
Chapter 4

BASIC MODEL AND ANALYSIS

4٠1 INTRODUCTION

hn thesis, random-access protocols for the OCDMA network proposed in [] for single-rate
users are extended to be suitable for multi-rate users. Nore receiver detection models
exist. The most famous ones are correlation receiver, and chip-level receiver [6]. The
eflect of both shot noise and thermal noise are added separately to the MAI, then the
perfonmance of the Prol and Pro2 is studied in the noisy enviromment. The obtained
results are compared with noiseless system throughput in [44].

4.2 SYSTEM MODEL

The system model is composed of N users having same average activity / as shown in Fig.
4.1, we focus on slotted data transmission. Thus, after a successful control message, a user
transmits a packet (with probability /) at the beginning of a time slot to the destination.
The length of a packet is F bits and corresponds to a slot duration. An active user
(one that is about to transmit a packet) is assigned a one coincidence frequency hop
code/optical orthogonal code (OCFHC/0OC). The cardinality C of an OCFHC/OOC
is given by [14]

٨٨ N-1(=p(p1)٠٠ w(u- 1) (4.1)

Note: We approximated the cardinality to efleetive part which is @ in Ea. 3.20 in
Chapter 3, then the average mumber of hits between a codeword can be approximated to
g which is:

Nooc-12ن 
(ooe "@-!  =و\4.2)

@- 1
Acquiring the multi-coding, technique to achieve multi-rate depends on oflering each user
a mumber of codes cepending on the rate requested. This requires a large set of codes
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FIGURE 4.1 Optical CDMA network architecture [3]

which makes the OOC [7, 8] insuficient in such case; as increasing the cardinality means
increasing, the code length, which is not practical for high bit rate applications where the
mumber of time slots is limited. That is the reason behind choosing the OCFHC/OOC.
Furthermore, the OCFHC/OOC correlation constraints guarantee that the codes inter­
fere by only one chip at most [14].

Multi-rate can be done by multi-coding techique, where a high rate user will be oflered
a mumber of codes from the pool depending on the rate requested (Number of codes
mه = h,/hء ), cepending on the rule given in Pro 1 or 2 depending on the protocol
used.

Two cases are studied; namely, two-class network and general mumber of classes where we
divide users of system on classes according to required data rate. Also, available codes
are divided into pools for each class, where an active user is assigned m € {1,2,...}
code sequences seleeted fiom the pool (related to it's class) where € {1,2,3,...} is
the mumber of class. The intended receiver, once it has received a packet, transmits an
acknowledgment to the sending user, indicating whether the packet is received successfully
or not. If not, the transmitter enters a backlog, mode and retransmits the m packet
after a random delay time with average time slots d. Let the number of backlogged
users in class be , < N. The probabilities thati€ {1,2,...,m} bacllogged and
j€{1,2,..., N- mر } thinking (transmitting new packets) users being active at a given
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time slot are given by [3]:

٠-/ /ز;ي}٠ إ٠٠";
6١/١--"( أ"٠١١٧٨٨١-٠٠

(4.3)

2D OCFIC/OOC is used with correlation constraints equal one, the probabilities of one
and chip interference denoted by p and p, respectively, between two users. Assuming
chip-synchonous interference model among users, it is easy to show that the last two
probabilities are given by:

0;
11١P=  ي"} م

for Protocol 1.
for Protocol 2.

for Protocol 1.
for Protocol 2.

(4.4)
،،،، يهج:-. وإه+

Here, C is the cardinality of OCFIC/OOC as given in (4.1) andt= (N- 1)/(u- 1)
/14/.

4.3 SYSTEM THEORETICAL ANALYSIS

4.3.1 'Two-class Network

Each user belongs to one of two available classes: Class 1 and Class 2 where = {1,2}.
A Class 1 user sends m €{1,2,3,...} packets/slot (high rate class), whereas a Class 2
user sens only one packet/slot(mر = l). l other words, a Class 1 message is composed
of m packets, while a Class 2 message is composed of 1 packet. That is, the transmission
rate of a Class 1 user = mh, where h is the basic data rate, which is equal to the
transmission rate of a Class 2 user. Assuming that the number of users in Class 1 and
Class 2 are N and Nو , respectively, with Nو > N. ldeed, normally users requesting
lower rates are greater than those requesting higher rates. Of couse, N- = Nو •
Awailable code sequences are divided equally among two pools. An active user is assigned
m code sequences selected from the first pool (if it belongs to Class 1) or assigned a code
sequence selected from the other pool (if it belongs to Class 2) as shown in Fig. 4.2.

4.3.1.1 System Throughput

System throughput is evaluated following similar methodologies as in [] and [45], where
it is calculated by mltiplying average transmitted packets, packet success probability; as
a function of average transmitted packets, and probabilities of backlogged and thinking

32



Chapter 4. Basic Model and Analysis

OCFHCooCs

»٦٧ و١٥٠٥٥٣٧«٤٥٥٤٨٤٧٥«٧٥٥

Class 1

·Nulti-rate users

Rate=mر R

me{1,2,5,..}

Class 2

Single-raTe usEr5

Rate=R

M;=1

FIGURE 4.2 System Model for Two-class Network.

for two classes. ln the analysis, focus is oriented towards multiple-access interference only,
where the eflects of both receivers' shot and thermal noises are neglected in order to have
some insight on the problem. The eflect of photodetector's shot and thermal noises can
be considered easily by invoking the corresponding equations as give in [3] and [46].

The overall system throughput /(n,) = /(n,) -+ n) ر/ ,(, ر at a given time slot,
where and ر/ / are given in Eq. (4.5) and (4.6), respectively, where n and nد denote
the number of backlogged users for classes l and 2, respectively,

R(r) is the packet success probability given active users, G and G, are the mumber of
codes available in Class 1 and Class 2, respectively, and the symbol ٨ y denotes the
minimum of the two numbers and • Sice we have r active users, there are - 1
interfering users to the desired one. Out of these r- 1 users, let users interfere with the
dlesired user at u chips and & users interfere with it at 1 chip. Let ، {1,2,..., u} and &,,
i € A, denote the mumber of users (out of & users) that interfere with weighted chip i. Of
course 4= ),",4,. Further, 1et 6 be the vector (١&,٥,٠٠.,&). Assuming equally-likely
binary data bits, the packet success probability given r active users is derived as in [3]
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for Protocol 1

(4.5)

for Protocol 2,

 بجب:٤٤ ،ا ء
x R,[{(i+5)}8C+ (H/)٨C]
x P/(iln)P,(iln)P/(kl2)P٨,//n2);

{553٠+/٠//٣/٧-٠-٠٠٠٥
p3(m,n2)=

l-0 k=0 j=0 i=0

x P(iln)P,(iln)P/(kln5)P٨,(/n»);

 نز$اتز0٤ ر:
(4.6)

i=0 forProtocol  =اk=00 =ز10
x R,[{(i+5)}8C+ (H+/)٨C]
x P/(iln)P٨(iln)P(Hl2)P٨,//n2);

for ترة6"٤ ا١٠٠4٠/٣٤0٤ Protocol 2,

/3(1,n)=

l-0 k=0 j=0 i=0

x P/(iln)P٨(iln)P(Hl2)P٨,//n2);

and is given by Eq. (4.7), which is dependent on the conditional bit-correct probability

(4.7)
 لآبي-، "،"٠٠ ا٠٠٠

 بد ،٠٢ إ٥١/٠٠/٩

2,(v, ً&), given by Fq. (4.8), ad on both the probabilities of one and w chip interference
of the 2D OCFHC/OOC.

for correlation receiver,

for chip-level receiver.

(4.8)

!-،/٤٢٦
=P(,6) متر}ج، -إبريز- إ
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4.3.1.2 Steady-State Porformance

To obtain the steady-state throughput and average packet delay, the above system can
be described by two independent discrete-time Mlarkov chains [47]. The chains consist of
N1 and N-1 states depending on the mumber of backlogged users n0,1€{ر ..., N}
and n0,1€{ي ..., ,{ Nو respectively. l a given chaini€{1,2}, thetransiion from a state
to another occurs on a slot-by-slot basis. We dletermine the transition probability F',,,,
from state n; to state m,, where n,, m; € {0,1..., N,}, of backlogged users as follows. Let
k and l denote the mumber of thinking and backlogged users, respectively, being active at
state n,. Following [3], it is easy to check that for anyi€{1,2}, the transition probability
l, is given by Eq. (4.9), at the top of next page, where

٤-"٤"٠0/٠
l-0٧(m;-m) k=0V(m;-n)

for Protocol 1.

(4.9)

for Protocol 2.

- ي:+:-:: m; n;

»/١- 8/+٨c)]' ٠
N; n٤n;

B(//M,)P٨(H/)٤٤l-0٧( m;) k=0٧(m- n;)

- إ-بجإ·}٠٣ m; n;

٠٧-Rا«١-٨ 

R=

(4.10)ifi= 1,
if = ٠ ا"ج2 C;

and the symbol g denotes the maximum of the two numbers ، and • For any
i€{1,2}, stationary probability distributions %,, n€ {0,1,٠.., N,}, alays exists for
the above irreducible Mlarkov chains. They can be obtained fiom the following set of
equations:

٤ ا-
(4.11)m=0

Vm €{0,1,٨,٠٠٠}.Fو٠-٠٠ 
m=0
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Finally, the steady-state system throughput / can be calculated using:

 3م,/=-8=

#$٠•• ترخ ة٠-٠: (4.12)

=0 n١=0 =0 m0ر= 

and the average packet delay D which represents the average mumber of time slots a packet
will be received successfully after them. D can be obtained using:

1
D=1+٠h {mn + n}=

 -ثرز.٠٠:
where F{.} denotes the expected vale.

4.3.2 General number of classes network

(4.13)

To generalize the analysis, users of diflerent rates are allowed to access the network. They
are divided into classes; each operating on a diflerent rate (diflerent values or m, €
{1,2,33, ...,C} where €{1,2,3, ...,q} is the number of class and is ب the maximum
mumber of classes in the system which is depend on eired data rates) as shown in
Fig. 4.3. Eauations for system throughput/(n, n2,٠..,M) = /3١(n1,2,٠..,)٠٠٠­
/1,(n1,2,٠..,), steady-state system throghput and average packet delay D will be
changed as Fa.(4.14), E.(4.15) and Fa.(4.16), respectively, where n, denotes the mumber
of backlogged uses for class , 0 are ,ر0 ,و... ر(, the mumber of codes available form Class
1 to Class ،, respectively.

/=/ +-ي/٠٠٠=,/-+

 لز٤ +ا­٣٠٠
 بخ لذ ،٠٠:

 غ- ير٠٠٠
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FICURE 4.3 System Model for General Number of Classes Network.

 توت# تزتن
k1=00ا= k=00ا= 

[{m(+l)} 8C,+٠٠٠٠٠٠+ {mk١ +l)}٨C]
for Protocol 1.

x R[{m(l, + H)}8C,+٠٠.٠٠٠+ {m(k1 /}8€]

x P/(k: n)Ra(/n) ا ......P/(Hln)P(ln);

,n1)/ تو# تزتن n2, .., T)=

k=00ا= k=00ا= 

[m(4 + k) ٠٠٠٠٠٠- m(h [(١+ ا
for Protocol 2.

x R,[m(l, + k)+٠٠٠٠٠٠- m(H [(١+ ا

x R/(: ( ءn)n,)P ا ......P/(kln)Pn(ln;
(4.14)
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, and

1
D=1٠f {mn ...+ m,,}=

 تزخ، اذ-
4.3.3 Efect of Noise

4.3.3.1 Poisson Shot-Noise-Limited Photodetectors.

(4.16)

l this section, we study the eflect of a photodetectors shot noise on throughput perfor­
mance of chip-level receivers. The only change in the throughput evaluation as derived
in the last two sections is in the calculatio of the conditional bit-correct probability
R(m, 6) of equation 3.9.
Assuming a Poisson shot noise at the receivers photodiode, 1(m,ً[) is modified as fol­
lows. Let the mumber of photons colleeted from weighted chip €= {1,2,٠.., } be Y.
Every ; is modeled as a Poisson random variable with mean (Z,, where is )ل the average
received photons per pulse. A suboptimal, but good, decision rule is: decide data bit 1
was transmitted for every i € A, Y, > 0; otherwise decide a data bit 0 was transmitted
[3]. Defining 4,6= {4,4٥,٠٠٠,&} as before, we have

R_(m,6)
1

=Pr{a bit success\m,€, 1 uas scnt}
2

1
١-Pr{a bit success\,4,0 uas sent}2

1
= Pr{Y;> 1Wi €A\m,4,1 uas sent}2-

1
١ -P{Y; = 0, soe i€ A\m,4,0 as sent}2

1 1
=- Pr{Y;= 0, some i€ A\m,4,1 uas sent}2 2

1
١ P{Y; = 0, soe i€ A\m,4,0 as sent}2
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where the last two probabilities can be evaluated as follows. For b€ {0,1}

P{Y;= 0, some i€A\m, K, buassenl}
d w-1 w

-٤٣/7-0.4»)-E E ٣/-i;-0l.45)
=1

w-22 u1 w
i=1 j=1(4.18) +-أ

DE H ٣/YY;-١٦-060١+
i=1 =i+1 k=1ز-+ 

+-(-1)٣1P٨{Y = Y=٠٠٠= Y = 0/m,6,b}

and

Pr{Y; = Y,=٠0٠= Y7, = 0/m,6,b}

٤٠ أ//:٤/٤"%٠
٤!/;:/٠/٠
 :أبز4/1٤/!٠

(4.19)

-»٤-٠ ;-إ("))
Combining the last three equations, we obtain

R(M,6)

+4٤٥+٠٠٠4٨

!-}٠ أ!{!٤ إ( {ء
٢!٠٠ إ إ("-! نز٤ب ا}!
٠}٠!٠ إ٧ إ يزيج بر "{ا
١٣(٤!٣;-() ")ء٠ )هإ(

(4.20)

Here, () is the average received photons per pulse, which is relevant to the average pho­
tons/bit by ()= #t as in [3]. Noting that as 0 Ea. (4.20) converges to Eq.

d

(3.9).
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4.3.3.2 Thermal-Noise-Limited Case.

hn this section, we study the eflect of thermal noise on throughput performance of chip­
level receivers. The only change in the throughput evaluation is in the calculation of the
conditional bit-correct probability R,(m,ً[) as before. Assuming a thermal noise at the
receiver,2(mn, ً[) is modified as follows.
Let the number of photons collected per marked chip positions i € = {1,2,...,u}
be Y;. Every Y; is modeled as a Gaussian distribution, and the decision threshold 0.
Considering u users out of m users interfering in chips and t; users out of &, users
making interference at the weighted chip , the conditional mean and variance m; and

:respectively [46], are expressed as followsث{ه,, 

m; = G٨pn((u-٥-+ w)0 + C =,% ,)ر ه FGm; + % ه (4.21)

where b € {0, 1} is the data bit, (٨pp denotes the average APD gain, C and () are the
average mumber of absorbed photons per received single-user pulse and the photon count
due to the APD dlark current within a chip interval T, respectively, and are given by [36]:

#hT
€u

» غذ
(4.22) {م

where 1, is the received average peak laser power (of a single user), T is the bit duration,
R is the APD responsivity at unity gain, l is the APD dark current, ande= 1.6x10- 19C
is the magnitude of the electron charge. The variance of the themal noise within a chip
iterval ;% is given by [36]:

»_ 2h٨,TT,
٥٠= 3R) (4.23)

where k) = 1.381023.J/ is Boltamamn's constant, T' is the receiver noise temperature,
and R is the receiver load resistor. Defining k} as the APD ofTective ionization ratio,
the APD ecess noise factor F can be written as

1F = krrGA٣» (2- ( ()ح1-٢ و
APD
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then, R(m, 6) will be:

R(M,6)
1 -

=Pr{a bit success\m,1ا, uas sent}2
1

١-Pr{a bit success\m, uas ,ا0 sent}2
1

= Pr{Y > 8foralli € A\m,4,1 uas sent}2-
1 --١ -P{Y; < 0forsomei € A\m,€,0 was sent}
2

1 1
=- Pr{Y; <0/orsoei € ،\m,,1 uas sent}2 2

1
-١ -Pn{Y; < Bforsoei € A\m,l,0 uas sen2{ ا

2 لإ%-ي-١١'٠٣٠٢٤-٤٠٢٠٠٠٤١٥\٠٤٥١ 2

{- ;لإلا¥١)%}٧٠٠٥٠/٦١٨/٧٠٧
The last probability can be expressed as follows:

Pr{Y,Y5,٠٠٠,Y<0/m,6,b}=

٤ج٢//+٤٢٠١٢٠/ ;;:أئن
then,

P{Y <0/, w,,b}Pr{Y <0/, v2,b} ٠٠٠P{Y7 <0/, v:,b}

٤ :إ٤٤A4i ";:أ;"
where () )ل is the normalized Gaussian tail probability.

c  م /رئة4٠

(4.25)

(4.26)

(1.27)

(4.28)

Combining the last equations, one can get an expression for the bit correct probability as
follows:

+»٠} ز: }-تلإا٦ ز
 أتر:1/٠pi٢;;٠٦/٠1 ;٩ة
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4.4 CONCLUSIONS

hn this chapter, two random-access protocols have been proposed for multi-rate OCDNA
networks. Mlulti-coding techniue is utilized to support diflerent-classes (or diflerent rates)
in the network. Steady state system throughput and average packet delay have been
derived for two cases : namely, two class network and general number of classes in presence
of NAL. Then, the relations in case of shot noise and thermal noise separately are derived.
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