HIGH TEMPERATURE THIRD VIRIAL COEFFICIENT FOR SQUARE-WELL
PLUS VAN DER WAALS POTENTIAL '

M. Boghdadi

Department of Mathematics, Assiut University, Egypt

-

v

ABSTRACT
As a function cof the absclute temperature T , the
third virial coefficient in the case ¢f a sguare—-well plus
van der Waals potential is evalpated.up to terms in B%{B= f% .
Suitable variabkles are used which simplify considerably the
integrations involved. The result obtained is valid only at

high temperatures and low densities.

INTRODUCTION

. pErL .3
; the thermodynamic properties of a

= As is ﬁbll knéﬁn(l}
system modelled by a canonical ensemble are related to the

interactions of paﬁticles in the system through the partition

function
A =-XT 1n Z (1}
1 I I _U(rp---;r )/kT
where Z = =N e e = =N dr ... dr (2)
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and A is the Helmholtz free energy of the system composed

of N particles. The integral @, is known as the configura-
tional partition function. Having determined A as a function
of T, V, N all thermodynamic functions can follow. For

example, the pressure p of the system is given by

31nQ
_,9A - N,

(2)

It is possible to develop 1nQ, as a power series in the

number density op = % . This allows an equation of state to be

written as the virial expansion

i
I

p= pl"-'r[lﬂfs2 (T) p+B (T) p2+i o] (5)

where B ,; B,' we.. are the second, third, ... wvirial coefficients
2z

which are expressed in terms of Mayer's f-bond functions(Zj

m 1 irr
= o e = . . .e-ed 6
= 5 & 2= e
_ =Bu(r,:) _ 7

u(r is the pair-wise additive interaction potential between

13)
particles 1 and j , and 8 = f% . The virial expansion (5)
with the virial coefficients given by (6) is valid only at low
densities. Since this virial series was developed a considerabl¢
amount of attention was devoted to methods of evaluating the
virjal coefficients B . However, there are two difficulties

in evaluating these virial coefficlents. Firstly, the number

~E tha Fefun~+inne in the intearand of (6) grows rapidly with
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m .which makes it rather difficult to evaluate the integrals
for large m even for simplified potential functions.
Secondly, the form of the pair potential u(rij) for (quasi)(3)
realistic potentials such as the Lennard-Jones (12-6) potential
complicates the evaluation of Bm even for small m . As a
consequence of Ehe first difficulty, attention was focused on
evaluating the first few manageable terms in the series (3). The
second difficulty was treated in such a way as to deal with more

tractable potentials such as the hard sphere(4)’(5)(ﬂs),

square—'
welltsh(7)(SW) and other simplified forms for the potential.
Though these are not real potentials, still important from the

(8) which is the most recent

point of view of perturbation theory
successful technique of equilibfium statistical mechanics. This
theory is a mathématical means of expanding the configurational
partition function QN of an original system around a relatively
simple reference system whose properties are known. This
reference system is usually chosen to be the (HS) one. In our
paper, we choose for the pair potential energy a square-well
plus a Van der Waals po;ential. This pgtential has all the
characggristIEleof a real one, a hard repulsive core and a

long range attractive tail. Suitable variables had been used
which simplify the integrals considerably where the number of
dimensionality of the integrals are reduced by one. As a
consequence of expanding the f-functions in power series in B8 ,
the third virial coefficient is also obtained as a power series

in B which is truncated after terms in B2 because of the

tedious integrals encountered in higher terms.
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THE  THIRD VIRIAL. COEFFICIENT
The assumption of a pair-wise additive potential leads
to the classical expression for the third virlal coefficient

B =
3

- -2 1
B, 3 v JII f(riz)f(rla)f(rza) d51d52d53 (8)

where the f-function is defined by (7). Our model is character-

ised by having the potential nu(r) . defilied as

u(r) = « r<a
= -t o<r<io ' (9} .
o M
= "7 r>Ao

0 1is the rigid-core diameter of the molecules and € 1is the

depth of the well. The coefficient u satisfies the relation

(w/e) _ s

- e e (10)

Expanding in powers of B8 , the function £(r) will have the

following forms:

f{r} = -1 r<ag
= B + %¥B%c? + ... ‘o<r<ig (11}
2,.2
= E% + % Brgz r>Ao

Consider the inteqral
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Glr ) = I E(r, JE(r dar, (12}

We first assume that A23. . Consider the four different cases:

(A+l)a € r £ w
13

{(A-1}g < T, < (A+l)o

20 Sr £ (J-L)o
113

o £r £ 20
13
In the first three cases we retain only terms linear in B8 for
G(rIS) if the third wvirial coefficient is to be truncated after
terms in B? since f{rua) in these three cases contains terms

at least linear in A8 . We introduce the variables § , n

defined as

(13)

H
Il
T
=
H
1]
™
1
>

il

3 constant gives an ellipse and n = constant gi}es a hyperbola.

The element of wolume dr —in these variables is thus given by

dr = = mr® (E%-n?) dE dn (14)
=2 4 13

"and the integrals G[flal over the three-dimensional volume in
each case are transformed into integrals over the corresponding
areas in the E-n plane . For example, considering the first of

these cases we have (see Fig.I),

gu
[ = - dr
CNEE IR
dotted
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On using (13), the integral is now taken over the_dotted area

in the E-n plane (see Fig.IX)

A nt2n,
l6_m {E-n) =g
T3 an I I P
'roI-2ng 1 13

@ir ) = -2Bu x

Carrying out the integral and setting r13 = R , we get

_ 16 7,1, R,%_ 1, R ,? 1 R, 1 R,?
G(R) = —-2Bu x T[G_'ﬂ(m) - ﬁ(‘ﬁ:‘a’] - g’g(m} + g—s(ﬁ} 1
(A+l)o € RE o (15)
Similarly, we have for the second case
G(R) = —2Be C1(R] ~ 2Bu C_(R) (A-1)o € R € (*)o (16)
where
. _ 1 Bi_412_1y2 ;84,8 34 (533 2y Oy2,1
C1(R) = 3 "R [-¢x°-1) ({) A7) () 2(1+A%) () °+3] (17}
- . .= -
F s
_ 1w Y R,? 1,R,* 1, R,* 1 R
C, (R = 5[5 &5 ~ 36 ®eo) ei%g T 243
22-1 (R (18)
- Gu,z ('x'a} ]

The third case is obvious ’

-

G(R) = -2Be % % gl 20 € B (A-1)o (19




— 23—

In the fourth case we have to evaluate G(R) up to terms in
B> since f(R} has the value -1 when o € R ¥ g . Proceeding

as in the first case we obtain the result

G(R) = Ca(R)—ZBECH(R)+8252C5(R]+2325ucs(R)+282u2C7(R)

0 € RXE 20 (20)
where
_ 4 3 _ 2 T g3
CB{RJ = 370 TG‘R + 15 R (21)
— oa?2n _ T o3
C (R = me®R - 3 R | (22)
c,(®) = %ﬂ{ka-l)da—n(lz+2J02R+%R3 (23)
167 1, R 2 _ 1 3.1, Ry2 . 1 R,
<, (R) e g7 lms) .~ 3¢ Fog) Ay iy L v
_— Fal . '*’__LR:,
= EESVPE 54 %g) ] . (24)
10247, 35(io) %R 525 (Ag)R? 385 R .3
C =
s B = s (renoys * 12258 (RS © T12288 (Rehe)
+ _§§_ R" _ 7 . RS
8192 (Ao) (R+Ao)s 8192 (Ag)2 (R+Aiqg)3
7
+ 7 R® 1 R

24576 (AG)3(R+Ao) * BL92 (Ac) " (RtAC)?

1

R+la ‘
* 5 g ” - megainl el {25




The third virial ccefficient is given by
B(T) = -3 I £(R) G(R) - 47R%dR (26)

where G{R) is readily obtained for the four different cases and
f(R) is to have the appropriate value in each case according

to equation {11) and that all terms up to B? are to be considered
in each case, Carrying out the integrations for each of the four

cases and summing them up we finally obtain

. 2 25 _ 17 2 5 A 2 822 3_ 2_ ‘
33 = {g" @ g7 © Be + ST 0 B<e’ (64X°~361°=113)
242
+ T B ev [-12X5=30A5=22A%+33A3+51A2+5% -9)

18x% (A+1) 3

2 A+l n?giy?

Laip? - 13_ 12
+ 3Tr B €Y ln{ p ) + 360’513{1‘*1}"(}"‘2)2[ B40X\ 6300A

- 18760111 = 28070A'% -~ 217281° - 76441x% ~ 568Ar7 + 83AF

+ 1422% + 316A% + 353)%2 + 180X + 36]

. = -
707282 u?" XELis 5
-'—-30—5 1n T ’ Az3 (27}

We assume now As%3 and consider the four different cases

/A

{A\+1) o

r < ®
19
20 < r, £ {(A+l)a
{(A-1}o < r, £ 20
0 € r £ {A-U)o

13

The first two cases are exactly the same as those for i23 whic

yield the same results for G{R) equations (15), (1)~ (18).
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terms in 82

the same expression (20) with 0 € R €

third case, terms up'to 82
of the form of the functicn

linear in R are sufficient,.

which is obvious for the fourth case and ylelds

(A-1)o . For the

+

A€£2 because

are needed when

f{R) but for 2 < A £ 3 terms

The result for the third case 1is

G(R) = F (R} - 2sst.(R) - 2BuF3(R) + s"’czpa(m + 2B’euF5(R)
+ 2874%F_(R) (A-1)o < R € 20 (28)
whexe
.Fl (R) = ca (R) (29)
F {R) = m[%(1-22)a%R + 2(2°-1)a? - 2(1%-1)% 9] (30)
2 3 4 R
F (R) = C_(R) (31)
' _ - 12420 — 2133- 3 392 942 2:
F (R) = n[-5(1-A)0%R -~ £(03-1)0° + (A2-1)% F (32)
_ 16 w1 R y2 _ 1, R.2o_ 1, R .3
FR =5 lgr®s) ~sal/e) ~ 96 ‘&0
o= . s
i b l, R .,» A2=-1 . R.»
*55lme!’ * emarlag ) (33)
P o(R) = T [ 36R _ 80 _ 80 _ _ _36d?
3 T 720 (Aa) 1T (Ag) 9 R(R+qa)? R{iag)1i?
1 45
T R(R+ta)?® R(Ac)*‘] + c7(R) (34)
With G(R) in hand, the third virial coefficient BJ(T) . given

by (26) can be obtained by choosing the appropriate form for the

function f£(R) eguation (11) and in such a way that all terms up

to B? are considered and cases X € 2 , 2 € A € 3 are taken

care of.

The final results show that B ({T) has the same
3
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expression (27) for 2 < i 3 , so that this expreésion stands

JA

for X 2 2 . . ' ' )

For X € 2, the result 1s given by _ -
2.6 I\ .

= Op2g6 4 T0°BE . 46 4_a9y3
Ba(T) = 78" ¢ + 16 [=A°+181*=32)°+15]

+ Iafﬂ [-5A3+36x-32] + I B“ n (§)

2602
o °3§ € [-SAS+5014~96)3~3612447]
ZBZ

10, 7
+ 184 (k'i'l)”(Zk 1) 2 [- 401 168)° +78)\ +596)
+ 15016-62425~-2871"4228)3
+ 108A2%-32x1-9]

I

+ -1 28%en 1n (l+1)

, _
+ T8 [A!5-64511221%-4838374213
27648X°% (A+1) " (A+2) 20"

~ 14407636X112-21557719111-1668708411°

- 5871356A°-4423681°+5068817+4133121°

= -

-’ I P
+ 191944)°+3184641%+130976)°3
~ 5939212%2~108544x -32768]
2., 2 °
+ 108702 o L) - 1n (4N)] A €2 (3

906

Expression (27) for X > 2 coincides with expression (35) for
A €2 ,at A =2 as it should be . As the third virial
coefficient B, (T) is obtained only up to terms in B2 , it i

valid only at high temperatures. Our potential reduces to the
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square-well cone by putting u = 0 . In this case, the thirad
virial coefficient BE(T} eqguations (27) and (35) reduces to the
well-known third virial coefficient for square-gell potentialtg)

considering only terms up to 8% .
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