
Appendix A
Orthogonality and Signal Representation

We have two types of signals; periodic and aperiodic. For periodic signal
x(٢+T)= x(t), where T is the period. We have also another measure for
classifying signals; namely, energy signals and power signals. For energy
signals,

E w أ=
١,

<o (A-1)

Specific examples of energy signals are decaying exponentials and
damped sinusoids (in the semi-infinite, t>0), rectangular pulses, or any signal
that is nonzero in a finite time interval only and finite within that interval.

However, there are many interesting signals that do not satisfy (A-1).
Examples include all periodic signals and many aperiodic signals as well. ln
these cases, it is often more appropriate to consider the average power of the
signal. The average power associated with eqn. (A-1), for example, is simply

A2«ألمج-م+ 
lf this remains greater than zero when the time interval becomes infinite,

then the signal has finite average power, and will be called a power signal. More
specifically, a power signal satisfies the condition.

٢١0 <1im[٤(d < (A-3)
:2Tة-- 

Upon comparing eqns. (A-1) and (A-3), it is clear that an energy signal
hs zero average power, and a power signal has infinite energy. Thus, a signal
may be classified as one or the other, but not both. There are some signals that
may not be classified as either, since both energy and average power may be
infinite. The signal x(t)= e-", - >t> ه is ه an example of this.

Given x() as a periodic function, it may be represented in terms of time
functions which are well defined. Such time functions are called basis functions,
which may be designated as a set {@), where {¢} denote @(t), 4,(t),٠.(,@٧) ,
and N may be infinity in some cases. The signal function x() may then be
expressed as a linear combination in terms of the set {@}.

=F8م. .«
n=0

(A-4)

These basis functions have some important properties. One property that
is desired for a set of basis functions is finality of coefficients. This property
allows one to determine any given coefficient without the need for knowing any
other coefficient. More terms can be added to the representation (to obtain
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greater accuracy) without making any changes in the earlier coefficients. ln
order to achieve finality of coefficients, it is necessary that the basis functions
be orthogonal over the time interval for which the representation is to be valid.
The condition of orthogonality for real basis functions requires that

[4(»4, ()d=0 k n ة (A-5a)
١,

=٨ k=n
for all k and M. If the basis functions are complex functions of time and @' is the
complex conjugate of 4 (t), then the condition for orthogonality is

]٩.(w'@=0 ،
 ,ا

0{ kn
k=n

(A-5b)

where the 2, are real
If A=1 for al ,k ا the basis functions are orthonommal. The limits of

integration in eqn. (A-5) can define a finite interval or an infinite (or semi-infinite)
interal, depending upon the nature of the problem.

ln order to demonstrate how the coefficients can be detemmined, multiply
both sides of eqn. (A-4) by 4,(r) for any j, and integrate over the specified
interal. This gives

 أe,«=]e «».».م{»,
 »»وأمز- ،

which form the orthogonality condition of eqn. (A-5). This equation may be
written as

(A-6)

[4,0nه=ه ,», ,
١,

(A-7)

since all of the terms on the right side of eqn. (A-6) will be zero, except for
n = . ز Thus, the coefficient a, may be expressed quite generally as

1 ' ، r(dr,)(8 ,ه]-=٩,,
when the basis functions are orthogonal and real.
For complex basis functions, this becomes

1'٤.a =[٩:()x(dr
 ر ،

(A-8a)

(A-8b)
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and a, may be complex.
lt is certainly possible to use sines and cosines as basis tunctions. But

this calls for the use of two summations; one for sine terms and the other for
cosine terms. A more convenient method is to use complex exponentials and let
the index of summation be negative as well as positive .The resulting series can
be converted easily into sines and cosines, if desired, by the familiar relation.

(sin nut (A-9ز ±cos nut=ج="%/ 
The resulting series is called Fourier series. The Fourier series representation
that will be obtained will be valid in the time interval form 1, to t, for almost any
time function. If, however, x()is periodic with period T=1,-t, then the
representation is valid for all times and not just those within the interval. Note
that r(r) must satisfy certain mathematical conditions if the resulting series is to
converge. These are the Dirichlet conditions. They require that within the
interval t, to t,, x(t) be single-valued, have only a finite number of maxima and
minima in a finite time, have only a finite number of finite discontinuities, and
satisfy the inequality.

>a[ا» 
The actual function r(t) corresponding to any physical signal will satisfy

these conditions. Although some common mathematical representations do not.
For the exponential Fourier series, the basis functions may be defined as

، 2m
( (t)= ٥ ا"د , n=0,±L,±2,......,±o , where uر =

٨ T

lt is easy to show that these functions are orthogonal so that

f،٤»"3إ،د =T n=k
lf coefficients for the Fourier series are designated as c,, then from eqn. (A-8a),

(A-10)

they may be expressed as
١١٦١

a, =- •, (د٥"-٥] ٦,
(A-11)

and are usually complex. ln any case, however,0_, =c, .Then, r(r) is given by

«-Fa.سء 
 مدجرل

(A-12)

As a specific example of the exponential Fourier series, consider the periodic
sequence of rectangular pulses shown in Fig. A.1. The time functionr() may be
defined during the time interval from 0 to T (one period) as
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() T ا -١  م ح

٢ م
Flg. A.1 A periodic sequence of rectangular pulses

Hence, the coefficients become
ar٠ "-ة٩]-=.1a .ء'

A 1- w٠ ز-ج
"# [=ه د د

ex-=4ء -بر٨٨ أرو ءp0/neR ا,ept-ie(-2 ا,2' - ا,ل٢nu ر-( [
T nu ز
At siاn n /2' . ./»aاو؟- 4}بب%؟ ا٠ -م T n@2ل/ 

This may be written in a slightly different fom by replacing by م0 its equivalent
2٦١7٠ Thus.

 رئ=[} @اXD[ رم /يد }ا.+ [;إذ
T n٦٦/T T 2

The complete Fourier series expression for r(t) now becomes

 إ{ ع= حXD/ ا[ ع ن،معدايم$.»r[. ،إ±وإي أبا
٠-T nm١,/T T 2

This representation of r() is in terms of sinusoids having frequencies
that are multiples of the fundamental frequency 1/T. The coefficients c, give
the magnitude and phase of these sinusoids, and hence, are said to constitute a
frequency-domain description of the signal. The explicit time function r(t) is
said to be a time-domain description of the signal.
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Appendix B
Singularity Functions

There is a class of elementary signals whose members have very simple
mathematical fomms, but are either discontinuous or have discontinuous
derivatives. Because such signals do not have finite derivatives of all orders,
they are usually referred to as singularity functions. Two of the most common
singularity functions are the unit ramp function and the step function will be
considered here.

Although signals such as these are mathematical idealizations and
cannot really occur in any physical system, they serve several useful purposes
for system analysis. ln the first place, they serve as good approximations to the
signals that actually do arise in systems when switching operations take place.
Secondly, their simple mathematical fomms make it possible to carry out system
analysis much more easily than could be done with more complicated signals.
Furthermore, many complicated signals can be represented as sums of these
elementary ones.
The unit ramp function - designated as r(r) (Fig.B.1) -is defined to start at t=0,
and have unit slope thereafter. Hence, it may be represented mathematically as

٢ t>0r=/لا • (e0t<
If a slope other than unity is desired, it is necessary only to multiply by a

constant. Thus, br() is a ramp having a slope of b. An alternative way of
changing the slope is to change the time scale of the argument. Since rt) has
unit slope, its value must be unity whenever the argument is unity. Thus, br(t)
and r(bt) both represent ramps with slopes of b

r(١)

1 t

Fig. B.1 Unit ramp function
The unit step function - designated as u() (Fig. B.2) - is defined to be zero
before zero time and unity thereafter. Thus, it may be represented mathemat­
ically as

١،«-/0
1>0
٢<0

(B-2)
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u(t)

1

t

Fig. B.2 Unit step function

lt may be noted that the unit ramp Tunction is just the integral of the unit step
function; that is,

r@= [w()a (B-3)

lt is also true that at all times, except =0 where a unique derivative does not
exist,

dr'tw()=-0لا٢ ة (B-4)
dr

A step change of value other than unity can be obtained by multiplying by
a constant. Thus, cu() is a step change of magnitude c.

All of the singularity functions just discussed were assumed to start at
٢=0. lt is often necessary to consider other starting times, and this can be done
by translating the argument of the function in time. Thus, u(t-a)is zero
whenever (١-a) is negative, and unity when it is positive, representing a step
starting at ١=a٠

By using combinations of ramps and step functions, it is possible to
represent many other types of functions. For example, a rectangular pulse of
width can be considered as the difference between a step function at the
origin and one at 1=a٠ This is illustrated in Figs. B.3, B.4. Hence, the
mathematical representation of a unit rectangular pulse, P,(t) could be written as

P,(r)=u(t)-w(٤-a) (B-5)
lt should also be clear that

cR,()=c[u(t)-w(٤-a)] (B-6)
is a rectangular pulse with magnitude cand duration a.

There is another singularity function, known as the impulse or delta
function, which is of great importance in system analysis. This is not a well­
behaved function in the sense that an explicit mathematical description can be
written for it. Nevertheless, it has some well-defined properties that provide the
best way of describing it. Before we discuss these properties, however, it may
be helpful to discuss the impulse from an intuitive standpoint.
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0 لإ] a a] t
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Fig. B.3 Some translated singularity functions.
a) step function translated to right b)step function translated to left

c) translated ramp function

1

0 a  ع ر

(a) (b)
FIg. B.4 Two steps combining to form a rectangular pulse.

a) step function components b) resulting pulse function

The intuitive interpretation of an impulse is that it is an idealization of a
very narrow pulse having a finite total area. For convenience, the area is usually
taken to be unity. A nonmathematical approach to this interpretation which
emphasizes its relation to the step function can be developed by considering
the finite ramp function and its derivative. The particular forms of these
functions that will be used for this discussion are shown in Fig. B.5. It is evident
that the finite ramp function f(t) approximates a step function when a is small.
ln fact, one may write

.{)(1iس)(= 
 0-ه

(B-7)

the derivative of the finite ramp is seen to be a rectangular pulse of duration a
anD magnitude 1/a. As a becomes small, this pulse becomes narrower and
taller but its area remains constant at unity. Hence, the derivative of a finite
amp approaches an impulse &(r) as a approaches zero. Thus,

d/ ()6()=1im= (B-8)drمد 
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0

(b)

a  رع

Flg. B.5 functlons used to obtain the impulse function
a) the finite ramp b) the derivative of the finite ramp

0
(a)

0 إ]
(b)

a  لإ{

FIg. B.6 Graphical representation of an impulse.
a) the unit impulse. (b) time-shifted impulse of area A.

From these two relationships, it is possible to write a definition of the impulse as

6 -ر4(),-(9)
dr

even though the derivative of the step function does not exist in the strict
mathematical sense. The graphical representation of &(r) is illustrated in
Fig.B.6a. A magnitude-scaled and time-shifted version is shown in Fig. B.6b. lt
should be emphasized that multiplying an impulse is really designating the area
of the impulse and is not just scaling its magnitude. Thus, A&(r-a) is an
impulse with an area of A located at 1=a٠

The usefulness of the impulse or delta function in system analysis arises
from the fact that the response of a linear system to a unit impulse at its input
can be used to obtain the response of a linear system to any input signal. Thus,
the impulse response of the system can be considered as another mathematical
model for the system, since it can be used to relate the input and the output.
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lt can also be shown that the impulse is a good approximation to physical
pulses of any shape, provided they are narrow compared to the time it takes the
system to produce a significant response. The advantage of using the impulse
in system analysis is that the analysis is much simpler and it is only necessary
to specify the area of the physical pulse rather than its complete time function.
The delta function satisfies the following properties:

(1) 65٧-1٨)=0 ١=١٨ (B-10)

(2 ر [8ً-@٨ =ه«١
١,

١,<4٥<4, (B-11)

(3) [05t-1ج )dr =f(ج ), for f()continuous at (B-12) ج1

Conditions (B-10) and (B-11) are in complete agreement with the intuitive
approach in that they define an arbitrarily narrow pulse with unit area condition.
Condition (B-12 is usually referred to as the "sifting property" of the delta
function and is seen to be a logical consequence of the first two: that is the
integrand is zero everywhere except at t =t, where it becomes f(16م( (t-1).
Since f(tج ) is a constant, and the area of &(t-١ )is unity, the conclusion of
eqn. (B-12) follows. The sifting property is undoubtedly the most important one
from the standpoint of using the delta function in system analysis.
Additional properties of the delta function are:

1- Time scaling
1

(B-1)«666=)5ن& b
2- Derivative. It is possible to define a function that may be interpreted as

the "derivative" of a delta function, even though a true derivative dose not
exist in the usual sense. This derivative which is usually called a doublet
has the following properties

5' -1)=0, 1#٢, (B-14)

[&'@-٨١a=١٥٠<١,<4,
١

(B-15)

»

[f(&'(-١)d =-٢('٨), fo٢ f() and f'() continuous at 1(B-16)

3- Multiplication by a time function
f()5(t-t)=f(t٨)5(-1ج ), for f()continuous at 1 (B-17)
f(6'(-٧')١-=)٢60-١٨١+ f(٨)6'(-١٥) (B-18)
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Appendix C
Convolution

Consider the time function f() shown in Fig. C.1. This function can be
approximated over the time interval T<t<T bya series of pulses as shown.

f()

٤T-T
Flg. C.1. Representatlon of a slgnal by a series of pulses

(C-3)

The number of pulses will be 2N+1=2T/8T, where ٥T is the pulse width.
The amplitude of the pulses can be taken as the amplitude of the function at the
center of the pulse. Thus, the P, pulse would be

٢-٢«n/ 2» ا[هr هن-،(،-ا٩r+4 من-، 2
The approximation to f() is then obtained as the summation of the pulses.

 غ-@ ،r ته-،،/ ،4 -ا4 -ته-/4 ا[«»
١f we muhtiply and divide by AT we obtain

٥T ٥T٧ u(١-k٥T+)-u(٤-k٨T)٠ -الغ مقة اة
As ٥T is made smaller, the approximation becomes better. Also, as 4T

becomes smaller, the factor within the square brackets approaches more
closely a & function located at 1=kAT.ln the limiting case, as AT0, N
becomes infinite. However, The product NAT remains constant and equal to T
The product kAT takes on all possible values in the interval -T<٢<T, and
can be considered to be a continuous variable • The increment AT becomes
the differential dA. ln this limiting case, the summation becomes an integral with
respect to Aover the range -T toT. Accordingly, f() can be written as

(C-4)-T<١<Tf@= [f(65(-)dA
The complete time function can be obtained by letting Tه , giving
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f()=[f@)5@ -)d (C-5)

The function f(t) is thus represented as the summation (integral) of a
continuum of impulses having strengths at any time ٨ given by f (A)1. The
relation given in eqn. (C-4) is often used as the definition of the unit impulse. lts
derivation in the foregoing manner was carried out to provide a physical basis
for understanding the convolution integral.

By computing the response of a linear system to each member of this
continuum of impulses and summing up these responses, the total system
response will be obtained. The validity of this approach rests on the
superposition theorem, which states that the response of a linear system having
a number of inputs can be computed by determining the response to each input
considered separately, and then summing the individual responses to obtain the
total response. Superposition is only applicable to linear systems.

By the impulse response h(t) of a time-invariant system is meant the
output time function which results when the input signal is a unit impulse
occurring at t=0. It is assumed that the output was zero before the application
of the impulse and would have remained zero if the impulse had not been
applied.

Using the concept of impulse response h(t)for a linear time-invariant
system, it is now possible to determine the system output for an arbitrary input.
The input r(t) can be resolved into a continuum of impulses as in eqn. (C-5).
Each of these irpulses is of the form x()&(t-1)d8. The response to each
elementary impulse is h(t) multiplied by the strength of the impulse x(A)d and
is properly positioned to coincide with the time of the application of the impulse.
Mathematically, this is expressed as x()h(t-1)d. The total responses yt) is
the summation of all the elementary responses and is given by

 كن

y()= [x()h(-٨)d (C-6)

The integral relationship expressed in eqn. (C-6) is called the convolution
of r(t) and h(t), and relates the input and output of the system by means of the
system impulse response. A simple change of variables shows that convolution
is commutative for time-invariant systems, and therefore an equivlent
expression is

 ج

y()= [h@)x(-٨)d8 (C-7)

The convolution operation is frequently denoted by a pentacle as follows
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f,(%f,=[f,(8-لا.« hA (C-8)

The effective limits on the convolution integral will vary with the particular
characteristics of the functions being convolved. For physically realizable
systems, h(t)=0. for 1<0, and this requirement establishes the upper limit in
eqn. (C-6) as 1. Actually, it would not be incorrect to write the upper integration
limit as , ه since the function h(-) i zero when A>r. Similary, if the time
function starts at a time 1, the lower limit could be tم . Yet, it is common
practice to extend the lower limit to . ه- The convolution integral becomes

»()= [#@A)h@-)d» (C-9)

When the order of convolution is changed as in eqn. (C-7), the expression for a
physically realizable system becomes

»«=[A(AM(-A)A
0

(C-10)

١n eqn. (C-10), the lower limit is determined by the physical realizability
constraint on h(t), and the upper limit is set to include negative as well as
positive time for the excitation r(t).

Consider the convolution of the two time functions f,() and f,(t).
Formally, the convolution operation is given by

f, =f٦,=[f,(Y,( -٨٨ (C-11)
The value of f, for any particular t is seen to be the area under the

product of f,(٨) and f,(t-٨). ln order for the convolution technique to be used
efficiently, it is necessary to be able to sketch rapidly (or visualize mentally) the
functions f,() and f,(t-). In visualizing these functions, there is no difficulty
with the function f, (A), since it is identical with f,(t), except for a change in the
independent variable from r to • The function f,(t-) as a function of
requires a little more thought, however. lt can be visualized most readily as a
combination of reflection and translation of the original function f(). This
process - called folding - is most easily described by means of an example. ln
Fig. C.2a, where an arbitrary function f,() is shown. The function f,(-) in
Fig. C.2b is merely a reflection of ,(A) about the vertical axis. ln order to
sketch the reflected function, it is only necessary to start at the origin with the
ordinate f,(0) and sketch on the right that portion of the function which was
originally on the left and sketch on the left that portion of the function which was
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on the right. The function f,(-٨)can be thought of as f,[-(٨-)] in which
case it is clear that the variable ٨ has been replaced by ٨-t, which
corresponds to a delay (or translation to the right) by an amount t when the
function is plotted along the A axis.

The function f,(1-٨) is shown in Fig. C.2c for an arbitrary t. The
amount of displacement t is measured from the position of f,(-), which
corresponds to f,(t-٨) with t=0. The convolution is then given as the area
under the product of f,() and f,(t-8). lt is generally a function of t, since
the value of r determines the relative position off,(A) and f,(t-٨). Th
convolution can be thought of as being obtained by folding or reflecting one
function and then determining the area under the product as the folded function
is slid along the horizontal axis to the right for positive time and to the left for
negative time. f,()

- b

 إ' ا+
-b t-b

a

0 t-a

٨b

٨

٨

Fig. C.2 Folding and Sliding the function f,()

Consider the defining relation of eqn. (C-8). By making the change of
variables =t-٨,, we obtain

f,/,=[f٠٧-34٨-0لا, )
 ص

=[f@,f,(-8,d3
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Therefore,
f,,=٢,٧٤, (C-12)

It therefore follows that convolution is commutative and the order of the
functions being convolved is immaterial.

As a direct result of the superposition property of integrals (that is, the
integral of a sum of tems is euivalent to the sum of the integrals of the tems
taken separately), it is shown readily that convolution is distributive.
Accordingly,

f,[,+f٢٨٧١٩]=٠+/36, (C-13)
When functions are reasonably well behaved - as they always are when

they arise in physical problems - the order of integration can be changed, and it
is shown readily that convolution is also associative; that is,

f,3[6,f,]=[3٠H6, (C-14)
ln view of the associative property, it is unnecessary to use brackets to

separate th function being convolved, and eqn. (C-14) can be written in the
equivalent foms

f,[,36,]-[,٦٠H6,
[,6,M, =f,[,٧,]

=f, ,٦6,f لا
Also,

(C-15)

٤()8()=[ ٤(AB( -)A=٤()

٤]=)()(٤(3)٠(-A)4A=[ ٤(3)4»

٦()5'()= [ ٤(3)5'(-8)4A=٤'()
Therefore,

، ()8'()= [ ،(AY'(-A)A=5()
sing these relationships may be obtained readily. Assume that

z()=٢(١)٧()
Then

()&'()=x()y ()&'()
z'()=٢()y'()

=٢'()y ()

(C-16)

(-17)

(C-18)

(C-19)

(C-20)

(C-21)
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and
٦()&(r)=x ()y ()&'(r)u() (C-22)

٦()=[x ()&'()y ()u()=x'() y أ ()A (C-23)

4A(3)+[=لا')( 
{ مصه

(C-24)

A relationship between the input and output of a system can also be
obtained by using the step response of the system instead of the impulse
response. The basic relationship could be obtained by a procedure analogous
to that used in developing the convolution integral. However, a more direct
derivation can be made using convolution algebra. The step response wGt) of a
system is related to the impulse response w (t)as follows:

w ()=v()h()=[١(-8)A=[h(8)48 (-25)

lt follows that

w()-4[26)=)(ا)( )
dr  ج

Consider now the convolution of the, derivative of the input, x'(t), and the
system step response w@t): x'(t)» (t)
Using eqns. (C -20) and (C-21), we obtain

±'()# ()=x(١)»'()=x()h() =y() (C-27)

(d» (C-28(٨)-')ر=)(٢)(']=)(٤ )ة 

١n most commonly encountered applications involving the step response,
t) is a causal time function. lt is zero for t <0. For this case we haveد,) 

y ()=[ ()٢ إ (-A)4A=[±'(3) (-3)4A (C-29)
٥-

(C-30) أ-٤)(-(8)٨]+٢('٩)-(8)4٨
٥- ٥"

3)4('٨)-(٨x)(+['(ر=٥) 
٥

(C-31)

The relationship given in eqn. (C-31) is known as the superposition integral or
Duhanels .lgral ا
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Appendix D
Fourier Transform

There are several ways to obtain the analytical expression whereby a
time function can be represented in terms of a continuum of elementary
sinusoids. Consider a time function f(t) which is to be represented in temms of
complex sinusoids. This time function can be precisely represented over the
interval -T/2<٤<T/2, by means of a Fourier series having a period T. As the
period T is increased, more and more of the time function will be included in the
series representation. ln the limit as T , هب the entire iunction f(t) will be
included. Consider now the representation of f(t) as a complex Fourier series
over the interval of -T/2<٤<T/2;

where
٨-»٤ ,هء.ه

 «ه،ي

(D -1)

7/2 ,2rnر a,=-[()e T (D-2)
T ;٨

The fundamental angular frequency is 0, =2٦/T١٠n addition to being
the lowest frequency component, a is also the spacing between harmonics.
Using this expression for u, and substituting eqn. (D-2) into eqn. (D-1) gives

 ا/'إ'يبلإ-»١ ء ه،
lf we now let T , هب the spacing between harmonics will become a

differential, that is.0 = 2m/T ;do ب The number of components becomes
infinite, that is n . ه The angular frequency of any particular component is
given by nu and the summation formally passes into an integral. Eqn. (D-3)
may then be written in the following form:

 ا-ءز-»4ي ,ز [ء،سن»
2m  ب ،

(D-4)

Rearranging terms gives

2n ]ا-@ ه-{ء+
(D-5)

This is the Fourier integral relation. lts significance becomes apparent
when we separate the inner and outer integrals. It is evident that the inner
integral is only a function of the angular frequency, since time is integrated out.
This inner integral is called the Fourier transform of f(), and is designated as

368



5L «]=F(je)= (D-6) أ)(٥ ه-

The relationship in eqn. (D-5) may then be considered as establishing the
connection between F(ju) and f(t). This is called the inverse Fourier
traRfomm and is written as follows:

F(o)]=s »ه""(٥-7) ()= [ r(a)eو"[ 
2m

The functions f(r) and F(ja) are called Fourier transform pairs.
sing the analogy between the Fourier series and the Fourier transform,

it may be concluded that the function F(a)analyzes f()into a continuum of
complex sinusoids having amplitudes of(/2m\F(م)ز a. If F(ز ) is finite - as it
is unless there are discrete frequencies present - then these amplitudes are
infinitesimal. This can be interpreted as the distribution of the signal throughout
a frequency band. Such a distribution is called a frequency spectrum, and in the
case of the Fourier transfomm, (l/ 2m)F(jo)do can be thought of as the
amplitude of the signal lying in the angular frequency band of utou +da.
Notingu = 23g, it is also clear that /F(2ز ng ]df equals the amplitude in the
frequency band off tof +df Hertz. The Fourier transform can be expressed
more cleary in temms of angular frequency spectra by writing it as

F A=(a ز) , »"لأع)ه١) (D-8)
where

and
A()=/F(ز «)

 )ن}]))= جب -ماه لإراجعإ/،
ReF(o)

(D-9)

(D-10)

A(نه )is then the amplitude spectnum (often called the angular frequency
spectrum) and o(o)i the angular phase spectrum corresponding to the phase
(at t= 0) of the elementary sinusoid at the angular frequency u.

Not all time functions can be represented by the Fourier integral.
However, when such a representation is possible, there is a unique one-to-one
correspondence between a function and its Fourier transform. This means that
there is only a single time function corresponding to a given Fourier transform.
The determining factor in the Fourier representation is whether or not the
integrals are convergent. One set of conditions that assures convergence is the
Dirichlet conditions, which may be stated as follows:
1.f(٥) must be absoluteHy integrable: that is,
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(D-11) أ٧» ه<

2. f(t)must have a finite number of maxima and minima in any finite interval.
3. f(t)must have a finite number of finite discontinuities in any finite interval.

These conditions are sufficient to include virtually all useful finite-energy
signals. However, they exclude a number of important signals, such as periodic
waveforms and the unit step function, that are not absolutely integrable. By
allowing the Fourier transform to include the delta function, it will be found that
signals of this type can be handled using essentially the same methods as for
finite energy signals.

As an example of transform computation, consider the rectangular pulse
shown in Fig. D.1. This pulse may be expressed analytically as

=1 0<1<T
R() eم_} ا»عواء 

The Fourier transform is found by application of eqn. (D-6)
 مي

P(a)=[R()٥-"a٦

(D-12)

 هز-ج1 »لأج،
f- ا»ز-  ة ااز- از"" ه--ء ؟

The transform P,(ju)can be simplified
trigonometric functions as follows

r ا=)(.م'= ا' ٥ه/-ج١2 م»لأج/2 »ز-ج.١2 a/2  ز2

(D-13)

by partially converting to

r، sin oT/2ر-ج 
 ع فع

oT /2
The reason for putting P,(o)into the form of eqn. (D-14) is to make use

of the function sin(x)/x , which is very easy to visualize. This function occurs so
frequently in Fourier analysis that it is convenient to give it a special symbol.
Accordingly, we will define

. sinmxsinc@r)= (D-15)
mx

The function sinc(x) is shown plotted in Fig. D.2 to sufficient accuracy that
values can be read off the curves if required. It is seen from Fig. D.2 that
sinc(x) is an even function of x, having a maximum of unity occurring at the
origin with a damped oscillatory amplitude away from the origin.
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Retuming now to eqn. (D-14), we see that P,(jo) is a complex function
of angular frequency having ه an amplitude spectrumA .(m عه/2)sinc]=( ه)
Fig. D.3 shows a plot of the amplitude and phase spectra. Note that the
spectrum is concentrated over a band of frequencies in the vicinity of the origin
with the first null of major lobe of the spectrum occurring at a frequency f =1/T٠
As the pulse width is decreased, this first null moves to higher frequencies.
Conversely, as the pulse width is increased, the first null moves in closer to the
origin. The relative amplitudes of the various portions of the spectrum are
unchanged by changes in T . It is evident that for this pulse shape there is an
inverse relationship between the time duration of the signal and the frequency
spread of the spectrum. This is a general propery of all signals: the more
compact the signal in time, the more spread out it will be in frequency and vice
Versa.
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Fig. D.3 Spectra of rectangular pulse
a) amplitude b) phase

One consequence of this property is that there is a minimum value of
time duration-bandwidth product that can be obtained with any signal. It is
readily shown from the defining equations of the Fourier transform, eqn. (D-6),
and eqn. (D-11), that

[r (H =F(0) (٥-16)

and

[ Foe =٢ (o) (٥-17)2m
Multiplying these equations together and rearranging factors leads to the

following relationship
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2Mد٤= 

F@0)f (0)
(D-18)



The two factors can be thought of as the equivalent duration and
equivalent bandwidth of the signals respectively. ln each case, it is seen that the
equivalent width is the area of the function divided by the ordinate at the origin.
١f the centroid of the time signal is at tج rather than at the origin, we find

[ro [rOaدء 
(D-19)2د.د٤= 

f(١٥) F@o)
lt is seen as long as f ()#0andF(0) , ة0 the product (eqn. D-18) is a constant,
and an increase in one must therefore always result in a compensating decrease
in the other. As an example, consider the rectangular pulse, AP,(t).The centroid
of the pulse is at 1=T/2. The equivalent duration T', and the equivalent
bandwidth B,,are

٨] e«w ,
T T= ١ه]==

« AR٢/2)
(D-20)

٨[ P(ز ) e"""هه T [siم e١2م rلا a
2  و[== )1'د](

« AR(0) T T
From eqns. (D-20) and (D-21),

T7B,=2r (D-22)
The Fourier transfom of the derivative of a time function can be

expressed in terms of the transfom of the original function.
1 -f()=- [FGز e) a ه""ج
2n

d1 t - 4ي !اي.jrvau هه""،
dt dr 2m

a)ه""عر»ز oF[ز =-
2m  د

Now since there is a unique one-to-one correspondence between a
Fourier transfomm and its inverse, and the right-hand side of eqn. (D-23) is the
inverse Fourier transform of joF(ز a), it immediately follows that

-٠٠١ d١ t(}=(""F (ja{٣" »ز
dr

and, conversely,
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.»ar,ا4يف) ا dt
Thus, it is seen that the transfom of a derivative is just ja times the

transfomm of the original function.
Consider the general linear system shown schematically in Fig.D.4.

٠0-/@]-»
Flg. D.4 A general llnear system

For zero initial energy storage, the relationship between the input x() and
output y(t) is given by the convolution of the input signal and the impulse
response as follows:

(D-24)

«

y()= [h(y(ا٨- )aA (D-25)

Taking the Fourier transform of both sides of eqn. (D-25) gives

٧0 ا[-ه«]a١ ة-»w٨ ا٠ ه-"
،

lnverting the order of integration on the right-hand side, changing the
variable of integration and carrying out the indicated operation leads to the
following:

0٧ -هj٤ [اد٠«-»x"-a به]ً
 د د

-j»«أر j« «١٠ اء\سد
 د د

x (ia)4Aر@ا-+" [-
= K(jo)H(jo) (D-27)

There are two important results implied in eqn. (D-27). First, the Fourier
transform of the convolution of two functions is equal to the product of the
Fourier transforms of the functions taken separately. Symbolically this may be
stated as

5{f,()f,(}=F(ja)F,(ja) (D-28)
Second, the Fourier transfom of the output of a linear system is given by

the Fourier transform of the input multiplied by the Fourier transform of the
system impulse response. Because of its frequent use, the Fourier transform of
the impulse response,H (j a) ={h()}, is called the system function or transfer

374



function and represents another mathematical model for the system when there
is no initial stored energy. The system function is generally found as the
ratio, H (j) =Y (a ز) ,( ا از( by solution of the circuit equations of the system.
Use of the system function concept often greaty simplifies computation of
system response and is of enormous value in the theoretical analysis of
systems.

The system function H(ز )is the ratio of the component of the output
corresponding to the frequency a to the component of the input corresponding
to the same frequency. This ratio is commonly called the frequency response of
a network or system. lt should be noted thatH(ja) contains both amplitude and
phase information. The value of H(ju)at some particular frequency can be
measured by applying a signal of known frequency and amplitude and
measuring the output signal. The ratio of the phasors representing the input and
output sinusoids gives the value ofH(ja). The physical explanation of why
H(jا ) - the Fourier transform of the system impulse response - is the
frequency response of the system is readily obtained by fomally carrying out
the computation of the response of a system in the frequency domain when a
unit impulse is applied. The output will be the product of H(ju) and the Fourier
transform of the unit impulse is

X (o)=5{80}=[6()٥-"a=1 (D-.29)

From eqn. (D-27), the output due to the impulse function input is given by
Y(ja) =H(ز u) (D-30)

From eqn. (D-29), it is seen that the spectrum of the unit impulse is
unifomm: that is, all frequency components are present with equal amplitudes
and zero initial phase. When a signal having these characteristics is applied to a
system, the output is a direct measure of the transmission of each frequenCy
component, and this in tum is just the frequency response of the system.
The energy in a signal f() is given as

E= (D-31) هM)] أ

Letting F(ja) be the Fourier transform off(), eqn. (D-31) can be written as

[t «]a=«]آمج r0e¥"ه ،} «a2m

lnterchanging the order of integration on the right-hand side of eqn, (D-32), and
rearranging gives

[[ «j r] ء اناء[لم= ، ها،) «a3
2m

 سد ،
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The factor in this integrand that is enclosed in brackets is seen to
be F(-ia). Therefore, eqn. (D-33) can be written as

• ]
[[()Fa =- [F(ioh(-ز e»do

2m، ،»

This can be put into a somewhat simpler fomm by noting from the
definition of the Fourier transform that if [ () is real (that is, it has no imaginary

part), then F(- ( ز ه =F'(هز ), the complex conjugate of F(ja).
Using this relationship, eqn. (D-34) can then be written as

(٥35)eلا rUFe)(]=[أ[ 
23  د ،

(D-34)

1 - a("ه a)ز F[ا =
2m  بيد

(D-36)

The relationship in eqn. (D-34), which is a fundamental property of
Fourier transform, is called P ، Pa
states that the energy in the signal f(t) is equal to 1/2m times the area under
the square of the magnitude of the Fourier transform of f().The quantity
[F(ز a)ا is called the energy spectrum, or energy density spectrum of f(t),
since from eqn. (D-36), it can be interpreted as the distribution of energy with
frequency. The units of [F(ja)" are dependent on the units of f(t). For
example, if f(t) were a voltage, then [F(jo)ا " would have units of volts­
seconds per hertz.
For power signals, by truncating the signal over the interval T

 لمجم-م أ'٧»١a ا(37
 --ة7 ور;

We define the power spectral density function S,(o) for truncated time tunction
f,(t) over period T as

1 -=-]s,@)اه 
2m

From egn. (D-36)

e«'ه o'- [R[عأ 
rn2 2m  د

where F, ( ت) is the Fourier transform of the truncated function over period T .
Thus,

(D-38)

(D-39)
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For energy signals, in order to appreciate the full significance of the
energy spectrum, it is necessary to understand how the system function of a
linear system affects this spectrum for a signal transmitted through the system.
lt was previously shown that for the case of a simple system, having a system
function H(ju), the output and input are related by

Y (ja)=H (ja)X (jا )
The energy spectnum of the output is then found to be

Y لإ )تز( (o'=)٢ ا)ه
=[H (io)X (ie)]H'(Jo)x ·Gه )]
=H(ز a)'\X(ت )" (D41)

From eqn. (D-41), it is seen that the output signal energy spectrum is
related to the input signal energy spectrum by the quantity /H(juا) ". Because of

this relationship, [H ( " ز ا)ت is sometimes called the energy transfer function of the
system. Using the energy transfer tunction concept, it is possible to obtain a
better appreciation of the physical significance of the energy spectrum.
Suppose that a signal having an arbitrary energy spectrum is passed through
an ideal band-pass filter having a narrow pass-band centered at a frequency
f. The energy transfer function of the filter will be unity for those components
lying in the filter passband and will be zero for all other components. The energy
spectnum of the output will therefore be just that portion of the energy spectrum
of the input corresponding to the frequency in the filter passband (Fig. D.5). The
total energy of the output V(ا ) for an input ,() wil be given by

 ه+}12٧

E-[١٠(/a٢ =2 [/ ٠٧r ه\
1-٧١2

(D-42)

where in eqn. (D-42) W is the bandwidth and the factor 1/2m was absorbed into
the variable of integration. For a sufficiently narrow filter bandpass,
solving for V,(f,) gives

0,٧ ر, م(43)
2٦

From this expression it is evident that /V, (f,)ا " can be interpreted as the
energy per unit bandwidth.

As an example of the energy spectrum of a signal, consider the puls
signal, P,(t), which was discussed earlier. From eqn. (D-14), we have

/٣(,٥:-r4w4  عه/2 [2إ مه(

377



-٢٥٤,

١٦.
Flg. D.5 Measurement of energy spectrum

The energy spectrum [P,(ي ) of the rectangular pulse is shown in
Fig.D.6. It is seen that the energy is concentrated in the low-frequency portion
of the spectrum, the extent of this concentration can be found by computing the
energy in the first lobe (that is, for\f\<1/T) and comparing this to the total
energy. The ratio, found by graphical integration, is 0.902. Thus, 90.2% of the
energy in a rectangular pulse is contained in the band of frequencies below a
frequency equal to reciprocal of the pulse width. As a useful rule of thumb, it is
often assumed that a pulse transmission system having a bandwidth equal to
the reciprocal of the pulse width will perform satisfactorily. Actually, if high­
fidelity reproduction of the pulse shape is required, a much greater bandwidth
will be necessary. However, it can be seen that a system with this bandwidth

.will transmit most of the pulse energy.
A number of mathematical operations will now be considered.

/EG'

=>1
 د

T
٥١

،

٢

FIg. D.6 Energy spectrum of a rectangular pulse
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Scaling: By scaling is meant multiplication of the variable in the time
function by a constant. This has the effect of expanding or contracting the time
scale depending on whether the magnitude of the constant is less than or
greater than unity. lf the constant is negative, the time scale is reversed. The
Fourier transfomm of a scaled time function can be obtained as follows:

5{٢ «a}= [٢ (a "- ر (D-45)

We must consider the case of positive and negativea separately.
Consider first the positive aand change the variable of integration to ٨=at٠

aد-ءر٨- A))5٧ و]'-{)ه
a

s«ابدو! >ه٥ »ه a a
When ais negative, the limits on the integral will be reversed when the

variable of integration is changed; the final result is

3٧ ا"±/مم±-{ر( <ه0(47 a a
These two results can be combined to give to give

4a)ا""/ء-=)»؟ a
Delay: When a new variablet - tم is substituted for the original variable tin

a time function, the resulting function is an exact replica of the original function
delayed by an amount . ,م1 The Fourier transform of the modified function is

5٧٢-(٠]={)٧٢-٠٠٤ ه-٨ (D-49)

Changing the variable of integration of integration and carrying out the indicated
operations gives

5{٢-(٠,)}-f٢(٨)٤-٠٥٠a٨
»

a٥1٠]٢)( ه-٨=

(D-50)

(D-51)

(D-52))هز( Fم/-٩ =
f(-4) (o ز)F م٥"/-٠ (D-53)

Delay in the time domain is thus seen to correspond to introduction of a
phase shift in the frequency domain that varies linearly with frequency. As an
example of the use of eqn. (D-51), consider a rectangular pulse shifted by an
amount T/2, Therefore,
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f()=P(+T /2).
The corresponding transfomm is then found from eqn. (D-51) to be

F(ز o) = ( ز)r"2P» د (D-54)
ar> sin aT/2-ا2, ز rسeي ع ع زي 

T/2
(sin oT/2 (D-55ب ا م 

T/2
Expressed in terms of the frequency f this can be stated as

sin mtT' . -FGf)=T-=TsincCTf) (D-56)
mT}

Modulatlon: Multiplication of a time function by the complex sinusoid
causes a translation in the frequency domain.
Thus,

f(e/"٢ @)= [F«عر٧»٩٧٥ ه٤- 
»

= F[ز @-aم )] (D-57)
()f [)ه-(ز] Fى/" 

(D-58)(F( -fجم٨ 
The relationship in eqn. (D-57) can be thought of as a process in which

the complex sinusoid is modulated by the time function f(t). If instead of , لأج
we consider the real function, cos , يا we obtain the following relationship:

3٧ ف»ج+-٥» @eosar)=[f(٤f"2 ع"-ه
1 ٠ 1 .f(r)cosu ]F- ا بم )F[j-+[( -ا(ز0 م +aم )]
2 2
1 1

6-٢(f-f٢)٢(+-ج+٨f )
2 2

Thus, modulation of a cosine wave by a time function f(t) leads to a
new function having a spectrum consisting of half the original spectrum
translated along the positive frequency axis by an amount f andج half the
original spectrum translated along the negative frequency axis by the amount
- f، An example of this process is shown in Fig. D.7.

Reversal: When a time function is reflected about the origin, the
corresponding spectrum is also reflected about the origin. ln equation form,

f(- ٥) بم F(-ز o) (D-61)
This relationship follows immediately taking the scale factor to be -1.
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Symmetry: Because of the similarity between the integrals defining the
Fourier transfom and its inverse, there is a very close relationship between the
transfom of a particular function of r and the inverse transfom of that same
function of a ز . The precise relationship is

(D-62))-2 )هnfجم (t؟) 
1 (D-63))از( f؟)-(> 

23
As an example, consider the time function coresponding to a transfom

that is constant over a speciiied freguency band and zero elsewhere. This
situation is illustrated in Fig. D.&a, in which the shape of the transfomm is
assumed to be a rectangular pulse of width 4mtW radians per second and unity
amplitude. The phase function is assumed to be zero. Such a transfom
coresponds to the transfer function, H(ju) of an ideal low-pass filter.

1040

Fig. D.7. Spectrum of modulated coslne wave

-2٠٥02-٥١ ل+=
2w2w

(a) @b)

Fig. D.8. System functlon and impulse response of an ldeal low-pass filter.

Accordingly, the inverse transfom will be the impulse responseh(r) of
such a filter. The inverse transfom can be found directly from eqn. (D-63) by
using the previously established relationship for a pulse signal; that is,

P( sinu/2 ر ج, 2 ي ع -ا(D-64) در-ر
r  /ىه2

ln the present instance, we can write the frequency function as
H(ز a) =R2+)م ة mW) (D-65)
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Therefore, the corresponding transform is
1 sin 4mW٤/2 .h0)=4اب mw"2ام= Rsinc(2W) (D-66)2m 4mWn/2

This impulse response is shown in Fig. D.8b. lt is clear from the figure
that this is not a physically realizable system because the output occurs prior to
application of the input. One way of approximating the ideal filter response is to
employ a system having a response of form Fig. D.8b, but delayed in time. The
greater the delay the more nearly the shape of Fig. D.8b can be reproduced by
a physically realizable filter. The effect of the delay in the frequency domain is to
produce a phase shift which varies linearly with frequency.
Fourier transforms of power signals. The ordinary Fourier transform is limited
to the transformation of functions that are absolutely integrable-that is, functions
that obey the inequality

>r«ا]٢ (D-67)

A number of functions having great usefulness do not meet this
requirement; for example, a sine wave or a step function does not satisfy eqn.
(D-67). Many such functions, can nevertheless, be handled by allowing the
Fourier transform to contain impulses, or - in some cases higher order
singularity function. This procedure can be put on a rigorous mathematical basis
by means of the theory of generalized functions and by showing that correct
results are obtained when this method is used.

Consider the function sgn(t), called signum t, which is defined as
-1 t<0

«en«-ا١٥-٥(٥٥ e)
+1 t>0

sgn()

 رع

Fig. D.9 Signum function, sgn(t)
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This function is shown in Fig. D.9. It is evident that it has a zero average value
and is not absolutely integrable. The Fourier transfom of this function cannot be
computed in the fomal manner since it leads to a divergent integral. Consider
instead a sequence of functions that approaches sgn(r) as a limit. Such a
sequence can be obtained by introducing a suitable convergence factor
multiplying sgn(). A suitable function is e-""" .()sgn ا The transform may now be
computed as

5(sEn«))=5{ {(»sgn عن ا"
 بب-ه

lnterchanging the limiting and integration operations gives

(sen«))=5ونا] \ه gمر@م""-١ 
 0ر-ه

 أأوب-٠ -ا٥ -آ [ه«
 ا::ا:مت::م.

٥ ,ر{ ع  هة.إة اه لم
2sgn(t)  بب
 از

The amplitude of the spectrum is shown plotted in Fig. D.10.

[FCز eإ) 

\

(D-69)

(D-70)

(D-71)

(D-72)

0  -نه

Fig. D.10 Amplitude spectrum of sgn(t)

The spectrum of a constant can be found in a similar fashion using the same
type ot convergence factor:

5(1 ن]=)]"-٤-١٥ نه
 0ب-ق

(D-73)
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 0ر-و يا- ا-٠
 د}

 ه+٠ @ج

= [im]إ= الأب١± 
 -:إm [«=ه ج]1 {[{ر

· 2a= [imn]،=.]
lt is seen that the limit as a0ب in eqn. (D-74) is zero except

whena =0 for which case an indeterminate form is obtained - the indeterminate
fomm can be evaluated by L'Hospital's rule to give

.  إمه2a او! --[نر2

The area under the function is found to be
2a o«٨ ,تهج]ء» «ه+2 اي}س

٥ +O 0

2 او-5 ء«-اي+»٥75 2
Therefore, we can write the Fourier transform of a constant of unit magnitude as

(2n@o) (D-76(=1؟\ 
1 جع2 )ه(

<50) (D-77)
This result can be extended to include sinusoidal functions in the

following manner. From eqn. (D-76) we have

()= [٥-"a٤ =2n5@) (D-78)

By use of eqn. (D-78) and the modulation theorem of the Fourier
transform, we can obtain the transform of the complex exponential as

(D-74)

(2Ms@-a=١- -/ء]١٥ً ه)ج/ 
The transform of the sine and cosine functions are found to be

34es "لأج »/-ج+ 2 =)ي5</ ب ا
cosat m[&(a بم -a) +5( + [( ن
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±[٥(٢-٤٠١+5(+f»] (D-82)
2

sin @ [(a+@&-( ا< ز-3 مه-@&] (D83)

(f)] (D-84+50(-6-6ب ]لأز٤٢ 
2

From these relationships and the various transtom operations, it is
possible to derive most of the transfoms needed. For example, the transfomm of
the step function can be found using the equality u()=1/2+1/2sgn() as
follows.

1 1 15(u@))=5/±+±se«}=m@)+
22 از

1u(t) +nd(o) بم
 از

A useful expression tor the Fourier transfom of an indefinite integral can
be obtained by considering the integral as the convolution of a function f,()
and the unit step. Thus,

(D-85)

(D-86)

f,6xA= [f,(Ax« -8»Aي,@(=[ 

=fم٣)( ()

(D-87)

(D-88)
From eqn. (D-28), which states that the transfomm of the convolution of

two functions is equal to the product of the transfoms of the furctions taken
separately, we have

F,0e)=Fe)قه+'ي(٥«(ا ا .a)
 از

Therefore,

@(a)+mF,00&5)ز AH sF[ي) oز 

[f(wA ()FOox6 م+()F ب
 ز2تو2

(D-90)

(D-91)

As an example of this expression, we will compute the Fourier transfomm of
sin uع .

5(sin @a[eos ته1=54 cos@AY[ {#ف ك= @HA (D-92)

m(a )ه@& +a)]+ m sin@OYناز -ن(&#]ن= +)ن (D-93)
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m=-[&@o-a,)-&(o + [( مه (D-94)
i

Periodic functions:
Since a periodic function can be expressed as a sum of complex

exponentials, and complex exponentials can be Fourier transformed, it should
be possible to take the Fourier transform of a periodic function by taking the
transform of each term in the expansion. Suppose we are given a periodic
function f(t) with period T. We can proceed formally to obtain the Fourier
transform of f(t) by first writing the Fourier series for f(t)as

ro=Fa.بدء 
 =م٠

The Fourier transform then becomes

 م0 ا«-«٤ {دم-
FOa)=Fa.3teه١ 

 ب-ج

(F.8«-m2 م=
 م ج

(D-95)

(D-96)

(D-97)

(D-98)

Now a, can be expressed in terms of the Fourier transform off,(t), the
waveform over one period, as follows:

 ±-.هfroe ه
T #

 مي

-e[م= @ي 
T

(D-99)

Therefore,

1 .=-F,(jnما )
T

(D-100)

F(/a) =@,FR,0e»8«-ra,)

2m = .2mn 2mnr«==} T(- ات{=ر.ء ه , T T
Converting to the variable f instead of , ت the relationship becomes

(D-101)

(D-102)
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FG6=Fa.80-w)
 د=ح
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(D-104)+٤ );-{جر،=; 
The Fourier transfomm is thus seen to be a series of impulses at the

hamonics of the repetition period with strengths detemmined by the shape of the
wavefomm in one period.

As an example of the Fourier transform of a periodic function, consider
the sampling function f,(t) shown in Fig. D.11.

(D-105)

The Forier transfom of the trurated function f,(r)is
f,() -T/2<١<T١2

f٠٨«)=/{ eعع wعع 

T٢-T

Fg. D.11 Te aampllng tunctlon f,(t) .

،  د٥»

\،
١
١

 ي

/
 ، ي و٥

32١0١23 ه ح=م
 ، ، ن ،

T٤T٢TTT

FIg. D.12 Amplhtude spectrum of the sampling functlon.

(D-106)

(D-107)

(D-108)

F..(:،رر, sinu2م/ J)' =  إ
٠r "" a2أج 

Therefore, the Fourier transfom of f,(t) is

m/T فذ.رء5 لإبؤ (و ،-2ي) Tم T:٠ ال

'· أن:لإوجوق±-ء )جم T T/m٨ م ٦
The amplitude spectrum of f,(t) is shown plotted in Fig. D.12. for 1/T =1/2
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Another important signal is the unit impulse train. Consider a function
f(t) composed of an infinite train of unit impulses having a repetition periodT .
Such a function is shown in Fig. D.13. The Fourier transform of this function is
very important in sampling theory and can be determined by first expanding
f(t) in a Fourier series and then taking the Fourier transfomm of the temms in the
expansion.

-2T -T 0 T 2r 3r

Flg. D.13 Unlt impulse traln.

/FC ١

-2/T -1/T ١/T 2/T

Fig. D.14. Amplltude spectrum of a unlt impulse traln.

Following this procedure we obtain

ro=F6-rT
 مدر

(D-109)

-٤ بدء.و ،
 مد

2m
 ,)ن}=

٢٥
(D-110)

The coefficient a, is given by

 إ±=ه"fs إ-دين»
T #٨ T

Therefore, f(t)can be written as

 ؤ;-٠
Taking the Fourier transform gives

rve-;وزم١ 
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2m - (٥11٩)«(m&«-2-ة 

F8-»r4Fs«-4٥115)رل 
،= T T م

ln tems of the frequency f, eqn. (D-115) can be written as

 ز6 اي»لأ;»-(٥٦٥
Thus, it is seen that an impulse train in the time domain has its Fourier

transtorm an impulse train in the frequency domain. The amplitude spectrum is
shown in Fig. D.14.

The property of the Fourier transfom that convolution in the time domain
corresponds to multiplication in the frequency domain also has a converse; that
is, the transform of the product of two time functions is the convolution of their
transtomms. The exact relationship is

f,«,@)ه [ E,05LFL5ز«- ))ag= FCa)+E;(a) _ل (٥-117)
23 2m

 ب

f,(6لا,)( F(١F,() (D-118)
These expressions can be verified by formally inverting the right-hand side.

As an example of the application of eqn. (D-117), consider the
determination of the spectrum of an amplitude-modulated signal. Such a signal
may be represented as follows

f(٥)= A[1+f,()]cos(@ا+٩ ) (D-119)
ln eqn. (D-119), the modulating function f- must be normalized to have a

maxImum amplitude less than or equal to unity in order to prevent over­
mdulation. The function f,(t) can have either a continuous or a discrete
spectnum. The spectrm of the modulation signal is given by the following
convolution:

1F()=٨/5(cos(@ +6)١+-5{٢-(}%{cos@+6)}[
2m

٠. A٠٦ ،= Am R+»'٦ -ه(&0)+5(0 عز)ه+ ه ( ة-)&]#(o ز) +&(+u)عز '°'«
2m

،. -٠٠ 1 ٠١٠٠٠ ،=A٩(6(ه -a)e"" +&@a+aر-/ +-F,[ز (a-  "-ع[)ه+ه(ز١]e"+-F[( ه
2n 2m

(D-120)
lt is seen that the spectrum of F(ja) consists of a discrete component at

the carrier frequency and, نه a reproduction of F(ja) of F(ja) around ±uم .
Fig. D.15 shows the spectrum involved in an amplitude modulation system.
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0- زلة0 ه ج

(c)(b)(a)

Flg. D.15. Amplitude modulation
a) modulating slgnal b) carrlar c)AM slgnal
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AppendIx E
Sampling Theorem

The sampling theorem for low passband limited signals states that: A lw
passband limited function with frequency components within the interval to
W Hz may be described by a set of sample values taken at time instants
separated by 1/ seconds or less. Sampling is accomplished by a switch,
which periodically opens and closes. The switch operation may be mechanical,
but it is more likely to be electronic. If the switch is in series with the signal
source Fig. E.1, then the interval during which the switch is closed is normally
very short compared to its open interval. The mathematical representation of
this type of sampling operation simply involves multiplying the signal function by
a sampling function f,(t), which is zero whenever the switch is open and unity
when the switch is closed. This is indicated in Fig. E.2.

FIg. E.1 Slgnal samples

١

 #م
١  و,

١
١,

Fig. E.2 Waveforms In the sampllng operatlon

١

١

 ا

t

t

t

The pulse width assumed to be infinitesmally small. Since the output of
the sampler is the product of two time functions, it is now possible to use
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convolution in the frequeny domain to show why, and under what
circumstances, the sampling theorem is valid. ln order to do this, let f,(t) be a
low-passband-limited function as shown

0 ر- W =>
Fig. E.3 Continuous Function to be sampled

The sampler output, f,(), has a Fourier transform of
1 .F,(jo) =(f,()f,()}=-R,()F,(ja)

23
(E-1)

Since f,(t) is a periodic function, it follows that its Fourier spectrum is a
set of delta functions occurring at zero frequency, the sampling frequency and
hammonics of the sampling frequency. The strengths of these delta functions
vary in accordance with the magnitude of the Fourier spectrum of the sampling
pulse shape.

The two spectra and their convolution are shown in Fig. E.4. The
convolution is particulary easy to visualize in this case because one of the
functions is a series of impulses, and when an impulse is convolved with
another function it reproduces that function at the place where the impulse was
located. ln this case, it is easiest to imagine the function F,(f) along the
impulses being reproduced with an amplitude proportional to the strength of
each impulse.

The original signal can be recovered from the sampled signal by passing
f,(t) through a low pass filter of bandwidth W .This filter will pass the portion of
the spectrum f,(t) located at the origin; this is identical to the original signal
spectRum f,(t) except for a scale factor. The mathematical relationships can be
derived in the following manner. Referring to Fig. E.5, the output signal can be
related to the input by means of the spectnum of the signals.
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-w 0 <= ر

 )ه(

«٠

-3f -2/ -4 f 21
 ص

=+
(c)

Fig. E.4 Amplitude spectrum of the sampled function
a) band limhted slgnal b) sampling c) sampled function spectrum

Fig. E.5 Block diagram of the slgnal recovery system.
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f,()=f()f,@
F;()=F )F,()

-٤0{«٤ي );+إ:
 +آاهإ،ير{­٥-٤(«٤{;-

-± F ٠-,T ي»{ء T T

F()=LPF(F,()=ع F()
٢

(E-2)
(E-3)

(E-4)

(E-5)

(E-6)

(E-7)



(E8)R(4ر- RG١
4 ه

Hence,
f,م"=ر ,«) (E-9)

The original signal an thus be recovered from the sampled signal by
passing the sampled signal through an ideal low-pass fihter having a gain of
T/1م . Proper sampling reuires that the samples be taken at a rate at least.
twice the highest frequency present inf(t). The necessity for this may be seen
by reference to Fig. E.4. Since the spectrum of the original signal is reproduced
symmetrically around each hamonic of the sampling frequency, it is necessary
that the hamonic be separated by at least twice the width of the spectrum.

Therefore, the first hamonic or fundamental of the sampler must be at
leastf = 2W. If the signal sampled at a rate lower than twice the bandwidth of
the original signal, there wil be overapping of the spectra as shown in Fig. E.6.
When this occurs, it is not possible to recover the original function without
distortion (aliasing). The amount of distortion will depend on the amount of
under sampling and on the shape of the spectrum of the signal being sampled.
lt is important to note that the duration and shape of the pulses in f,(r) do not
aftect the ability to recover f,(t) from its samples. As can be seen from Fig. E.4,
it is necessary only that f(r) be periodic with a fundamental frequency , fج that
is at least twice the highest frequency contained in,(t).

 ى- جد ، ،د

٠- ه ه٦٠ د- ، م
 --وعر

 ع ه

 .بعجيب
0 +

Flg. E.6 Effeet of undereampllng
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(E-12)

(E-13)

(E-14)

(E-15)

This same operation can be carried out in the time domain by performing
on the samples an operation that is equivalent to low pass filtering. Since low
pass filtering in the frequency domain corresponds to multiplying the spectrum
by the filter transfer function, it follows that the equivalent time domain operation
will be convolution of the inverse transtorm of the filter function with the sampled
signal f,(t). The precise relationship in the time domain can be established by
carrying out the indicated convolution. However, a simpler demonstration of the
desired relationship can be obtained by use of the Fourier series in the following
manner. Let the time function f(t) have a Fourier spectrum that is limited to
the band ±W, as shown in Fig. E.3. Assume that f(t) is known at discrete
times t,=n/2٠ The value of f(t,) can be found in terms of the Fourier
transform F(ناز ) as follows:

2
n 1 ٠٠ nf«.-/ FOo)esie-[ae ب -ا أ (E-10)٥2 2m MN تذ

This can be written as
2m

٢ «-د.» !ا آr ي(-ا،« ا،{) ،٤١0 4m5يت٠٥ 
which is just 2W times the n" coefficient of the exponential Fourier series
expansion for F(ja) over the interval -2mW <a<2mW . ln view of this, F(ja)
can be expressed in temms off (t,) as

· ٤٠ . n0{'ت-أ«ء( Fء0 -ه » 2 ٥
Taking the inverse transform gives

1 2M t) ء .n .a»oي[ لع'ز تز-ارس «ا«= 
523 ي-» لا2

 {بيير,ي- ه{[ي،أ«راء،
 د,4mt بيتم3

2m m م١2

eXp ]  يآ:'ييرع ، الم-t 0ا
 م8هد ،

 ا3 د١٩ )يي،(
'-2m

(E-16)
sin 2my tة )يي،( ""بي؟- :ً أثغ­«« 

٥
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-F ٨17(٤-w- ا منا
2Wدم 

From eqn. (E-17), it is seen that f(t) can be recovered from f (r,) by
summing the properiy weighted values of f(,). At a particular time t,, the
value of f(t,) is obtained by multiplying each of the samples f (r,) by the factor
sinc (2Wr -m) and summing the resulting terms. The influence of samples away
from t, on the value of f(t) at r=1, is determined by how rapidly sinc (2Wt-n)
decreases with n. Depending on the sampling interval and the spectrum of the
particular function being reconstncted, the number of samples required to
obtain a given accuracy may vary.
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Appendix F
Power and Vottage Spectral Densitles

To obtain the value of the average power R, of a power signal consider
first the periodic signal r() shown in Fig. F.1a. Assume that a sample of this
signal is extracted over the period -T/2<١<+T/2to produce the pulse-like
signal x,(t) shown in Fig. F.1b. If F, (o) is the Fourier transform of x,() then

] ٣x,()=-[F  هه'()
2m  د

(F-1)

Also, we have
T١2 +T١2 +

(٤٠a)، ها e""ه E (e)e,)(ر?»أ! [لمم=٤ ]لمرا 
T ;٨ T;٨ 2m

where the second quantity r,() is replaced by the previous expression eqn. (F-1)

(a) (b)

Flg. F.1 A periodic Slgnal
a) x(t) over all time b) truncated function x,(t)

Hence, rearanging the order ofintegrationyields

T »:+أ±٣ [ه-.:[و»ب»آلمي- 2mT ٤

T أ"إ٠ آم±=«»6 ا»د»] اهد»,+ ,٨ 2mr-
We note that x,(t) is zero over the intervals - .+>٢>t<-T/2and+T/2> ه
Als0, we have

(F-3)

(F-4)

 ن

]x,0) (@,E= ه"/ (F-5)

where F,(ه ) F() is the conjugate of F,(o) such thatF, ()F@o) = ,F ا ." ا)ت)
Hence,
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 ه+١2٨٢

± :و]ow ،،اعيا±. T2mT
(F-6)

As more samples of x(t) are removed over time intervals of T and added to
r,(), the signal x,(t) will eventually resemble the periodic signal x(t), and so
in the limit when T we ب ه obtain

""٣٨F19ا» و لإثا[ر ،(٤-٦١ ر+22 ر٦ rلمر![ لا»± شم= أ T-=T r-٠T ٦--2 T
The quantity in the center is the average power of the periodic signal x(), and
so we obtain

1 \F. T .م "إ""[لإ= أ=،هs«»e" "ر١) 2m27 ه-٨
Hence, by inspection, we obtain the power spectral density S (a).

F (oإ) "اأملا=ر»ى لا T T -مم
We may also obtain the voltage spectral density S, (f) defined by

 سي

[s،(a =v.

(F-8)

(F-9)

(F-10)

Where v} is the mean-square noise voltage and V_ is the rms noise voltage. ln
the case of thermal noise, the noise spectrum is constant over a finite
bandwidth B. Hence,

+B

[$(f4 =4kTBR
-B

+8

G)[4 =4kTBRى, 
-B

Hence
S,(f)2B = 4kTBR
S,(f)=2KTR

For noise power spectral density S,
B

KTB=[ى.) 
-B

s.  د ر4 ت
2٠
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Appendix G
Wiener Khintchhne Theorem

For a sample function x,() which is a single pulse signal
. ١E T إث"أمنن=)@ى الا (إ) T مم

where F, ( ت) is the Fourier transform of x,(t)
Now, If x,(t) is real, we have from transform properties that

 بي

F,@)=[ e-"4٤(), لا
F, ()=F,(-ه )

als0,
[F, F= ا() ()E, (-o)

0٢
 ي مو

,a,«,¥/"ر([= ,»,د2 ,فه""-]٢" ,Eا 
Hence,

7 أ،-ن،ء٦ ,ه،-ان»
S (o) = lim1/2-2لت 

TT-د 

(G-1)

(G-2)

(G-3)

(G-4)

(G-5)

where x(t) replaces x,(t) since only a sample of x(t) in the interval
-T/2<٤<+T/2 is being considered.
Interchanging the order of integration, and substituting t, =t,-٤ yields

"f"j ٤ سدw4٠ ء-د
S( T بim-/2-r/2T )ت= ا

Now

(G-6)

Hence,

 ر/+٦

R()= rh,T--T-,»«) =لإ إ د
(G-7)

٦/r+ر 

S() = ()rh,=R-, ز[(+ir4 إ (G-8)T-د T
This is called Wiener-Khintchine theorem where R () is the autocorrelation function.
Hence,
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 ي

S() = [R(ر -a٤

By taking the inversetransfom we obtain
[ ز

R()=-[ S( 23 عز اه
Thus, S(ه ) and R()fom a Fourier transform pair.

(G-9)

(G-10)
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Appendix H
Narrowband Noise

١f Gaussian white noise is passed through a narow bandpass filter with
a bardwidth B which is very much less than the center frequency f, of the filter,
the output from the filter is known as narrowband noise. lt has the spectrum
shown in Fig. H.1a. which can be approximated by a finite number of noise
components spaced 4f apart, where 4f0, and this is shown in Fig. H.1b.

S03)

40 ه-ي

(a)

٨٠

S(/)

f 40 -ح
(b)

4٠

Flg. H.1 Narrowband filter
a) spectrum at the output of fihter with center frequency f,>B
b) approximation by noise components in the from of delta functions spaced at

4f(4f»0)

Eacn pair of delta functions, such as 5(+f,)and&(f-f)can be
represented by a sine wave function of arbitrary phase, and the sum of all such
spectral components yields the time function n(t) of narrowband noise. Hence,
we obtain

(H-1)n@= n زإ }a.{sin[(e, +2m»4)+6.l
4 م- م
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where a, is the amplitude of the m" frequency component and 0, is its
arbitrary phase. Expanding this expression then yields

n()= m زلإ Ba,{sin a.t cos(2m4 +0,)+cosu1sin(2m4f+8,)} (H-2)
4٥ م

or

where

and

n(t) = x(t)sin + ,ت1 y() cosu,1

.(a. cos(2m4  مز]=@»{0+
0-4 ج

(H-3)

(H-4)

y«)=[عز Ea,sin(2m4 +6,) (H-5)
4 ج٥-

The components x(t) and y() are called the in-phase and quadrature
phase components if a sine function is used as a reference for the center
frequency componentf'. Both x(t) and y(t) are Gaussian distributions with the
same mean and variance as n(t)
The expression for n(t) can be written in polar form by the substitution

r(t) = R(r) cos@(t)
y() = R@)sin @(r) (H-7)

where

and
٨-»٢(4,@ (H-8)

4()=tan-'[y()/r()] , (H-9)
where the amplitude R(t) varies with a Rayleigh distribution and the phase of
@(t) varies uniformly over the interval 0 to 2m. Hence, n(t) resembles a sine
wave which is amplitude-modulated and phase-modulated randomly as shown
in Fig. H.2.

•
-٢ ٥

FIg. H.2. Nolse at the output of narrowband filter
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Appendix  ا
Thermal noise

Nyquist's derivation of the noise power associated with a resistor is
based on the consideration of a lossless transmission line terminated at either
end in its characteristic impedance ,R= م2 as shown in Fig. l.1a. ln thermal
equilibrium at temperature T, the average noise power N from each resistor
travels along the line as an electromagnetic wave and is completely absorbed at
the other end.

2 ة

R١١١١R

 أرا ألار،]

(b)(a)

Fig. l.1 Lossless transmission line
a) terminated by R at both ends b) short circuited at both ends

١f the line is suddenly short-circuited at either end, as in Fig. l.1b, the
noise power from each resistor traveling along the line is reflected from each
end to produce standing waves. The energy 'trapped' is stored in oscillating
modes as the system becomes a resonator or one-dimensional harmonic oscill­
ator. For such a resonator, the m" mode has a wavelength 7 is given by

mA/2=1 (١-1)
or

m =2l/=2l/c , (١-2)
wherel is the length of the line, f is the mode frequency, and c is the velocity
of propagation of the wave. If the number of oscillating modes Am occupy a
bandwidth Af =B, by using increments we obtain

Am =2(/c)B (١-3)
or

2l/c=٥m/B (١-4)
The average noise power Nfrom each resistor travels for a time t =l/cbefore
reflection and is stored as energy AW where

٥W = 2Nr = 2Nlc= NAm/B (١-5)
From classical theory, it is known that the one- dimensional harmonic

oscillator in thermal equilibrium at temperature T is associated with the
oscillating modes, and the energy in each mode is kT, where kis Boltzmann's
constant. Hence, for Am modes we have
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KTbm = Ndn/B (١-6)
N=KTB watts (١-7)

From quantum theory, the average energy associated with each oscilla­
, and we obtain

hf٥٧=٩4,٠ (8)
where f is the frequency of oscillation and h is Planck's constant. For freauen­
cies up to about 10"3Hz, ٥W =kT, and is constant which is the classical value.
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Appendix  ل
Shot Noise

The shot noise ms current , ا in a diode is due to the random emission
of electrons from the cathode. Each electron arriving at the anode carries a
discrete electronic charge g which gives rise to a current pulse i()in the anode
during the transit time T, as shown in Fig. .a .ل1 The actual shape of the current
pulse is immaterial if the time-average interval chosen is such that <<T. Each
pulse can be regarded as a Dirac delta function &() and approximated by a
short rectangular pulse, as illustrated in Fig. .b .ل1 Hence, we have

 ي

[ &() =٩
i.e., the area of the rectangular pulse is such that g/TxT=g

 -ل(1)

T ا"٨

 ا٢ إ٥- م-ر١2٢
٢t]، 2 دl٦  ابز

 ي
١ 2

 ة تم
(a)

a) actual pulseb)

(b) (c)
Flg. . .ل1 Shot nolse

approximate pulse shape c) Fourier transform

١f F(a) is the Fourier transfomm of 6(r) then
sinut/2،سن-٠ F() =['  و=اd""-رع)&
0/2

and

(J-2)

sn«r/2]', ) ب=(< »ا ، /د,3)
 /ن2

where [F(أ)ه " is the energy spectral density and is shown in Fig. .c .ل1
From Fig. ,c .ل1 we observe that if the transit time T is very small (about
then 1/=10% Hz, and the spectral density over a bandwidth &f=B is-"10 )م

fairly constant, especially at lower frequencies. Hence, the total energy E in a
bandwidth B is given by

E=[ »F ا r "ار ه '(»l أ2=
0

 -ل(4)
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Using eqn. ( -ل3) for very small T,
E =2'B ( -ل5)

lf n electrons arrive at the anode in time T - where T is sufficiently large - the
average shot noise power in a I92 load becomes

1?= nE/T = 2ng38/T
and substituting for the average anode current I,=ng /T yields

1;=2l.B

١=.٥6
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Appendix K
Rules for Root Locus construction

A root locus plot is a drawing of the loci of the poles of a rational function
as some system parameter is varied. The basic root locus problem applies
directly to the simple feedback system of Fig. K.1, for which the transfer function
is

(K-1)
KG(s)

 يأ ج
(RGGs)HGs؟،(1 ب( 

where the constant gain K is the parameter of interest. The poles of the
transfer function are the roots of

1+ KG(s)H(s)=0 , (K-2)
which depend upon the parameter K. The product of the forward transmittance
KG(s) and the feedback transmittance H(s) is termed the open-loop
transmittance (or gain) of the system. The poles and zeros of G(s)H(s) are
called the open-loop poles and 2eros, while the poles and zeros of T(s) are
closed-loop poles and zeros. The open-loop transfer function can also be
visualized as being the transfer function Y,(s)/R(s) when th loop in Fig. K.1. is
broken at the point denoted by x.

We consider now K in the range 0<K<ه . From eqn. (K-2),

G(s)H ( (K-3) )ى ا=
K

and for positive K, this means that a point s which is a pole of T(s)
makes

(K-4)/G(s)H()لمي=ا 
K

and
2G(s)H(s)= odd multiple of 180° (K-5)

Suppose that there is a point s for which the second of these conditions
is satisfied. Then whatever the magnitude of G(s)H(s) for this value of s, there
is a corresponding value of K.

Y(و )R(s)

Fig. K.1. A simple feedback system wlth adjustable gain K
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G(s)H()

 ثم
Fig. K.2. A root locus plot

Thus, any point s for which L ،)H(s)=180"% is a point of the root locus
for some positive value of K.

Fig. K.2. shows an example r- 5t !c-us plot for a feedback system with
open loop transmittance

KGو( )H(4رو, (s +2)s:--2٠+17)ب ؟ بر 
(s +4)(s +9)

lt consists of a pole-zero plot for G(s)H(s), which is generally easy to
construct because G(s) and H(s), being components of the system, are
usually known in factored or partially factored form. Superimposed upon the
pole-zero plot for G(s)H(s) are the cuRves that are loci of the poles of T(s) as
K varies from zero to infinity. The locus segments are symmetrical about the
real axis, and the sense of increasing I usually is indicated on each segment.
As K0ب , [G(s)H(s) , ا ه and as Kه , [G(s)H(0ا)ى . This is to say that
the poles of T(s) are near the poles of G()H(s) for small K and are near the
zeros of G(s)H(s) for large K. The loci being on the poles of GH and end on
the zeros of GH.

To determine if a given point s is a point on the root locus for some
value of K between zero and+ it, ه is only necessary to determine whether or
not the angle of G(s)H(s) is 180%. This detemmination is easily made
graphically, using directed line segments.

LG(s)H(s)= sum of zero angle to s;
- sum of pole angles to s
+ 180% if the multiplying constant is negative
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1. The branches of the locus are continuous cuRves that start at each of the
n poles of GH, for K=0. As K approaches + , ه the locus branches
approach the m zeros of GH. Locus branches for excess poles extend
infinitely far from the origin; for excess zeros, locus segments extend
from infinity.

2. The locus includes all points along the real axis to the left of an odd
number of poles plus zeros of GH.

3. As K approaches + , ه the branches of the locus become asymptotic to
straight lines with angles.

i360%+%180و 
 د

n- m
for i=0,±1,±2,... until all n-m or m-n angles are obtained, where n is
the number of poles and m is the number of zeros of GH.

4. The starting point of the asymptotes, the centroid of the pole-zero plot, is
on the real axis at

E pole values of GH -Ezerovalues of GH
C= -

M-m
5. Loci leave the real axis at a gain K that is the maximum K in that region،

of the real axis. Loci enter the real ais at the minimum value of K in
that region of the real axis. These points are temed breakaway points
and entry points, respectively.A pair of locus segments leave or enter
real axis at angles of + 90%.

6. The angle of departure @ of a locus branch from a complex pole is given
by

(sum of the other GH pole angles to the pole under consideration) +
@ (sum of the GH zero angles to the pole) = 180%.

The angle of approach ٥ of a locus branch to a complex zero is given
by

(sum of the GH pole angles to the zero under consideration)
(sum of the other GH zero angles to the zero) ( = 180%.

Multiple angles of departure and approach at repeated complex poles of
GH are found similarly, using multiple contributions of ¢ or 4 and
equating to 180° i360%.
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