The S5teady Plane Couette flow and heat transfar

of a rarefied electron gas

M.A. Khidr, A.G. El-Saekka and M.,A. Hamdy,

Abstract:

Moments method has been used to replace a
medel kinetic.equation for a rarefied electron
gas by non-linear moments equations., These
equa jons are solved by small parameter methed
to get inaight into the behaviour of the flow for
any degree of rarefaction.

!
Introduction and baéic equationss
i

The electron gas is considered filling the space betwveen

two parallel impermeable non-heat conducting planea distance d

apart. The upper plape is moving with a constant velocity

(+ U) in the x-direction, and is kept at a constant temperat-

ure TD'

The lower plane is=moving with \.f_eji.ucity (- U) and is
kept™ &t a cﬁh;;ﬁnt téhberature T,- There is an external
mageptic induction B0 in the z-direction which is imposed
on the system, The moments equations of the madel kinetic

equation [1]are:

) .

vhere f is the distribution function of the charges, f

oy
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the Iocal Maxwell distribution, n tbe density, R is the
gss constant, M the coefficient of viscosity, T the
temperature,‘f& is a function of wvelocity, T the velocity
of the charges and T its position vector. The moments
equations from equations (1) are nor-linear differential
equations and they are solved by using of the small par-
ameter method assuming a small relative temperature diff-
erence (X=1 +'X\, )C\.z << 1) betu=en the tvo plates.

lic shall assume alse that the Flow occurs with a small Mact

number and thats:
B U
2 _ ., %% 2
(5 *('_K"T;_’_)<<1)_

From dimensional analysis il is clear that the induced

magenetic field can be neqlected relative to the induced

electric Tield E. The latter is assumed to act in the
y-direction. It cen be considered composing of two {ields

E1 emerging from electrons for which cy‘{ﬂ and EZ ercrging

from electrons for which cy?»ﬂ. The flow velocity v is
3 L

. ?". -
assumed atscd“in the x-direction, As for the dirtribution

functicen f we shall use two-gstream local Maxwvellian dis-

tribution function(z):
3 s 2 2

i m 5 (cx = vyt o# cy + czj

f=n; (5= 71)  exp {— m T > Cy
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m (c, ~v,)" + c_ + ¢ N
= n2(21TK =) expi -n X E . ¥ z }, €y




(v

— 33 —
vhere Ny» MNps Viu Vo Tl and T2 are six unknowns

to be determined from equations of type (1).

Boundary conditionss

Taking ‘Pl= 1, \?2 T Ty \P}. = Cy’ EPQ=C§+ ci-l-ci,
2 R .
Lj?s: Sy 4 \?6 = ¢, Cu» and taking f in
the form (2) subs tituting in equation (1) we gets

mAT = T, e (3)

nl,JT_I— (Vz -V ) = 041 ®ocoaccsoscracovsccopsasg (a)

D n T e T+ n en) - @ (. v e mav)e O .. (5)
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) 2 ™14 2 . :
nsz -anl + 4 K (V - Ul) = x) S arantassave (6)
d—(n T, v )-J- (n ) o -e—-( n vz +H )=
dy'"1 "1 V1 Va k 11 22 =

- sy 31 Y U
2m (1 + )(4)3/4/""0 2 m 1

d 2 z ek [ k
3y L Tl+n‘ TZ) +—(‘n1 Y 1 + nszv_z):}z.—ﬁ [E(anl-i-nsz)-#

A .:)'
* %( v "“‘2”2)1 { (nyTyvy+n, Tz“z)"%“’i + ";)_]
: '8: T }L)’/“/w Sy S SUUUUTUUN TS
S(1+ - a - m

Supplemented with Poisson's equation

dEl e
dy =-_2—E-n1 PP eNrEvVSIsTOaarenasnasear (9)
dy —Z—C’nz " popoyruocoacovevrePOPOPapa (10)
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wvhere e is the charge af the eleciron and & the dieletriq
constant Assuming complete momentum and energy accomeda-
tion at the twa plates the boundary conditions will be:

s d
ve = U, Tl = To y E 0 at y = 7

vy ==, Ty T, ¢

(11)
nZ:nDaty:—-z-,

assuning that n, is given at the lower plate.

Method of selution:

~ N —
Let y= y d, Ny =n; Ny Tl- Ti To’ v.= v. U,

12 M = _u ) ve get:

[s] o]

\ \ v 1

ni Tl = nz Tz B EEEREEREEEEEY (12)
1Y

) | ) 1 Y _

I'Ii Tl (Uz - Ul) "o(l P90 s w doenars » (.‘.3)

Hgﬂ(anl+n2T2)+35E(nl+n2) = U(nlvl+nzvz)= 0.... (14)

\ \ ) \ N
nlﬁ (Tz"Tl)—NB lllll.llll. ----- (15)

_d Vel oy Vb D R A VN2 2L
ca g (Mg Fpvpr ngTpvad+ BB (nyvy+hyv, - B (njvyen,vy)a

- 1 \ R \ ]
-"'Z'SOCl(nl*'nz ) R R R RS (16

d VoV2 oy V2 AP S LS S S U WY
E?«(”1T1 +n, T, )+ B E (anl+n2T2)- E(anlul+n2T2v2)

O P AR \ :
=3 Y} 3 (n1 + nz) S @ A/

-dE:_\gn\ ‘s s enmvaese0 e (le
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dE )
2_ v
m“ -K nz - L R R N B I I N N R e (19)
e e e peees d . kao is a measure of
. : vhere = 375
S (1+)e) m
rarefaction
' y eB Ud

T TT is a measure of magnetic field
0

0 is a measure of the induced electric _
2 8 u?

field, and

0 = Cp/Gh

! Together with the non-dimenional boundary conditions:
AJPEA S A AT Vool
N,= Ty = 1, vy = -1, Ep = 0 for y'= - 5 eerrasaa(20)
A"
N v Mo v 1
Ty = 1+ X, vi =1, E; =0 fory = 5 veesersa(21)

To solve the system (12 - 19) we put in it:

n} = ni(°)\+ ¥ a3 reereeaa(22)
I'. 1y o= 10 g, () ceeeeeea(23)
: W = U\i(o) +~5U\i(1) ceessese(24)
; - Elf}E:i(a) + X—r:‘i“) T verereen(25)
! i=1, 2

—

Then, equating in both the aides of the equations of the
system (12 - 19) termes free of ¥ gives:

Y (o} (o) ‘(o) fovt
nl Q Ti Q - nz 1] . Ti o)

ereeses (26)

'. Vo) V(o) A (e) Mo Lle)
i n T, (vz - v 3- 1 veervae. (27)
t n, () (0% n(e) p2e) Letle) L (28
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\ (o) [0 ) Mo) (o) N
r'ul(0 T; 0)(T;(D -1, = d%(°o<3(°> creeee (29)

Vioy A | | :
,g_y(nl(O)Tl(D)UI(Q)+n;(U)T\z(o)v\z(o))= _ 1/230{(:3)(“\1(0)“1\2(0)) (30)

\ 2 2\ _@_g b \
g (2011007 (223D - 5 X2 (0)ody(0)( (00, (0231

v\ (o)
b SR SRR ¢ wi2lslale ale o ule (32)
dy 1
v (o)
dE .
2 . \ (o)
& - X Ng 0 adeeasaaaa (33)

vhich has a solution of the form:

S X 6§ oL (0)
nl =1 - 5 + =< > 3 Y  ceecenesss (34)
LY LY
M(o) _ o~ ok 16 o (0) .
n, =1 - > + 3(o) P 4 > 3 Y eevaneses ;. (35)
\ D o, (o) x‘- \ N ]
(o) _ 1 [ 8 Sot(o)y , 85 (0) 2
v = Z (1‘2_“553 )y 553 ya-
ol (o) ) v
- 1 5 (1+ f’) °‘5<°) ....... ee (36}
‘(o) _ Y (o) ' v
Y2 T 50(% [(1-' ? * % DC;(O)))’-'% 50;(0)y2 ]+
) 5.‘_0(\1(0)"" K_l N7
Foer— Qe g= 30N, %oy (37
‘(o) v(0) v(o0).\(a) \ \
v n T_l + N 1 n
T(o)= 1 3 2 2 = 1+ ,Lzr'_ _ %é%o‘}(")_\j(}a}

n () gy (o)

) . \ S \

e, ¥ [y« Boegl0) 2, gy O] 03
\ ( A X o B T

E2 o) = -} [{1- 5 - o‘%(o))yq- gb—oé(o) y2 + _3(6.\2(0)1 (4

vhere
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\
< (o) - 8
 —— e it s essess {41)
. (2 %)t X4 2950
- Dgfﬂl-s 7 °§‘°’ T T e (42)
\Y '%
cé(ﬂ) . =5%_ eenervenee (43)
" 2(5+8 @ )
Yoo o (a) oCi(0)
ot (o) . %1°° 3 (492 -85-5) ........ (44)
\ _
o (o) _ x oy
61°°7 = - 172 (1- ) - —S sled (45)
\ 1]
oL (o) _ x Yo) 250
62 = 1/201 - 5= - 050y L £30%¢e) (46)

The coefficients of ¥ in system {12 - 19) give the

system of equations for frist appoximation:

2n‘1(1) - 2n"2(1) + T\l(l) - T;(l) S0 eivrens (47)
\ \
AET IS ot (1) L oh(e) (L (1), s T;m)___ (48)
Y
\ \ ol (o)
R L k) AL U
Ya) M) - o
Ty Vs T 0‘-(1) tetsesererans (50)
_g_; l:u‘l(l)+“;(l)+u\l(o)(n\l(l) ‘(1)J+ \(0)( \(1) \(1))]
t S o) (o)
\ 4_EI0€(0)(2 ¥ . __E__i_g_ y2 -
{o)2 A x
- D(l - l/zg[&l(c')(n}(l)'* n\z(l))+ 2 g{_l(l)] (51)
2 -

\ A v
a (2, n\2(1)+2T1(1)+ 2T\2(l)= da(l)_ _%_@_'Soé o)y

‘o)
+(ZK\— E—D(‘i—l—-— Yyl e, (52)
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. .
dEl(l) Y1) (53)
.—dT-—-:-_ Bnl 'll..lIl...-Il...

vV(1)
dE LY

2 - (1)
T--an FECE R A R R IR ) (5&)
with boundary conditions

- 1/2... (55)

"\zm_ _ T\2(1) . U\Z(l) ] E‘2<l) = 0 for vy

T\(l)= U\(l) = E\(l) =0

1 1 1 Ifor y

1/2... (56)

The system of equations (47 - 54) has the solution:

. 8
odq(0) :
HE(1)= n§(1)= 1/2(2% - :§;—%————)(§3 S 1/8)  ave. (5T)
V(1) ML) L o) et (1)
1, 00= 1) = 0*3 = 7 = 0  heeaananas {58)
\ . \
°"~2-(1)= o'fz-:(l) = 1/6(2 5\-'5"“1(") ....... vew (59)
A\ \ \ 2. s v A
BCR 1/2{01.1(1>{1 RV CH p«i(o)(zh’_go]{:(n)l).
. _\‘;i >3 + (;2 - 1/4)]} (.3 ....... (6D}
Y NECYPPRVE 20
o (1) _ 12 o 10 B e =% L e
o e 12(247%) e
L ) \(0) .
ML e 2% ? ; Y. D
£,y fed. 25 - ne ey Wa g, Mg
M o)
N LY o
°§J1)= —%ﬂz%--—%———) Y 3.

Discussion and numerical tesults:

We have obtained the following analytical expressic
for the density, temperature, velocity , and electric,

field
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(o)
1“7; _M-g + 16 Fo (0)\\6(2“\“

Yty © - 1/4)

\ 1(a)
T N -

7 > Yy 2= 1/8)

(o)
- E_.%_-_[(l _ ____.) Y + —S“ (o) ‘2] 04(0)
'\(0 (D)
\
- E l:_( ‘*1 _'Soc(l))y\ '6;__%____(25._
TN ‘(") ey

] \ 3 \ 1 \ 1
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We may note the Following:

. “
For the number density n(y):

i) There is a density drop at the lower plate which
-
equals to m .

= . - e . I -
It._-,i_sf‘_j,-i'ndependent of the fields and increases with 2

ii) For ¥ = o, the density varies linearly vith y,

agreeing with the carresponding neutral case.

(Il) For the temperature distribution we may nate the following:

i) There is a temperature jump at the two plates

-

\
T (+ 1/2) = —(5—3_'82;_—)—

1t is independent of the Fields and decreases with3d

ln the coptinum case ('S-———-:vﬂ]) it uanishes.-
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-
ii) For the neutral case T uaries linearly with y.
| For charged case T decreases with y to a minimum
value then increases, It is larger at any point

for the neutral case than that_ﬁor the charged

case.

For the mean velocity we may note the folloving:
i) There is a slip velocity at the two plates
vt 1/2)= + l-v{(+ 1/2), the magritude
of the slip velocity at the lower plate is
larger in the neutral case than that for the
charged case, For the_charged.case the slip
velocity decreases with K\, and for both cases
it decreases with ® and vanishes as © —> .
ii) At any point the magnitude of velocity is larger
for the neutral case.
. . ' NGO TAEY,
The nuﬂ;dlmenslunal ghear str?if p;y: Vﬁ +8 1
is censtant shd we may note thet it decreases vith
D and '6\. i
y sy
The heat flux vector g y = Tg—:;géy—— is constant

and is independent of the fields. It decreases wi

and- vanishes in the continuum limit.
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