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ABSTRACT
The flow of a, slightly rarefied electrically conducting gas between

two flat infinite plates and between two concentric cylinders in relative
motion are considered. The slip velocity and temperature jump at the
boundaries are taken into account to investigate the effect of rarefa­
ction on the nature of the flow.

NOTATIONS
»H the magnetic field, u the flow velocity the ه electric con-

ductivity, the mass density , coeffieient م of viscosity
 و٠٠ ء« و}

the marnetic permeability , p the pressure, T the temperature'
R سه ي the gas constant , K the thermal conductivity h the eH-د 

thalpy ,R, Reynolds number R, = uL/ g , عر =c/c, the ratio of

the two specific heats , p, Prandtl number : P.= p م؟
.٥ د ل د و «3، I

Magnetic Reynold number , RA magnetic pressure number

Hن، R Hartmamn, ر= ي number «=  pم٢ رم
gu& ٧ A ٢٣٢٥

INTEODUCTION

The flo between two infinite plates and betwreeD concentric
cyhinders in relative tangential motion is called a Couette flow pro­
blem, actually , one of the motives for studying the Couette flow is
its usefulness in studying boundary layer flows. Although it is not
exactly analogous to a true boundary layer , it is sufficiently simiiar
and censiderably easier to solve.

In classical hydrodynamics a complete integral to incompressible
Couette flow was obtained in (1,2). Dllingworth (3) obtained a numne­
rical solution fo1 compressible plane and cylindrical Couette flows of
compressible gases. Shidlevsky (4) used Illingwerth resلu ts to dbtAin
approximate solutions for the problems in the slip regime.

(51)
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The MHD treatment of the problem started by Hartmann and
Lazarus (5). They obtained the solution of plane incompressible MHD
Couette flow problems. Bleviss (6) treated the plane Couette flow
for the hypersonic motion of higk temperature ionzed air. Rama­
moorthy (7) obtained an approximate solution for the incompressible
cyزindrical Couette flow problem. AIora and Cupta (8) found the
complete exact solution of that problem.

In this workr we shall study the MHD flow of an incompressible
slightly rarefied gas. A smahl relative tenperature between the two
surfaces is assumed, hence, the electrical conductivity and coefficient
of viscosity can be considered as constants. We shall use slip bound­
ary conditions as obtained in (4).

THE PLANE FLOW
Consider the flow between two infinite plates.

THe upper plate moves in the x-direction with constant velocity U,
mhile the lower plate is fixed, the upper and lower plates are krept at
constant temperatures 'T, and 'T, respectively. The applied magne­
tic field is (0, H,,O) while the induced magnetie field will be as­
sumed to be (H,0,0) and considered as a function ،ofy only. 'The
flow velocity is taken in the x-direction and is considered as a func­
tion 0fy. The equations govering the flow 1nay be written in the
form (9)

3n1u  بم أ؟-. ميب
٥ yة€ay٣٥ ك
duddH

 م4 ه تة /(كةةa )ث د د د،

 ا-e ه(3+ يمi«% ه=

...(1)

...()

·.٠(5)

،  'رق(ر م2
dy

P9د RM
h = ٩"

dy6-dydy- ، ، د م ر;جذ م ذ رقف.2 ·٠ (ه4)

.٠.(5)

If we consider that the gas is slightly rarefied and that there are
complete energy and momentum accomodation between thesurfaces of
the plates and the gas, then me can use the boundary conditions dec­
duced in (4) for the slip regime. 'These conditions may be written in
ths form :
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at the lower plate y =-d ٢e have

-·٨رمت4
4ه-3٠54 جن= ة،

and at the uppem plate y =d 1e have

٠٠٠ تهييم. بم 2h(6-2) dy و
 بي

A  ي سب] ت ع 1]ح ٠لا77- م

F 6  «ج7 رد- أؤ ثة
I£ we tako w= uU, F= HH',P= t ج , م A= H,A٥ - o
hen tHe eguatlons (1 -6)will take tAe fom

H' 3ة
e ه د=RبمR, مه a2ة لا 

a 1 eR-
'a3 ، ، د د R. ay&

R
 ه4ج»٥ لي+a3 ه-

·0٠(7)

·٠٠٢8)

...(9)
a 2 1 ٥2,0 R,,Rر)ب} عبم ب. ر @ث 
a3' .م8-2) M5 ٩ F,

oج 
•2 ه  ه=]

wلا٤ 
٨"٣"

 )شب(=C٠.٠(lO) 'يHة2
 -yة

•••(٦ )لإ

...(1a)

The [boundary conditions may be written in the form

 م
l

du , dh'F,h' = ٨Kdy 'dy ء , H' = 0

٩at 3  ء2
du• •٠٠aA، ='ن٤٦, -ثه ,K س=,=0  و٥ -ق=5=

Considering that K, and K; are of the order of Knudsep number ,
mhich is considered small in the slip regime and solving the system
(7 12) and applying the boundary conditions we get :
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,٩K لإ±+) cosAe+&y/2 (eiah؟ nhو=ا± • 2n•

h=}(8-+٦,3/e4٥«٠٩«k,  «ه«ءلإ}دan«2٠ هه
--eosh 2٩y +2«K, sah 2  +و(1 لإرمر·ر-

 سد- .وج+2 ؟
R 2c بي-:" :يلي:ا [بهيج: ،. 8iah6 r ck, EosB

P b-و-= =-٢٤8"٥8٨5

From (13) and Fig. (1) we notice that
1) At any point in the lower half of the flow (y' <1) the velocity

increases with e, while the converse occurs in the upper half.
2) Fory'> 1 the velocity value at any point in the rarefied case is

larger than that of the continuous medium, while the conversc
occurs fory' < 1.

From (14) and Fig. (2) we can see that :

1) At any point the temperature increass with the degree of rare
faction and with to ه a limiting value and then decreases. 'The
value of a conesponding to maximum temperature can be found
analyticaily.

2) For constant a, K and K theذ points of maximum temperature
can be found.

Also from (15) and Fig. (3) we can see that the magnitude of the in­
duced magnetic field decrease with a and with the degrees of rare­
faction (K. and .( Kي For large values of e the induced magnetic field
is nearly constant except at naTrow layeTs near the boundaries.

THE CYLINDRICAL CASE

Here we shall consider the gas to be bounded by two coaxial cylin­
ders of radi a and b;b< a.

Using cylindrical coordinate system with the -z-axis taken to be
the axis of the cylinders and assuming :

1) The outer cylinder is rotating mith a constant angular velocity 0
and is kept at A constant temperature Tج .

THe inner cylinder is stAtionary with temperature 'T,.

.٠.(l4)

 ">ة
٠..(±5) ٤

·0.(16)
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(2 و وI• ه٠٠ The applied field H, = is radial, while the induced magnetie
field H is in the .direction- و

3) The unkoms v, H and h depend on r ory.
4) The flow velocity v is in the » -direction.

Then the @asic MHD Navier-Stokes equations wil be :

dv٦H [٠ ة-± يمى= ي±] »ج ة
.,٣٥ له٨.2م  ل(ثو-+$±- =؟ لي]$٣ م4جع ج»+ [ر?«

H, Hد$ لإ ق ٧ا a+خ--=٨ي] @;rA#[يج 

 ج [;-ت«]إ$ .يهج، ليج±.L [ريي{٠
٤

·.٠(l)

...(2)

·.٠(5)

P= $R

- ط= م
٧ d+ /2 B# (mH) 3ث = ٥ ٠٠.()

·..(5)
.00(6)

n٥t11ه $
»

 ماe ذم٣,٤٥=٤' 'هs ه, اAA و م=sr °ى ,م
،± ٠ Me Aave tAe non-aدmens4مAE l aysteN = b ج ben ه4

(droPPlaE the pies )  و

d1d  ي]ثه,#-=لمة[...»
d d ا ا (٠٠٠G8(ثه»٣ Rلثل- ثم( )تمجج.-٨ي 

 ي -يميأءة+أتم ل في» .ي# #أجث [ه ة.:ه
p  د ن]ستمه

 ة٧_
mbere the "ا1 و noD-dكmeuaionAl angular vel0ity ،
SuD3act ta bon-dlmsns1oRal modified bouadAry conditloNs In
tha sl4p veloc1tyregمذ 
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dh h=0 ror٤' ن• دس= ره لتخ ،«=٦ .ه+ ثخ 

- - b
٦=٩ .ة٩A ي٠٥٠ا ،

dbد د± H=0 ror r، -٦ ثد=bب ، 2، س ,د-لاء تجخ و =

Syatem (9-1o) aaط bhe aolutloa ٠
(A1  ب+ ±سطر+, -ر12)...

 ً,.، ثرث،ً -»ً( رد3 .،%ا٠،٠ ء»,،ق•
2B

٠٠٥٧2: يتقه ]±ت٢٥ يد- فء- ق» وءد+ قى+ [-ن,ه•..3)

mbera

 ء=٠ +]ه-« ه0 [د-ه- -ذ],ه »م٩+ لاد
(8 +2G ٠ -م-+-8 ر

 ةqwaGg-",%c =ي-3s@1 و »ز"و'a(-iif@.,-FG, ، ج ب

٤

 م

·.٠(2)

B - 1
 م؟ ه=

1B

±8, ن - q
cح ر 

2-٩ ٥ - q

·..(15)

·0.(16)

e= G- و(1+٥) ( و...(e17(٥ د-

٩»٠2٤٠».@a{6 ,نييج>,ء ،ارماag-2B,(±4و )

].1 ف-و- ة-م(ههb- [ر«3 }-ب•.. )ه
(3-2Pلإ, ;

 -يييؤير-ا--·»"00a»6 »#,ةa», e-aa,4ءؤ )وء..q9 د
 فمه ه. ;هفيل-

From MaxMells eguations the dimensionless electrie field and current
density are given by :

B »أو-=ه +شه وء.+ غي ةء... مى -  لا
(2l.)0ية د٥-٤٣ ه 

The anaHytical solution of the problem is represented by the egua-
m 5

tions (11-21), We restrict ourselves to the values :m = -= لي
 ة ،100
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of the paramenters. We observe.٦00

5
 ,=وN ي=,

2 2
the following :

1) As shown in table (l), we may see that

a- At any point the magnitde of velocity is larger in the rarefied
case than that of the continuum case, except at points in the
region، near to the outer plate.

b- Near the inner cylinder, the magnitude of velocity increases with
B. The converse occurs neAr the outer cylinder.

- The slip velocity at each plante increases with B.
2) From table (2) we may see that 'the temperaturre at any point near

the iner plante is larger i the continuum case. 'The converse
happens neAr the outer cylinder. Fo large values of B, rarefac­
tion tends to increase the temperatre at any point.

3) From table (38) me may see thuat .
a- 'The induced magnetie field increases with rto a maximum

walue and then decreases.
Rarefaction tends to decrease the magnitude of the induced
magnetic field at any point.

c- At any point the induced magnetic field decreases as B
increases.

4) From table (4) we may see that :
a- Tha magnitude of the induced electric field, in generai, increa­

ses with r.
H- The magnitude of the induced electric field decreases with

rarefaction.
- The magnitude of the induced electric field decreases with B.

5) From table (5) we may see that the magnitde of the current
density at any point decreases with the increase of rarefaction
and with the icrease of B. We may also see that its magnitude
decreases mith r to a minimum value and then increases.
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 غ مج53 قةت ق يتج ت ٥ج ت ت٥ ت٥w٥<٥د٥
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