ANGLES BETWEEN SUBSPACES IN
N-DIMENSIONAL VECTOR SPACE

By
H. M. HAWIDI

ABSTRAC? : In this paper, the concept of
angles between two subspeces V and W in
n-dimensional vector epace R, is introduced,
and scme properties of these sngles ars given
to be used in the proof of ‘one theoren which
determines in Bn the number of subspaces w of
different dimensions, inclining to a fized
gubspace V at the szme fixed angle " ..
ig of interist to rote that this theorem remains
valid in 3-dimensional vector space even for
ordinary angles between vectors.

INTRODUCPION :- It is clear that in 3-
dimensionsl vector space there exist only 2
subspacee of different dimensions, which are
inclined to a fixed subspace V at the same
angle o , 0 £ K 90°. Obvieusly, ome of
the two integers . {3-dim V) end (4-dim V)
equalelal_for ddim V=11f V is & straight
line, and dim V= 2 1f ¥V 1s a plane. Thus
in 3-dimensional vector space the number of
gubepaces W of different dimensions, which
are inclined to a fixed subspace V at the
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same angle o{ is equel to one of the two integers
(3-dim V) and (4-dim V). This fact is seneralized
in the present paper, where the coacept of angles
between subspaces in unitary n-dimensional vector
gpace Rn is introduced and a theorem is proved

to assure that if in Bn a subspace V of dimension
m is fixed, and an angle v 1is gven in V, then
the nupber of subspaces W of different dimeasions,
which are inclined to subspace YV at the same angle
4 equals one of the two integers (n - m) end

(n +1-m). '

BASIC LEMUAS : Let V and W be two subspaces
in Rn’ and let P_ and P, be projection operators
of R, onte subspaces V and W respectively. If
P" im the restriction of P, on ¥, end P;, is

v
the restriction of P, on ¥, then

=Py P, - @=CPRLTy (1)
are two lipnear operators in V and W respectively.

DEFINITION : Linesr operators* and ¢
determined by equalities (1) are called the angles
between subspaces V and W. For angles r{* and ¢
we can use the notations:

Y=<k (W), #=~=<% (V).
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(11) Cio = 0, Here we have
mo= Xy Okl X+ X,
dim W = m' = °<\o+m,
N 1.
{, =dim (BAV).

Since W is a proper subspace in R cﬂ; must
satisfy the condition

0 < x, < n-n-1

end so in thisz case there are (n-m) subspaces of
dimensions m, a+l, ... ; o-l1.

(ii4) m :>c<° j:> 0. In this case

= 4
B o= &+ o+ p ees t o+ &

q '_ Y \

\ . )
where c(a muet satlsfy the condition

y
0 55“% X n-m

and go in this cese there sre (n+l-m) subspaces
W -of dimensions m- X, m~ X _+l, ... , 0= X
and the Theorem is proved.

o’
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REMARK 1 : In cases (iil) and (iii) it is
easy to show how to construct any subspace W of
given dimension m' to be inclined to V at tna

ansle W= < (V,W), where

n-1 in case (ii)

"<
dgm L o-A in case (1ii)

REMARK 2 : Exemples show that two different
subspaces Wl_and WZ of the same dimension may satisfy
the condition X (V,W;) = <% (V,W,). It is not
difficult to prove that two subspacea Wl and J
of the same dimension m are inclined ta subspace
V at the same angle N = =¥ (V,¥;) ==X (V,H,)
if and only if there exiete in Rn e uaitary

operator 1T, which trensforms W, into ¥, end
induces in ¥V a unit operator, i.e. T is such that

REMARK 3 : The concept of angles between
subapaces in'Rn ig a rich concept which has
important applications (see [21 and [3] ).
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PROOF : Here also the proof is given only
for ~ . ‘Let ¥ (x) = N x. Since the length
of any vector cannot be increased by projection,
therefore

L= 2 lmgo 3 oy | -

Yo [ =M=

Corollery 1 and relation [ x{> N\ [ x || imply
that 0 < X < 1. To find the multiplicity of
eigenvalue 1 for operstor Pf let, on one hand,
x & (VAW); therefore

' (x) = P B, (x) =P (2)=2x.

On the other hand, if r\' (x) = x, then

x> @[S v@] =] <]

i.e. “ x l[: fle(x)I' s Which can be valid
only when Pw(x) = X, and comsequently x ¢ (VA W).
Actually we obtained that ' (x) =xif and only
if x € (VN¥), and the Lemma is proved.

LEMMA 3 : Operators H( and @ have the same
eigenvalues, different from zero, Moreover, each

of these eigenvalues hgs the game multiplicity for

/Y and @.
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PROOF : Let r\’(x) = A xz, where x £
Y, X\ 3#£ O. Then we obtain

§ (2,(x)) = B, B (By(x))

f

P, (B, P (x))
P‘; ()
P, ( A x
A (B (x) )

j.e. )\ is also an eigenvalue for operator &, .
where corresponding eigenvector is P_(x).
Anglogically, if @(y) = M ¥ , ¥ € W, m# O,
then we obtain r’f(Pv(y))= Mmoo (P,(y) ). Thus

we proved thet N and @ have the seme elgenvalues,
different from zero. Now, suppose that Z# O

is an elgenvalue for I and # with multiplicities
P and Y rrespectively. Let Xy 5 Xy eon o be
complete orthonormal system of eigenvectors for
operator |"( , which corresponds to eigenvalue |
From equality (2) we obtain

(?w(xi)opw(xj) ) = ( ‘T (xi)'x:})
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A (xi.xj)
- ),

where S 1 is the Kronecker sympol, i.e., 8 13
=1ifi=3, S =0 1if i#£j§; 4i,j=1,2,
ooy _P. Consequeﬁhy, P (xl),..., P (x,) is an
orthogenal system of eigenvectors for operator ¢,
corresponding to eigenvalue § . Actually we proved
that B €Y .  Analogically we can prove that YEPB
and consequently p Y o Proof is accomplished

From lemmas 1-3 we deduce that if 0, >\1,
)\2"""" xs’ 1 ’ (o < I\ < >\ .oo< X
< 1), are the eigenvalues o?f the 0perator +

with multiplicities &_ , &, , o, ... » X
o 1 2
respectively, then O, )1, )\2, beo >\s , 1
are also the eigenvalues of the operator ¢ with
multiplicities . , 1 s %oy see o(s o(
H

o
where .

= dim (vnw!'), v; = dim (anl)’ %X = dim
(v dw).,
It is also clear that
dim V= m = 0(°+ 0&4- 0(2+...+ Dls‘..-b('

. ’ \
i = mt'= ol o (o4
dim W=m °‘b+ 1+ ot oees + B+°<.
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N
and, consequently, m = m! if and only if db = Ub,
Now we are ready to prove the following
theorem ‘which is the main aim of the present

Daper.

THEOREM : Let in Rn a proper subsgpace V of
dimension m is fixed, end let 4’ be a given angle
in V. Then the number of proper subspaceg W of
different dimensions, which are inclined to V at
the same angle & = ==X (V,W) is equal to (n+l-m)
or (n-m) eccording as o . satisfies or does not

0
satisfy the condition m X, > 0 respectively.

PROOF : Let the eigenvalues of operator o
MO B Ny oo g o coo o Mg g B g (o</\1<>\2
oo & Ny < 1), vith multiplicities o, ©A,
Koy ooy ™ » % respectively. Here o,
plays the leading part. There are three possible

cases,

(1) & =m. In this case V end W ere
multally orthogonsl, and so W coincides with any
subspace in ¥V ., Since dim V- = n-m, we can
construct in V subspaces W of dimensions 1,2,
.+ss N-M, wWhere subspace W with dimension (n-m)

coincides with V .
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LA 1 ¢ ~N* and g are pesitive-semidefinite
operatora in V apnd W respectively. lioreover,
tV* and ﬁlwill. be positive-iefinite if and only if
(VAVW)=0end (W NV) =0 respectively.

PROOF : We prove the rqumfa only for the
operator <Y . For any tv‘vbl veciors'x and y
from V we obtain R

+

(Y (@) = T8 (Duy)

= (P, B (x)y)

' o Al
b P s

=((I-22 ) B_ ("%) -y)

[

n

-(Ew'ﬂ(xi:ii.'ﬁ
= (Pw(x)°(Pm 'F-Pw": ) (7))
e (B (x).y)= (P (x).P_(¥) ) (2)
=((I-Pgt )(x).P_(¥))

= (x-Pw(Y) )

]

(x.(p, + B+ ) B _(3))

"

(x.2 P (y))

= (x. P‘: P; (¥))
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ce (R @) = (xR () (3)

Bquality (3) proves that N is hermitian operator
in V.
Prom (2) we obtaln for every vectorx &V

(% @.3) = (By(x).2(x ) = | Pw(xi "2

i.e. & iB positive-pemidefinite operator in

V. It is clear that & will be positive~definite
1fand.on1y1fP(x)a!05q‘x €V ,i.e. if
and only if (vnw )=0 , and the proof is finished.

COROLLARY 1 : All eigenvalues of operztors
¥ and ¥ are non-negative (see (1} , 2. 274).

COROLIARY 2: Zere ig an eigenvalue for!"g’ and

'@ with multiplicities of, and o(; respectively,
where

o = dim (vmxr"L ), q; = dim (wr\vi Yo

LEMMA 2 : All eigenvalues of operators If'
and @ are included between O and 1, moreover,
eigenvalue 1 has the same multipiicity o for o
end @, where o = dim (VNW).
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