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ADDITIONAL TOPICS

This chapter presents some topics of interest to the stnctural engineers. First,
an introduction to the finite element method is given as an outcome of the stiffness
matrix method approach Il of Chapter 5. Second, the influence lines of statically
indeterminate stnctures are presented Finally, some examples are given utilizing the
computer sofwares to verify some of the examples presented in this book.

6.2 AN INTRODUCTION TO THE FINITE ELEMENT METHOD

The finite element method is a tool to solve one-dimensional, tw0
dimensional, and three-dimensional stnctures with approximation instead of solving
complicated parial difFerential equations. The strcture is discretized into a set of
elements joined together at some points called nodes or nodal points. These nodes are
similar to the joints in the one-dimensional stnuctures which were investigated in the
previous chapters. The nodes could be the common coTners betweef the elements, Or
chosen berween the boundaries of the elements, as shown in Figure 6.1. The
similarity in the concept between one-dimensional skeleton strctures and two- O٢
theedimensional stnctures, in temms of discretization is also shown in Figure 6.1.
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Figure 6.1
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It is obvious that in one-dimensional stnctures the element is a one­
dimensional member, as was analyzed in Chapters 3, 4, and 5. In two-dimensional
strctures, the element is a two-dimensional plate or shell element. The thee­
dimensional element could be a cube, prism, or a tetrahedron, either with straight
sides or curved sides, as shown in Figure 6.2

<» ا٠٠ إ.  ت
٢ w٥ D١MENSIONAL EL٤MENTS

٤8  ج لا»
1HR٤٤ DMEN5!ONAL ELEMENT5

Figure 6.2

The solution of the finite element method is almost the same As the direct
stiffness matrix method presented in Chapter S. Once the elements' stiffhess matrices
are found, these matrices are augmented according to the compatibility and
equilibrium conditions at every node. The free nodal displacements can be
determined afer specifying the boundary conditions at the boundary nodes.
However, what interests the analyst in two-dimensional and three-dimensional
stRctures is the stresses and strains noT forces and displacements. Therefore, it is
necessary to relate the strains at a point within the element with the nodal
displacements.

6.2.1 The RelAtionship Between StrAins and NodAl DisplAcements

The displacements d at any point of coordinates (x,y) in a plane element can،
be related to the nodal displacement D, by

=N ٥٠
where the elements of matrix N are function of' the location of the point (x,y).

(6.1)

An easy approach to determine matrix N is to express in لا terms of some
displacement functions P and weighting parameters g, as follows:د 

4 =2g (6.2)
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The elements of P differ from one finite element to another. The dimension of
the weighting parameters g is preferably equal the number of the nodal displacements
of the finite element

Eauation 6.2 can, be applied at every node in the element to obtain

٢D٠١ م٢7  ،١ م
 :ا٠

(6.3)D ٨ ا -P"/ aإ =C١ sr

D آم ٠ ا n١ K

which indicates that the nodal displacements D, for the finite element number k,
which have nodes, ,i,.... ا ., n. are related tothe parameters a, by the matrix @,
whose elements depend on the locations of the nodes 1,,i, .., n, in the global
coordinates. For proper choice of global coordinates and the elements, one can relate

to Dي for any element using Equations 6 2 to 6.3 as follows:،

C=٤٨ أ- ٥٠٤

٥٠'Pg=و 

Thus N for any element is obtaied from

=Pg'

(6.4)

(6.5)

(6.6)

The inverse of matrix C exists when choosing appropriate displacementد 

functions for each specific element For the present introduction we shall deal only
with plate elements

ExAmple 6.1

Show how To determine N for the triangular membrane element shown in Figure  د.6.3

Solution

Any point of coordinates (x,y) within the element is subjected to the displacement u in
the x-direction and displacement v in the y-direction of the global coordinates.
Therefore, the nodal displacements at i, , ز and k are given by

٥: -[, ٧, ٧٠ ر"
١ ٧ إ  أء·

The weighting parameters g are chosen to be 6 » as ا follows
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٧

٢(٣g ٧
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٢

Figure 6.3

6c أء  ?ء=e,0 ,ه وه و
The displacement functions which relate g to g are chosen to be in the form

 لا و

0

X

0

١
 لا
0

X

- ء٠:0 0

Substituting into Equation 6.3 one has

Thus, the matrix N is determined from the following eguation:

X٠ 0 ,لا 0  ه ا"
1

0 0 0 ١ x,  ,لا

N= ١ X 0 لا 0
;".y

», y، 0 0 0
 ر

0 0 0 1 K 0 0 0 y ر« .
١

٣٤ 0 لا٤ 0 0

0 0 0 ٣٤ لا٤

The relationships between strains and displacements can be obtained using
Figure 6.4 which can be generalized into y-z and z-x planes as follows:
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Figure 6.4
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&dxdx
 ع مد=
 لا ة
 oي

2 ع= a
& &

٥٥ ه E7١٤7٠ بة
d &

٥ ح &7«٥٢٦٧٥
& o
7 =و76A ي6 د ،

where w is the displacement in z-direction.

٢

(6.7)

Since the displacements d are related to the nodلa displacements ,, ل it 1s
possible to relate the strains to ج the nodal displacements B,, Such a relationship is
epexed in general by
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00
 ح
 ج

0
 ج

0
&

800
(6.8)

 ج
/N٥,=2٤=١ م ج٥

 ج ج0
8

0
 ج

c ج
 ج8

0 2) د ج

ExAmple 6.2

Show how to deternine matrix B for the triangular membrane element considered in
Example 6..

Solutior

The strains of interest in the memnbrane elemnents are £. ,€,,andy , since w=0,
y y لا

One thus has

0
 رج2) د

،:]
€ جج @

$ 6
= 0E =

٧ %
!٢ ، ةa:) ن«

 د د

٨0y 6

But d is given by

 ن
 -/ت-ه٤٤ ا"٥-,٤ب.«

The strains £ are thus obtained fiom

0 ة 0 0 0 ه،: م
€ = 0 0 0 0 0

y7, ٥ 0 0

The matrix R, is therefore, given by the following equation:د 
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٧ ١ 0 0 0 -١
١ • ا

0 0 0 7 y

0 ب.و0
0 0 0 0 ١  ا

7 ٧٠ 0 0 0
0 0 0 0

١ =، )  ر

0 0 0 7 ٧0 ار 0  لا

٢٤ 0 لا١ 0 0
0 0 0 ١ ٤ V-k

6.2.2 Stresses and Srains Relationslips

For a general infinitesimal element d٧ =dx dy d2, the stresses corresponding
to the strains of Eauation 6.7 are given as

٠ ا ,إ-"و٢,٥,٥ (6.9) ا

where ,,0, and G indicate normal stresses and ٢,٠, and T,ي indicate shear
stresses as shown in Figure 65 For the Hinear elastic materials of our interest, the
stress-strain relationships are

e,=(م-٧ a, -va,)
٠٠F

١ -v ,e(٥ ر =-( ٥,-٧ م
'٠٠E٠

١ (w6-٧=-)رع -,م 
٠٠E

٢,٠
٧٠١- a

٢,٨
،٧٠- e

2

٥ ب٢7٤
G2٦٧

Figure 6.5

٥y

٢

(6.10)
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where E is the modulus of elasticity; G is the shearing modulus; and v is the Poisson's
ratio. The shearing modulus is related to the mnodulus of elasticity by

(6.11)E
(} =

2(1+٧)

Expressing the stresses g in terms of strains one ع has, in a general expression, the
following equation:

(6.12)٥=K( ٤-٤+)٩ ج

in which Eم represents initial strains, g represents initial stresses, and K is given byد د 

٧ ٧ 0 0 0
]-٧ ]-٧

٧ ٧ 00 0
]-٧ l-٧

٧ ٧ 0 0 0
E(1-٧) l-٧ [-٧ (6.13)

K=- (1+٧)(1-2٧) 0 ١-2٧0 0 0 ٥2(1-٧)

0 0 0 0
1- 2٧

0
2(1-٧)

0 0 0 0 0 1-2٧
2(1-٧)

6.2.3 Plne-Stress and PlAne-StrAin for lsotropic MAteriAls

lf the element under consideration is in x-y plane and subjected to plane-
stresses or plane-strains, the stresses and strAins in this case are

 ،}ء"ه ,ه أ(6.14)
 ،إ-اء أ،ء(6.15)

ln case of plane stresses, the element is subjected to d,= 0. 1n this case, the
stress-strain relationship is obtained from Equation 6.10 as follows:

(6.16)l ٤ ي+
Ifthe element is also subjected to a change in temperature T, the initial strains become



 ]={ىaT هT [ه

where c is the coefficient of thermal expAnsion.
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(6.17)

ln case of plane strains, the element strain € is zero but G0ر . In this case,
the stress-strain relationship is given by

E(1-v)
»=٠٦:: ٤، ح

xy؟ 

٧

1-٧
0

٧ 0
l-٧

0

1-2٧0
2(1-٧)

; (6.18)

If the plain strains element is subjected to a change in temperature T, the initial strains
become

]aT (+v)aT o(ء٧}=[)+ 

6.2.4 Element StifTnes Matris

(6.19)

L order to detemmine the stiffhess matrx of any element, the pninciple of
wiلقr work is applied. This prirciple, sة presented in Chapter 2, states that the work
done due to a wirtAl displacement is eual to the suain erergy due to this virtقl
displacement. This can be expressed sة

(6.20) ة2: ]=،ه٤6"٥٥«»»

where A isم the actions applied at the nodes of the element. Substituting Equations
6.8 and 6.12 into Equation 6.20, one hقs

«l٤٠١+٤ م٥-IKe"2?2ة2{4 =،] ة 

EguaLion 6.2l can be written as

٨ ا-.]٤"٤2٥/«»٥-,]٤"٤٤ م٥+»[٥"4٥»٥ «ا
vol,wol.wol.

(6.21)

(6.22)

It is obvious that the euivalent ndal actions due to initial strains and initial
stresses are, respcctively, given by



The relationship between nodal actions and nodal displacements is, in general,

A٠-4إ٤٤٩ »»م٥ »

e«4٠٠-, إ٥"٤ م٥

 إ.ه٤٤٢ ا«»«٥,
From which it is obvious thAt the element stiffness matrix cAn be obtained from

(E" KBd«vo0[ي= 
vol.

6.2.5 Eauivlent Nodal Actions
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(6.23)

(6.24)

(6.25)

(6.26)

Equations 6.23 and 6.24 gave, respectively, the equivalent nodal actions due to
initial strains and initial stresses. ln this section, the nodal actions due to distributed
forces will be found. ln continumn structures, the forces could be distributed within
the body of the stncture or on its surface. We shall indicate the body forces by g

kN/m" and the surface forces by ٩ kN/m. The work done by these forces, due to
virtual nodal displacements 5 D, in an element, is given by

w= [ (٥١»d ة٥ ي" + [84" d(area) و (6.27)
0l. sIrface

Substituting Equation 6.5 into Eeuation 6.27 one has

w= ? ج (ه٧٥)+ ة]٥"N? ة٥] N" (are) و ه
surfacevol.

(6.28)

Equating Equation 6.28 with the strain energy due to virtual displacements,
one realizes that the enuivalent nodal forces due to body and surface forces are,
respectively, given by

A, =[N" («o)٤ ه
body

vol.

(6.29)

A strfade
= [N" (area) و ه

surface

(6.30)
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6.2.6 Erample 6.3

Analyze the plate shown in Figure 6.6, considering plane stresses, E = 10' N.cm" and
٧ = 0.

$olution

F or clear illustration, the plate is divided into only two tniangular elements as shown
in Figure 6.7. Element has ا nodes number L,3 and 4. Element 2 has nodes number

.and and ا4 4. The two elements are joined at nodes2ا, 

t 0١ cm.1.٥ cm.\

KNo0@و 

 إ حوه إ
Figure 6.6

٢ ا

Figure 6.7

According to the coordinates of the nodes with respect to global x-y axes shown in
Figure 6.7, the matrices and ا£ are £ر detemined sه

1 000 00
n de 3mo}٥٥٥١٥ ا

0 00 0C=/
node4٥٥٥١ اار-

101000
node ٥٥١٥ ااره[
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0 000
n 4node}٥٥١١٥ /م

- 000G,=/ /}node2
-، 0001١١

}node1
1 0١000

000١0١

The matrices B, and ,are ر$ respectively, obtained asد ص 

٥١000  وأه،ممء0
00١٥١ 0

0 0 10-١  أبهء،واو،0
-1 0١١ 0-١

-1 ٥1000

• [:::ب:
The stress-strain relationship for the plane stresses problem with ٧ =0.0 is thus

EK= ١٧
٧

00 =E ١0
0

00•
١

١2-٧ د ]-٧
0 0 [) 0

2

The elements' stiffness matrices are detennined from

,٤E )ا 4(vo}5 ر]=٤

nodc3 odc4 twodc Iلي مي •  سر
3 ١ - -١ -1 0

3 0 -1 -١ node3}ام 

E -2 0 2 0 0 0
node  أم{4

40 ١- ا- 0

-١ 0 ا- 0
0 .2 0 0 0  /وInode ا
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s,=[E} KE, d(voا )

nodc4 node 2 ndc  ا
 حي ا لي

1 0 -١ -1 0 ١
0 2 0 -2 0 node  ام{4

E -1 0 3 ١ -2 -1
 {/م_node2 د
40 -١ -2 3 0

0 0 -2 0 2 0
١ 0 -١ 0 أ-  {ا,node ا

The stncture sriffhess matrix is obtained by superposition to have

oxdc ncdc ا 2 dc ] noe  لي سر ي4

3 0 -2 0 0 ا- ا- ١
0 3 ١- ا. 0 -2  /مnode ا

-2 -١ 3 0 0 -1 0

٤٠٩ 3 أ- 0 0 -١ node2و( 
$=

40, 0 ا- 0 0 3 -2  ا-
-1 -2 0 0 3 0 node3/(م 

0 -١ 2- ا- 0 3 0
0 0 -2 -1 0 ا- node4\م 

The euivalent nodal forces are detemined from

٥٤/- عو.»٥ 'و  بة بة«
«clnddc4nwdde3

The boundary conditions are D9=3إع= لا . Therefore, the fnal stiffness relationship
is

0 3 .2  ون ا-
- 500 E 3 0 ٧ و ا.

0 40 -2 0 3 0  رن

- 500 -١ -١ 0 3 ٧ ر

The solution is obtained as



[? v:}-١٥+t١٥ ٥ -1]cm
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Now, the stresses at any point within any element can be determined as follows:

KR٥٠=Kو٤= 

KE, [p} =[o 1ooo 5 ر=01

]o ooo o=[[ء], ,KE=رو 

٥٥]where bp] =10[٥-٥١-1

bp,[=1٥'٢٥-٥٥١٥٥١

The results indicate that the elements are subjected to tensile stress q = 1000 kNlen".

6.2.7 Displscement Functions of Some Membrane Elements

It was pointed out, in the previous sections, that the displacement functions for
a tniangulAr membrane element are given by

-١ إ- 0
x

0
Y

0

0

1

0

X :Y (6.31)

where the weighting parameters g are chosen to be 6 parameters. Another element
used for membrane strcures is shown in Figure 6.8. The triangle in this cAse has six
nodes. The weighting parameters g are thus chosen to be 12 parAmeters. The
displacement functions in this case are chosen as follows:

-٢٠ إ ٥
X

0
Y

0

 ر2
0

xy
0

 °و
0

0 0
X

0 0
 ر2

0
y

(6.32) ا0

One also may use a rectangular element with four nodes as show in Figure
6.9. The displacement fnctions in this case could be bilinear as

(1)

(3)

Figure 6.8

(2) ·٠
Figure 6.9



-٤ إ- 0
X

0
 لا
0

My

0
0 0

X

0

Y

0

 أن

92

(6.33)

lf the retAngular elemem hs 8 nodes sه sلown in Figure 6.10, the
displacement fnctions in this case could be chosen as

٤ إ 0 0
Xy لا sy و 'sy و1 0 0 0 0 0 0 0

0 ا.0 0 0 0 0 0 X Xy لا »2 بم2 و  ير3

(6.34)

() 07 a)

 ة(6) )٩م٥

02)

Figure 6.10

6.2.8 StiTfhess Matrir of Reetangular PlAte Bending Element

The displacements of interest at any node of the retangular plate element
sلwown in Figure 6.1 1 are given by

&. -i'&& -ين٠٩٥٠٣ ,«او[,, ائم,& :٠ ٤

The nodal displacements of the elemen are thus

(6.35)

٢

Figure 6.11

 لا



٥? ;م]٥ ي٥± ،,،أ±ه
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(6.36)

The strains at any point (x,y) within the element consist of the curvatures and are
given by

A2 ج-=.• يد
-2 ب

 م-ا. ةة
& 0y

(6.37)

The corresponding stresses represent the bending and twisting moments They are
expressed as

32 برA3 به م2w ب ج2w ب2w ب -&y&7 جd& اد-آء -ي؟-أيج،جم/٧ أتجب+٠0 أجج

where
E٤  د]-

١201-٧2)

Thus, by using Eauation 6.37, one can write Equation 6.38 as follows:

 بم
The displacement function is taken as follows:

٣2y فر ق»y س3[ « «y»أ-م» لا٣ 
where the deflection y is expressed as

w=2g

(6.38)

(6.39)

(6.40)

(6.41)

(6.42)

Now, substituting Equation 6.42 into Equation 6.35 and 6.36 one obtains G.ن 

The displacements at any node i are, for example,

0 بء X ٣2 لا y y2 »2 ر أي wy° y1» قمy در

0 ١ 0 X 2y 0 «2 2xy 3 ر2 «1 3xy a
1 0 2x 0 لا 3٤2 2xy 0 ر2 3x2y  در

(6.43)

in which x andy are coordinates ofjoint i which are substituted by x and ز y.
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THe relation between and ج D. is obtained from Equation 6.37 and 6.41 as follows:

.: 0 0 -2 0 0 - 6x -2y 0 0 - 6xy
0- 6xy 4 (6.44)0 0 0 0 -2 0 0 -2x - 6y 0

0 0 0 2 0 0 4 4y 0 6x 6y

Matrix B is obtained from the inverse of matrix G and Equation 6.44, as follows:، ن 

0 يبء0

0 0 -2 0 0 - 6x -2y 0 0 - 6xy
0- 6xy c- 0 ا 0 0 0 -2 0 0 -2x - 6y 0

0 0 0 2 0 0 4x 4y 0 6x 6y
(6.45)

The element stifFness matrix can then be determined from Equation 6.26.

6.2.9 Elenents for General Solids

The stress-strain relationships for general solids has been given in Equations
6.10 - 6.13. In this section, the displacement fnctions of some popular solid
elements are given.

Tetnhedra with ConstAnt Strain

The element in this case has four nodes as shown in Figure 6.12. The
displacements at any point (x, y, z) are

" ]ء ٧ w] (6.46)

The displacement function in this case is

0 يإء

X z لا 0 0 0 0 0 0 0

:0
0 0 0 1 X 2 لا 0 0 0 (6.47)
0 0 0 0 0 0 0 X  لا

Tetrabedrs with Lineer Strain

The number of nodes in each element is 10, as shown in Figure 6.13. The
displacement function is

1 w y 2 Xy y2 z r 2, و2 0
P=00 0 0 0 0 0 0 0 0 ]rف siniا 

0 0 0 0 0 0 0 0 0 0

0

 أ٠ [«ا]
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(3)

٢

(7)

 ز2٠
Figure 6.13Figure 6.12

which has a dimension of 3 x 30.

RectsngulAr Solid

The number of nodes in this case is 8 as shown in Figure 6.14. The
displacement function is trilinear and given by

(6.49)

0 0

.]similarا 

.... [similar\

xyz 0

0 0

0 0

Zx

0

0

y2

0

0

Xy

0

0

2

0

0
 ز:إن

0 0 0

which has a dimension of 3 24.

(6)

 )ا

 ز(1)
Figure 6.14
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6.3 INFLUENCE LINES

6.3.1 Introduction

In the design of a stnuctural element, the designer looks for the greatest
stresses applied on the element in order to provide suficient strength to withstand the
maximum stresses. Stnuctures subjected to static or stationary loading are easy to
design since the critical section can be found directly from the intemal action
diagams. However, for stnuctures subjected to moving loads, as in bridges, it is
neessry to investigate the positions of the moving loads which result in maximum
streيses. Moreover, the positions of the moving loads which cause maximum normal
stresعs could be difTEerent from those which cause maximum shearing stresses.
Lnsteمd of solving such problems by rigeorous analysis considering all possible
moving loads positions, the problem can greatly be simplified by studying a unit
moving load. The variation of a specific internal action at a cerain section can be
ploted according to the position of the unit load. From these diagrams, which are
cالم ed influence lines, one can detemmine the position of the moving loads which
cuse maximum stresses at a specific section.

6.3.2 Definition

The infuence line is a diagram. its ordinate at any point along the stnucture,
gives the magnitude of a specific force function due to a unit load at that point.

For example, the influence line ofthe reaction R, of a simple beam is shown in
Figure 6.15. The ordinate at any point along this diagram gives the reaction R, when a
unit [oad is applied at that point. For statically deteminate stnctures, it is very easy
to coRstrc the influence lines, as will be illustrated by some numerical examples.
However, the constnction of influence lines for statically indeteminate structures is
more involved.

 حبوا"
1.t. R

٣ ة١٦
"[aت- 
 'جهت

Figure 6.15

The process of detemining the maximum intemal action caused by the
moving loads comes afer the constnuction of the influence lines. lf a set of
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concentrated loads is moving along the beam as shown in Figure 6.15, then for a
selected position, the reaction at A is obtained from

R٨ =P, y١ +P5y2+٠+R٨ لا٨ (6.50)

0n the other hand, if the moving load is distributed as shown in Figure 6.15,
then the reaction for a cerain load position would be

R=/(Pdx)y (6.51)

For a uniformly distributed moving load, the reaction is the load intensity
times the occupied area from the influence line.

6.3.3 Ernmples for Statically Determinate Structures

In this section, numerical examples on the constnuction of influence lines for
statically determinate stnctures are given. These examples serve as bases for the next
section.

ExAmple 6.4

Determine the influence hines of the reactions at A, B, and C fbr the beam shown in
Figure 6.16. From these influence lines, determine the influence lines of the shearing
force and bending moment at the middle of span AB,

Solution

 ثم

3{----٠-٠٠----
- «--

6.0m. 2.0m. ١ 40m.يد 

Figure 6.16

 ه

The influence lines of the reactions are determined by finding the reactions when a
unit load takes various positions on the beam. [f, for example, the unit load is located
at A, the value of R, is unity. If the unit load is located at B, the value of R, is zero.
If the unit load is positioned at E, the value of R, is When ر.) the unit load is

positioned at C, the value of Rي is zero. The influence !ines of R,, Rه , and R¢ are
shown in Figure 6.17,

The constnuction of the influence lines for the reactions eases the
determination of the influence lines for the intemnal actions. The shear force at section
D equal to R, if the unit load is moving between D and C, and equals to (-Rg) if the
unit load is moving between A and D. Similarly, the moment at D equals to (3R,) if
the unit load is moving between D and C, and equals to (3R) if the toad is moving
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between A and D. The influence lines of A, and M, at section D are shown in Figure
6.18.

1٥
1.t. Ra

0.333 KN

Figure 6.17

١t٠ RB

١0KN

Reا'٠ 

_0.5KN1.0ا به،-٢ 
١

0.5  -سم
 مب مد٣

t. Ayا٥. 

30
KN.م 

Example 6.5

 به
 يد ه

٦ لاKN.m٥. د

Figure 6.18

٢.L٠ 42٥

Detemine the influence lines for the shear force and bending moment at section s for
the simple span bridge shown in Figure 6.9.

croF٤ Girder

8
١n raer ا١  بي

Figure 6.19
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Solution

This is a typical strctural system for simple span bridges. The moving loads' effects
are transmitted to the main girders through the stringers and cross girders. Therefore,
the influence of the unit load on the main girder is only through these cross girders.
The influence lines for shear force and bending moment are detemined from the
influence lines of the reactions at A and B.

When the unit load is moving between d and B, A2ر= R,, and M, . Rم4= When the
unit load is moving between A and C, Aي = , Rه and M٥ = 6Rg. The influence lines
of Aير , and M,, are as shown in Figure 6.20.

 .ا0KN- بب
 ب

 ه
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 ،٥ سمه ي ،
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EIAmple 6.6

» ب

Figure 6.20
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Detemmine the influence lines for members 1-2, 3-5, 4-6, and 3-6 for the plane tnuss
shown in Figure 6.21.

(2)
 د

١

 ا

٢٠ ر٢

{4) (6١ (8١ (w٥)

(9)
8،A

 ق.. الأسس-- و

Figure 6.21
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Solution

The efect of the moving unit load is transmitted through the floor system to the trss
joints. If the unit load is moving along the lower chord of the tnuss, then its effect is
transmitted tojoints 1,3, 5, 7, and 9.

From the equilibrium ofjoint (l) it is obvious that the influence line of member l-2 is
the same as R,, By studying the equilibrium of the part on the lef hand side of
section s-s, it is obvious that when the unit load is moving along 1he right side ofjoint
s, one has

h'42=+و_و R, (tension)

A'ى_ير =-R, (compression)

(١4١4R, (comnpression=-و,«٤- 

If the unit load is moving towards the lef side of joint 3, the forces in the members
are

A' ,R +=و2..، (tension)N -

(5R (eompression#,ج-ر=- 

(eompression)١.4١4 جR=+و,«٤- 

The influence lines can then be constnucted as shown in Figure 6.22.

2.٥KN  ي
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Figu:e6.22
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6.3.4 ExAmples for StaticRhly lndeterminRte Structures

It was shown in the previous section that the influence line of any intemal
action can easily be constnucted afer determining the influence lines of the reactions.
A similar process is used for statically indeterminate stnuctures, except that the
reactions are usually statically indeterminate. In some other stnctures, intemal
members could be statically indeterminate. Therefore, one first has to determine the
influence lines of the redundants in the statically indeterminate strctures.

Example 6.7

Detemmine the influence lines of the reactions , Rم R and R, for the beam shown in
Figure 6.23.

A B c

Solution

 ،أى،
Figure 623

If R, is considered as a redundant then the equation of consistent defommation in the
force method is

4٨٥+٨,6١=٥ Al0R
 د ب

a f١
where Aر٥ is the deflection at A due to the unit load at position x, and f, is ر the
deflection at A due to the unit load at A. However, from the reciprocal theorem one
has Ao is the same as f;\. Therefore, one only needs to place a unit lod at A and
calculate the deflections f; at ر various locations along the primary strcture.

The deflection at various locations along the beam can be calculated by any suitable
method. The conjugate beam method is perhaps the fastest method in this example.
The calculated deflection is given in Figure 6.24. The influence line of R canم now be
detemmined by dividing all deflections by f,833.333=ر /EI.

n order to determine the influence lines of Rg and R, one uses the equilibrium
conditions. When RA is written in tems of R, one has

x م  ,م25-25
 د د

15 'a15٥
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10 ٥m

·3 6! m

15.0m -٠ د

 ه1133 د•

Figure 6.24

B.M.D

(١٤١,,

Similarly, R is obtained as

٢٨-١0١٥ م  د ب ،
١5 a15•

The influence lines of the reactions are shown in Figure 6.25.

1٥

1.L٠R٥

١.t٠٨٤

١٥KN

1. t٠٨٤
 امه لمه فمه

Figure 6.25

ExAmple 6.8

Beemmine the influence lines of Rg and the forces in members 3-5 and 5-6 in the tuss
&hown in Figure 6.26 (EA = 252000 kN for Horizontal members, and EA = 126000
kN for diAgonal members).
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Solution

Figure 6.26

D.S.I. = m+r-2١(=17)2-4+3ز=١ 

Select the reaction at B as the redundant. Calculating the deflection at the lower joints
due to a unit load at B, the influence line of Rg can be constncted as show in Figure
6.27.

0 1٥١ 5.0886

٥.٥1.٥ KN

Figure 6.27

٤٢,(cm.)

R١٠ ا٤٠

In order to detemine the influence lines for the forces in members 3-5 and 5-6, one
finds the value of these forces in terms of the reactions, as follows:

For member 3-5 one has

· 12A =-R$3-5 5 a

٨ اى2 .م35 م  د
c5 b 5-3$ ي

(ifthe load moves towards the right side ofjoint 4)

(if the load moves towards the lef of joint 4)

The relationships between R,, R., and R,, are



48-٨ Rي{ -د 
a 48 2

R=--2Rج 
48

for 0<xs48

for 03x548
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The influence lines of the members forces cAn thus be cnstrced sه show in Figure
6.28.

1.I66 KN

2.4 KN

LL.A'مر 

 .اL.A فه'

Figure 6.28

6.4 STRUCTURAL ANALYSIS USING COMPUTER

The principles of matrix stnctural analysis presented in chapters 5 and 6 cAn
easily be programmed for computer use. One has to be familiar with the
programming language of communicating with the computer machine, the numerical
techniques needed to program matnix operations like addition, subtraction,
multiplication, inverse and the solution of linear simultaneous equations. At presert,
the substantial skills in sofware techniques have resulted in many professionaأ 
stnctural analysis and/or design sofwares able to solve complicated structuلar 
ana ysis ا problems using personal computers. Programs like STAAD-IILISDS,
SAP90, ETAB among many others are charactenized by easy use. In these program4,
the user introduces the data 0f geometry, members properies, boundary conditions,
applied loading. and the type of analysis or design required. It became possible by
these sofwares to solve large scale problems for different cases of loading in very
shor times. Mos of the stnctural analysis programs have also excellent grephic
capabilities to enable the user to check out the inpu4 geometry and to provide plots of
defommations, internal actions, and stresses contours in the stnucre.
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In this section, somne examples are solved using program STAAD-]IISDS to
show first the verification of the results which have previously been obtained
manually. Secondly, to show the effect of the current practice in assuming the
distribution of foors loading on the surrounding beams on the accuracy of the
strctural analysis of skeleton structures

ExAmple 6.9

This example is the samne as example 5.14 of chapter 5. The geomnetry of the stnucture
is shown by the computer plot of Figure 6.29. The input file is shown in Figure 6.30.
The shear force and bending moment diagrams are given in the comnputer plots of
Figures 6.3l and 6.32. lt is obvious that the results are in close agreement with the
results of example 5.14.

Example 6.10

This example is the same as example 5.17 The inclined roller support can either be
introduced as an inclined link as shown in Figure 6.33, or by rotating the structure
such that the new x-axis coincide with the rolhing plane as shown in Figure 6.34. The
input files of both cases are shown in Figures 6,35 and 6.36, respectively. The shear
force and bending moment diagrams of both cases are, respectively, given in Figures
6.37 and 6.38. The results are the samne as obtained in example 5.17.

ExAmple 6.11

This example is the same as example 5.19. The geometry of the stncture is shown in
Figure 6.39. The input file is given in Figure 6.40. The shear force and bending
moment diagrams are shown, respectively, in Figures 6.41 and 6.42 which are the
same as obtained in example 5.19.

Erample 6.12

The space frame with a roof slab shown in Figure 6.43 can be analyzed by
distributing the slab weight on the surrounding girders using the attributed slab areas
as shown in Figure 6.44, ln this case, the problem becomes a one dimensional
skeleton space frame. The input file of this problem is as shown in Figure 6.45. The
bending moment about z-axis is shown in Figure 6.46. The bending moment along
girder 1-2-3 is shown in Figure 6.47.

This stncture can also be solved by discretizing the slab into finite elements as shown
in Figure 6.48. The input file is given in Figure 6.49. The bending moment about z­
axis is shown in Figure 6,50. The bending moment along the girder of nodes 1-2-3-4-
5-6-7 is shown in Figure 6.51.

By comparing Figures 6.46 and 6.50 one finds out that in the second case, the girders
are subjected to Torsional moment which was not discovered in the first case due to
neglecting the slab-girders interaction. Moreover, these are difference in the results of
the bending moment of the girder and columns.
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4٥.٥٥٠٥٥٠٥٠٦ 36٥٠٥٥٠٥٠٥
5. 46.٥٥٠٥3٠٥٠56٠٥٥٠٥ 6٠٥
6.63.0٥٠٥6٠0;7٥٠٥٥٠٥6.0; 8٥.0٥.٥3٠٥

7. و٥٠٥٠5٠0٥.٥
8٠106٠0 -5.0 0.٥

 .و٥5.0-116.0.6
1٥. 120.٥ -5.0 6.0
11. ARaBER INCIDENCEs
12. 1 1 27, ٥8 1

13. و19;31010;1217:51111
1٠. wdRR PRoP
15. 1 T6 PRIs YD 0.5 z0 0.4

6 20 0.6.T 12 PRIS Yo16. و٥
17. CtSTA
16. E 2500000000 ،0  ململم
19. D2450.0ه Aات 
2٥ SUPPOTs

T 12 FIXED.1 و
22. uمD 1
23، SELFEIGyT Y -1.٥
24, Mpa. oADا
25.1357 LINGY ٥.0 -1335.٥
26. 246 ٥ LINGY -1335.0 0.0
27. uAD 2
218. AE AD ما
29. 1 35 7 LINGY 0٥.٥ -150٥.0
30. 24 6 8 LIN CY -150٥.٥ 0.0
31٠ L ADم Cte8INATIO 3
32.11٠٥ 21.0
33. LمOAD COBINATTON 4
3٩٠ 1 1٠4 21٠٦
35. PERFORM ANAYS1s
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P ٨0BLE 8 s T٨٢1sT1 C s

NUBER OF JOINTS/wEBER «ELEENT/SUPPORTs  ء
ORIGIML/ FIXرلA BAMD-wI٥TH = 8/ 4
TTلA PRMARY LOAD CASES • 2, T0AL DECREES
S12E OF STIFFNESS MATRIX» 864 pOUBLE PREc.
TTلA REOUIRED DISR SPACE- 12.0 MEGA-BYTES ذ

12/ 12/

OF FREEDO4 -
wO3DS

48

٠٠ PROCESSINC ELEMEAT ST1FFWESS MTRIX.
٠٠ PRCCESSIMG GLOBمLA STIFFHES4 MRIX.
٠+ PRCCESSING TRIANGUUR FACTOR12ATION.
٠٩ CAلCULTING JO1MT DISPقL CEENTS.
+٠ CLعULATING MEMAER PORCEs

36٠ PRIMT ANALYSIS RESULTs

Figure 6.45

1: 3 :28
1: 3:28
1: 3:2 و
٦: 3.29
1: 3:2 و



Figure 6.46

5٢٨٨٥٩٥-٨٤٥١(١٢٤٧68٥
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Figure 6.47
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٤٤6

$٢٥٥٥ م٥-٥١٥٢(١٥e٤٧ )ه.٥٥4٤ فذ»١٥ بو
٣tب الا ةM4د لابc٢1 ا٤ل ،3 م

،»» a7:
١ «ه

 با م تى

a٠٥
•• ن٥

٥ •
 وينح٥.٩ و4

 ون« لا٥
 وتنح4.،

Figure 6.48
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٠٠٥٠٠٠٠٠٠٠٠٦٥٠٠٠٠٠٠٠4٠٠٠٠٠٠٠4٠٦٠٠٠٠٠٠٠٠٠٤٠٠٠٠٥4٠٠٠
،٠ sT٨٨٥- I1٢  و

4 Rev1alon 14.0a
4 Proprletary Progrw ot  ي

R8EARd& ق ,eIgeensع Inc.  ن
s Date- MR ٥, 1996
4 Tلا a17٤45:36 ء  ن

4٠
4٠٠٦٠»4٠٧٠٠٠٠٠٠٠٠٠٠٠٠4،٠٦٠٠٠4٠٥٠٠٠٠٠٠٠٠٠٦٠٦٠٠٠٠٠٥٠

٥ 0.٥٠٥٥1٠٥146.٥٥٠0 1٠٥
22 0.٥0.٥ 3.٥ 26 6.0 0.٥ 3.o

٢ 36 0٠٥0.٥5.0٥ 426.0 0.0 5.0

1. STAAD SFACE SPAtE rNdE dC SIDERINCت TWE SLB AhLYSI6
2. UIT6 METeR RG
3. JOINT CODIMTe
4.1٥٠٥٥٠٥٥٠٥٦6٠٥٥٠٥٥٠٥ ;
5٠ 15٥.٥0٠٥ 2٠٥216.٥0٠٥ 2٠0
6، 290.0٥٠0 4٠0 35 6.0٥.0 4,٥
7. 43 0.٥.٥٥ 6٠0 49 6.٥.٥٥ 6٠٥

5.0٥٠٥50.8-0،0 ر6.051-5٠٥٥٠٥;520٠0-5٠06٠٥;6.053-65،0٥.
dBERINCrDEcEsيMو. 

26111٥٠ ر71127٦14;71818113;24444319
11. 351 50 ; 267 51;27 43 52 ; 28 49 53
12٠ ELEMENT INCIDENCEs

T0 2291.13 و34
TO 1835.14 و40

TO 8٩1.15 و4616
16.4715 8 16 T 52
17. 53 15 16 23 T 58
18. 59 2215 23 T 64
19. 65 22 23 30 TO 70
20. 71 29 22 30 T 76
21. ٦7 29 30 3 82
22. 63 36 29 37 T 68
23. 89 36 37 44 T 94
24. 95 43 36 44 T 100
25. CONSTATS
26. E 2500000000.0 L لم
27. DEN 2450.0  بلة
28. MFMB PROP
29. 1 TO 24 PRIS YD 0.5 ZD0.4
30. 25 T0 28 PRIs Y٥0،6 zD 0.6
31. £LEM PRoP
32. 29 TO 100 THICK 0.10
33. SUPPORTS
3٩٠ 50 T0 53 FIxED

oAD 1 DEAD LOAD35. ما
36. SELFwEIGHT Y-1.0
37. ELEM LAD
38. 29 To 10٥ PRGY -200.0
39. LAD 2 LIvE LAD
٩٥٠ ELEM LAD
٩1. 29 T 100 PR Y -500.0
42. LAD COHBINATION .3
«3٠ 1 1.02 1.0
٩٩٠ PERFORM٩ A NLYSLSل

$٨TIST1csL E Mم٥٩٥ 

MMBER OF JOINTS/MEMAER,BLRTS/6UPPRTS  ء100/53/ ه
ORIGINAL/FIEL BAMD-wIDT  ء49/٥
TOTAL PRIMARY pOAD CASES , ء2 TTل DEREES OF FREEDO4  ء294
SIZE OF STIFFEss MATRIY TOUBLE ء14112 PREC. wORDs
TOTتA REOUIRED DISK SPACE - 12.69 MEA-BYTES

17٠45:36
17:45:36
17:45:39
17:45:٩0
12٦٠45٠4٥

++ PROCESSING ELEMENT STIPeESS MATRIX.
+٠ PROCESSING GUOBNL STIFRwEgs AATRIx.
+« PROCESSIMG TRIwNOULAAR FACTORIzATIيO .
٢+ CALCUUATING JOIMT DISPLACEhEw1s.
++ CALCULATING MEMBER FORCEs.

45. PRINT ANALYSIS ٢ESULTs

Figure 6.49
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٢٤ 4
،٥٠t  ر1٨٨٥٨٥ م-٧٥١(١٥٤٧ )مد٤ بذه

٢١١٤ ٤ا«٢8u اIwtA»s ا« 4لا يد٢ ا

Figure 6.50

 إود بم1«2

42٦٥ +٥ ا بم4

\/·3 -ب ٥Mو

:
٥ATt; 1٨٨٥٥٥$-١٥١٣٤٧٠٨١٥٢ )مد١ ذ ,و١9

٣t؟»$ ادt١٤٢٤٤ ل$ نة؟ لاب٢ ب« ٣

Figure 6.51
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Ans٣er١٥Exercists

ChApter2

)(b) 306.274 » 1o' m))لا( m'10»60.355)2. )ة

3.
3

PL)رو a
3

(b) -2.8336() (c) -070833 PL?( ( لا

9 0.00779 m( ( ط

10. 0,= 26.67 » 102٢ad ، 4=938.67 (±)m' د10

CMnpter3

2. Elastic Centre at D

EI/4096=ا, 
M١66.4م=- kN.m

١, = 2730.67IEI
M35.46+=رر kN.m

1 =-2048mEl
M = -54.13 kN.m.

5. R٥= 2.829kN(+) ; )cm و=40.2829 )

6. (a) M46.42=و kN.m (b) M47695=و kN.m (c) Mg = -0.0766 kN.m

7 Fe٥= 22.937KN ; M٥= +12 kN.m
F1.45٨_ =بkN(ج ) ; M٥=٠87kN.m

cm0.0028=عه 

8. X١ = R٨= 9.43 Kips ٥١٥ = -0.2f ; f١ =0.03R inch1٥ =ر

10. M٥= 3525.82kN.m : Me = -4598.7 kN.m

11. x١ = F٣= -2/59 KN
34.15x5٥ر
٤3 هء

EA
F10=و kN

K =

 ا٦٥=

F«e =

R= 23.87 kN(T)
93.23x5

EA
10 Kn ; Feg=20 kN

12. K١ = R٨٨-=١42kN(+)
P0.0045=ر&٥ 

٤٤ = R٨٧ =-0284 kN ()
f0.00225=و«ط 

13. (a) in و=41.867 ()
Re =1١33 kips( T)

(b) M٥ =-6.44Kf

14. x١ = Fمe
» = R,

0.32kN=فم؟ 
Fe٥ = -0.64kN

)(1.5in=عه 
R٥ = 3.734 Kips( T)

, M٠= -26.59K.R

٢٤ = Fe٥
= Xم Rey
F5.09=عوم kN
Foe = -032kN etc...



16. x, = Aر cn
Xو = A١٤

= A,cرر X2

Xs = 8٠١٤

562

x3 = M,cD
6 = M,٨E

18. Elastic centre at 7.5 R fom AD.

A = ١6EI
M٨ =-7,85K.R

1, =252IEI
M29.28-=ر K.R

M,= ١6.25 +3.124y

19

24.

X١ = F١٥ = -8,536 Kips
4١٥ = 61795/EA
F13.97-=م٥ Kips

X١ Re= 50 kN (+)

 ا١٥
-1207.1

f١EA
24.142

EA
; F30-=٨و kN

f١ = 72.39/EA
F6.03=٨ و Kips

25 x١ = R6.653-=١ ,و Kips
M = -47.03 K.f

٠ x5 = R0.54=ر, Kips
M٨= -13.98K.£

27. M٨ = 5709 kN.m. M = -1030.46 kN.m.

29. Atelastic centre x=4.581kN(<-) ; x,=0 ; x25.9و=- {N.m
y= 320/Elا :EI/268.19=أ, 

M, = +5.613 KN.m : M11.035-ر= kN.m.

For x = ر F,)30 ر.

٢.٥-٠١٩٤٨٥٤;-864/El=٥
F٨١ = 134 KN

kNF12.44+=٥ ير
kNF٨٨=+١7.22

x,= R٨

٢,-٩٤٩٤ a٤9٦
EI 28.8 34.56

F.٨e = 10.33 kN
15.55KN=-»٢ بأ

Fe1.34=-را kN
Fw17.22=-ع KN

31. For x= F,ر ,= Rm16.495=-جر kN
; = M169.695ر=- KN.m

x5= RH =46.726 kN

-286 13533

 أ:،:.، بز»
2.5 -0.08

0.8

1.1067
-0.06

-0.08
-0.06••

32. }" ت;٤٨/٥0٨05
ff' E 025 1.333 /./.,»3 ١9.43

(<)

٨ ر
,R٥,=8٧ =ر٠٢٥ M, =25.35K٨ , R,,=20.s6K.٨ (T)



34. ٢=R٥
R٥ =0768 Kips (f) ,
R0.12م= Kips ()

8,=R٥
R0.44ح= Kips (T)
R =0.089 Kips ( لط)
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35. x,=R١٠0285م= Kip (T) , x ,F= و =-6465 Kips

1o-3»22.8=4٨٨٠3-22.4٧١0=-4 ر

36. (a) K Ce٨= عم م=٨=0447 ،6 هم =0.5928

@b) MpAE= -19.9K.4 , Mp٨= -26K.f

37. ٨ ى24
EI

160mE11 =ا, =197.33IEI

M, = 2.22+0.23 y
M٥ = M٤=-5.78 KN.m
M = M٥=30١ kN.m

M, =M٤=١.42 kNm

40. F٤0.747=ف N
R٨٧=6.25 kN

Fe5.5=-و kN
R0.6م+= kN(+)

38.65fEAمه= 

4١. M30.125م= K.R
R٥ = 30.295 Kips

، M٥= -60.25 K.R
0٨=0 fom B.M.D.

42.

43.

x FAn= ر = 1.65 Kips
M15.62=-و K٨
b1٥= -0.81778 ٢

M٥ =-10.97 KN.m
M٨ =-9.133 kN.m

٠ x٥=F٨e=4.128 Kips
Me=-15.84K.4

٥ ود-=41.3308

, Me=-5.١97 kN.m

44. Elastic center at A

H = 369/EI
M,=-2.496y +2.436 x
M = -١4.976 kN.m
M٥-=١7.28 KN.m

Chanter4

1، = ١584/E١

M= ١4256 kN.m

l= 378/E١

1.

2

M531865=ىم kN.m 0٨ = -0.00603
Mu٨ = 397.32 kN.m 0٠ = 0003455
Me٨ = -20kN.m 0, = 0.0033569 An 0.00676 m( T)

M14.76=مم kN.m M٨٨ = -22.26kN
M0.233-=و kN.m Me ١ و -24.99 kN.m
M2124-=م kNm M١»e = ١1.24 kN,,
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4. M68.65-=م kN.m M٨٨ = -142.92 kN.m
MMe = ١1292 kN.m MeM = 265.47 kN.m
Me٥ = -265.47 kN.m

5. M1198=٨و kN.m M12.56-=ر٨ kN.m
Me12.56=ع kN.m Mcs = -10.58 kN.m
Me٤ = -7.7 KN.m Mج e = -25.33 kN.m
Meo 18.28 kN.m

6. Mmc -27.9 KN.m M2١.84-=م٨ kN.m
M٨٥ =-10.77 KN.m M٨٤ = 49.74 KN.m
Men -44.65kN.m M ٢ ر = 25.7 KN.m
MM12.53 ع kN.m M,بر = 18,95 kN.m
M٨٤ -22.5 kN.m Mre = 22.5 kN.m

7 ME18917-=م KNm
M٥٨ =9.7KN.m M,\٥ = 477 KN.m
M ٥ م = 6.2 kN.m M١»e = 3.01 kN.m
Me0.415- و KN.m M ٨ ع = -8.92 kN.m

11. M٨٥ = -91.67 kNm M١,٨ =-126١ KN.m
Me96.17- و KN.m Mco» 51.44 kN.m
Mعn -2.92 kN.m M٠٤ = 44.73 KN.m
Mee = -213.98 kN.m M, = -218.85 kN.m , MeR= 119.75 kN.m

13. M٨٨ = -56.26 kN.m
Mse = 2.72 kNm
Mea = 1.36 kN.m
Mae = 54,54 kN.m
Me٥ =-16.36 kN.m M8.18 م kN.m

14. (a) S٨ = 0.446 El C٨n = 0.593

(b) K٨و = 0.5643 El C٨ = 059276

15. 0 و -6.25x10 rad 0٤ = 0,=3.125x10 rad
M2.09-=٨ وKR M٨٨ =-7.29KP
Mمc = 16,66 Kf Me٨ = -21.35K.f
M٥٥ = -4.68 K.P

16. M١9.09=م٥ kN.m M١1.04=١ ,و kN.m
MeA = -5.187 KN.mm Mc5.187=رر KN.m

18. E1 10000 K.R3
0n = 0.5 inch ( ل)

8 و, = -0.00844 rad
0e = 0.022544 rad
M17=هم K٨ M١١٨ =-43.13 K.P



565

٥ = 18.17IEI
Me٥ = -11.33 kN.m

0٠ = 4.52IE1
M١١ = -9.947 kN.m

-6.365/EI
9.316 kN.m
9 07 KNm

0e١9.
Mهم 
Mحe

-46.46 K.fM١١٨9.86 K.R
-36.7١ K ٨

20. Mه 
Mee

0 , 0e, 8، 60، 8e. e ،م44
Mg = M٤ = M٥ = M = M=0
H a +He٥ع + He=0
H ٨ و +H٤٤+ Hc,=0

21. Unknowns
Conditions

22. 0e=0 ٥٥٠=٥ ،٥=720/EI
M٨e=30 , Me٥=-30 , Men=0

C0.592=٨ و

M18.1=٣ فمkN.m
Cu = 0.6238
M2497-=وم kN.m

M65.73-=٨ و KNm

A٥٨ = 026 21 kNA١-

M٨ = 34.35 KN.m , Muc= [5.64 KN.m

23. (a) MrA2341-=ه K.R

@) S٨ = 0.447 E1

26. Mee٨ = -18.1 kN.m
S٨ 16.824 kNm
M1371=هم KN m

27 M١0.36- هم kN.m
Mعa 65.73 KN'm

28. Anc -43.78 kN
A٨c = -8.78 kN

29. M21.48=وم KN.m
Mes = 491 kN.m

Chnpters

0.012 0.0026

 إ» .أ بسمب.،
0.00016 0.00174

٨٥-٨٩١٦ -7٩2 ١469} ٠ A1275766١2=ه٨ .]
A}=[-5718١ 2-1272s] . A}38.770-735=[-م ]
A'}48.48ح= KNد 

٨٨١ A'}= 58.93 kN
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0.252 0273
2 ه٨-٠٥١٩٠1٥»". "ا"=،ه ،أ; "أ"-هه أم 0237 0.262

-3Dcy1ب=٥ x0.489 m

79kN , AMe =158 kN=-98.8 kN , A١=٨٤68kN , A٨٨ و=٨٥
Ap٥ =I2.5kN , AEe =15.4kN

4.
-1.2

٠-,٥
-١6

D, =-6٧10 m , A}585.8و=- kN
٢

. D,, =-1.6x10-2 ٨
 لا

٠ A\١20و=- kN , A214.2وؤ= kN

3.07١ 8.93- إ«-.ه إ{

6.

12٥kN=-٨ وؤ

١ .68.38
D  له»]ةه=
M164.9=٨ق KN.m

18kN6١4282.9 -=بؤkN ، A=»رز ، 

-١15.9 ٩1٥eا=,ه ه،ا]٠-١- EI -10.59-٠

7. A%49.45ر= HN A0رؤ= ، A55.١2وز=- HN

,9.56kN =ي,0 A,24.4 =رkN ، A,8 =و
A\35.6ج= kN , A\552إ= kN , A34=7.85kN

KN , A, =-105.6 kN43.45=9.56 يؤkN , A=-8 و

8.

 نز.5.8-
•• ا:::54.1١-
41.6

18.71 ي:ء-4.18

 اوتم.،

- 18.7- تجء54.١

9.

2.256
, A'5١=686kN , A'3 =-3.448 kN

D = -1.785
15kNر=- A'3,2د 

3.176

11. A'1951-و= kN
A'p18.02-=ج kN

-82.56
D  إء.:وه=

A'Mc = -[٠13 kN
A'١e = -١8.36 kN

-86.7
D  الهً،=

A'c٥ = 12.74 kN
A'٤٨ = -6.34kN



12.

١5.

1.353

١0'=$ م.أو٠ د«

٢.٥١3·

 -،ه أغيا
8

-0.353 -1 ٥}

1353 0 0\
0 0:

0 0 ١١
 أ

D=-0853 A"}6-076٩2و -إ=٩ oo]
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16.
[-12383.75  ا»إء ،بب-ه
 إ2١933,0232

١0953?
!Adو-١٩= 
- ر

45357 ر

١7.

١8.

٢ -25.5

 ":.ه اينا
-١٥٩7,

- 188.14 ي:أ،25.52

٢-7ss٥]
Aec=286ز- }

;214.3 _ذ

٢ 24.48
 ا

 أ=غ22'

! 2oo2'

 ،•. اب75.79-
 ا214.33

19.

20

•• لي3 إ
307.2

٢ ٠0D'٨=
-١2.19

 أ#بناه٢4.72-١
0

-650 ,.· ي: "؟اء 0-١2.١9

-35١9  ا. بب يي،أ:.0
1.52 -16.76٠:10

21.
- 54.75

 د.، ،بر
7727

- •• إ،3.04  إة.



22

3.829 2.08

»«٠ إ» أ - ١.977w1٥-٠1 0.1265
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 إ:.·0
0 ا، ا،12.87-

٣ ا
-١2.87  ، أي: ::اء11.24-

23. 0.378- إ. از،ا: 249

A o]= مث 22 0]

0

 ،. اذ:
0.134 0.0014

24. D٨= -00293 Dg=-002950
0.0213

-١.05 -١05 -5.25

2'٨٥= -4.875 2 =٨٥٨=5و 5١25 A'٥c= -1.0560,
-0.75 0 '

-525

٨٤=١8.94
-7١48

-6 98 - 654

25 D0١34--9 ع=١٥-1-0.09 و ى=١٥

- 96.58 -926.52

42.65 47.65

8٨٥= -232.5 2c٥=١96.76
2.68 2.086



29.

29.22

- .ء أو، 1246.9

 تيه].0.0389
١227.65- /:ا.،

/-٦D;= -495
-0.125

, A١3=8.89K
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31.

35.

- 28.517

31.97 ر.، أباً

-51.28

 أ:ز/ء»
-319.08

 :ا.٨

-  ه إء28.5١7
- 180,919

}.2 ي
-0.0146

-١503- الءي: 20.14

 ببزر،.-5 .ا28
-202.1

36.

 إم#}.،
0

 أيي.،3.25
39.37

39.37 اباءه3.25
 ي.،

-0.00163

17
-9.55 10.12•• إ ه ا«3.65-] {-6448

0.0036 ا:و.،0.0328
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lndex

Ations 59,60
Answers to problems 561
Arches 82,485
Asembled stifiess 346, 376
Axie] force diAgram 30

Balance moment 293
Beams 17,94, 127,201,221, 260 ,369
Bending moment 30
Betti's theorem 58, 59
Boundary conditions 13, 380
Bracing 121
Bridge 531,533

Camtilever 94
Cany over factor 294
CArry over moment 294
Castiglieno's theorems 50, 125, 320
Centroid 165
Column analogy 165
Compatibility condiions 13, 256, 376
Complementary erergy 23
Complementary work 2l
Computer applications 539-557
Corjugate beAm 65
Conuectivity mAtnix 323
Consistent deformrion method 88
Cominuous bems 135
Coordinete tansfommation 370

Deهd loAd 531
Deflecion 102
Defommations 59, 60
Deforations-Actions relationship 60
Degrees of Freedom 253
Degrees ofkimeematic indeterminacy 253
Degrees of suatc indeemminAcy 75
Design process 3
Deteminate 14
Direction cosines 371
Discrete elements 4, 514
Displacements by spports 99, 206
Distribution factor 258
Distributed momem 257
Domes 3

Elastic center 149
Elastic curve 63
Elastic spring 98, 455
Elastic suppor 455
Elastic weight 65
Elasticity eguauions 519
End-actions 59, 60
End-forces 59, 60
Energy mehods 50, 125
Equation of three moments 135
Equilibnium conditions 12
Equilibrium matnix 220
Equilibrium method 8, 75
Equivalent joint loads 195, 418
Extemnal wonk 21,67

Finite element method 513
Fixed end forces 197, 198, 199
Fixed end moments 197, 198, 199
Fixed supports 14
Flexibility coeficients 59, 194, 220
Flexibility matnix 194, 220
Flexibility mehod 191,218
Force method 191,218
Force-defommAtion relationship 60, 365
Frame stnuctures 4, 78, 103, 128, 208, 265

Girder 534
Grids 369, 408

Hinged spport 14

Inclined support 453
Inflection point 67
Indetemminacy 75
hndetemminate stnctures 75
Influence lines 531
Integration 24, 50
Intemnal forces 14, 60
lsoparametnic element 526
lsotropic material 520

Finematic ndeteminacy 253



Lack offit 424
Linearity 12
Live load 531

Material nonlinearity 11
Matrix fommulations 191,215, 322, 346
Matnix methods 191,215, 322, 346, 365
Maximum moment 34
Maxwell's reciprocal theorem 58
Membrane element 526
Modulus of elasticity 12
Moment area theorems 63
Moment distribution method 292
Mowing loads 531
Muller-Breslau's principle 531

Noلad forces 522
Nodes 513
Nonlinear materials l1
Nonlinear spring 455

Orthotropic matenial 519

Pin connected truss 14
Pin connected member 113,118
Pin supponts 14
Plane strain 520
Plane stress 520
Plate 527
Portلa fame 21, 103,256
Potential energy 2
Primary structure 75
Principle of super position 12
Principle ofwirtal work 36

Reactions 14
Rectangular element 527,529
Redundant 75-86
Releases 75-86
Roller supports 14

Settlement 67, 100, 110
Shape factor 27
Shear deformAtion 492
Shear force 26
Shear force diagram 30
Shells 4
Sidesway 260, 302
Sign conventions 30, 260, 365
Simultaneous euations 218, 322
Slope deflection eauation 256
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Space frame 84,411
Space tnuss 77,391
Stability 75
Static eguilibrium 12
Statically detemminate 14
Statically indeterminate 75
Stiffhess coefficients 60, 322, 346, 365
Stiffhess matrix 60, 322, 344, 365
Strain energy 23, 24
Strain 519
Stress 519
Stringer 534
Stnucturلa analysis 3
Stuctures 4
Superposition principle 12, 201,220, 325
Support settlements 67
Surface loads 521
Sway 256, 302
Symmetry 12'

Temperatre effect 27,95
Tension membes 230
Three moment equation 135
Torsion 24, 369, 365
Transforation 370
Trianglar finite element 514
Tnsses 14, 75, 77, 103, 131

UNit displacement method 37
Unit load method 39

Virtلa displacement 37
Virtual load 39
Virtal work 36

Work 21


