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Consided the following system

dy ,
-‘a‘t_"'Y(t;}’rx)’
(1)
A Ax + X Gt
a x + X (t vy, x). ]
Where :

vy 1is a scalar,
x an n-dimensional vectlor,

¥ a scalar function and X an n-dimensional vector function having
the following properties :

Y (t T oY X) =Yy, x), X(t+ 7, x) =X ( t y, x) {w> o)

Y ¢t o0 =0 > &9 Yoo,
¥ 9 %
2
X @, o0,0) = 0,_X_..(.?’ O_’c.)) = o, ?}f.i?’_g_)_ = o,
a Yy x 0 )

A un n X n real constant matrix, and all the roots of the charae-
teristis equation

det (A — HE) = o (2)
have negative real parts.

In [1} it has been proved, that there exists a function ¢ | y,!
which is uniquely defined on some interval

'y, < h such that the system
(223)
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dy_ )
d't_Y(tsYJX}-'—d:[.Vo) l

(3)
‘}-:‘: Ax + X ¢, v, %) J

has in the neighbounhood of the origin a totality of periodic soluticns
depending on yo

y=y&y) =y 4y ty)x=x(ty)
forallt (-c0 s )and !y,! < h and they satisfy the following

(4

inequalitiey

L Yo ) 2 3 (y) (Yo il 2ty | 2 52 (3o) Vel (5)

where 5;{v,) 2o and Fi(vy) o (i=12).
Yo—>0

Now if we let

y =y 2), x=x(z2) +u (6)

we obtain from (1) the following system of differential equations :

%=¢ @ [1+ptz)] +Z(tzu)
) (7)
d_‘: = Au+ ®(2) q(t,z) + Uz u)

where the ftnetions p g, Z ard U have the following properties :
elt,e)=0,9(t,0)=0,Z{(1,Z o)=0,C(t°Z,0)=o0. ()

In f1] it hag been discussed the case where the function ® {z) = o
for any z & C where C i3 an infinite set of numbers with o ag limit

point

It is easy to prove from (8) that, for any z ¢ C the system (7) has a
solution z = c,u = o
Consequently from {5} and (6) the system (1) will have o - periodic
solution
y=y({e)=c+ y(te)x=x(e), (9)
which satisfies the following inequalities :

1}I’(t,cJIESH('JHHGh’m(tse)//i5‘:('=) c| (10)

where $; (¢) 2 o and & (c)———>o0 (i=12).

c—>0
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In [1] it has been proved, that under certain conditions the trivial
solution of the system (1) is stable. Letting
Yy=y{te)+ax=(e) +y (11)

in (1), we obtain the following system of differential equations :

% Qe @ b) 1
dt H
L (12)
LAY WA ¢ lr
-d—( = A'P' + (C, a, '}bl ) J

where Q (e, 0,0,t) =0, G (c,0,0,t}) =0

and Q and G have a period « with respect to t.

In the following theoren we are going to discuss the stability of
of the nonzero soluion in (9).

Theorem :
1) If there exists & sequence of positive numbers Z, ——— such
]__)OO
that 4 (Z;) = 0,1 = 1, 2, .... coand simultuneously 2 sequence

ofnegative numbers Z; —o such that ¢(z;)=0,1=1,2,...00

i—c0
then the nonzero solution y = y (t, ¢), x = x (t, ¢), is stable.

#) If a sequence of positive (negative) numbers Z ———> o exists
1 —=C2

such that ¢ (Z;) = o0,i = 1, 2,...c0and ¢ (z) > 0 forz < o
(¢ (@) < ofo = 2 > o) then the solution (9) of (1) is stable.

To prove this theorem, we need the following two lemmas which
had been proved in [1].

Lemma (1) :
There exists a monotonic function P () [P(y) >0, P (y) - —>o
y—=o0
such that, if V (x) > y2 P2 (y)

then for sufficiently small |y| and . « °

v =°l£=j__~ [Ax + X 5y, %) ] <o,
A2

I~¥

(15)
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where V (x) is a quadratic form satisfying the following equation

3 v
!
g Ax=—l=l?

Lemma (2) :

There exist constants E > 0O,x>0c¢,>0, a > o and a scalar
function f (¢, a, t, ), where ¢, t , are scalars and a is n-dimensional
vector, such that g '

1. The function f is defined for any ce G, .¢f z ¢, 2] 2 2,
and for all 1, € (— oo, o0), '

2. f is continuous with respect to a and t, for any fixed ¢ € C,

3. fca taf o) = f(ca, t,),
4, |f(ec,aty)zlla,
5. For any solution of the system (12) with initial conditions :

t=tm¢=aaa=f(cvnvto)v:’!a“2Bo

the following inequalities :

. . — A(t—1t o= A (te—
a(t)zlal o N °’,!|¢<tJ Iz Efaje Mt
hold forallt > t
We turn now to the proof of the theorem.
i) For the proof of the first part, we take arbitrary
€>0 , €< ay-
For this € we can find two numbers
01> G>O,CIEC,CIZG°, (13)
<o , e C |, |eg|zep,
such that the following inequalities hold
e=maX {¢,|e|} <, {14)
p(2e) < (15)
max $i(¢) <Yy (1,§=12), (16)

where p (v) is an increasing function such that if v(x)= y2p*(y)
we have [[xll 2y p (y).
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For the chosen numbers ¢; and ¢, we take 9 > o, such that the folow-

ing ingualities hold

8 < Yymin { es |0z, } (17)
and

vix—x{tec)) zdc?PE(2¢c)for [jx-x(t,c)|l<?. (18)
We shall try to prove now that for every solution of system (1), for'
which the initial data satisfy the following conditions
Y(tu)'}'(to-:c)l{a ’ Elx(to)-x(tmc)l]{a, (19)
the following inqualities

[y(t)-y(te)|<2c, | (20)
|x(t)-x(t,¢e)]j < 2¢c, (21)
hold for all t > ¢t

These two mequahtles combined with (14) show that the nonzers
solution (9) is table.

On the contarary : suppose that, there exists a solution y (£), x(t)
of system (1) for which the initial date satisfy (19) and a number
T > t_ such for any te [t,, T) the inequalities (20) and (21)
are sa.tts:fled save for 2t t = T where at least ne of them turn into an’
equality. :

We prove first that for this solution the inequality
vi{x{t)-x(t,e)) <4c?pi{zc), (22)
holds for allt e [t, ,T ] - '

According to (18) inequality (22) takes place for t = t, . Suppose,
that inequality (22) is broken firstatt = t* e( to ,T ]. From inequality

(20) and in virtue of the monotomic behavior of the function P (y)
it follows that

vix(1*)—=(t*c)) 2 ly(tF)—y (¥ ) PPy (t* e)—y(t*ec) ),
and then frm lemma (1), it follows that

‘;(x(t*)—x(t"",c)) <o

This contradicts the definition of t=

Therefore v (x(t)—x(te)}) < 4¢ 2P"(zc) forall te[t, T],
and consequantly '
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{x(t)—x(t,e), <2cP(2c)<2closallte[to,T]. (29)
Thus from the definition of T it follows that
|y (M) -y(Te)i=27%,
which means that :
either y (T).y(Te) =25,
or y(T)-y(T,e)=—27%

We shall prove that these two posibilities are not true. Consider the
following function

YW=yt e)—y(te)+(ex{t)—x(t ) t)—(y()—ylte) )} (24
where y (t), x (t) is the chosen solution and the functions y(t,c ), x (t,c,)
and f are defined above.

From inequalities (10), (14), (15}, (16) and (28) we have

=fx(t)-—:\'(t,c1)::<; < a0 forallte[to,T].

Thus the function y (t) is defined and continuous for all t e { to, T ].

From inequalities (9), (10), (13), (14}, {16), (17) and
from lemma (2), it follows that

y{to,eg) —y(to,c)+f(c,x(t0)— x(to,c; ). to)

= Cl+-)-'~ (to,e) - c—}?(to.c) + fler,x(t0) —x{10.¢1), 6 ) 2>

ety (e n —e— y{to) [~ 11> o

. . 1
Now from the inequality y(t,)—y(t, ¢} <38 < e el
if follows that
Y(L)>o 25)

By the same way, using (10), €13), (16), (28) and from lemma (2)
we can prve, that

27 -

.V(T!cl)wY(Tac)+f(clsx(T)_x(T,cl)aT){Ec
and since y(T)—y(T,c)=2c it follows that,
Y(T) <o (26)

From (25) and (26) it follows that, there exists an instance
tl €(ty, T) where y (t1) = o, i
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Ley(t)-y(the)=y(the)-y(thc)+ e, x(th)- xlthe)t!). 27)
Considyering now the varizbleso (t) and ¢ (), we have

o(t) =y (t) —¥ (1, &), | (28)
g (t) = x (t) — (1, ¢&1). (29)
Trom (27) it follows that for t = {1,

g =x (1) — x (v &) =7, say. (30)
and a=T1 (e, 2, 11) (31)

As we have prved above, the following inequality

[ x(t)-x(t c) |<_2_. holds for all teft, T].

There from (30) it follows tha-.1:|-_,ﬂl | < ao and from lemma (2), we have

la(t)Z | x(t)-x(t, ) <.1__cforallt>t1

Now from (10) and (28) we have,iy(t)—y(t,e)|<~7 o
for all t > t1,

This inequality contradicts our assumption that

y(t)—vy(te)= 2 ¢ fort=T > t!.
This proves that
y(T)—y(Te)<2ec (32)

Similarly we can prove, that

y(T)—y(T,e) >—2e (33)
From (32) and (33) it follows that | y (T) —y(T, ¢)1 < 2 ¢, Which proves
the first part of the theorem.

ii) The second part of the theorm now follows by applying
Krasovesky theorem [2], and the first part of this fheorem.
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