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Consider the following srstem

(1)}
٩٢ ب٨++x0 ا.)+.

dلا٧ (y٠=),
d ٤

d t

Whee
y is a scAlar,

an n -imensional vetor,
Y ascalar function and K an n -dimensional vector function

having the folowing properties :
8Y(٥٥)٥٦(0,0) ٥Y{ ٥٥}=) دب0 ر =

=٠٥8yو٢ 

٥٦(٥٥)٥٥X(٥,0)(0,0=)0٠ ت-ي-=٥٠ =ج y م

A an n ٤ n reAl constant matrix, and all the roots of the
characteristic euation

(2)det (A-HE) = 0
have negative real parts.
In [1] it was prowed that the following iplicit eguation

Ax + K(y,x) = O
can be solved erplicitly with respect to x, the solution being in the
form

x = u  )لا٠)
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Now if we lot

x = u(y) + z (3)

we obtain Irom (1) the following system of difrerential equations [1] :

٥(٢)-٦٣(y, ٨1y( ة

(4)}
t

٠٨٦١= ة 6(y) ٩(y)٤2(y,) )d1 ٤

where

.Y(y,0)=0 ية)0. and 2(y,00٠(=0)('٥-)٢,٥4(0) ك

In [1], it has been discussed the case where the function « (y) =o
for any y eC, where C is a set of numbers with o as its limit point.
It has been proved that under certain conditions, the trivial solution
of the system (l) is stable.  د

For any yC , the system (4) has a solution

y =٥,٦=٥ ,see [1].

Consequently from (3) the system (1) has the following solution
y =٥ , x= u (c).

Letting

(5)

y=٥-٥ , x=٧(c) - ٧

in (1), we obtain the foilowing system of diferential equations

where

٥(١٤)4 -=: و€٧ و
dt

4Y ١٨١- 6(e٠ ة٠٧)٠
dt

 ر

 ر

(6)

0(٥,a,)= Y(٠+-٠٧(e) +-٧٣-)٦(e,٥(e)),

G(٥,&,V)=- X(e- 4٠w(e)-٧)٠ X(c٠w(6)).

In the following theorem we are going to discuss the stability of
the nonzero solution (5).
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Tleorem :

i) If there exists a sequence of positive numbers , 0 suchج.؟ 

that أ تاجم ،(y;)=0,i 1,2,..c and simultuneously a seuuence
of negative numbers y0بو such that « =i, =)إ70) 1,2,،. ٠, ب

 {أ

then the nonzero solution y = c,x ١(e) is stable.

ii) If a sequence of positive (negative) numbers y;  ن0.

 ل ج

exists such that 0(y) =0,i =-1,2, an ه 0(y)> 0 f,
y <0 (٧(y)<٧ for y>0) then the solution (5) of (1) is stble.

To prove this theorem, we need the following two lemmas whicb
had been proved in [1].

Lemma (1) :

THere eYists a monotonic function PIy) [P(y)-,0 P(y) ٩٥٠ جب٥

such that if
٢(s) P(y) إ32-

then for sufieiently small 'y and ±

y }

٧
٢r --

dt
8,

 ن عو
[ ٨٤ 3٤(y,x)]<0.

where ٢ (x) is a cuadratic form satisfying the equation

---- A٣=-ix3,  ون٠[2]

Lcmm (8) :

There eRists constants E>0 , 7>0 «>0 a>  م
and a scalar function f (c, a, ,( tم where c, to are scAlars and a is
an n-imensional vector, such that :

1. the function f is defined for any eeG,{e/ 4«,
and for all t٤(0, ,( ه

2. f is continuous with respect to a and t, fo' any fixed eeC,
3. ٤(e٠٣٠t٥)١<٠aز٠ 
4. for any solution of the system (6) witlL initial conditions

{\a٠t),'a م < a,٤(٥=a,4=٤ =٢'ما

a. a٨ >ي
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the following inequalities

١١-٨(t $( ا a, c ٠

١t-٠٧٧(٤)٩ < E ,: إ٥ ,ا/'(« ه'

hold for all ١> t٠

We ،tum now to the pIoof of the Theorem.

i) For the proof of the first part, we take arbitrary

٤>٤,0 ه٠٧٥

for this we ج can find two numbers

٦(t)

c0>رإد»6, و eC ,  و و1
(7)c0<»2<٤٤, ن , c eC ر ,  ر؟

such that the following inequalities hold

« = mتxم {c,}وء و'=<٠/} 

P(2e)< '٤

(8)

(9)

where P(y) is an increasing function such that if v(x) y2 ج P"(بy )
we have /x' .yF(y)> أ

-F orم the chosen numbers c , and c we ي take 8>0
the following inequalities hold

6< و'r ن}c \\ءء\,٠
and

such thuat

(10)

٧(3(t)- w(e)) < 4c4 P2 j ة for i/3(t)--u(e)8>إ . (I1)
We shall try to prove now that for eveIy solution of system (1),

for which the initial data satisfy conditions

u(e)[5>إ /Y(4) -(t)٥١ ه& /او٤-

the following inegualities

٠٠٠,2€\>٥(-y(tإ 
/٤(t) -٠(e)%<2e٠

hold for all ٤ ج t  خد {ع

 ا(2)

(13)

(14)

These two inequalities combined with (8) show that the nonzero
solution ( ة) is stable.
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On the contrAry, suppose that, there exists a solution y (t) , (t)
of system (1) for which the initial data satisfy conditions (12), and
a number 'T> t,, such that fo1 any (T. ]ة11 ineualities (13) and
(14) Eatisfied, aveع for att = T where at leaAt one of them turn into
an euality.

We prove first that for this solution the inequality

٧(3-)(٧ <))ه4cP%(2) ,)ة٠٠٠
holds for all ٤e[4,T].
According t11)م ) inequality (15) takes plaee for = ا tج٠ 
Suppose, that ineuality (15) is broken firt at

= ٤٤(t,٠T]٠
From ineuAlity (18) and in virtue of the monotonie behaviour of the
function P(y) , it follows that

٢(٤(t)-( -y) ح))ه P )ه2 (y- ,( ى

and then from Lemma (l), it follows that

 (ج(1-)٥ <))ء(0٠
THis contradiets the definition ot t°.

Therefore
٧(٤(٤-)٧(٥))<47P3(2ة )

for all te[١0T] , and conseuently

١١٤(t)-٥(٥)٧< 2EF(2 >( ء zcfor all te[١٥,2]٠ (16)
Thus from the definition of T, it follows thnt

3(t)-e١= 2 , ة
which means that

either ,(T)-2ه= €,

or ٦(T)-٥=2 . ة
We shal prove that, these two possibilities are not true.

Consider the following function

٦٢(t)=٥ -ر٥-٢(٥١٠٤(٤-)٥(eر ),t)-(y( ٤)٥ ا
(17)

(16)
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where y (t) , x (t) is the chosen solution and the function f is defined
in Lemma (2).

Sinee from Lemma (1).
،

II (٠ =ز(٦٠2)٠(B(¢)18/ ),ى(ن٨ ا< زى
then we have from inegualities (7), (8), (9) and (16)

 "و إ/3(t--)٧(c١ ]رر)٤-)(u(٠)١/+/١(e//)+١٧(٥ \\)ر<

 سب<٣ ع

<2e}(2e)-٥P(e)-٥١P(٥٤<)٦٤<° ه٥٠

for all ٤[t,T]٠

Thus, the function٦(t) is defined and continuous for all t٤[1,T].

From inegualities (7) and (10) and from lemma (2) it follows that,
3

c١--٥+٤(٥٠٤(٥)-w(رت٠( t .٥ -رت>)٥/-٤>\ ٢ز٥ ر

(19)

From the ineguality y(t) -e١<8<'/٤ c  ر
it then follows that

٧(4٥)> 0 (20)

By the same way, using (7), (9), (16), (18) and lemma (2) we can
prove, that

• 29-٥٤-٤+٤(٥١٠٤(T)--٥(٥)٠T)<٢ °ج٠
and since y (T) c = 2cthen , it follows, that

٢(T)<0 (21)

From (20) and (21) it follows that, there exist8 an instance t' e( t, T),
where (t)=0,

i.e. y(t')٢c١٤+٤(٤٤٠x(t)--u(c٠(١t)
Considering now the variables a(t) and '(t) , we have

(22)

a (v) =y() ( ,رء(23

٧ (t) = x (t) u(e24)ر( )
From (22), it follows that, for t = t'



and

a=ر( t) u (c:)=بب 

 =ه٤ درت(a و -)'؟

[ مد

Say, (26) .

(26)

As we have proved above, the following inequality

7 -
x )ر ا\<٦ <°ج٥٥ (t)- a (eا} 

holds for all t=[t,T].

Then from (26) it follows that / , ا/ىا مد< and from lemma (2),
we have

٦ ١ الط])(ء٤(t-)٠(e )ر١<٦ج'°-

for allt -t'.

Now from (7), (8) and (23) we have

7 -
!y(١-)٥ إم٧(t)-e١-+\٥١-+6<2٥>2٦ ج٩-+٥١-+٥١»

for al t =t'.

This ineguality contradicts our assumption that

for ٤=T> ٤'.y(  -)؟٥ ب2 ج

This proves that

y (T)-٠<2

Similarly we can prove, that

y (T)  >ى2 ج

From (27) and (28) it follows that

]y(T)-٥ <إ2 ة٠

which proves the fi1st part of the theorem.

(27)

(28)

ii) The second part can be proved on similar lines as the proofs 0f
Krasovesky's theorem [3] and the first part of this theorem.
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