, which represents the angles of
rotation at B and C. The compatibility equations are put in a matri form as

0٨ و
6 و٨

8ac
8e

 ب:إ:٠
# "بب،٢ بنتن"»

Figure 4.78

The fixed end moments are determined for the cases shown in Figure 4.78 using the
tabls and according to the signs of the slope deflection equation as follows:

4E1 50٧5
M١91.25,+-=0م٨ =و kNm

5 8

2EI 50»5
M 4875=-٨=g٥٨ ع kN m

5 8

(١,-٦)
M g ع =E150م.2ء KN.0

}
M g ع0 =-50 KN.m

The fxed end moments are collected to form matrix M[, as follows:

M}, =[91.25 4875 50 -50]

The matrix M, and [S] are obtained according to Eauations 4.120 and 4.121 as
follows:

98.750١١0 ٤,٤ ءء" ا" "او،د أ" -50-000]--
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1.6 04
Bا٤- k.lc-(' -- 'ا 0.4 0.8

Substituting into the equilibrium equation one obtains

M=M ٥[s]+ م

/٠/٣/٣٠1إ ا;إج" ز: 1=+E=
 م-M20-0040850 [ح

The deformation D is solved to have

8 و١٢-8١25
=D- [-»" أماء،اة

The members end moments are calculated from Eauation 4 ]l١ as follows:

M٨ =M٤٨ + {S,19

M ٨و 191.25 0.8 0.4 0 0 0 158.75

M٥٨ 48 75 0.4 08 0 0 - 81.25/EI -16.25
+ EI kN.mا =

Mac 50 0 0 0 8 04 -8125/E1 : ا6.25

Maه - 50 0 0 04 08 78 125/EI [-a
which gives the same resuls obtained previousy The bending moment ,diagram is
given again in Figure 4.79

Example 4.27

Determine the bending moment diagram for the frame shown in Figure 4.80 using the
stiffness matrix method approach l, where Support B has displaced down I cm, and
EI = ١o? KN.44.

Soltion

The stifTness matrices Sc and S are determnined as follows:

٣- ٦8
 ا

Figure 179
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 و٥ى ا
Figure 4.80

4E1 2EI
6 6

S٨e=ا٠ Scو =
2EI 4E1

6 6

4EI 2E1
8 8

2EI 4EI
 د

8 8

The members stiffness matrix [S,] is obtained from

+٠1%
0.667

٥ 0.333
- =EIأته"، 

0

0.333

0

0

0.25

0

0

0.25

05

0.667 0

0 0.5

The degree of freedom in this stncture is two, which represents Be and 0g.
The compatibility eauations are 0٨e= 0, 0,= 0e, and 0e = 0. These relations are
put in a matrix form as follows:

8٨e
8e٨
0cو 
0Ac

0 0

1 ٥ 0
' ا:٤ ن»-ا 00 ج

0

The fixed end moments are determined for each member using the tables for the cases
shown in Figure 4.81, and in the signs of the slope deflection equation.

50x6
M37.5==م٨٤ HN.m

8
; M37.5-=م٥ و WN.m
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c

5oKN
٢

٥-١٤m.

A

Figure 4.81

20٢8 6EI 1
M١١75ااز=+=+=وم= KN.m ٠ M73.75=9375+20م=- KNm

8 8 100

The calculations of Mم and S follow equations 4 120 and 4.121 as follows:ي 

M},=[37.5 -375 1175 737s]

0 0 76 25M -cTM - M٤= kN.m٤---F ٨٩- م 0 0 ١- 7375

0 333 0

ks  ر

0 667 0 167 025
[s]-c" , G=EL- 0.5 =EI

025 0 25 05

0 25 0.5

Substituting into Equation 4.119, one obtains

M 7625 1.167
= +EI  إ::ا إ:ً ا٠ ء

The solution for Oe and 0 gives

١ -37.7880
٢ad.=المدراة-ً::ا 

%\0.5 0g 0

The end moments are now calculated using Equation 4.111 as follows:

M,٨=٣٤٨ + k,l٥,



330

M ٨e 375 ٢ 0 667 0 333 0 0 0 24.916

M٠٨ - 375 0 333 0 667 0 0 - 37.788/EL - 62.704
+ E1 kN.mا 

M 1 وح 13,75 0 0 0.5 0.25 -37.788/EI 62.704
M73.75 م 0 0 0.25 0.5 - 128.606/ El 0

The bending moment diagram is given in Figure 4.82, which is the same as the
results of Example 4.7.

Figure 4.82

4.6.2 Effect of Members with Moments ReleAses

]fthe moment in a member is released at one end, one may use the modifed
slope deflection eauation, given in Eauation 4.15. For any member AB which has a
hinge at B, one may write Eauation 4,15 in a matrix form as follows:

]3Eم:' [";اداء.:}0 م, ه ه]- 
where the stiffness matrix is م,ي in this case of dimension ١ xl.

(4.123)

The procedure for obtaining the solution is the same as in the previous section.
The following example illustrates the procedure'

ExAmple 4.28

Solve Example 4.26 by using the moment released at joint B for members BC.
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Solution

The stiffhess matrices S,ح and S، are respectiveأ y given by

4EI2 بءEI

2EL

: 3EIs-=ال - 8

The members stiffhess matrix [S] is thus given by

0.667 0.333

F.]-a/  د«هً د»،
0 0

0

0•
The compatibility relation between 0 ,0cE.c.0c٨ م and0 is ح

00٨c

6c ;ج:ا /أ٠٠  ص ا

 د7 و٢%
76.875 KN.م 

Figure 4.83

 ه

١ 1٤m

The fxed end moments are obtained for the cمكes shown in Figure 4.,83 using the
:bles and pt according to the signs of the slope deflection equations as followsها 

50x6
M37.5==م٨٥ kN.m8 M37.5=-م٥ و kN.m

• 3x20x8 3El(0.01)
h176.875'،= =+٦ و kN.m

١6 8
One cمn mow fomm MR .Mم and [S] as follows:
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M1},=\57.5 -375 78.87s]

Mم =G" M٤, =39.375 ٤N.m

[s]-g" [s,]C-EI0.042) kNa

The euilibrium equation is M = 0, which gives

M=M٤ + [s]٥

0-39.375 1.042 EIO

The solution for 8 gives E1/ -=م037.788 rad.

The member end moments are obtained from

M=M٤= M٤٨ + [s [ ,م g٥

24.916٥ l٥ EI اب,اا.٠
6270.375١ 1

0333

0.667

0

375M06670 إ:يا ري:.٠ م٤M'7687م s
which are the same results as in Example 4.26.

4.6.3 Members with Relative Displacement

In order to consider relative displacement, or sidesway, the slope deflection
equations (4.7) and (4.8) must be used. According to Figure 4.84, the end moments
and shear force in member AB are given by

(4.124)34٨e2EI
M٨٥-٨e٨ و+208 =M٤٨٥+ LL

 ا"-( صصر )ة"
 ومى؟أvs أو

\٠ ا،

 ينيم {لإج
 ،إ-٠٠

ACTION50٤FORHATION5

Figure 4 84



348٨2E1
٨٥٨-٨ +,م أ20 ,و+9 .هه ا د LL

M٨و +M٥٨
،،Vو٨ =Yss٨ L
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(4.125)

(4.126)

where Vseم is the shear force due to the member loading on simply supported beam
AB; and Vبر is defned as the shear force due to end moments, which equal (Mصم +
MA٨)/L.

Substitting E uationsم 4.124 and 4.125 into Equation 4.126 one obtains

٧ أ،٠, ءعلاجيلا/[ .ر,»(لذ., )ق؟ ,BA12'] د د ABLB ٨ ا- SBA

6EI 6EI 12El4  3م
،، ،-٧me6,٨ %ز·٨م- تa٨+ 5 (4.127)

One observes that the direction of the shear force Vير due to end moments is in
opposite direction to the sign convention of A. ln orde to unify the sign conventions
between the actions and defomations, the shear force at B is taken with negative sign
to be in the sme direction sه A. E uaionsم 4.124, 4.126, and 4.127 can thus be
expresse in a matrix form as

-6EI2EI4EI
12LL

0 فم 6EI4EI2EI-0 و٨
M M هم  قمع

(4.128)M٥ و=٨ م٥٨ + 12LL
 م'٨'٣e ه4٥٨

١2EI-6EI-6EI
L2 من

where Vمe٨ = Vse٨ -(M ٢ هم + MRe٨)L.

Oe should observe that the sign Comentions here Are the same as in the slope
deflection euAtion method. Positive moments and rotations are anticlockwise.
Positive sheAr force, V, and relative displacement, A, are obtained when the right hand
ide ofa member is displaced upward with respect to the leRt hand side. These signs
re again given in Figure 4.85. Therefore, one may use the sheer at A instead of thatم 
at B where V - فمع-=٧٤٨ ه (M ٤ فم + Mre»)L.

Eguation 4.128 is expressed in a matnix fom  كد

(4.129) ءهاl و ء»ها-l و«+5 عه[وعاهم
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 جنقيتيهم.به
٧٢

Figure 4.85

t ٧

i ie٨ م ٨» [o,]و =b ,F عه4٩٥٨ مي .F ه«ه ه] a٨ ء٨فM0= ]و 4aم }.

RepeAting Equation 4.129 for each member in the stncture, one obtains a
matrix euation as

,٥,/s+[٨٨-٨ م٨ (4.130)

This equation is in a similar form as Equation 4.111 of the previous section.
ln steps similar to these of section 4.6.1, one can develop the compatibility matrix g
and generate an equation similar to Eauation 4.119 as follows:

8=٨٤ +[s]٥

where A٤ and [S] are generated from

T٨٤=٤ A٤٨

s-٤"ks.]c

(4.131)

(4.132)

(4.133)

The following examples illustrate the application in the case of relative
displacement.

Erample 4.29

Detemine the bending moment and shear force diagrams for the fame shown in
Figure 4.86, where member BC is subjected to rise in temperature as shown (EI = 10',
KN.m7, a= 1٥%٣e).

$olution

The members stiffness matrices considering the relative displacements are detemmined
as follows:
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c

6.0 m.

٠ ي
12 0m.

 ددو

Figure 4.86

4EI 2EI -6EI
 د

6 6 62

2EI 4EI -6EIو ي ,ي= ر، B =CD 6 6  م=62

-6EI .6EI 12EI
 ى ى632

8EI 4EI -12EI
122١2

8EI -12EI
 د

12 122

١2

4EI
12Spc =

-١2EI -12EI 24EI
122 122 13

٥
 أن٥

٥
Sac

0

 :ا-ا. ؟٨ه
٥

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0
0

0

0

0

0.667 0.333 -0.167 0

0.333 0.667 -0167 0

0-0.١67 -0.167 0.056

0.667 0.333 -0.083

0.333 0.667 -0.083

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

=EI
0 0

0.333 -0.167

0.0139 0

٥ 0.667

-0.083 -0.083
٥-٥

0.333 0.667 -0.167
-0.167 -0.167 0055

0

0

0

0

0

0
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Figure 4.87

The fixed end actions due to the member loading and temperature are detemined as
shown in Figure 4.87 according to the sign convention of slope deflection equation as
follows:;

M/ kN.m م٥٥+=66.667-30=-36.667 , Mpp =+30+66.667= + 36.667 kN.m

Vgcg =+15٤N 'rce =Vsa - ١5٤N+=12/(ee+M٤ م)
T 86 ر]=٨ وM مre'e٨ ه

00- [0
M c وم

36.667
M e م 'rce Mم Mrac 'roc]
+ 36.667 +15 0 0 0]

In order to develop the compatibility matrix, it is assumed that the frame is
deformed as shown in Figure 4.88, indicating the frame has four degrees of freedom.
Considering the member coordinates shown in the figure, the compatibility relation is

٨8 و 0 0 0

0:0e٨ 0 0

4 م٨ 0 0 0

0ac 0 0 0 8٨

0cو = 0 0 0 8 C =CD
@ --

4c 0 0 0 0 D

٨
8c٥ 0 0 0

80c 0 0 ،4co 0 0 0

The fxed end action A is ع obtained using Equation 4.132 as follows:;

0 0 0 0 0 0 0 - 36.667

0 0 0 0 0 0 0 36.667
A P -C T A F 0 اt) م-2٤٨ 0 0 0 0 0 0 0

0 0 -١ 0 0 0 0 0 0 ا-
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&Ce88c:مجر ومراءه ك إ 
Ac4 م٥٨

a،
١

١

 Hم

A

 هء°ر ر عهف

Figure 4.88

The stncture stiffness matnx [S] is obtained using Equation 4.133 as follows:

1.333 0 333 0 0.167

0.333 1.333 0.333 0.167
[s]=c" s, g=E- - ()

0.333 0.167 0.167

0.167 0.167 0.167 0.112
 ا

Substituting into Equation 4 [31, one obtains

M 0 -36 667 1.333 0.333 0 0.167 8 و
M 0 36.667 0.333 1.333 0.333 0.167 6e+EI
M 0 0 0 0.333 0.667 0.167 8٥
H٨ 0 0 0.167 0167 0.167 0.1112

The solution gives p" [-43.364 -69.455 -141.727 705.818]- EI

The member end actions can then be obtained using Equation 4.130 as follows:

4٠-٨٤ +[s,/c٥
The substitution gives

Me Yeو M M Vم١ 
- 24.09 24.4 24.09 0 -4.015]

M٧٨٨٨٨ Mge
88.72 -31.984 -88.72

8? = [Mة٨٢٢٦و 

 ى]103.18

The bending moment and shear force diagrams are given in Figure 4.89 which
are the ameع as the results of Example 4.6.
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1031.18

5.0. 0.

Figure 4.89

Example 4.30

5.6٨N

s.F. 0.

.0١5

Determine the bending moment and shear force diagrams, and the deformations at B
for the beAm shown in Figure 4.90 due to the loading on member BC, and the rise in
temperature in member AB. (EI = 10' KN.10=م, '/e, spring constant K = 10
kN.cm).

Solution

 ف ""ثر=
، 60m
 --د-د

2KN/م 
٤٠ .، ة5مرا)ر رم٦ر٥  -----.ء إ-"

Figure 4.90

Because of the spring at B, the defommed shape is expected to be as shown in Figure
4.91. The degree of freedom is thus four, which represents ,A ,م00 0c, and . و& The
member coordiates are also shown in Figure 4.9l.

٥c٥8ج و٥ م\ eة(• ه 

6ec8٤٨-a,"%شت()- 
 إ,أء، ،

 Rف

Figure 4.91

,٥٠٥
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The members stifness matrices are

4EI 2EI -6EI 8EI 4EI -12EI
6 6 62 8 8 82

S - 2EI 4EI -6EI Sac=
4EI 8EI - 12EI

-AB- 6 6 62 8 8 82
- 6EI - 6El 12E1 -١2EI -12EI 24EI
62 62 61 82 82 s1

0667 0.333 -0 167 0 0 0

0.333 0.667 - 0.167 0 0 0

•
- 0167 -0.167 0.0555 0 0 0

S =EI
m 0 0 0 0.5 -0.1875

0 0 0 0.5 -0.1875

0 0 0 -0 1875 - 01875 0.046875

The members fxed end actions are obtained from the tables for the cases shown in
Figure 4.92 and expressed according to the signs of the slope deflection equation as
follows:

ecl'م 
-8]

TA, =[M ٤٨ و M ٢٥٨e٨ م" M ec م Mrcem
[-33.333 33.333 0 10.667 -10667

where VHec =-٤ge -(Mمم٥ +M٤8--8٤ {مN

The compatibility relation can be developed according to Figure 49l as
follows:

8 عم 0 0 0

٩e٨ 0 0 0
8 ه%/

4 م٨ 0 0 0 -١ C{=C٥
8ac 0 0 0 8
8e0 و 0 0

4pc 0 0 0

10.667٦2 KN/m

c
٥w  أ

8

 س»،]
 م٠٠٣ب تو ,٦"

Figure 492
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The fixed end action A car be obtained using Equation 4.132 as follows:

]"١0667 -8-33.333 44=[-G" Ae8 =م٨

The structural stiffness matrix [S] is detemined using Equation 4.133 as follows:

0 167

- 0.0208

-0.1875

0.10242

0

0.5

0.1

0.333

1.667

0.5

0167 -00208 -0.1875

0.667

0.333

0
[s]-c"[s,[c =E

Substituting into Equation 4.131, one obtains

0

0

0

-10008 م

٥٨
8٥
0

0.167

- 0.0208

- 0.1875

0
0.5

0.667 0.333

1.667

0.5
44 ١١0.333

0167 -0.0208 -0.1875 0.102425\4

-33.333

=١١+El
-10,667١ I 0

-8

M٨
M٤
M

-٢ م

The negative sign of R, is due to its opposite direction to Rearanging و4 the
euations one obtains

0.667 0.333 0 0.167 ٥٨ 33.333

0.333 1.667 0.5 -0 0208 8 م - 44
EI=  د ا

0 0.5 -0.1875 8 10.667

0.167 -0.0208 -0.1875 0.112425 4g +8

The solution ٤ ١ives : pF 68.41 -52.538 42.829 31.4366]
- EI

The member end actions are thus determined from Equation 4 130 as follows:

٨٨-٨٤٨ +[s, ]cpه {)ر 

]eه M V٥٥٨ ع'M٨٨ و٥٨-[

A;=[0 26.35 -4.39 -26.35 0 -471]

The bending moment and shear force diagrams are given in Figure 4.93, which
are the same as in Example 4,5.
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١١ 29 K

B.M.D. 26 35

 ز

If member AB, for example, is hinged at the end support B and is subjected to
a relative displacement between A and B. the slope deflecwion equation is given by
Equation 4.15 as

Figure 4.93

4.6.4 RelAtive Displacements with M1oments Releases

3E!3EI٠•
"٨g٨13L=٨ م٨ و8٨M4 -و،

The shear force V4٨ can be calculated using Figure 4.94, as follows:

4 م

V٨ =Yse  ه!-٨ ا
-٧se٨ -M; L/ و

3El3EI٠، \=٧٤٥ م /ومز-L ل-)٩٨ و تو+4 و٨
LL

 م­
 مد"_
8

Figure 4.94

(4.134)

(4.135)
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Equations 4.134 and 4.135 may be combined in a matrix fom as

3EI- ا٣/ ;إ:4 م 3EI٠•
 وA٨YA وY#43٨ ق،

(4.136)

where Vز٨} =\sرو -M} L/ ولا One can use VF٨e =-Vs٨ص -MkAe /Linstead of

v#و 
By using Equation 4.136 one can save the detemination of the rotation at the

hinged support. The steps of solution are the same as in the previous sections and are
illustrated in the following example:

Example 4.31

Solve Example 4.29 by using the modified stiffhess matrix method due to the
moments releases at supports A and C.

Solution

In this example, only Bg and D need to be determined, if the modified stiffness
matrices are used. The directions of these variables are assumed in Figure 4.9L. The
modifed member stiffness matrices for members AB and BC are given by

3EI -3EI EI -6EI

6S EI فم=_3
62

8SAc = 6EI
82

3EI 6EI
62 63 82 s1

0.5 -0.0833 0 0

 ر

- 0.0833 0.0138 0 0
S =EI

m 0 0 0.75 -0.09385

0 0 -0.09375 0.011718

The compatibility relation is obtained, according to Figure 4,91, as follows:

0 م٨ 0

4 م٨ 0 -1 8 و =CD
8ae 0  ل-

B

4ac 0



 م :به=يم
MFeA

 هه،أ

Figure 4.95

The fixed end moments are detemined for the cases of loading shown in Figure 4.95,
using the tables and are put according to the signs of the slope deflection equation as
follows:

• 2x82M16هز== kN.m
8

The fixed end actions are then obtained using Figure 4.95 as follows:

T ٠AF =[MHوو 
=[50

vءز٨ 
- 8.333

Mغ e Vie]
١6 -10]

٥nه٤ "[,ه" م»=-١ ه}=[ 
The strucuلar stiffness matnx is detemine fom Equation 4.133 as follows:

Ks١-٤H.le -"" اءء - 001042
 أمه0.01042-

Substitting into Equation 4.131, one obtain

M1.2566٥و٥ 
= = +El!أً.•• أباً ،و •.['

The sohution for p is obtained as

١ -52.5388,  ا:] إ:أة
The member end actions are detemmined from

-0.0١042  [:مامء.8

k,/c4 د-٨ م+٥
M-٩ ذ٦635-9-٩7١[ M;]-[a6  ر;]=v مذ35
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which are the same results as in Example 4.29.

4.6.5 Nonprismatie Members

In steps similar to those in the previous sections, and according to Equations
4.46 and 447 of section 4.3.5, one may write the slope-deflection equations
considering moment only in a general matri fomm as follows:

E K٨٨M٣٨٥M٨و  ".:اا.ةا ساق·
K (4.17) أمأً". وم9٨ و

In the presence of relative displacements, one uses the matrix equation

Mع٨و M٨و

 ا::]ا:{]
Vae٨Vs٨

E
L

K٨٨

Ke٨

h  صم

K a م

/٤ )عدمه
Lأ 

/٤ )عمخيد
L

،(٤٨٨-٤ ±و»٤ هه+6 )ءو
12

0 هم

k:إي 
8e٨

(4.138)

/٤٥٥٢٤ )«ه/٤٤ )عما+ب
LL

In case of a non-prismatic member AB with a noment released at B, Equation
4.137 and 4.138 become, respectively,

 م:«-ن« ،fk و,ه[مة

٢/ ا/ ج جي ر: L K •٨٨٠ هم  وز؟ ونر'٨- مي4٨ و

(4.139)

(4.140)

where K F, ,م , وFg،he٨, وم and K] are م as defined in sections 4.3.5 and 4.3.6.

The procedure here is exactly the same as in the previous sections. The extra
efors in the cAlculations consist of the detemination of stifEess coefficients and
fixed end moments for the nonprismatic members. Example 4.ll is solved again next
by using the matrix approach.
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Eمx mple 4.32

Detemine the bending moment diagram for the beam of Example 4.11 by using the
stiffness matrix method, approach I

ltion$م 

The stiffness coeficients are detemined as in Example 4.I1 and given by

k  دoo وأمه ءه»]=-0
K K٥٨= وم =K  =ىe =K0.0251833ع

[Kياوم٨ =ee=00م o37

The stiffness matrices for members AB, and BC are obtained as

E 0.04037 0.02518
$ =  قم=00251812

-S0.04037--BC

0.04037 0.02518 0

ks
E0.02518 ، د 0.04037 0

m 12 0 0 0.04037 0.02518

0 0 0.02518 0.04037

The fxed end moments hAve previously been detemmined as follows:

M} =[8٥ -18.04 [ هه-18.18.04

The compatibility relations is

I١00 عم
0 و٨

0ac
6el/0

0

٥ 0
0 ا2:-٤ ه ٥ --

THe fixed end moment Mع is obtained from

0
 ا ا[-8.04 -ء«٤ .أد،« إر

The stnucural stifness matnx [S] is obtained from
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K]-c"klc

oأي »ع. $=
12 0.02518

oa7خ١ و 
0.04037

Substituting into Equation 4.131 one obtains

M= MH٨+ [s] 2

E 0.080740M0ة ،»اأشتأيء. ر": 
The solution of this equation gives

0g 1  [؟ امة}2076.1-

0.04037 [و%;ب 8

The end moments are thus obtained fom M,=Mج ,+ [S [ ر p w hichن gives

MAe ا]=[0250225.02-6883[ M»ور] و 

which are the same results as in Bxample 4.11. One can also solve this problem by
the modified stiffhess matrix for member BC using Equation 4.139. In this case, only
0g need to be detemined.

4.7 TBE STTFFNESS MATRIX METBOD APPROACH I

Stifhess matnix method approach I is a more gereral approach which
depends basically on finding the relationship between extemal actions and the fee
defomations using the unit displacement method. For simple types of stnuctures, this
approach cAn easily be used, where the stncture is made to be kinematically
deteminate and each degree of freedom is subjected, in tum, to a unit displacement.
The restraining actions obtained are the stiffhess coefficients which are aranged to
form the stiffhess matrix. This approach has briefly been mentioned in Chapter 2,
section 2.16, when talking about the applications of the unit displacement method.

For complicated stnuctures like space fiames, or multistorey fiames, it is very
difficult to use the above-mentioned method in developing the relationships between
the extemnal actions and the free deformations. ln such cases, the element method is
more general and can be used. This method shall be given in more deنa l in Chapter
5. The philosophy of this method is to develop the stiffness relationship for every
member and then augment these relationships using the compAtibility and euilibrium
conditions at the free joints to obtain finally the stncture stiffness matrix. This
method is very systematic and suitable for computer progamming.
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hn the following are few examples to show the applications of the unit
displacement method for simple types stnctures.

Exsmple 4.33

Detemine the free deformations at the joints for the fame shown in Figure 4.96
(Example 4.27) using the stifThess matnx method approach Il (EI = 1o' KN.m, c =
١o%٣e).

Soution

The degree of freedom of the stnucture is 4, which represents the joints rotations De,
0e, 0, and the horizontal sway ٥. The frame is made to be kinematically
deteminate, by fixing all joints. Every free defommation is given a unit value as
shown in Figure 4.97. The corresponding restraining forces and moments are
clculated and aranged to fomm the strcture stiffness matrix as shown below.

M٥]/ 8EI 4EI4 دE]
0 6El 8

12 6 12 2 B

M ٥ ا
4EI 8EI 4El2 د دEI 6EI 8
12 12 6 6 62 C

M 0 م ا
2E 4EI 6EI 8

6 D26 ى

M [ م 6E1 6El 6E١ 24El , ٥
62 62 2 6'

1.333 0333 0 0167 8٨
0.333 1 333 0 333 0١67 0

=EII
0 0.333 0.667 0.167 0

0.١67 0١67 0167 01١2 8

which is the same matrix determined in Example 4.27.

 ا
6.5r

 إ

Ficure 4 96
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 قآ()_T 1٤و4٤٢

 'ج%٣ اة
6٤L

A

4ه-٤ج

 يوا ا ازو ثم "ج
٤٤- ة

٨ "ن ي- يك٤ لجة

 ح١
 د Fوء لجد[

62

- ر ٤ج ة ق٤ إ ل

 و

A

6٤16EI
، ٤ج/ ٤ج ج

٥-I=٥ ا
 ر

12EI12E١  دج دء-

6٤I€6 ا
 م٦a ن

Figure 4.97

The ertemلa actions at the free joints include the actions applied at these joints
nd the equivalent joint actions due to the member loadings. The negative of theه 
fixed end actions provides the equivalent joint actions. ln this exAmple, the actions
applied at the fee joints in the direction of the free deformations are
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M0 و M0 م - 36.667 +36.667

M 0 M36.667-36.6670ع 
 ، د

M 0 Mg 0 0 ٥
H, 36 H36036ور 

Solving the above equation for the fee displacements one obtains

h 0 0 [ =[ه1٥-]°705.818141.727-69455-43.36٩

which are the sAme results obuined in ExAmple 4.27.

The membes end actions are obtained from the substittion into the actions -
defomations relationship for each member. In this exAmple, the slope deflection
euAtions can be used.

Eمد mple 4.34

Dewekop the stiffess relationship between the extemal actions and the fee
defomations for the beAm shown in Figure 4.98 (EI= 10' LN.m, K = 10 kN/cm).

»lutio$م 

The beAm hAs four degrces or reeaom wNch are represented by ,g ,م00 Bc and . وا
The iffhessع mAtrix relation can be obtAined by applying a unit defomation at every

c8A

Figure 4.98

degee of feedom, in tum, for the kinematic detemminate strcture as show in Figure
4.99. The stifess matrix relation can be arranged sة follows:

M4)٨ اEl 2EI 0 6EI
٥٨/١6 6 6

M٥ /
2EI (٩ .s6 د\ ل 8

4EI 6EI I2EI٥ د
6 8 B262 ج

M/ 0 4EI 8EI -12EI
٥٠/١8 8 82

M 1 6E1 6EI I2EI،• -12EI 12EI 24EI٥ ا د
2 م ى2 ٤2 84 A363 ج
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 -ج)_"ي ر!عه2e أ
 ىs ر ق}٤ إsE اإ

A
c ا=ه%م

+٤اذ
[se  ا اباه

 ٤ج ة

 أa ي بعد] قثم ""م
 ٤ج ?ة

3٩٦١8٨

 ز8 نجدر
٤٤: ر

8 ١,  ا١2€١ ع،ا
' و827

{ أ ز

 كم( حثى خطة +ع
 ىs33، أ١٤ اء عد(

 مfأ ث
[ae  ي أعيد

 دى قو

Figure 4.99

which can be expressed as

M٨ 0.667 0.333 0 0.167 8٨
M0.333 و 1.667 0.5 -0.0208 EI=0 و
M 0 0.5 1،0 -0.1875 8
Hg 0.167 -00208 -0.1875 0.102425 4 و

which is the same relation obtained in ExAmple 4.28. The euivalent actions are the
joint actions minus the fixed end Actions, which give



M٨ 0 M0 ع٨ - 33.333 33.333

Mg ٥ M044 _و - 4

M ٥ M٤ 0 -10.667 10.667

Hو - 1000٥ R10008- وم-٥ 8.1000٥

351
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Exercises

l. Detemmine the bending moment and sheAr force diagrams for the beam show
in Figure l, using the Moment-Distribution Method. (E =25 x 10 LNIn%, 1=
0.0054 m").

 "با
} وة إ و

Figure I

 ونشي

2. Draw the bending moment diagram for the frame shown in Figure 2. Use the
Momert-Distrbution Method. (EI= 10x 10 [N.m).

2.0m.,

Figure2

3. Establish the slope deflection equations, and the equilibrium conditions, for
the frame shown in Figure 3. (El= 1.32»10' KN.m?)

4. Draw the bending moment diagram for the frame shown in Figure 4. Use the
slope deflection equation merhod. (E=30x 10 kN/m'; 1,=5.4 ٧ 102 ٨;L,
=1.6x 103 m").

5. Use the slope deflection equation method to determine the bending moment
diagram for the frame shown in Figure 5. (El= constant).

6. Determine the bending moment and shear force diagrams for the frame shown
in Figure 6 using the moment distribution method. (E = 30 x 10% KN/", I=
constant).
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30٢N/ m.

.0mما 

Figure 3

 ه
1 هو.

16m.

 ،ي-

 +م
.22- ه،49r لم

Figure 4

7. Anlyze the nigid fame shown in Figure 7 by the moment distribution
method. Draw the shear force and bending moment diagrams. (E = constant).

8. Solve Problem 2 by the moment distribution method.

9. Solve Problem 3 by the slope deflection euation method.

10. (a) Find the bending moment diagam for the beam show in Figure 8 due
to a settlement of B 2" and at C I" down. (Consider EI = 3000 KR°
and use slope deflection eauation).

(b) Considening a concentreted load at mid-span of AB of magnitude 10
kips, detemmine the bending moment and shear force diagrams.



 ب

 ة٠- ، بعهد
Figure 5

354

+
 ه

3.0

٥

4-0

10KN

5١

40

Figure 6

Figure 7

E

54N/ m'

3.0

G

 ا]
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A

١i٩ »د

Figure 8

 ،د،16

]}. Detemine the bending moment and shear force diagrams for the frame shown
in Figure 9 using the method of slope deflection equation method. (EI=
consant).

2K/4t .

.-
Figure9

12. Using the slope deflection euation method, wte the necessAry equations to
na yzeلق the fame show in Figure 10. (E] = consant for all members).

Figure 10
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12. Detemine the bending moment diagram and sketch the deformed shape for the
frame shown in Figure l using any ofthe stiffhess methods.

----٠٥

Figure I1

14. Determine the stiffness factors and carry over factors for the beams shown in
Figure 12.

2 ااكز "يطق
 إة. \ةمة

Figure 12

 لطز °لمطط
 ٨٤. ة اذم

15. Using any of the stifness methods, determine the bending moment diagram
for the beam shown in Figure 13, where all members have a nise in

4temperature as shown. (EI= 30000 K.R, a =6.5 10"° F).

; ع

Figure 13

16. Using the method of moment distribution, detemine the bending moment and
sheAr force diagrams for the beam shown in Figure 14. (EI= constant).
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Figure 14

17. Using the moment distribution method, detemine the bending moment
diagram for the fiame shown, in Figure 15.

Figure 15

18. The continuous beam ABCD is subjected to the toads shown in Figure l6 and
sعttement at B of 0.5 inch dowward. Detemine the bending morent
diagnam using the slope deflection equations. (El= 10000 KR).

٩٧) [ه
3١

3

٦  و« م لا م= ي ؟نم

Figure 16

19. The fame ABCD shown in Figure 17 was subjected to settlement at D of0.5
inch down. Use the slope deflection eguations to detemine the bending
moment diagram. (El= 10000 K.R).

20. Uوe the slope deflection eauation method or the moment distribution method
to detemine the bending moment diagram for the beam show in Figure l8.
(EI= 3000KR%).
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Figure 17
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Figure 18
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21. Using the slope deflection equation method, determine the bending moment
diagram and the deformed shape for the frame shown in Figure 19. (EI= 3000
KR%).

٨
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22. (a)

Figure 19

Detemmine the number of kinematic unknowns in the frame shown in
Figure 20.

(b) Write the equilibrium eauations needed to detemine these unknowns.
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Figvre 20

Detemine the fxed end moments, stiffness factors, and the carry-over
factors for the beam shown in Figure2l.

Figure 21

(b) Use the moment distribution to detemine the bending moment
diagram shown in Figure 22.

 لي٥ "ر ز· ""إ ,ي
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Figure 22

24. The continuous beam ABCD shown in Figure 23 is subjected to the given
loading, clockwise rotation at A of 0.002 radians, rise in temperature in
member AB, and settlement at B of0.50 inch down. Use the slope deflection
euations or moment distribution to determine the bending moment diagrams
for the beam. (EI = 10,000 K.R,=65 x 1o/%F).
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Figure 23

25. Using )ة( the method of column analogy, determine the stifThess factors,
carry-over factors, and the fixed end moments for the beam AB show
in Figure 24.

(b) Detemmine the bending moment diagram for the beam ABC show
using the moment distribution method (EI = 30000 K.R)

 إ
٣ت و} ،م

 إ ؟
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 فم٤إ إ٥( ؟

Figure 24
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26. Using the moment distribution method, detemmine the bending moment
diagram for the beam shown in Figure 25,

 ا ج ،، ي م،
3.٥h.130m._1 2.0M. .٥m, 1 1.0m.٥m.1 10 1.ه لا1

Figure 25

3.0m .

27. Using the stiffness matrix method, detemmine the bending moment and shear
force diagrams for the beam shown in Figure 26. (EA=610ر %WN, EI = 1o9
KN.m).

28. Using the stiffhess matrix method, detemmine all member forces in the trss
shown in Figure 27. (EA= 10% KN).
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Figure 26
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Figure 27

29. Using the stifThess matnix method, deemine the bending moment and axial
force diagrams in the fame shown in Figure 28. (EI = 102 HN.n, EA=1o6
bN).

 ن٥
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Figure 28


