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ABSTRACT

In the prassent peper, the unsteady motion of a vezlkly
conducting, incomprassible and viscous fluid due to non-
uniform rotation of an infinite flat disk, is corsidered,
The motion is subjected to & uniform external mognetic fi-
eld normal to the disc and perallel to the axis of roteti-
on, The equations of motion are written assumirz low meg-
netic Reynold's number i.a, The external megnetic field
ig undisturbed during motion. ‘The general solution Is le-
termined by the aid of Green's function, end is oteirad
in the form of & aystem of integral egquations whicnh can be
golved by successive approxiﬁ;tion. A special caise of t.ae
solution, which corresponds to uniform rotation of the di—

sk, is deduced and discusased.



INTROCCCTION

The fiow of wiscous, electrically coniu. log ‘Loids
in the n=2ignpourhood of a roteting disk is of gra=: prac-
ticel importance, particularly in commection with rotary”’
magnetohydrodynamic machined, Similer problem in classi-

.

ce) hydrodynamics i3 studied by many authors The ex-
ect golution of the équation of motionm of & visco s flunid
around a flet infinite disk whickh rotates 2uzui +n exis

" perpendicular to itz plane with a uriform avrgnlay ve'lo: -
Ty wasﬁstudied by Gochran(z), and the gteady state soinl-
ion was obtained by gimilarity. The motion due Tu & - ui-
eting disk in a fluid at rest, was alss examin.d Lo -
the trarsition of & three~dimsnsional boundary Lotyos ta

(1)

furbnlence » Bnd it was proved that ii besocomes .ol

nt at large Reynold’'s numbsrs, Ke > 31105.

In the prezence of 8n external axial pagmetie rield,
the steady flow of an electricelly conducting fluid was
gtudied due teo the rotetion of en inlinite cylinder.(B)
Cther problems of steady motion of conducting fluids due
to rotating disks are described in many rererences(4’5).
Such problems ere related to magnetohydrodynsmic ( MHD )
generators and MED vortex flow, and the solution was obt-

ained mainly by nuwmerical methods,



In the present work, is congidered, the non~uniform
rotation of exn infinite thin disk through the origin, ab-
out the z-axis, in an incompressible, viscous and electr-
ically conmducting fluld, The fluld 1s assuﬁedfinitially
at rest, and is subjected to a uniform externsl magnetic
field normal to the disk and parallel to the z~exis.
Folicwing the cylindrical~coordinales (r,9,z), the case
considered is e fully three dimensional flow i.e. there -
exists three components of the velocity of flow ¥, , Vg
and v, . The fluid layer near the d%Fk 15 carried by it
through friction and is thrown outwards owing to the act-
ion of centrifugal forces, This is compensated by parti-

.cles which flow in an axiel direction towards the disk to

be in turn carried and sjected centrifugally.

FUNDALEDTAL EQUATTIONS

Denoting the three components of veloclty by
v, = u(r,z,t) , vg = v(r,z,t) end v, = w(r,z,t}, and asa-
uming low magnetic Reynold's numbar Rem<:l, the equetions

of motion in eylindricel coordinates are written in the

(3,5);

form
Au du Ju _vd _ _13p Auy _ 1 2
5-1;-+u-9—r+w3—£--f—__f?r+‘y(u r)"mu
av.{_ua__v_.‘.w.a—vi-ﬂ— (Av—v )—mv (1)
s’f ar 3z r_ﬂ ;2‘ .e
9w Aw 5 1 9P
§_E+u,a—r+W'9—5=-};g—z-+l}Aw



and

Ju , u , 9w _
5-‘;‘-;+-1-;+§E = 0
where,
2 2
A2 L3 .3
2 3?2 T oor 2%
2 G_Ho
m< = const = s and I-IO = constant external magnetic
c
field- f

The angular velocity of the rotation of the disk 13 a
given function of time w(t), so thet the initel and bound-
ary conditiones can be represented in the form;

u=v=w<s=0, at t =0

w=0,v=r wit), w=20 at z = 0 ,..(2)
end u=ve=0. as z — 0
It is required to obtain the solution of gystem of
equations (1), which satisfies the boundary and inltial
conditions (2). The solution is assumed in the form;
u = rf(z,t) , v = T glz,t) , w= 2¥(z,t) ,

P(z,t) ) avs (3)

1l

P

Substituting from (3), the system of equations {1) is

reduced to the form;

2 L
Jj'a—-g-—gf,-maf:2‘fp—f-+f2—g2,
T
J"g‘%'g - o’g =25v3-5+2fg, eea (8)
4
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5;2 5T Iz ?f z ?
and
3 . s



The system of equations (4) is solved with the foll-
owing boundary &nd iritiel conditions;
at t=0, £=g=¥=0 ,
0, g=mw(t),¥=0 seem - (5D
and as 2 —= (O . f=g=0,

I3

et z=0, f

Introducing the new function P = £ + 1 & --» (6)

the two first equations of the system (4) are written in

the form; »
9T bl 20 _ F 2
J)E;Q'-TE - mF = 2V—Z-+F ' (7)
The function ¥ will be deduced from the relation;
z = @
w--§ taz--§ B (® dz, ... (8)
o o

where,
Re(F) is the real part of tne function F.

Boundary and initial conditiona of the mew function F ere;
F=0 at t=0, and P =1w{t) at 2z =0,
while as 2 = (0 . P — zero cen {9)

The method of solution followed here, 18 degcribed by
Sharikadze and Megahed(s). The unsteady solution is obta-
iped by superposition, as the sum of two perts. The first
part is the solution of the homogeneous differential €qua-

tiom which satisfies the given boundary conditions and ze-
ro initial conditions, while the second pert is the solut-
ion of the given différentiel equation which corresponds

to homogeneous boundery conditions.



SOLUTICN OF THE PROBLEM

. The solution of the left~hand side of equation (7),

which satisfie the boundary conditiona (9) c¢an be proved

to bes
% 2
1 T 2
F_D(Z,t) = 2 myy £ ?."(?) exp —[m - M (t-f)}
z 4T
-awa (10

(t-7)372 ‘

(6,7)

Introducing Green's function

G(z, 3 ,%) =1 exp [--(—z'-'-z%—mzt] +

21’77317- 4 v
L7
72 2 [ 72 ] g 472
+ i exp (-7 ~ " T) ex |- =g 3’
0 47T VR(4--T)
e (11)

which satisfies at 2# 7 equation (7) without the right-

hend side end tends to zero at *+t = 0, and at z = 0, ® ,

the finel required solution PF(z,t} can be represented in

the form; " ©

F(z,t) = P (2,t) + S a7 g (2?2—,? + F2)G(z,?,t-r)d7(

° © ees (12)

Differentiating equation (12) with respeet to =z, under the

sign of integraticn, we get;

dp _°3F S‘t ar :,,aF 2y 26 ?-

Q

-D_E=§_z+ j‘(z 5—-+F)Dzd "ew (13)
Q o}



The system of equationsa (12) end (13) and be aolved
to obtain the unlkmowns F, % , hence the two functicns £
and g cen be determined, Equation (8) enables to obtain
y’ while the third equation of (4) is applied to determi-
ne P, The components of velocity eare deduced from £ , &

end 7’ 89 defined before.

Phe method of successive approximation 1s epplied to
golve the system (12) end (13). Denoting %Fz' = W, the re-
quired functions are reprirented in the form 9f the foll-
owing series;

) ] a
B Z .)n Poo "'"=Z?\n“'n' Y,:Z'Anlfn
n=o0 n=op n=o
eee(14)
wnera ,
’>\ is a paremeter. Substitute from (14) into equ-
ations (8) , (12) and (13) , starting initially with;
2
P, %’J°=%F—g ed ¥ =- { Re(r) az-=0,

)
we obtain the recurrent formulae;

t od n .
S e g : (2f v, + P B AT,
[s] m=o0

o)

F

1}

n+l

Z
>Un+1 = - S Re (P, )dz, «es(15)
v
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t | &0 o0
and W, = S dz'_( 2 (f __ Wa+F__ Fm)%% aF
0 o -m=o0
The function F, could be calculeted from {10) as a
pure imeginary function with a rzel part equals gero, The
solution deduced in (14) and (15) can be proved to form a
syatem of convergent series within the conditions under

consideration,

The first two approximations of such solution are de-

termired. Consider as a firast epproximation;

F,=0 , ¥ _=0i.e. f°=$V°=o,

Therefore from (4) and (10), we get;

u=20 ’ w =0 r P=P0(t)
t

2 -~
r 2z () [ -2 - 2(1:- } d
2fry 5 " Rt T T T

vg=v=

ees (16)
The last equations indicates that the first epproxim-
ation affects only the rotating motion of the fluid, while
the radial and axial components of the velocity ere zero,
I2 the diasc rotates with uniform angular velocity i.e.

w(¥) =& = const., we get after integrating (16);

T 2 Z B
5 xp (- mz/ ) fec ( = t )+
v = !e 2/¥y ) erfe T m Y

+ exp ( mz/yy ) erfec (2)’2171;—+ m‘r'_b—)}, ees (17)




ensverse component of the velocity of flow due to aﬂuzxiif -
ormly rotating infinite disk in the presence of‘externai-:
megnetic field. As m tends to zero the correspohdiﬁg §0=
lution in classical hydrodynamics 13 obtained. ‘
v =Tl ( erfc (z/zm) ees (18)
FPor the second approxiﬁation the following results

P

are obtained;

t 0 t o0
F) = S a? K Fe GaF , W = S ar S Fﬁ%g-d‘f.
o o o - 0
and the following expressions &are deduced;
t o0 t 0 Z
g, = ar {22 Gd'?,Yl:-Ederi ax{ ¢ dz.
o ) 0 o o

All the results obtalned in this work for the cese of
infinite disk, cen be applied as well to the case of clrc-
uler rotating disk of finite radius R, provided that the
radius is lerge compared to D the thickness of the viscous
boundary layer i.e. R 79 .

Equation (16) which represents the ‘solutlion for the
velocity correaponding to the firsi approximetion, allows

to calculate the moment of the force of friction al;l..qver a
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roteting disc ot finite radius R. The moment of the force

of f£riction ic defined and calculated ag follows;

£ ov
2
- 21/ g r 1;% ( dr

M

e—mz(t- )

4 dw
R (_ ).._.__.— d7?7 ... (19]
I S IR S

ll

It 1is evident from (16) and {19) that even in the fi-
rst ¢~nroximation the magnetic field hez an effect on the

veloci? distribution and tha frictional moment.

Substituting m = 0 in the obtained results, the corr-
esponding results of classical hydrodynamics are obtained,
without taking into consideration the conductivity of the
fluid or the presence of external magnetic field,
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