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ABSTRACT

As a function of the absolute temperature T , the

third virial coefficient in the case of a square-well plus
. . 1Van der Waals potential is evaluated up to ters in 6{8= ٦#)٠

Suitable variables are used which simplify considerably the

integrations involved. The result obtained is valid only at

high temperatures and low densities.

1NTRODUCTION

٠٠ ٣ي

- As 1s e11 لأ knة , (±), the thermodynanic Properties of a

system modelled by a canonlcal ensemble are related to the

interactions of particles 1n the system through the partition
٢-

function

A=-kT 1n Z (2)

where 1 U(r,٠٠٠,±N )/KT ،dr (2)2 = N ١ ٨ e - d٤٠٠٠Nذ • -1 ٨
9, ٨%

٨د٥(3} ٨4 = 2mmKT
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and A is the Helmholtz free energy of the system composed

o٤ N particles. The 1ntegral is ,ي9 known as the configura­

tional partition function. Having determined A as a function

of T, ٧,٨ll ة themodynamic functions can follow. For

example, the pressure p of the system is given by

3Ap ( تيب(-ب
 ة٧'4

or pv
,1nOة 
،= KI(7,7ج 

n ٣T
(4)

Itis pssiBIى(4 ا ع٥ aevelop ln@, asa power ser4es in the

number, dens4ty - د ، مNآ ٧" This allows an eguation of state to be

written as the virial expansion

p = pHT[1+B (T)p+B (T)٠+4م ..]
2 3

(5)

where B ,B ,
2 3

are the second, third, ... virial coefflcients
(2which are expressed 1n terms of Mayer's f-bond functions

5٨ m 3 د ،ي1

!Vm1١٠.١ +ر irr ٨:٤ و؟ )ر(4 ر±•. ب
14i<jsm+l

(6)
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(7)

u(r ) 1s the pair-wise additive 1nteraction potential between
 زذ

particles 1 and and,8 ع ،1 ذ KT· The virial epans4on (5)

w4th the virial coefficients given by (6) is valid only at low

densities. Since this virial ser1es was developed a considerabl4

ma untص of attention was devoted to methods of evaluating the

irial coefficients B . However, there are to d1fficultiesm •

in evaluat4ng these virial coefficlents. Firstly, the number

٩٥٣and of {6) drows rapidly w1th+م٦٥ h+٩٣٠٩eء- «ا+-+٤٠٠٠٠+٩ 
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m .which makes it rather diffIcult to evaluate the 4ntegrals

for large m even for simplified potential functions.
. . 3Secondly, the form of the pair potential u(r; ( ب or (guas1)  'ف

realistic potentials such as the Lennard-Jones (l2-6) potential

complicates the evaluation of B, even for small m • As am

conseguence of the first difficulty, attention was focused on

evaluating the first few manageable terms in the series {5). The

second difflculty was treated in such a way as to deal with more
4 5tractable potentials such as the hard sphere ') »({') ( (s ر , sguare-

we17(,)6)ج ) (gw) and other simplified forms for the potent4al.

Though these are not real potentials, still important from the

٠ 8 ٠٠point of view of perturbation theory"" hich is the most recent

successful technigue of eguilibrium statistical mechanics. Thls

theory is a mathemat1cal means of expanding the configuratlonal

partition function of يم9 an original system around a relatively

s4mple reference system whose properties are known. This

reference system 1s usually chosen to be the (HS) one. In our

Paper, we choase for the pair potential energy a square-well

plus a Van der %aals potential. Th1s pgtential has all the
characterlstics ت ،تر٠ of a real one, a hard repulsive core and a

long range attractive tail. Suitable variAbles had been used

which simplify the integrals conslderably where the n mu erط of

dimensLonality of the integrals are reduced by one. As a

conseguence of expanding the f-functions in power series 1n 6 ,

the third virial coefficient is also obtained as a power ser±es

1n B which is truncated after terms in g4 Decause of the

tedlous 4ntegrals encountered in higher terms.
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THE- THI R VIRIALق COEFFICIENT

The assumption of a pair-wise additive potential leads

to the classical expression for the th1rd virlal coefficient

B :
3

B
3

 جي د
2 1
3 27 ) dr dr dr٤(١٤٤(٤)٤(٤

231312 إ--٥ و-
(8)١

w hereب the f-function 1s defined by (7). Our model is character-

1sed by having the potential u(r).defi:Ied as

r<ع ن٥ u{r)

(9)<r<lCت-٤ 

r>AG1كع د 

٤ ة

is the rigid-core diameter of the molecules and E is theه 

depth of the well. The coeffic1ent » satisfles the relation

 عبي
 تى ثم.:

Expanding in powers of

following forms:

{y/e)  ح٦6

6

8 , the function

٠٠5 بر

٤(r)

(10)

will have the

= =]٤(r)

= 8e + 484٤ +
2  د8٧ و,By ي2

 ر6 د2

Consider the integral

r<٥

o<٤<٨٥

r>10

(11)
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G(r,)=[ ٤(r,1٤(r. ,1a٤
1 3 12 23 ٤

(12)

We f±rst assume that A>3. . Consider the four different cases:

(A+l)٥ r ٤. ه
1 3

{A-1)٥<٤ < (A+1)5
1 3

2٥ < r < (A-l)٥
1 3

0 ٤ مر 26
1 3

In the first three cases we retain only terms linear in 8 for

G(r, ( ر if the third vذ rنal coeff4cient is to be truncated after

terms in g4 since f{± ) in these three cases contains terms
M 3

at least linear 1n 6 • We introduce the variةbles E , n

defined as

2
r< ل

13 12
= ٤+n 2  ب ع

r
1 3 23

= ٤-n (13)

E = constant gives an ellipse and n = constant gives a. hyperbola.
The ج--٠ element 9f 6olume 6r, in these variables is thus g±ven by

a٤ ana٤-٨٩١7)ع ج=-٤ ب 
13-2

(14)

and the integrals G(r )
1 3

over the three-dimensional wolume 1n

each case are transformed into integrals over the corresponding

areas in the ٤-n plane . For example, considering the first of

these cases we have (see Fig.I),

G5(r ) =-2
1 و

Byحe 
12

dr  عه2

dotted
wolume
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on using (l3), the integral is now taken over the dotted area

iم the €-n plane (see Fi4.II)

٩و" - ء ن٠> ٤ م

l6 m= -26u » r- =ب  ذ

1 •,
1-2n

٥

+2
/"dn

1

(٤-n)tfifsa6 2{ ت٥
٥ r 1 3

Carrying out the 1ntegral and setting r = R
1 3

we get

G (R) 16 ٦ 1 ٩٤ 1 R 2 1 R 3 1 R °
(Ae د ، د د« + 56'R-¢) (+A'¢ و6'1 67'R'67''428٧ ت

{Al+1)٥ < R< ( ه(15

Sذimilarly, wehave for the second case

G(R)

where

-28e C (R) - 28٧ C (R)
1 2

(٨-٦)٥R٤ (A+1)٥ (16)

c, «e) 1 م٠٨ ف١-4 د-١٩ ر$$"01+43 -°)ب20°+ ج+ر#0171=

 كم
 ته فرر

 ب ا
 جي

c (R)
2

16 جR"R1 دR1," م ة
R' ةة(d'27 ل r'¢lR3 ة ة (R' ة7''

21%-1 R %
- =ونقة ا5 ا1 (18)

The third case is obvious

G(R) =-2Be » 4$ «٥ 2٥ <±< (-l)٥ (19
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In the fourth case we have to evaluate G(R) up to temms in

82 since f(R) has the value -1 when ٥ R< d

as in the f1rst case we obtain the result

Proceeding

6{R)

where

= C (R)-28eC (R)+6٤3c (R)+28<eyC (R)+26%y%c (R)
٧3ب765

0 <R٤ 20

c (٣)»$=٥3 - «٥4R +3% R3
3

c. (R = «٥%R - 4% 8°
 به

c. (R) = R+%R3 («ي٨٩-1١٥٩-٦0٨٩+2١٥4
5

(20)

(21)

(22)

(23)

16 1 1 R 2
C«R) #5 '67'Amة ) 1 R 356'RE' 1 R2 1 R  و

(i¢'2+'ة7 أ 

 له
 ء تشو

 غى د،ف.

1 ججر- R (24) ا'ةة1 س،

c 1024- 35(Ao)R 525(No)R? 385 R  د
، » '1zzB6'Ac(5 "ة I2268IRio(RE٥@073(,6) تالتي

35 A' 7 R5
 د

± Bi92 Id]@Rmo]3 8192 7o]?(RrNo)3

7 ٤ 1 R7
 جر و،

T 2456Io)@Rا d] B157 د  )(RiV+5)ز

1 R ٥ 35 R+Aailn!1-l1656'4 ا2ة¢' (25)
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The third virial coefficient is given by

4nRaR٠(G4E)(لإ-=٤[ (T)م, 
3

(26)

where G{R) 1s readily obtained for the four different cases and

f(R) is to have the appropriate walue 1n each case accord1ng

to eguation {ll) and that all terms upto 8? are to be considered

in each case. Carrying out the integrations for each of the four

cases and suming them up we finally obtain

A. = e ه»هز »{عم-٥»8 + ( »ج٥"٥4 (ء13-36٨3-4٨
،3

+ -او,ر,م؟:ثجة12٨-3٥٨5-22٨+"338+'51٩+5٨ و-1

+2•٦2+٢366١1 ر12١3 $»8'ey 1n(43+)4Eeز-( ةرةI)(ز+>)=T-8401 '-63008

- 187601! - 28070٨1٥ - 21728٨9- 7644٨° - 568٨ + 8316

+ 142٨' + 3l6٨ + 353٦ + 180٨ + 36]
 -م

 مe#:2٥ ,م<ر م,لاغى
٨306 {أ

 ن د
 ج>ي-

>3 (27)

We assume nOw 143 and consider the four different cases

{1+l)٥ r ٤ ه
1 3

20 < r ٤ (A+l)٥
1 3

(٨-1)٥ 4 ٤٤26
1 3

0 < r < {-٦)٥
1 3

THe first two cases are exactly the same as those for A>3 whic

(.ield the same results for G(R) eguations (l5), (l6)-(18ر 
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terms 1n g° which is obvious for the fourth case and ylelds

the same expression (20) w1th ٥< R < (-l)٥

thlrd case, terms upto B< are needed when

For the

142 because

of the for of the function f{R) but for 2<٨4<3 tems

11near 1n 8 are sufficient. The result for the third case 1s

G(P) = F (R)- 26eF (R) - 28F (R) + 63٤4٤ (R) +- 28euF (R)
1 2٠ 3 ٧ 5

where

F (R) =c (R)
1 ٥

+ 28٦١٩٤ (R)
6

(٨-٦)٥٠ R< 2٥ (28)

(29)

- ، . ٧
٤ tR) 3t201-٨١٥R +4(°-1) 2 ج-°ه0-1 ر_ر R

F (R) =C (R)
 و2

٤(8)=٩٢-501-٨٩١٥4٨-1-03$)٥3+1-301 ر ؟6  و

16 n 1 R 2 1 R 2 1 R 3"
R,(R) ، د ، ، ، ، ن R (AH' ة7' 67'Rr56ة( 'Rril

(30)

(31)

(32)

 د.•. جو ن.
٠٠ لع-

 زR وR1-1٩ و
+ 'ةةa)' =1فة4 «ج1 (33)

F (R)
6

٦ 36R 80 8o 36e%، 4 د ، ن ن 726'7X6]I٤ 6(5iT F@EFo)ة RIajI٥

1 45
F@ER66 ، ب R@5)s] +C,(8) (34)

With G(R) in hand, the third virial coefficient B (T) ،given
3

by (26) can be obtained by choosing the appropriate form for the

funct1on f(R) eguation (ll) and in such a way that all terms up

to 8? are considered and cases ٨< 2 , 2<) 3 are taken

care of. The final results show that B (T) has the same
3
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expression (27) for 2 >٨ ٤3 , so that this expression stands

for ٨> 2 .

For ٨42', the result 1s g1ven by

2 6•
٥• .م)( ثو=٣٥»+٢يع٢-٨6+151+32٨3-18٨

22
 {ثهفه+٢s»'+3 ة321+ ±م± مد4و ر

2 6 2 2
+ ع"2ؤ؟""٢-5٨+908°-'968-°471+36٨

·٦82e+ 1ep({556٨"+78٨+168٨9-٥'4ا)تء5ر-ر٢٤-٥٨ '

+ 150 6-62475-2877'+22813

+ 1087-32٨-9]

»$+48 رء مد ،4ي> ر
٦763 %ر

27648٨% (+1)"(+2)6
٢٨15-645112٨1'-4838374٨15

 عج م
 غف•

- 14407636٨14-21557719٨11-1668708٨٥

- 587135679-4423687 +5068817+13312٨6

+ 19194415+318464٨"+190976٨°

- 59392٦%-108544٦ -32768]

, 20٦5g11)»(9 ثر١3 مد0٠)- مدd6 ٨ <2 (3

Expression (27) for i >2 coincides w1th expression (35) for

A 42,at ٨=2 as 4t should be ٠ As the third virial

coefficient B,(T) 1s obtained only up to terms in 8% , it ±

valid only at high temperatures. Our potential reduces to the
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sguare-well one by putting = ٥. In this case, the third

7ir1a1 coefficient B (T) eguations (27) and (35) reduces to the
 و

well-known third virial coefficient for sguare-gell potentia2 (3)

considering only terms up to g ,
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