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Consided the following system

٦(t,y, x),
(1)

]

dy
dt

Ax+-X(t, y, x).x
dt

Where :

y is A scalal,

٤ an -dimensional vector,

Y ascalar function and 2 at n-dimensional vector function having
the following properties :

Y (t+لإد٠ ) = Y(t,y,x),2 (t- «,y,x) =X(t,y,x) ( ( >ن ه

(Y (t, 0, o٥ن
 رثه ، ح(2

 ة يو

8= «,
٥X (t, 0, 0)

 و

 ي«8

٥ Y (t, o, ( م
٦Y و ن ، (t, 0, o) = o,

 ة بر

tعد 
aX 't, 0,0X «, ay"٥, )ه= إ",ه

A AnnXn real constant matrix, and all the roots of the charac­
teristis euation

(2)det (A- HE) = o

have negative real parts.

In [1] it has been proved, that there exists a function 4 , y!
which is uniquely defined on some interval

y٤ h such that the system
(223)



٢٠١)4(+٤,٧,Y (tج;= 

d3. ,f)٤+Ax ب y, x)
1 t
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، (3)

has in the neighbounhood of the origin a totality of periodic solutions
depending on o
y= t,3) لا ( م =Y =x,( -ج3 ت لا( x(4,) (A)
for all t (- (٥ ه and !y h> ا and they satisfy the tolowing
inegualitie
y(٦,٢)=5١(y){y٧6أه,٩(٠ Y٠) = 5 /y!( مy) د (5)

where $;(y)> and ه 5 .(i=1,2) ر٥(y) م
Yز- o

Now if we let
yy (t, z), x=x(tz) + u, (6)

we obtain from (l) the following systemn of differential euations

 =م؟٥(٢١+ م٢٦١1+٦(٦٠
(7)

d n
(Au 4(z) 4(t, z) +- U (t, z, u=ج 

rhere the ftnctions ,q م Z and U have the tollowing properties :
(o.  (مt =)ه,٥,٩(t,٥)٦٥,t,2)2 =)ه,٥,U(٤2 =)ه,6)

In [1] it has been discussed the cse where the function 4 (a) = o
foY any C ة٤ where C is an infiite set of numbeIs with o as himit
point

It is easy to provefrom (8) that, for any z the ء0 system (7) has a
solution z = c, u =٥
Conseguently from {5) and (6) the system (l) will have -periodie
solution

 ب

(,t, c), x=x(t, c+)٥(=y(6,cلا= 
which satisfies the following inegualities :

y(t,٥/)٤5 \,//»٨(٥\)٥ ٤(t,٥//)٤55(  ،إ•-' )ء٥ ز

(9)

(10)

mrhere $ ٤ )ه( ج o ad =i) هج)ع);5 l,2) ،
Oج-ع 
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In [1] it has been proved, that under certain conditions the trivial
solution of the system (l) is stAble. Letting

y=y(t,¢) ++e, x=(t,c) -+ ٧,

in (1), we obtain the folloming system of differential equations

(11)

da = 0 (6, e, , t)
] t

d ,G(e, ,وt) ل e+و A-ن= 

٦

٢
 لا

(2)

where @ (%, 0, ٥, t)=0, G (c, 0, 0, t) =o

and @ and G have a period with ن Iespect to t.

In the following theoren we are going to discuss the stability of
of the nonero soluion in (9).

Theorem :

i) If there exists ٤ seguence of positive numbers Z, such ج
 مرة

that 4(2;)= 0,i= 1,2, ٠.٠٠ ه and simultuneously a seguence
ofnegative numbers,مج such that 4(Z,)= o,i= 1,2, ...  ه

iج c
then the nonzero solution y =y(t c), x=٤(t, c), is stable.

existsج٥ i) Ifaseguence of positive (negative) numbersق 
ic

such that ¢(Z) = 0, i= 1,2,...oand 4(z) >o foI z <o
(4@) <ofo =z> o) then the solution (9) 0f (1) is stable.

To prove this theorem, we need the following two lemmas which
had been proved in [1].

Lemnma (1) :

There exists a monotonic function P (y) [P(y) >o, P (y) - .  ه
y-0

such that, iع V (x) > y P2 (y)

then for suftficiently small ]y] and, : و

 س لإد٧_Ax+2(3x)1[33 ,ه<
8٧d t

(15)
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whereV (x) is a quadratic form satisfying the following euation

,،،8 /' Ax /إج2 =
8 ج١٠

Lemwma (6) :

There exist constants E> 0, A> 0,c> 0,a,> oanda scalar
function f (c, a, t ,( ص where c, tare scalars and a is n-dimensional
vector, such that

< c, [!a\ = aأى م ,e€ C,1. The function f i definedف for any
and for all 1 €(- ,( ,ه ه

2. fis continuous with respect to a andt, for any fixed ¢ e C,

3. f(٥,a, t-+ =( ه f(6,a, t),

4. \٤(٥,٥٠t) =/ /a إ , ا
5. For any solution of the system (12) with initial conditions

t= t,٧ب =a, ,c)٥ي=٢ ٥, t),{إ a] = ا a٨
the following inegualitتies :

 إa(٤=\)١a\٨٠(t إ)ه'(t)١=٤/ ازه ء(«٤٠٤٥ د
hold for all t> t  صب بي.

We tuIn now to tbe proof of the theorem.

i) For the proof of e طنا first part, we take arbittrary

a0 و<€٠€.<
Ror this ewe can find tro numnbers

(13)

 ط

2o
·1 ي> >ه٥,٥,٥١eC ر=6 ,ه

eC =او6٠ , /c٥ <و٥,٥ و

 ي

(14)

(15)
(16)

such that the following inegualitie hold
،

 =هmaX} ه٠ ا6 و/؟<{/و
 ل

p(٥2  <)ه و!
ma٤ S;(ك/'<٥( (i,1,2ز= ),

where (y) is an increasing function such that if v(x)=yp" (y)
we' have [xl =y٦(y)٠
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For the chosen numbers cر and cو we take , >ة0 such that the folow-
ing ingualities hold

and

(17) ة «ء منه}e٠ إ {'يه

٧٤-٤(t,٥))=4-٩ P٦(2e) for /3-٤(t,18)(/>٥ .ة)
We shall try to prove now that for every solution of system (l), for
which the initial data satsfy tHe followig conditions

,a(=-)٥,4٥/) ,ة< /(t٥(ا> t٥٠٥)٦(-tلا) 
the following ingualities

/y(٤-)٧(t,٥</)٥٠٥
/٤(t)-٤(٤,e)\<26٠
hold for all t> t

= ٥ "

(19)

(20)

(21)

These two inegualities combined with (14) show that the nonzero
solution (9) i table.

On the contarary : suppose that, there exists a solution y (t), ( tن) ج
o system @l) for which the initial date satisfy (19) and a number
T> t, such for any ٤e[t٥, T) the inegualities (20) and (81)
are satiAfied, save for att =T where at least ne of them tuTn into an
eguality.

We prove first that for this solution the ineguality
$٧(٥(٤)-(te))4ه٩ p(٩c),  هد بي(2%)

holds for all٤= [t٥,T] •
According to (18) inequality (22) tAkes place for t = t ، Suppose,
tHat ineguality (22) is broken firstatt=t4 e(t٥,T].From inequality
(20) and in virtue of the monotomic behavior of the function P (y)
it foLlows tHat

((,٤,٥)y(-١)y)P(٤[),٥٥y(-٤)y=[٧(٦(1-)٤(٤٠ ))ه
and then fmm lemma (1), it follows that

٧(٤(٤-)٤(t,)) <٥
This contradicts the definition of t

THerefore د ي v(x(٤(٤(t,٥))<4٥"P%( ( ةء for all ٤e [١T],
and conseuantly
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 ه ، ي

}s(٤)-x(٤,٥)'<2eh(2ء٥(> e 6sall t€[t0,T]٠ (55)

Thus from the definition of T it follows that

١y (T)-٧(Te)١=٥٠٥
which means that :

either,(T)-٧(Te)=2٥,
or y(T)-y(T,e)=-2 ٧

We shall prove that these two posibiities are not tue. Consider the
following funcbion

٦٢ (t)=y( t)٤-(t)٥(+)٥,٦,y(t-(٤,٥ ر -(٥t )ر٠ (y(٤)-y(t,٥)) (2٥
where y (t), x (t) is the chosen solution and the functionsy(t,c,), x (t,e,)
and f are defined above.
From inegualities (10), (14), (15), (16) and (28) we have

C
/ ٣(t)-٥(te)<٦<٩٥ for all te[ to,T] .

Thus the function » (t) is defined And cotinuous for all te[ to, T].
From inegualities (9), (10), (13), (14), (16), (17) and
from lemma (2), it fohlows that

y(to, ,y(t0( وك c)-f( , رت .(to)-٤(to(٥٠ )ر٤٩٠

y -)ر٥ (ر-0.e١,٣)e)-f(to-)٦(t0,٥٤,{t ر) (to٥ -ر٥­-  ن ء

 ج
• د ل،

2 رء أ+y(t٥, -.ر°cy(t,٥\-])٤ ج,>"  ن ن

Now from the irequality y(t)-y(t٥,e)

if follows that

1
c3 ---م٦>

8

(o ٢ >)ما(25)
By the same way, using (10), @13), (16), (28) and from lemma (2)
we can prve, that

(T,(٠,T)٥,٢+)٤(٥٤٠٤٢٢-)٤)y-(٧(٥,٦ ء27- < °٦غ

and since ,T)3٦-(T) و ٥ و=) ج it follows that,
٢(T) ( ه(26>

From (25) and (26) it folloms that, there exiss an instance
€(t٥, T) where» (t1) = 0 i.e.
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i e.y(t)-y(t, t)e٤,٣)٤,٥+-)٤)y-(٤,'٥)y=( ه .(t,(t,e)٩-) د (27)
Considyering now 'the variAbles (t) ب and (t), we have

and «=f (e, .(t1, ج

(28)

(29)

(30)

(31)

(t, ,)ث =y (t) -y(t)ه 
(.t) = x (t) - (t, c)ر 

From (27) it follows that for t = t1,
= x (t)-x(8٤ ,ج=)رتay.

As we have prved above, the following inequality

•]Tم holds for all te[tب\٤ (٥,t)و2 ا٤(٤-)٤ 

There from (80) it follows that}!a} < aم andfrom lemma (8),we hve
27 .for all t> t1>ه ب,(!! ,t)٠٤(٤(=//-)t)ي ا a ٨٠«٠و1 i; l6

 ا{،

Now from (10) and (28) we have,y(t)-y(٤,e)\<± 1 إ ه
for all t> t4.س 

This inenuality contradicts our assumption that

y(t)-y(4,e)= c ؟
This proves that

y(T)-y(T,e)<a e

Similarly we can prove, that

y(T)-y(T, e د->)ه

for t= T>٤4.

(32)

(33)

From (32) and (33) it follows that y إ (T)-3(T, e) which و<إ ج proves
the first part of the theorem.
ii) The second paIt of the theor now follows by applying

Krasovesky theorem [2], and the first part of this theorem.
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