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Ln this Paper, the concept o4ء BSTpACم٤ 
 ب

aمg1es between two aubepeceA ٢ and ٣ 1n
a و B; 41s 1ntrodrcedع menaional 7ector epeم-dث 

and sae propertiee of theae angle ara g1ren
to٠be aeed 1n the pRoof of -one theoren whicb
aetemines 1n R. the aumber o4 sabapaees v of
aiRferent ,ons مnan1ة1 1nclning t0 a f1xed

e غ Y' at the sae flxed angle» , Iع abepaه 
±1s of 1nterlst to note that this theorem reLnA
٣alid 1n 3-a4ه ensional vactor speee even for

.nary . angles between' 7ectora2 ثdه 

INTBODDOION ٤: It 4s cleعa that - هد3
 ا

ensianel rector apeee thera exat only  ة2
eث enAioae, which aهل fferent dة ubepaces ofه 

1ncصl ed t0 a txed subapace V at the aae
angle ,bv±euely .وله0 <ه<090٩٠ one ot
tha 6vo 1nt gese ة ( مث٣-3). ana ( هة٢-4)

a straieht1٥14٣1هة٣ د for.9 ,جaaleه 
ha؟ .a plane٥±1٤٢2=هشة٢ aغaشلاnوو 

3dnensiona vector spece the numbeR of1م
mene4ons, whicbث abepaces Y of d1fferent dه 

a eع 1nclined to a fxed subspace V at the
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same anglec iA eqguel to oAe of the tmo integerA
(3-dهل٢ ) and ٠(T مخ-4) THis fact is enerelized ج
in the present paper, where the concept 0f anglee
betmeen Eubspaces nذ unitary n-dimensional 7ector
epace R, is introduced and a theorem 1s proredn
to assure that .if ,nBذ a eubspace of d ensionهث
m is fired, and an angle ٧ ia g"7en ,i Vص then
the nuaber of subspaces D of d1fferent ,d easlonsه
mhich are inclined to subepace V at the see angle
٣٢ equals one of the tro integers (n- m) end
(n +1-»).

BASIC LقAتللاE : Lt Y and ٢ be tso subspaces
 اد

1n R,, and let R andR be pr05iect1on operatoren ٠
0f R oata Eubpaces V and W reapect1vely. If
E? tAe فة reetrict4on 0£ 2 on ٣, ana R"  ه4
the reatriction of R on 7, then

٦٣٢٢= R}R٣٢6 ي٠ =R٣ (1)

are tmo linear operators in 7 and ٣ reApectively

pERINITLOy : Lineعa operators ٣ and 9
 ا،

detemined by equalitles (l) are called the angles
betmeen eubspaces V and ٣. Bor angles r} and g
we.can use the notations:

٣٢(=٢,R) , 9 إ=(٣),٠
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Here me hare0(1 )لا =ج؟٠

 ه=٩ +ر٧ +ج٠٠٠+٣+6,

dذm- ٣ = m ٥,m+' ا= ب
٠"(٩٨w)=به عنة 

Sذnce ٣ia a proper subapace in R {> و must
sat1sfy the cndition

٥ <6< ٨-٥-٦

and so in ths case there are (n-A) Bubspaces of
dLmenslons » ,A+l و ٠٠ وء n-l.

(1 ذ4) 0٠cه 

0 ه=6 +ج٢+
2 + ن ، ، ٥ +g ,s

In ths case

d٤= أء هذ ١ -M٥ ج٢٥  ن و

mhere c iast satlsfy tbe condit1.on
 لة

٥ <w' < - ل د
and so in thie case there are (n+l-) subspaces
٧ ·o£ ensions هتة m- 6 -m و -a ولآ+ج؟٠٠٠ و  ؟ و
and the THeorem is proved.
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(i و it iذ ARK1 : cases (i1) ana (iحEم ت 
easy to ahom how to construct any subspacs I of

ension m' to be inclined t٥7 at tneح ien diج 
a sleم ,(٢ إ=(٢,7 where

 ه< -د<"د1
 -ه <ه -م0 ج

1n case (i±)

in case (4ii)

REMARK 2 : Exaples shor that two different،
subepacee ،, ؟ and f و؟0 the same dتmension may eatisfy
the condition 4-(7,٢,٣)=(٣2)٠ Itis ot د
aifficult t0 prove that tro aubapeces ٣, and  م7
of the same dimension aare inclined ta subspece
7 at the ee ه anE1 (B2,) و إ=(٧,٣ ك<=)ر
if and only ±1f tHere e±iets ,R قلا a untaعy
operator T, hich ة tranafoms ٣nto, ذ and ج؟
1nduces a حذ٢ unit opeetor, i.e٠'T is eueh that

٢=٢T٢ و#ة=٣ ج٠ سي +٢٠٤٠

i

BكA He يج2: ؟ coneept £ ه anEles betseen
ich hesط nF, iA a r1ch concept wذ ubepaceAم 

(.]portant applications (see [2] an  مذ3]

ASSIT UNIWERSIEY
FACDLTY OF SCLEICR
DEPT. 0F .ATI0SقNHE 4ق4
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PROOF :
،

for٣إ٠ Let

 ت[0[

Here aleo the proof is given only
S±nce the length±.(=+{)ج( 

of any 7ector cannot be increased by projection,
therefore

١ ه

 ا
١;

٠/١
١

 ا ا>ا/ة4,1 >ا ا )ا.هء ا)@}- ز ا«-٦ إ
corollary 1 ana relation /±/>) x /أ / ply هذ
that 0 <)< ٦٠ To £1nd the aultiplicity o£
eigenralue l for operator ٢ let, on one hand,
٤ 4 (٧٨٢); therefore

±.(=RR (±) = P (z=)٢ا )ء 7

on the other hend, if =(٢ ج( x then و

١ ±ا١ ا/٦.a اا ج +اq/ //+إ=
٢eliaه bهء E±eA«,ا (R/ه.±/ ء ا ا. 

only when R(±) = x, and conseguently ±4(V/%).
tually we obtained that rf(±) =xif and onlyعط 

if ٣4 (V٨E), and the Lema 1A proved.

and 6 here the saeم Operators:2طشنا 
eigenvalues, different from zero. Moreover, each
o these eigenvalues bes the Eame aultiplicity for

.ana  \م6
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PROOE : Let ٢()= » ±, where x (
'Then ذ we obta٧ لو),0. ؟

«، و(R ))ع( 3, 3, (2,z))
»» R (R, R,(z))
« د R (٠( ع( )

» ٦٠(٨ )ع
) (() )

i.e.) is also an eigenralue for operator 9  و
where correeponding igenvector ه ie Rي (±).
Anlogi0ally, 1f 6(y)= ,O#٨ ولا٨,٢3٤ه
then we obtهذa r}(R,())= P(y)) قر ). Thua
me prored thet rt and g have the eame eigenralues,

suppose that )# ifferent و0 from aero. Jowة 
1A an e1genvalue for ٢ and with م multiplicities

g bsة و=2 د٠٠٠ =و; andY rreEpec tively. Letم 
corplete orthonoral aystem of eigenvectors for
operator r} , wHich corresponds to eigenralue} •
From eguality (2) we obtaذn

(R(= (( ي يعا,.) ٢٢) ا« د (z( ية.)ي
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 و

 ب إ03 د

=« )يد.ي±(

3 ء٨ و,ق

where a برة ذ the Kronecker ampol, i.e.  ط
= ءi٠ أ 1i£i=3, £ إ=1٥} i#31,2±و =ذو ,
(,<),2 صه is,٠.٠,(,consegueB?1y, ٠٠٠٠ .م3)2 '٠ ٦

 هrthoEena1 هvetem £هeieeavetore "م£ عرو]م6,
correBponding to eigenvelue }. Aetually we proved
that p< • لا Analogicelly we can prove thet  لا٤6

and consequently B=إ٠ Proo£ is eccomplished

From lemmas l-3 we deduce tbat if 0 )  و19
)٥ و٨٠٠٠٠٠٠٠ (,لاوج٥,)<<٨\٠٠<.٨

· 8<l), are the eigenvalues 0f tbe operator "}
ith ,ه,,' ، ,,٠ه٩,٥ multiplicities؟ o 2 · ٠٠ و 'g'reEpectivel, then 0,  «ج و' ،..«,1«

، s"are also the eigenvelues o± the operator g m1tb
mu1tiplieitiee 0  ه·· وB ,غ9 و وج» ه ب
where  و

١.±..  ج%= ذة(٣٧٨ ,)ثs =لاd هذ(٣٨٣,)٩=a مد
(٧0w).

It ie aleo clear that
o '+ c+ج+9٩ ج+٠٠٠ dm = = م

6
+

 م١

c02 + ٠٠٠+% +"=T = m1 ى+٥٠ ة
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and, eonsequently, = د m' if and onlyif 9=

Iow we are ready t0 prove the following
theorem whicb is the main aim of the present
paper٠

١ o ن,

gHOشنR : Let nذ R, a proper subspace V of
dذmension is ه fixedو, end let٣ be a given angle
in V. Then tbe number of proper subspeces I f

٠٠ different dimensions, whicb are inclined toV at
the same angle (٣,V) =م إ i e ual و to (n+l-m)
or (n-) cccording as
satiafy tbe conditio

& Batisfies or does not
.relyذ respect0«م >ج 

١ أ
٩

 أ.

:
4 إ

PRODF : Let the eiEenvalues 0f opemator r}
 د

 هo٥, ر«٠«٥ و٠٠٠٠ ,لاوو«(٥<,«<٨
witA عitiea و°2 و mu1tip1iلا<ج)ه(, ...

reepectively. Aere ٥5 و٠٠. و٣ دج0٩
playethe lead1ng part. There are three possible
cages.

(i) . د=ج؟ I this ease V end I e ع
multall3 orthggonl, and so W coincides witb a yح

subspace. لا... ل±. in V, Snce dحذ V. = ne و-م can
constmct لا.. in ٧ Bubspacea I of dmensions l,2,

(n-m, where subspace with dmension (n-m٠٠ و·
. .±coincides mith V
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ena 6 areposlt1re-semiaefinite\٣:1للثقيل 
operatora V جذ and R reapectively. ioreover,

٢\ and 6,٣ill be positire-efinite if a dص only  ع4
 ، -لا

(٧٨٨=)٥ ena (m٨٧ د)٥ reepect1vely.

2E0OOE : ٣e prore .ths leب a only for tHe
operator ٣\٠ For any two Yectorex a dص y
from Y we obtain '

(٣٣(٤)٠3)(=2 :.لإ2 إ )لا:)ة(
m '٧··٦ ٠

+(6,£4٠ )لإب)
((=٦-2±,)2 ي ثغا )و. -٣٠-

- (R, (a):yلإ ':
٢;

= (R(±).(R+3)هي( ))
« (+ (z).3)= (R(±).Rه)د ) )  ن٥(2)

=((1-2٨ )(x).2(3))
= (±٠R(3))

= (±٠(R +2,±) R(3))

- (٦٠RهR, (3))

= (=، p"• ٦ ٣((3) "م



 ه
4،
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(٨(x)٠y) = (±. r\(y)) (3)

Bquality (3) proves that r 1a hem1tian operator
1n 7.
Rrom (2) we obtein for every vectoR ٤€٧

( ٩ G٤).a = G,(z).2,(±) »-  ا ه>()=±
i.e.1م s pos1t1re-Bemidefinite operato  حذ
V٠ Itis clear thet ٢ will be positir-definite

nly عR)±( فمi47,4٠e٠٥٧٤ ع  عذana ه1
and لا. onl3 iع (T٨٠=)٥ , end the proof 1s fin4Abed.

C0ROLLARY : إ All eiGenvalues of operetoreص 

(.274and 6 are non-neGative (se [l] , Pم٠} 

ggRGLLAEY2: Zere i٥ an e±eenralue forr} ana
 ن

٥ with multiplicities c and {ح reepect4vely,
where

11
%= ذة(7٨٥,)=%di ه(٧٨٣)٠

e1genvelues of operators tt1فلتنج2: لظ 
 ن

and 6 are incladed betseen 0 and l, moreover,
e1Genvalue l has the same multiplicity &for٣
and 6, mhere c= dهذ(٧٨٢ ).
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