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Abstract :

Explicit expressions in tefm of ket and bra tableau operators for-
med from symmetrisers and antisymmetrisers and tableau permuta-
tions are given for the Young operators for the representations [n-1,1]
and [ 2 1717 of the symmetric group S, in standard orthogonal form.

1. Introduction :

Jahn (1960) gave the young operators of S, as linear combinations

of two-sided produets of Young operators of Sz-3 with the particular
transposition P,,.-;. To reach an explicit expression a long chain of
calculations is required. It is the aim of the present. paper to simplify
the young operatorexpansions for the two representations [n-1,1] and
[2' 117 of 8, in standard orthogonal from. A complete set of young
operators for the two particular representations is explicity constructed
and tabulated.

(17)
(2)
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2. Young operators: notation and properties

-

The (n-l)2 Young operators Ozb (a,b = 2,3,...,0) for the representatiom

[b-l,f} of Sn in standard orthogonal form are required to sartisfy

n .n n
0. Ocd Spe O - e e (2.1}

Qg n 2,4 n
Pa’m_l O (l/a) o, + (a®-t) /a}oaﬂ,b s e = s (2.2)

n - n 2.4 n
oab Pb,b+l (1/b) oah + {(d"-1) /b}oa,b+l .. e e (2.3)

Here the numerical labels a, b are abbreviations for the standatd

tableau labels

1l ove & (au @ £,2 v a~1 a+l ,.. v~} 0

A = = v O « o a (2.‘#)

noa a”
1 voe b suem 12 ...b-V b+l ,.. n-1n
LY

Bn s = M » " e = (205)

b b
where, following the author's notation (El-Sharkaway 1%75), aort

is used to dencte the owission of 2 or b from 2...n. The coefficient
\/2 occurs im (2.2) end 1/b in (2.3) beczuse the Young axial distarice

. N, . . .
from a+l to a 1in An i3 +a and from b+l to B 1in Bn is +b,

n
akpn

representation [ilu-%l of Sn tsken in standard orthogonsl form 2ra

The (n--!)2 Young operators © (a,d = 2,3,.,..,n) for che

required to satisfy

DI.'l

2 n
Py gnt Oy = (/@000 + (20N s oo o 26

I = - o 2_..4 n
oaﬁb* Pb;b’l (Jfb)onﬁb* + {(b°-1) /b}oa*b+lﬁ e e e (2.7
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Here the starred numerical lsbels a¥, b* are dbbreviations for .

the standard tableau labels -

A; - .]ax...i...n = laj2...a-1 a+l,...0~l n , » » 5 (2.8)
BX = Ibx...b...a = IbAZ...b=1 bel,.o-t n , X )
where, using again the author’s rotation (El-Sharkaway 1975)

the abbreviations

la Ib
lak.,.a.cn = , Ib¥esb...n ="' . . e ¢ £2.10)
a—-1 b=1
a+] b+1
1 -

.are erployed to si:l;plify the printing. The coefficiencs -(1/a),
.and =(1/b) eceur in (2.6) and (2.7) becausc the Young axial distance

£from a+i" to 2 in (2.10) is -a and the distance from b+] to b is -h.

3. Symmetrisers and antisymmetrisers: nroperties

Sand .Eare used to denote symmetrisers and antisymmetrisers defined

by

= (I/nl) T p e (301
St alln! P in §_

-~

Ao = 0D § 0P e ()P paricey of B

alln! P ig § -
n ... (3.2)

is the Young operater fer the totally symmetric representation

S

[n] of sn and is eotally symretric f.e.

l.-l

?S|.un -Sl...n F .SI...n’ Pin sn" 0 (33
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ﬁl 0 is the Young operator for [I"J and satisfies

(‘UP PHI...n ='ﬁ’l.,.n SIS =’ql...n‘ 0P parity of P, P in Sn‘
| w34

It follows from {3,3) and {3.4) that

Sl...a S‘1...11. -Sl...nsl...a = SI...n »a<m - e 3.3)

R‘t...a-'ql....n I'H!...nﬂl....a I=ﬂl...n » 251, - - - (3.6

these being special cases of a general relation {Jahn 1960 (3.(4}).

From

A

ﬂlaSla a !(I-Pla) !(.I+f“-|a) =0 z Sia la ... (D

follows

£ =0

IR Y -

'&la S’I...n =ﬁla Slla SaI...n =S-| aTt S‘Iaj?la - S‘I.

- . (3.8

and more generally

Rl...agl...nESI..-nﬁl...a=Hl 5. :Sl..:a'?l. =0,

_— . en

a=<n. « e (39

A basic property of the symmerrisers and antisymmerrisers,

following directly from the definitions (3.1), (3.2) is given by

Jp—

Sy = WD Py vt B JMBES

44
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£

- S]...l:l {(I+Pln+Pzn4...¥Pn_l'n)ln) v . e . (3.10)
By p = (TR g meeem Py MR
'ﬂg...ﬁ ((X-Py ~Py —eomB ) Pfn) e . (3

4. Peduction of wultiple symmetriser antisymmetriser products

We show that the followving four relations hold:

W BS, DBS,P - VEIAS, ) G

N A B!
i) (ﬂlas\l...i...h)(&asl...a...b) - b/{z(b-'l)}('alasl...é...b) {ucb <)
. s oo (8.D)
G S, AN, B - SOEIS, R o
.. e (5.3)
(#v) (S...;..:.I:uat:l)(gl...é...b&aJ " bf{z(b-l”(sl...;...bqa) (a< b o).
' . .. (4.8)

A zurther get of four relations (used in conaescion With [2!"'2] may

be obtained from the above,interchanging H,by S and § by R chraughout. .

Proof of (ii)

1t will be sufficient to escablish the second ;claticn as
(i) fc;llcus from it (b = a) acd (iii) and (iv) are a direct consequence!
of (i) and (ii). Relaction (ii) may be rewritten as

\
-

[R,S...5..p " PL/2OG-DIA, S o =00 .. (.5
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Putting (from (3.10))

Soein = (P gt R e R V=D S, 2 e

o o o (&6

comutiog S, with Rla. using (from (3.5))

.ocio--b

S2eeiaub Stovia b TSy A 2 - - e (0.7

writing.ﬂla = (IrPlaDIZ, removing the common factor 2/(b-1)
there remains
[ap pae g revr ) -0 RS, 5, =0,

« o o (4.8
Row

P Py " Parg = P Prp G - 2,.0058500,b) I )

and (from (3.4))

ATV, TS P o+ . (5.10)
There remains :
(T4 o+ . o4¥ At P 1
"I:",z*"'*" .t -bI) 9;31.,.: b ce (4.11)

or, chenging the overall sign,

j ZE....;’...b(I-P -PuJ)Rl Sl"'a"'b B 0 * et (!‘"2)

Bow (from 3.11))



—_—08

Wy = (T=Bys m Ry, - G Zyarsshresesd!

R (N E

and {from {3.9)) . *
RiasS.an “Pag Ay Sy Siane ” 0 ()= 2emazeeeib)

RPN CRTY

Hence ralation {ii) has been established.

Clearly the further four relaticns used in connection with
E-_Z"lu-’z.:[obtaincd from (4.1) to (4.8) by intet"changingﬂ.a.nds way

be established in a very similar manmer.

5

5, Bra end ket tgzbleau operators

= - a4 -

Bra and ket tableau operators (ﬂnl and |B ) are defined for

["'-I ' l] by

< i <J...a...n

1...6...nd 12 e
b >"2{'(b"')'(“'”’&b“)-} S S 1S Y

-2[(;—1)(n-l)I(an)}”25'1 &;aﬁ"l,,,a,,.,.
LoD

-2 e 50D
and for Ezln J by

<nn*:| - <{ ter i) *

1/2

Q?R- cedes .n] = 2{{a-1) (n-1}/(an)}

R

Ai.Lasidh i
T L (5.3)
15" 1[ '“b"'“] )- Inm...b...n) = 201 (a-1) 1 (5n)}E

"Ql...b...nglb (PR

- - - (5.&‘



<Aﬂl and |3n>' become equal wvhen a = b = n ¢ : -

¥i .
o= (o

= ) - |;:“>' 20=0/al5) | 18,8

licin -
» e e (5.5)

.. . " *
and likewise with <An | and |Bn > :

.
»aall

]+ ot = < iy s,
ST (S"GJ

Ve may put n = a in these expressiens and ohtain

1...a

o > - 2'{(a—|)f.a}.Sl'_.aﬁusl...a '

.. (5.7)

<ﬁal . (:...i

= ’Aa> =

<A;| =<lu...;! = IA;> = [aw...a) = 2{(3-—1)!&1}.}2"“;5;3;?

leesd

L ] (5-5)

these being tableau operators for the reprosentations [a-l,!] and

EZiE_ZJ respectively of the symmetric group Sa.

&, "Diaponal" bracket and kee-bra tablaau operators

Compound bracket and ket-bra tableau eperators are defined as simple .
products‘uf the corfesponding bra and ket opevators. Included ip our
main theorem is the statement that the "diagonal™ Young operator Oza .
for I:n—l,ﬂ is equal to the bracket tableau operator <An|An'}. and sim~

: n=21 ,n is ] ax -
ilarly for [21"7] 044« i8 equal to (Anign) . Thus from (5.1) = (5.4)

I...é...n>
a

[

a l...;...n
o, = (ade> =,



- a{(a-l}(n-l)f(an)} Si...:R.5

LRSI CRLY
. (A;IA;) = <1'£1'ta..a...n|lag—...;...n>
D By SB oS 6D

Putting n=a in (6.1} and (6.2) and .using the reduction formula (4.3

ard the anmalogous one with S and A interchanged, we find

a 1...all..
0, = (AaIA'a-> < [ > = 2{(a- I)J’a}s Rlas‘l...é
-

= <Aal = lAa> = lAa'}(Aa] . N )

el

o= Caxlary = {lax..a |ta ia) = 2(a-0/at, 5 A .

= (ax| = jax) = laz ™ < Al . oo (6.4)

Here the equality of the ket-bra tableau operator IA )(A | with
the 'bra.r_kel; tableau aperater (A ]& > is a comsequence of {A | and
h\a) being equal and therefore commuting. The same apphes 14 t'he '
operators obtained by putting -'1 =n {and A = ¥):

B, = gy = (e

{10 e 2l 0/0)S, RS
RCHIEN DAL LD A O ' ... (6.5)
o, v = uxfne ) = <.ln*.-..1;| tn*...a)= 20(n-1}/n}d, G R0

= (uxl o= Jxy = fEryQuacl. : e (6.6)

In the general case <Anl and lAn> are neither equal nor commute

and we must distinguish the ket-bra tableau operator IAn ><An[ Erom
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the bracket tableau operator <An[An> 0, We use

a tilde .~ to make the discinction and find

M@DED/ENS L 88 A

I8, 5<a,) =

aa

4{(a—1}(n-!).’(un)]sl- N ..n‘elasl ' _éﬁiﬂS],“éSI ...El...n

-

- zf(n—l)!n}sl...:a...nﬁlasl...s...n ' ce (6.7)
using (4.1)., Similarly, for [2]n-2_-|’
ar = 1825<a21 = Jax...a.ond {laxee i onl
= 2{{n.-lnn}"ql...;...ns‘laﬂ...;...n " et (6'%)

We tabulate some properties of the "diagonal' operators 023 and
B:la for [n-l.ﬂ . [(Siwilariy resulcs hold for the operators of [21:\-2]

with appropriare stars introduged).
: 3 _ an ) -
(i) uaﬂ(An[ = Cala >a ) = Lafo, = (Al . . . {6.9)

s n n
{ii) |An> 0, = 18> (An|An> = oa.al_an) - IAn_> .. oa (610}

PR n - =1L -
(1id) “\n> Oaa <A:l' ” IAn><An]An><An| = Caa o_aa - Za :

e o« (BL11)
(iv) (Anfé':a}an = <A la > ¢alay - o:ad‘;a = 02; . e e (6412}

Since 5:; has & simpler explicit expression than 0:3, we verify the

last relaticms in (6.9) and (6.10) frcam which the rest follews. Wa

£ind
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__?_2_7___ _‘J..

(AN, = e S o4 6 AS G .

% 2{{n~1}/n} N . Yo
st S, St A

e o 4619

raking use of (4.2) with b = n, Siamilarly

(%

- x -iY (n- ! . . .
I8 = 2l i) x D@t LTRSS

- - - ! o r
’ 2{(“ 1)(“ l)[(.‘m)} sl...i.:.nﬂlag]...i lAﬂ) 4 7

e v (6.14)

using (4.4} with b = n.
These relaticns may be :;:Iﬁnaris_ed in the statecents that the ket]An
ja a left=hand eipenstate of O:a
and a right-hand eigenstate of ﬁ:'
whilse the
bra (ﬁfnl is a right-hand eigenstate of 023

and 3 left-hand Eigenstal:e of ‘al;a '
the eigenvalue being +1 in all cases. Yurther

0" and D% are idempotents.
aa aa

1t {s clear that similar relations hold for the starred operators

of [2i"7%.

n n
7. om " St Sl...n' on*n* ‘ﬁln _RI...n

Using (3.10)

Steeii ™ Steem " Sl S (P Py ee Py NS, G

B (!h_‘)sl...r’l{(n-ln - (Plr_t+P2u+"'+Pn-,1._nns‘l_._..__r.l :



it d

—28“

bl

pl G R L I AN JRIRI CRR )

How, for 2 < a < < n=l,

BS ...... n ta‘@npla 5l...a...r'x
* Spu i -/Q-l-n Sten
Hence
Stevos ™ Stewg =20 0/w S CALS) A

n .
onn ’ « s o (7.3}

by, (6.5).

Simiiarly

SR R S L (TP <Py =e=Pry, )/"‘}ﬁl...é

= (l;‘n)ﬂ‘".;,({n-l)I * (Pln+P2n+'"+Pn-l,n)}ﬂi...ﬁ

= (Zln)ﬂl n(’in Sn mag n- }?l...n

= 20-13/03f  <C R =0 L. T .- (7.0)

by (6.6), since

tﬂ!...n...ﬁsan%...a...ﬁ
= By.. P 1aden 1a/41..: “Hy, &S e @@= bheoeD.
.. (7.5
8. a »<B | = &, s |82 )¢ BH| = 5ab o
With
. . (B.1)

'An> = 2{(3"-1)(“”1)1(@)}! s‘l.aoé.o-'nglaslo "é

<Bnl = 2{(b- I)fn-x)/(bn)} LY 1;}2”351_”!;_”“ 5 ol C (é.z)
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we gee that I&n)-< Bnl involves the product
qb';‘\lasl...ésl...ﬁleb . <. (8

How if a < b we have by (3.5) e

S iS5 S5 - . 8.8

so that

Q (<Y =R, 5 (A =0 - - - (8.5

by {(3.8). On the ather hand, if a » b, wa have

TR L .. (B &)
s6 that
_Qah (a>b> =R 8 R, 0. - - 8D
again by (3.8}, Thus
_ _ n
fa, dCB | =6 b8 D<Al =6, 0,

[}

8.y 2[(n—a)ln]f?].. : Slafi...é;..u . ve. (8.8)

«A.eafl

-

The proof that
. ~n
M:)(B;! = éab IA: ><*A;| " Eab oa*a*
= Gab 2{(n_l}"n} S‘lt—ioéq.on'q]aglit 'é--on i - * * (8.9}

follows in exactly the same way, with A and S inrerchanged throughout

9, Tableau permutaticns

We denote the permutatiom which converts, far ET'I,E], the standard

tableau

N =12l atl «vo w2 0l ae s (8.1)
1] n




iets the granderd tazbleaw

12 .., a7 atl a+d .. nln . . 9.2)
2 )

by :

c;n;plnn) = . e o {9.3)

P(a,a+!,...,u)
and the inverse percutation, converting An iaro “n by
— A '

(Nn,[P[An) = T . ..o (5.8)

(nyn-!,.0.,3)
L FASTA -

The permutation which converts

A R T l...4a.. ©
= into & =
Bn b ! n a

ray then be written as
{ﬁan[Bn) = (AniPan)(NnIPIBn)

= T, P
vZyatl,...on)  (nyn-ly...,b)

. e . . (9.5)

This may be evaluated for the two cases a < b and a > b as follows

Ias<h P al,enm © Fla,art,. b)) Tib,bel,..0,m)
~1
= Pla,a+l,...,b) T(a,n-1,...,b)
a & % (9-6)
g¢o that
(Anlrinn)n o TP aarl,. b)) o (90D
Ifa>b P(n,n-l,...,b) h P(n,n-i,.;.,a) P(a-.-a-l,...,b)
~ = —l P
{(asatiye . n) fa,a-l,...,b)
* & (9.8)
so that
B =
(Aan] n)a .t P(a,a-l,...,b)' v (9.9



It is eosy to verify this directly from the form the tableaux A ,B
have in the two. cases:

12 ...a=1 a'att,.. b=1 btlo. m ,

. o . (9.10¥

a(bl Bn.b
A = 12 ,..a=latla+? .,, b btl...qp « v (9000

n  a
(An|P|Bn) = Plaatl,....b)" | e (9.12)
o1 2 seab-l b4l .., 2=t aatl .., m « e (9.13)

a_b Bn b

A =12 0b10 wes @a=2a—la+i ,.. n . o - (9,14)
n a

(a_|rpie) = P aaml,enn b)) ... (9.15)

n . . o _
10. 0. <An[(An|P|Bn)|Bn‘> implies Dan-<An|P(a',‘a+l....,n}'

- :
O~ P(n,n-l,...,b)i3n> . -

i1

_ A n - .
Oaups = <A;!mniPIBn)'B:> implies Cpxnr = <“'s{ip(a,aﬂ.....lrl}'

111

= &
01’1"‘]::"= P(n,n-'l,...,b)!Bn >

Since from (6.5), {(6.7)

l“n ><an = 2{'(:1_]);“}&-.‘I:LRII‘IQI...I:I. -« - (10,1
"
IAn‘><An| = 2{(n_l”n}sl...é'l...nﬁlasl...5...n -+« (10.2)
|Bn><Bn| = Z{CH-!)!n}Sl...!.)...n&]bg]-nt;.-.I'l e (10.3)
7ith the same coefficient 2{{u-1)/n} it follows
=1
P(a,ﬂ%:,....n)l.ﬂn>$anp(a,a+|"..’n) = ]An><an| L (10.4)

or, equivalently,

e —— ——————
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-1 _

I’.(:1,11--1,...,!:1)mn><anp(n,n-l,...,b) - IBn ><Bnl" -« (10.5)

E""te that the equality of the ceefficient 2 (a-1)/n in (10.1), {10.2)2,
2 1 - * B

(10.3) is veeded for (10.4), {10.5} to hold,since transformation by P

or by P-I affects only the symmetriser and antisymeetrisers: it is a

pitfall to expect the transformation to change 'coefficientsl]»

It follows
(An[?]Nn)lun ‘)<Nn| - P(a,aH'....,n)INn)< an
-1
= P(n,a+l,....n)[Nn><Hn| P(a,a&!,...,n)}P(E,aH,...,n)

= A YCAIPL «os (10.6)

an><-Nn|(Nn|P|Bn) = INn><Nn[ P(n,n-l,...,b)
= Pa,net,een,5) Feaynmtyee, o B0 XXM P oi by

’P(n,n-l....,n)lnn><3nl ' ’ <o Q10D

Using then the relation {(from {6.5))

. . . ('0.8)

MR S TCER A

it follows (using the statemznt of the theorem to follow)

0:n = <AnI(AnIPINn)]Nn> - <An“n><}'n*ia,a+l.,...,n)=<AnIP(a,vL, oo sy}

.« . (10,9)
v
n -
onb " <NnI(anPml'l)an> - P(ﬂ,n—l,...,b)fﬂn><BnIBl‘l>‘ ) P('n,n"l,...,b)!srl\>
' .. . {10.10) v

The starred relations are established im an identical manner,

iy

e e e

——
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11, Starement of theorem

For the representation l__n—l,l:[ of Sn in standard orthogonal form che

’
Young operators are givanp by

n _ n _ .
G <An[P(a,a+l,...,n)’ Oab = <AnI(An{PIBn)|Bn> »

no_
0 =P )Ian>,

nb (n,n=1,...,b

(a,b=2,3,...,n), - .. 0L

= 2{(a=1) (w-1)/ (an) } SRS i

<Anl - (Ell...é...n

... (11.2)
I8 >= ;"'bmn> 2{(b- J)(“"”"(b“”l St 5. ..., 6

. €113

(AHIPIBI‘-‘) = P(a.eﬂ:ls---.n)P(n.n-l,...,b) = P(a,a+l,....b),(a<b)

-IP(sla-l’lou.b). (ﬂ)b)' L (II'A)

For the representation E”.In-zJ of Sn in standard orthogonal feorm the

Young cperators arc givea by

n 1
oa*n* " (A;IP(a,aH,...,n)' oa*b* = <A;l(AnIPIBnHB; > z

n
on*b* - (n n-1,...,b )lB > '

(a’b=2,3|--u,n)’ P oA (1‘05)

- <lasr...5...n| = 2{{a~1){a-1)/(an)}

-’Q!...;S}a’q—l...a...n '

« 0o (11.6)
3)

(wl _\([;...a...n]"
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b

. n
13:> = l[‘---b'“”] > = ilbf-...f)...ﬂ) = 2{(h=1){n=1)/(bn)}

ﬁl...l;...nS}h-Ql...I; )

These expressions satisfy the relations

o _n n

oab ocd ébc Oad ’ )
n n n

arpx Oc*d* = 5bc oa*d* ’ '

n n 2 .| n
Pa,a+l 0. (1/a) 0ab + {(a"=1) /a}oa+l,b . .
o n 2 .4 n
0.y Pb,b+1 a (1/b) O * {{(b™-1) /b}Oa,b+‘ 0 .
F 0%, = =(1/a) OV, . + {(aZ-1)}7a10"
a,a+]l “g*b¥ a¥b* a+lkp* ? -

o

n 2 .. n
Ogspe Pp,beg = ~(H/B) Oppe + {651 ¥/bl0

arh+I* * ’

.« (11,7

o (11.8)

.. {11,9)

.. (L0

L ran

. o (11,12)

o o (11.13)

- n .0 _ n n n - n
12. Proof that Oab 0Cd = ébc Oad (and oa*b* Oc*d* 6bc oa*d*)
wWe have zlready shown (8.8) that ’
[}
I ><c | =6 [8 ><8| fe e (12,1
It remains to show
n .n n =
% %e = %, - « 7 (12,2)
L.H.5. = (Anl(Aanan)IBn> (Bnl(anlplcu)lcn> R P 2% )
R.H.S. = (ani(AnIP[cn)lcn> coeoe (1208

We have shotm (6.7) that
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BBl = 2=/ S g RS g e e (129

Hence with

4
Bl = 2D @D/ S, 4S, o L (2.8

le,y = 2en@nreits, oA o L2

and taking, for simplicity, a < b < ¢ ve hawe

LS. = 8D/ (G e/t s, ia s .

* 1:(a.,a+l,...,b) Sl...t;...nﬁlbsl...5...np(b.b+l.....c)

St.ieenoeSt. e

e s o (12.8)
- sl@-n/m e e/ @il |

a P(a’a"‘l.ouo’b)

ES

*AS1.. 8. oinS1 B a1 e
e (12.9)

- 1) Cem 4 ]
= &{(n=1)/nH{a-13(c=1)/(ac) } 5‘1_"& p(a,aﬂ,...,b)

* s 5. Pb,br1,.. .00 Sla. e » e (2,10

Using {4.2) with a replaced by b and b by a,

RAS. w6l D/mM D/t S, p g L

*Fla,arly.on,b) Tebubtt, e, 1Lt RSt e
LI T ] (12.“)

o= /a1 e @)}

o2 Fla,arl, ... b)

RibSi. b nfib Pobel,.ns,e)S),. 0" LHLS,
' «-e (12,12)
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The proof is sidilar with the resrriction 2 ¢ b < ¢ ramved, thus

(1+.8) is proved and (11.9} by interchanging S and E throughout.

noo_ n 2,4 n n . - n
13. P, o1 Oan (ayo, + ((a"=1%al0 ;0 Py oy sOoans (1a)o . .+
YN a )
{a™-0%/alo, upn
n - no, 2_.\} n n o n
0 aFa,as (t/a)o . {(a™=n /a)on'w. Oprat Fa as1 (1/a)o , , +
2 ]
tal-ndrare®,

From (10.9) we have

n 2h o =
oan : <AnIP(a.e*1,a+2..-..nJ OAH]PJ.!” P(a‘i.ﬂ*z-----n)

N & 3 )
n
03.,.],“ L] <(A”,nlp(a+l,a*2,....n) . N 4 & -1
Hence A
o n 2 [} n
Poes1 %an ™ (i/a) o+ {(a"-1) Ia}oa‘l'n .« .. (13.3)

requires {cancelliag’ the common term P co the tight)

{at),a+24.4.,8)
y .

Poaer $BalPa qer = (/0 LAIR, o ¢ tta®-ntsal Lyl

. 0o« (13.4)

With, frem (5.1),

<Anl - 2{(3'_1)(“"1”(3“)}! Sl....;ﬂlasl...a...n LUERe)

we deduce, by some cancellation,

e2-ndrar @ f = 20D @ D@ S S

. eoe €13.8)
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and alsoc, noting that Sz__.; -SI a1 15 independent of a and a+l
2

Pa.aﬂ (Anipa.aﬂ —.zt(a“l)(nf!)!(an)}! 'Yl.-.:;'q]-vls‘l...a;l...n ¢

« . (137
Henee, removing the common factsr 2{{5-I)(|:|—l)f(a.1-|))l equation {13.4)

requires

i

Sl...a'lRIa+lSl...a;I...n - (”ajs;...E‘ﬂiasl...i...npa,aﬂ

+S‘|...a;lﬁ.[a+]s‘|'"a.;l.”n ., .- « . {13.8)

"

How from (7.3) with n = a we hava

SI...& - S‘I...a;l " Zé(a-l))'a} gl...éﬁlasi...é ' » e (1309
Bence it remains ta show (multiplying through by a)
208 ALS RS et Sl aRaS . oPa ey (1310)
Cancelling the common factor S] s on the lefr, putting

z‘ﬂla . Pla’ (a—‘I)S‘]“_; = (I+P12+P13+...+P1.a_1)5'2

as,.d

- .. (13.10)

and writing

ﬁ!asi...i...n Pa,a+l = pa,ai-lﬁ-la*-ls‘l...a;l...n -+ - (1332

it remains to show

(L) J(I+P 4P gvet?) S,

1,a- ....':‘qla'*ls‘l...a;l...n " Pa,ao-lﬁla*-ls‘l...a;l...n

e 3y Y

How, by (3.1),

SZ...é-@laHS‘I...a;l - aﬂla-ﬂ‘s‘Z....;-j-I...a;l...n -"Q'Iaﬂ-sl a;l...n

e (13,18)

Futther :



(I-P!a)PIrHla*ISI...a-"'I...n - (I‘P!a)PlrﬁlaHPltS] . ...a.:l ve.nl

o - Y . - -
(L Pla"%raﬂs‘l...a*‘l...n for v = 2,3,.00,270 .

e e €13,15)
The since .
pla'q,raﬂsl...a;l...n -JQraH P!agl...a;l...n

-Jqqa-i-l Sl-..a;l._,n » s » (|3.16)
it follows

(I=By Iyt gt et ? et Sy astn = 0

and it temains to show that
PPy e Pan Sh a0 =0 L. (13D

or R],a,a*-lsl...a-l.-!...n-o

oS ﬁl.a.aﬂ-ﬂsagla Siiiartea =0 ee » (13.18)

vhich is true and establishes the required result.

The relation

LI 2_! [|]
o7, P = (aoy, « (-1 ale] |

na ag,a+! +1 e« » (13.19)

is established in the same way with multiplication from the right.

The starred retatioms

2

Py ant Okgs =~V 1202 02, L (220
2

Ogu Py any = ~(1/00 + (™D a0, |, . .. (13.20)

-
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are also established in a similar manner (with : and interchanged
througbaout, with the miaus sign in froo: of 1/a being required becauss

the fircal relation ia

'(I+Pla) ‘S‘Ia-*lﬂ'l...a;l...n =T l,a,a-"l S‘Ia+l"?l...a;l...n ‘

Y L ) (IJ.ZZ)

reducing to

S].a.aﬂSla'qla&l...ail...n =0, ee - (12220

which is true as before,

Multiplicacion of (13.3) on  the right by o7, leads to the
general retation (11.10). The other general relations (L1 = (11,.13)
w2y be established in the same way from the corresponding specianl cases

astablished above.
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