
CHAPTER 15
Channel Coding

15.1 Repetition Code:
ln communication we are concemed with both speed and accuraCy.

Efficiency is a measure of redundancy. High efficiency entails zero redundancy.
But when we consider transmission in a noisy channel, we also have to consider
accuracy. Redundancy is added in a controlled manner to protect against errors, to
withstand the effects of various channel impairments such as noise, interference
and fading. For example, in a system with to input symbols 0,1 we may use
redundancy such that 0 is represented by 000 and 1 by 111. Thus redundancy is
2/3 and the infommation code rate r is 1/3 bit per digit. Using the majority rle, we
can identify 001 or 010 or 100 as zero and 110, 011, 101 as1. 1t is important to fnd
the relation between the probability of error and the number of repetitions. The
binomial distribution provides the answer. It refers to a process with to outcomes
p and B stating that the probabilityp (r) of getting r errors in n trial is given by

the (٣+1) "temm of the binomial expansion of ,"( و+م) which is

(٥y"-  ""-=)(م (م15-1)
(n-٢!)٢!

When we use 3 digits we can tolerate an error and still get a correct symbol.

Ex. 15.1
Assume 5 digits codeword to represent a binary symbol in a binary

symmetric channel with binary probability of error , م=0.01 find p(e)?
Solution
U singل the majority rule. A symbol is interpreted as 0 if it has more 0's than 1's and
vice versa. Two errors can be tolerated without producing a symbol error. The
symbol error (e) م is given by the sum of probabilities of 3, 4, 5 errors in five trials.
From eqn. (15-1)

5p م+(15-2) د5 ود لإب4 pف+ p)'=p+5p p+10p p +10p" p+)م 
p(r) :p(0) p() p(2) p(3) p(4) p(5)

p(e)=p(3)+p(4)+ p(5)=9.8x10%
We see that the code rate 1/5 bits / binary digit. Thus, we can decrease

p(e) at the expense of deceasing r.
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15.2 Hamming Distance:
We have seen that a repetition code reduces the data rate dramatically. On

the other extreme we may select a codeword out of a selection of codewords to
represent a symbol. Using 5 digits codewords would produce 32 possible
codewords. If we forget about redundancy, we could have used all of the 32
codewords to represent different symbol such as. A =00000, B =00001,C =00010
and so on. ln this case a single binary error leads to a symbol error, i.e.

p(e)=p()+p(2)+p(3)+p(4)+p(5)
=1-p (0)=0.049

The code rate r is 1bit / binary digit. A comparison is made between these
two extremes by selecting a number between 2 and 32. Consider the selection of 4
symbols as follows

Symbol state representation
٨A= 00 0 00 00
B = 0 0 1 1 1 01
C= 1 1 0 01 10
D = 1 1 1 1 0 11

There are many other possible choices. But we notice here that every
codeword differs from all others by at least 3 digit positions. The number of digit
positions in which two codewords differ is called the Hamming distance and the
least difference between any members of a given set of codewords is called the
minimum Hamming distance d,ورم . lt is clear that single errors can be tolerated
since received codewords with one error will still be closer to the transmitted
codeords than to any other member of the set. However, a symbol error will occur
for 2 or more errors (according to majority rule). Thus,

p(e)=p(2)+p(3)+p (4)+p(5)
- p(2)=9.7x10

The code rate r=2/5=0.4 bits / binary digit. Thus, we have in Table (15.1)

Table (15.1) Effect of ٣ on p(e) for 5 digit codeword

Number of Number of / P(ه ) ٣م

symbols selections
2 2 (binary) 9.8x106 0.2
2% 4 9.7x10" 0.4
32 ذو 0.049 4
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Thus, increasing the code rate r is at the expense of increasing probability
of symbol error. From this example we see that a comparison beteen low data
rate and high data rate may be possible by using long groups of digits or
codewords which are sufficiently different from one another to makep(e)
acceptably low. This is the essence of Shannon's second theorem, which may be
stated in a relevant variation as if coding is in long groups of n binary digits then
provided that the number of selected groups M <2" where C is the channel
capacity, then the symbol error rate p(e) can be made arbitrarily small as no

!ip(e)-0ج provided M <2" (15-3)
Assuming that the M selected codewords are equiprobable.

lo١ M k ٠bis/symbol=25ايم 
n n

1og,2"  ح
 ب

n
Thus provided r5C, we can make p(e)0asn-o.
This is a surprising result, namely that, irrespective of the binary error probability p ,
information can be transmitted at any code rate up to the channel capacity with
virtually no net error in the decoded output symbols. Applying this result to the case
with , م=0.01 we have C= H(p)=0.919- ا bits

٣ 0.2For 2 codewords ==0.22
C 0.919

(15-4)

For 4 codewords r 0.4= = ()44
C 0.915
٣ 1For 32 codewords=>  إ
C 0.919

ln the last case the error is great. Note that p(e) doesn't tend to zero for 2 or
4 codewords since » is not sufficiently large. The error rate falls as n increase to
an extent depending onr/C.

15.3 Error Detection and Correction:
Shannon's theorem gives theoretical limits but does not provide codes. lt is

important to distinguish between error detection and error correction. Suppose we
have a set of codewords with d2=ي . A single binary error will produce a word not inmn

the list of those selected, so that the presence of a binary error will be detected but not
corrected, i.e., there will be no way of knowing which codeword was actually
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transmitted. However if d,3=م,م , a single error will produce a word nearer to the
correct word so a single error can be corrected. ln general to detect t digit errors

>4٦٠٨٨4+I
But to correct t digit errors

d،±24+1 (15 6)
ln other words, it is required that the code be constructed such that when error

occurs in an allowable code sequence, a nonallowable codeword is produced. But if
the error occurs such that another allowable codeword is produced then such an error
is unrecoverable.

Errors may be divided to random or burst. A random error is such that there is
no correlation between bit positions in error. While in an error, bits in burst error are
contained in a whole sequence as in the case of electromagnetic impulses.

For example 1ms impulse could corrupt 10 bits in a sequence of a digital
transmission at 9600 b/s. Binary error rate (BER) of 10-' is usually accepted for public
switched telephone network (PSTN). To counter the effects of this noise we need error
control techniques involving error detection and if possible forward error correction.

There are to types of channel coding: block coding and convolutional coding.
ln a block code, a channel coder (n.k) takes each set of k incoming digits and maps
it into a set of m outgoing digits, where n >k ,where ٣=k/٨ is the code rate and
(n -k)lk is redundancy. The extra n-k digits (redundancy digits or check digits)
introduced in the stream by the channel coder are added so that we can detect
transmission errors and or if possible remove them at the receiver. The channel
decoder performs the reverse operation. lt maps each set of incoming n digits into the
original k digits using the (n -k) digits to detect and possibly correct any errors.

Thus, in a block code, data blocks are mapped into code blocks in such a way
that a change is any code block due to noise creates a st of symbol not allowed by
the code. Hence, the nonallowable block can be detected and possibly corrected.

The simplest way after an error is detected is to request for retransmission.
ln case forward error correction (FEC) is available, the digits in error must be
inverted. An efficient code uses long blocks with a small portion of extra digits for
error detection and correction. However, the longer the block length the more
information is lost if the code breaks down. lt also takes longer time to encode and
decode so extra delays are added to the system. So for real time usage, the block
length must be a compromise. The simplest block code is a single parity check bit
code. Each set of kincoming digits is mapped to (k+1) outgoing bits. The
additional digit is included to ensure if we add all digits together we get a total of 0,
using modulo 2 addition, which is (0+0=0. 1+0=1, 0+1=1, 1+1=0)٠ Channel coding
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where one digit is added to create a total sum of0 is called even parity, whereas if
the sum is 1, it is called odd parity.

For example for even parity, take an input to the channel coder as 101, the
output is 1010. The parity check digit is 0, to indicate that the sum is0. The
decoder checks on the sum. If it is 0, it recognizes that no error is detected. If it is
1 then it recognizes that an error has occurred. But if tw errors occur the singte
parity check coder will not recognize either. It can detect only an odd number of
errors but will not detect the number of such errors. The single parity check coder
naturally will not be able to locate the digit in error let alone correct it

The concept of panity can be extended to cover a larger number of wrds of
data by storing them in an aray of rows and columns. This is called rectargular a
product code. Let us assume a set of 9 digits configured in a 3x3 matrix.

A parity digit is created for each row and for each colImn. Wit the addition
of ts digit to each row the total sum of each row is now0. WHh the additio of an
extra digit to each column the total modulo 2 sum of each column is 0. These
digits now in a 4x4 matrix are sent senally across the channel as a set of 16 digits
(Fig. 15.1)

The channel decoder retums the incoming serial digits back to a matnix fom
(Fig.15.2) noting that one of the received bits is in emor. The channel decoder
computes the sum for each colun and the sum of each row. Since there is an
orror in one of the columns, then the sum is 1 for that column. Since there is also
an error in one ٥f the rows, then the sum is 1 for that row. Thus, we can lodate the
exact column and exact row indicatig wen the single error has occurred. Thus,
we can revere its value. Thus, a rectangular coder can easily correct oMe digit
errOr.

Ex. 15.2
Consider the following Hamming code. Parity digits C,,C,,C,,C, are

interspersed in the code (Table 15.2).

c,
Verify the coder and decoder operation.
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١١1010 1١0  إيي::=:

digit for column1 I1١0101100 0110

Fig. (15.1) Rectangular coder

ln error

+
١١١ 000 1 1100 0110

 اا{ ا
0 ١ 0 0

4
error in column l

sum
 ح()

]  د،
error in row l

 ج()

 ح()

Fig. (15.2) Rectangular decoder

Solution
lgnoring for the moment column 8 (for double error detection). For 16

symbols we require 4 data digits: 3, 5, 6, 7. Three check digits are needed in
positions 1, 2, 4. This code is denoted (7, 4) since »=7, k=4. Any suitable code
can be used. As an example we have Table (15.3).

The binary code (data) is first written out in digit positions 3, 5, 6, and 7 leaving
positions 1, 2, and 4 blank Cم is then placed in position 1, being a parity check on digit
positions 1, 3, 5 and 7. The process is repeated for C, and C, using the combinations
in table 15.2 ignoring the digit in position 8 for now. Suppose D =1000011 was
transmitted and received an 1010011, i.e. with the third digit in error.
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Table 15.3 Hamming code (7,4)

«C٠) «C) «,) «,)
P)

1 2 3 4 5 6 7 8
1) A 0 0 0 0 0 0 0 0
2) B 4 0 4 0 0 4 0
3) c 0 0 1 0 1 0 1
4) D 41 0 0 0 0 1 1 ٩

15) o 0 0 0 0 1 1 0 ٦
16) P ٩ 1 1 1 1 1

The parity checks are carried out producing the binary checking number
C,C, C3=011=ج ,. Thus, the third digit is in error and is therefore complemented
and D is decoded. If no errors occur, the checking number will be zero. But if two
or more errors occur, it will not provide meaningful resuhts. The code can be made
to detect double errors if an extra owerall parity digit is added. This is placed in
position 8 producing (8,4) code. This extra digit is outside the Hamming prcess.
Note that since (C,C,Cج ) is required to give the error position, Cم must be 1 if the
error is in positions 1, 3, 5, 7, since the binary equivalent of these numbers has a
"" in the least significant position, similarly for C, and C, (Prob. 15-1).

15.4 Linear Block Codes:
To generate an (n,k) block code, the channel encoder accepts information

in successive k digits blocks. For each block, it adds n-k redundant digits that
are algebraically related to the k message digits, producing an encoded block of
m digits or a codeword. The channel encoder produces digits at the rate of
R, =(٨/k)R, where R,is the bit rate of infomation generated by the source,
٣ =k/٨ is the code rate o5٣<l, ad R,is the channel data rate digits/s. Consider
an (»,k)block code in which the first k digits is ahways the message. Let
m, ,m, .m,_م be the message bits, we have 2 distinct message blocks. Let this
sauence of message bits be applied to a linear block encoder producing an n bit
cdeword x ,, ,ج4 د., .Let b,,b, .. b,بر denote the binary digits in the codeword
(Fi15.3و. ).
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Thus,

(15-7)
b, 0,1..n-k-[

 ر=
m,+٤-٨ »-k,٨-k +l٠٠٠n-١

The n-k parity bits are linear sums of the message bits
(15-8)b, =p, m٥ + p, m, +٠٠٠ P٨١٤- m٤-

1 ifb, depends on m,
p,،= .otherise00ا 

We call this code systematic linear code. These coefficients are chosen so
that we have (n-k) linearly independent equations, i.e., no equation in the set
may be expressed as a linear combination of the remaining ones. Eqns. (15-7) and
(15-8) define the mathematical structure of the (n,k) linear block code. In matrix
notation we have 1xk message row vector m and L(n-k) parity row Vector b
and 1xn code Vector X s0

(15- 9)
(15- 10)

(15-11)

m =[m٠٨ m, ٠٠m٤]
 ا]=6, ,ة,..[,

A set of simultaneous equations may be written in matrix notation as
m P=ن 

where P is the kx(n-k) coefficient matrix

(15- 12)

p»-k-١٠٥p١٥poo

p٨-k-1.ppoم١- 
P٨-٤-١٠٤-١»P ٤-١.po .ا4 ا-

(15- 14)

From eqns (15-9), (15-10), we may write X as a partitioned row vector as
X =[8:m] (15-13)

Substituting eqn. (15-11) and factoring out m ,
X=m[P:I]

where 1 is kxk identity matrix
-٠٠٠٥١ 0

(15 - 15)
00

0 0

 =ا

5١9



 مر را
parity message

Fig. (15.3) Structure of the codeword

We define the k xn generator matrix as
,]P:115) ]=ى- 16)

so that eqn. (15.14) can be rewritten as
X=mG (15-17)

The generator matrix G has its k rows linear independent., i.e., it Is not
possible to express any row of the matrix G as a linear combination of the other أ
rows. The full set of codewords is generated from eqn. (15-17) by letting m range
through the set of all 2 binary k tuples (1xk vectors). We note that the sum of any
two codewords is another codeword. This basic property of linear block codes is
called closure. To verify it consider two codewords K, and, corresponding to two
message m, and m,, respectively. Using eqn. (15-17)

X,+X, =m, G +m, G

= (m,+mر )G
The sum of any two message gives a new message vector, hence the sum

of two code vectors gives another code vector in the code.
A second basic property for a linear code is that it contains an all 0 codeword.
Let us defne the (n-k)xn parity check matrix H as

A=[I.:19-5)م'] )
Where P"is an (n-k)xn matrix representing the transpose of the coefficient
matrix P and I,_ is the (n-k)x(n-k) identity matrix. Thus,

pr

sa«ءد-»»٦ ا/ا 
I,

(15- 18}
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(15-22)

(15-23)

Since in modulo 2 arithmetic p" +p" =٥,
AG'=0

Post multiplying eqn. (15-17) by H", then
X ٧" = mGR'=0

Ex. 15.3
Verify that the repetition code is a linear block code.

Solution
A single message bit is encoded into a block of identical n bits producing an

(n,1) block. There are only two codewords is the code, an all zero code and an all
1 codeword. Considerk =1, n=5. We have 4 parity bits that are the same as the
message bit.

G =[11111]
P=[١١1 ١]

P' =

0 0 0:1

A= 0 إ ا 0:1
0 0 ١ 0:1
0 0 0 ١:1
 ا

Note that HG' =0

١ 0 0 0 1
٢ 0 1 0 01

HG = 1=0
0 0 1 01
0 0 0 1 ١
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Ex. 15.4
Examine the following coding assignment that describes a (6,3) code.

m X
000 000 000
100 110 100
010 011 010
110 101 110
001 101 001
101 011 101
011 110 011
111 000 111

Verity that AX constitutes a linear code, findP, G , and H

Solution
From eqn: (15.11), 6 = mP, for k=3, n=6

000 000
110 100
011 010 R R, R٠101 110 R R، R,،د 

101 001
101 R R. R,

011
111  م

000 0 0 0
110 poo p١o p2o

011 po١ p١ p»١

101 poo + po pno +pu pao +pa١

101 Po2 p2ا p22

010 poo +po2 p١٥ +p١ pao +pa2

110 po١ +po2 p١١ +p١2 p2١ +pa2

000 poo + po١ + poz pno + p١ +pu p2ه +p2١ +p2
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P , م ا= p= , ا p,=0
p,0=ر , p,=1 , p,=١

P0 +p,, = , ا p, +p,, =0 , PA0 +P,=  ا
P, = , ا p,=0 , p,=I

Pم +P, =0 ٠ P,0 +p,=I , P+P,,=l

P»\ +Pر =l٠ p٨+P,=ا٠ p٨\+P,,=0
P»0 +P\ +p0=ر , p,+P +P, =0 , P,0 PA,+P,,=0

From this we fnd
١ 1  إ.0
1 0 ١

and
١ 1 0 1 0 0

G=0 1 ١ 0 1 0
١ 0 ١ 0 0 1

1 0٥ 1

p"= 1 1 0
0 1 1

From eqn. (15-19)
 ا١0 ا00

H= 0 1 0 1 1 0

0 0 1 0 1 ١

We can verify HG' =0 and XH' =0

15.5 Syndrome Ddecoding:
The generator matrix G is used in the encoding process at the transmitter.

On the other band, the parity check matrix H is used in the decoding process at
the receiver. Let Y be the (lxl) receiver vector of a signal sent over a noisy
channel.

Y =X+٥ (15- 24)
where the vector e is the error vector. The ;" element of e is zero if the
corresponding elements are the same in both X and Y , while it equals 1 if there
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is an error. The receiver has the task of decoding the code vector X from the
received vector Y . We define a 1x(n-k) vector called the syndrome S as

(YH'  =ى15-25)
It has the following properties

1) We note first that the syndrome depends only on the error pattern and not
on the transmitted codeword.

From eqns. (15-24), (15-23) and (15-25)
'H"=XH"+H(٥=)+ى 

(H"  ء=15-26)
Hence, the parity check matrix H of a code permits us to computer S , and hence,
the eror pattern.

2) Al error patterns that differ at most by a codeword have the same
syndrome.

We know that for a kbit message there are 2 distinct code vectors
٢, ,=0.1٠٠(2-١)
For any error vector e we define 2 distinct vectors e, as

e,=e+٢, i=0,1..2- (15-27)
The set of vectors e,,i =0,...(2 - ( ا is called a coset of the code. The coset

has 2 elements that differ at most by a code vector. There are 2"-4 possible
cosets for an (n,k) linear block code. Multiplying both sides of eqn. (15-27) by the
matrix H

e, H'=٥H'+X, H'
Using eq: (15.23),

e, H'=eR' (15-29)
Thus, each coset is characterized by a unique syndrome. ln other words,

provides some infommation about the error pattern e but not enough for theى 
decoder to detemmine uniquely the exact transmitted vector. Even so, it reduces the
search from 2" to 2, which constitutes the coset coresponding to S.

3) The syndrome is ى the sum of the columns in the matrix H correspording to
the error location. To show this, let H be expanded is tems of columns

H =[h, [.h ر,8٠٠٠, (15-30)
Substituting in eqn. (15-26),
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٨٤
4}

'٥H ا[ء =[e e» ..eى= 

٨}

s- ٤ ء «: (15 -31)

When H? is the i" row of the matrix H' and e, is the ٤" element of the error

h,,
 بإإماءة»ء»»وء

h,  و
Thus

hر hز ,

 يم ابي
hور hوز 

h,, hذ , hيلإا يلإ ا}, ز ••، •
h;  وزh وزh و

-[(٨٦,٤+e, 6, +e h) (e, 5, +e 85, +, 85) (e, 45, +e, 85, +e, 65,)]

=[٤٠(٨٤,+45,+45,) e,(67,+45,+8},)e,(8},+45,+4;)] (15-32)
Thus, S equals the sum of those rows of the matrix " corresponding to the error
location in e.

4) With syndrome decoding, an (n,k) linear block code can correct up to t
errors per codeword, provided that n and k satisfy the Hamming bound

s-33«2 [;؟(±ء
i=0 j

Where
n n!

/":]٦ ا-7 (15 - 34)

To show this, we have a total of 2"- syndromes. For an m bit codeword
there are (") multiple error patterns, where i is the number of error locations in the
mx1 error pattern e. The total number of all possible error patterns is the sum of
(%)for i=0,1.. t, where t is the maximum number of error locations in e.
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Therefore, if an (n,k) linear block code is to be able to correct up to t erors the
total number of syndromes must not be less than the total number of possible error
pattems, hence eqn. (15-33) must be satisfied.

5) The syndrome does ى not uniquely specify the actual error pattern e.
Rather, it identifies the coset that the error pattem belongs to. The most
likely erTor pattern within the coset for a certain is ى the one with the largest
probability, assuming that the channel noise is additive. Hence, the
decoding procedure goes as follows.

a) For the received vector Y , compute the syndrome.
(٥H' (15-35'=Y Hى= 

b) Within the coset belonging to S choose e,, the error pattern with
the largest probability.

c) Compute the code vector of expected transmitted code vector X
X=٢+e, (15-36)

Note that modulo 2 addition or subtraction equally apply.
6) We have seen fomm eqns. (15-5) and (15-6) that if we have two codewords

and we want the decoder to be able to correct up to t digit errors, then the
decoder will be able to detect the error if d,1+4م،م< , but will be able to
correct the error only if d1+2<م, . We can visualize this by the diagram
shown (Fig. 15.4). lt shows two codewords represented by two points x,,x,
Around each, is a sphere of radius t representing the number of digtts of an
error that need be detected or corrected (t =١,2..) as in Fig. (15.4). ln all
cases, an error may be detected but cannot be corrected except when
d،2م< +l, since only in this case, the codeword received in error may be
assigned to one of the allowable codewords.

Thus, we must have

،<±(a37-15)(ي١- )
2  mم

Considering a pair of code vectors X and Y , we Know that the Hamming
distance d(ر,ج ) is the number of locations in which their respective elements
differ. We defne the Hamming weight w (x)of a code vector X as the number of
nonzero elements in the code vector or the distance between the code veator and
an all zero code vector. The minimum distance of مم4 a linear block code is the
smallest Hamming distance between any pair of code vectors in the code
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4، 2١
(a)

4٨, =t+١,٤=1

(c)

4٨٨=٧+1,t>1
(b)

(d)

(e)

Fig. (15.4) Hamming distance representation
a)d,2٨ي =ي b)d..=١+1,>١١١ mIn

c)4,1=1,ر٧+١= , d)d1+2(>١+١>)٨ إ
e)d,,±2+1

and consequently, the smallest Hamming weight difference between any pair of the
code vectors. From the closure property of linear block codes, the sum or
difference of two code vectors is another code vector. Thus, the minimum distance
of a linear block code is the smallest Hamming weight of the nonzero codewords in
the code.
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(15- 38)

From eqn. (15-23), a linear block is defned by the set of all code vectors for
which X'0د . Expressing H as in eqn. (15-30), then for a code vector to satisfy the
condition XY"=0, the vector X must have 1s in such positions that the
coresponding rOs of H' sum to O. But the number of 1s in a code vector is the
Hamming weight of the code vector or the minimum distance of the code. Thus, the
minimum distance of a linear blok is equal is to the minimum number of rows of
H' over all codewords that sum to 0, i.e.,

8;
٢,,٤]'٨, .x.]0ا' =ا 
٤:

We note that no column of H (٢ow ofH') can be all zeros or error in the
coresponding codeword would be undetectable. Also, all columns of H (rows ofY")
must be unique, if two columns of H were identical, errors in the coresponding
codeword positions would be indistinguishable. Now, let us see how syndrome
decoding is perfomed. Perfomming eqn. (15-25), we check if Y is a membar of te
coset. If is ى 0, then Y is a member of the coset. IfY contains detectable erors te
syndrome (meaning symptoms of a disease meaning eror) has nonzero valuEe. From
٥qns. (15-25), (15-26), we see that the syndrome test perfomed on eiter the
corupted code vector or the error pattem that caused it yields the same syndroe.

Ex. 15.5
A codeword X =10l١10 is transmitted, and the vector Y =001110 is rdceived.

Find the syndrome vector. Given
١ 0 0 ١ 0  إ.·٠0.0 أب١
0 0 ١ 0 1 ١

For te following codewords
 ا

massagevector
000
100
010
110
001
101
011
111

10100
11010
01110
01001
11101
10011
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Solution
From eqn. (15.25),

"Y Hى= 
1 0 0
0 ١ 0

001110 0 0 ١
 ا0١

0 1

1 0
=[٥0]

From eq: (15.26), noting by comparing X and Y that
e=10000 0

'٥Hى= 
0 0

0 ا0

]-٥٥00٥%/ -ا؟١٥٥
0 ١

0
which is the syndrome of the error pattern

Ex. 15.6 (Case Study)
Consider Hamming code (n,k) with properties n=2"-1, k=2"-m- , ا

n-k =m , m 23. For the case (7,4) with the following G matrix

0 1 0 0 0
0 0 0 0

G =  ا
1 1 1 0 0 1 0

0 1 0 0 0
P 1،
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Soluton
R=[ ['٢.٨ م:

١ 00:1
= 01 0:  ا1٠.٠

0١١::
W٢٢=4, teere are 2 =16 distinct message words listed in Table (15.4).

For a giwen message word, the corresponding codeword is obtained using
60n. (15-17), resulting in the 16 codewords listed in te table. We have also Iisted
the weights of the individual codeords. Since the smallest of the Hamming
weights for the nonzero codeword is 3, it follows that the minimum distance of the
code is 3.

To ibstrate the relation between d and the structure of B matrix,
consider the codeword 0110100. Referring to eqn. (15-38), the nonzero elements
٥f this codeord and the second, third and fifth rows of H' (or columns of H) are
pointed out yelding 0. Perfoming similar calculations for the remaining 14 nonzero
codewords, we fnd that the smallest number of columns in H that sums to zero is
3, thus  ,مم=43

Table (15.5) shows seven distinct single error pattems and the
corespondig syndromes. Each singke error pattem is associated with a unique
syndrome ad corresponds to the particular column of H (or row ofH") The zero
syndrome signifes no error. Thus, the pattern of the syndrome is the pattern of H
olumn (Or R' row) and the order of such column or row gives the position of the
eror and hence the error pattemn. This error pattem points out directly which
cdeword is compted. Given Y and e, we corect Y , and hence, obtain X.
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Table 15.4 Codewords of a (7, 4) Hamming code

Massageword
0000
0001
0010
0011
0100
0101
0110
0111
1000
1001
1010
1011
1100
1101
1110
1111

codewords
0000000
1010001
1110010
0100011
0110100
1100101
1000110
0010111
1101000
0111001
0011010
1001011
1011100
0001101
0101110
111111٩١

weiaht of codeword
0
3
4
3
3
4
3
4
3
4
3
4
4
3
4
٦

Table 15.5 Decoding table for a (7, 4) Hamming code

1000000
0100000
0010000
0001000
0000100
0000010

Ex 15.7
From the data in Ex. 15.5, find the input corresponding to a received signal

Y =001110

Solution
We first tabulate all cosets corresponding to all inputs and all errors (Table

15.6) called standard array. Then, we create the syndrome look up table for each
error pattern, using eqn. (15-26) as in (Table 15.7).
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Table 15.6 Error and Cosets
e Cosets for different error vectors

000000'110100 011010 101110 101001 011101 110011 000111
000001 110101 011011 101111 101000 011100 110010 000110
000010 110110 011000 101100 101011 011111 110001 000101
000100 110000 011110 101010 101101 011001 110111 000011
001000 111100 010010 100110 100001 010101 1٩11011 001111
010000 100100 001010 111110 111001 001101 100011 010111
10000 010100 111010 001110 001001 111101 010011 100111
010001 100101 001011 111111 111000 001100 100010 010110

We have found for Y =[0011110] that
]H' =[10  ى]=01١1٥0[0

From Table (15.7), the corected vector and expected error €
X=Y+€
=001110+100000
=101110

which is the transmitted X

15.6 Convolutional Codes:
Convolutional coders - like block coders - take each set of k bits and put

out a set of n bits. These extra bits are used by the receiver to detect and correct
bit errors. In block coders, the input is k bit and the output is n bits which appear
upon inputting the input bits. In convolutional coders, each k bits block at the input
is mapped to an n bit output, but this n bits output depends on the correct k bits
block at the input and also on the previous K blocks of k bits that came in before.
Consider the coder shown (Fig. 15.5).
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 حا
Block of

bitء= 
comes out

Block of
k =١ bit
comes in

holds
K =2previous
bit sets of
k=١ bit

stores
current
incoming bit

Fig. (15.5) Convolutional coder

When k =1 bit comes in, it is stored in the position "1". Then this bit is moved
to position "2", then to position "3". The top adder takes all three bits in the shift
register and adds them together (modulo 2), and uses that to create the first bit of the
output. The bottom adder takes the first and third bits and adds them together (modulo
2), and this forms the second bit of the output. The output switch acts as parallel to
serial converter. Thus, for k=1 input the output depends on this input andK =2
previous bits. Hence, two output bits are created for every, 1 bit input. Assuming that
at t=0 we have all O's in the shift register, as clock pulses arrive, the bit is shifted
along the shift register. For an input 10100, we have the following output sequence.

Table (15.8) Convolutional coder
· ٠٠٠ OutI utTime Input bit shif register contents-7م" ف: م 
0 - 000
1 1 100 1 1
2 0 010 1 0
3 1 101 0 0
4 0 010 1 0
5 0 001 1 1
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1+٢+٢٩
 ه.---------------٦٢-------

: 1
x

 دحا

1+٢2
Fig. (15.6) Polynomial representation of convolutional coder

Thus the output is 1110001011 corresponding to the input10100. We may represent
the convolutional coder above by a polynomial

Ex. 15.8
Consider the coder shown (Fig. 15.6), fnd the polynomials

Soluton
٢٩+K)=1+Xى,) 

&,(X)=١+X2
For te input 10100 we multiply the input by the polynomial for each branch

m ()=1+0٢+1X' +0X'+0X=١+٩
m () g()=(+x٩)(+x+x)

=1+٢+٢٩+٢٩+٢3+٢٩
=1+٢+٣+'٢'

Noting '+X=0
Simnilarty ,

m () g0)=(1+X°)(1+x٩(=)١+٢٩)
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15.7 The Trellis Diagram:
This is a way of representing what goes on at the convolutional coder from

one time to another. To construct a trellis, we draw a set of times 0,1,.. from left to
right. Below each time, we draw a dot for each possible state or node representing
the first two positions from the left in the shift register, after a new digit comes in,
i.e., what is currently in position 1 and position 2, noting that what is in position 3
will be cast out. Thus, the possible states are 00, 01, 10, 11. There are two types of
lines: solid line and dotted line - leaving each state and entering a new state. The
dotted line describes what happens when 1 enters at the input. Considering the
coder of Fig. (15.5), assume that 1 comes in, and we are at state 00 (0 in position 1
and 0 in position 2). Then, as 1 comes in, the shift register will now contain 100,
which means the output will be 11, and the new state (i.e. what is in position 1 and
2) is10. This is shown in Fig. (15.7a). The line is dotted because 1 is received,
whereas if 0 were received th line would be solid. On top of the line is the output
after the digit is received. We now add a dotted line and a solid line to each and
every dot (state) at each and every time, which leads to the trellis diagram (Fig.
15.7b). It fully describes all possible case in the convolutional coder considered. lt
tells us what comes out (by looking at the top of at the line), given what was in the
shift register position 1 and position 2 (the dot) and the input digit (the connecting
line being solid or dotted).

15.8 Channel Decoding
ln a channel decoder (Fig. 15.8), a digit sequence m comes in. Considering

the coder of Fig. (15.5), with m =000 coming in, this is mapped to the output
This output is now sent across the channel through a modulator, the.000000=س 

channel and then the demodulator. What comes out from the demodulator and fed
to the channel decoder will be calledv. lf there is no error, then ٧ =u٠ But due to
error, v= u+٥ where e represents the digit error. Let us assume e =00 00 01. The
goal of the channel decoder is to look into v and come up with the best guess of
m , the original infommation despite the error that has occurred. Let us call the
decoder's, guess at m the vector m'. The goal is to make m' as close to m as
possible. If there is no error, then 00 00 00 comes about by following the chain of
00 outputs on top of the solid lines. Now, the received input is v=00 00 01 . We
see that there is no path on the diagram leading to that output. So, the first thing
the decoder does is to look at the received vector v and check if it matches an
output path through the trellis. If the answer is no, then there must be an error.
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Thus, the first thing the decoder does is to detect the presence of an error. A
convolutional decoder can also correct errors using 'the trellis diagram by checking
what path in the trellis closest to v in terms of the fewest digit difference. ln this
case, the closest path to ٧=(00 00 01) is u' =(00 00 00) as in Fig. (15.9a). Then
te channe} deccder decides that the sent digits must have been u' =00 00 00. If
these are the sent digits, then the input that created them is m' =(000)

There is a simple way to find m' once we have figured out u'. Al we have
to do is look at the trellis at the series of solid and dashed lines corresponding to
'.A solid line tells us a 0 is the digit in m' and the dashed line is 1 in m'.

Using Fig. (15.9b), we see that a' =00 00 00 is the output path corresponding to
the top solid line, of the trellis. On top of the first branch of the path (solid line)
there is 00. Thus, the first output digit in m' is0. For the second 00 branch, it is
also solid line, then the second digit in m' is 0and so on.

15.9 The Viterbi Algorithm:
Viterbi presented a simple way to look through the trellis. The Viterbi

algorithm (VA) lets the computer or DSP chip find the closest path to ٧ in the trellis
easily and effectively. We start at time 0 in the trellis and move from left the right.
At each time we systematically eliminate some of the paths. ln fact, we eliminate all
but 4 of the paths (for number of states=4)

The path elimination may be understood by referring to Fig. (15.7). At time 1
(for initial conditions 0000 at O) we look at the top node. There are 2 paths that
head into this node, one originating from parent node A and one from parent node
B. WA helps us make a decision on which is the better parent and discard the
other. We repeat this at every time.

Consider the coder of Fig. (15.5). Let the input be m =(00) for which the
output u =(00 00) and the channel decoder receives v=(00 00). To understand
how \A works in this example, we associate with each start node the number '0
(Fig. 15.13b). Assume ٧ = 000001 (error has occurred). Then we examine for the
trellis of Fig.(15.7) the top node at time 1 (Fig. 15.10b). For this node there are 2
possible parent nodes; node 0 at time 0 and node1 at time0. To decide which is
the best parent node, we follow the following procedure:

1. If we started at node 0 (time 0) and moved to node 0 (time 1), the first output
digit would be 00 .Comparing this to v when the first two output digits are00,
no error has occurred if parent is node 0 (time0). We add this 0 to the
0 number that we gave node 0 (time0) (Fig. 15.10b).
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2. If we started at node 1 (time0) and moved to node 0(time 1), the frst output
digit would be 11. Comparing this to v when the first two output digits are00
then there are 2 bit errors if parent is node 1 (time 0). We add this 2 to the 0
number that we gave node 1 (time0) as in Fig. (15.10b) for a total of 2.

Since starting at node 0 (time 0) and moving to node 0 (time 1) creates thE
fewest total bit errors (0), we say that the parent node for node 0 (time 1) is node
0 (time0) and carries with it the number 0 (for zero total errors with this sekecion
as in Fig. (15.10c). We repeat this for node 1 (time 1) (Fig. 15.11a). ١n Fig.
(15.11d), we find that node 2 (time0) and node 3 (time 0) are possible parent
nodes. We decide beteen them as follows:

1. For node 2 (time0) as starting node, moving to node 1 (time 1), the output is
10. Comparing this to the first to bits of vwhich are 00, we say 1 bit error
if parent node is node2 (time0). We add this 1 to the 0 number and give the
node 2 (time 0) a total of 1

2. For node 3 (time 0) as starting node moving to node 1 (time 1), the output is
01. Comparing this 0 to the first to bits of ٧ which are 00, we say that we
have 1 bit error if parent node is node 3 (time 0). We add this 1 to the 0
number that we gave node 3 (time 0) for a total of 1.

3. We choose the top node in case of a tie (both totals equal), carrying with it
the number 1. We repeat this for node 2 (time1) and node 3 (time 1) (Fig.
15.10b). This covers the first move from left to right through the trellis.

4. We repeat this procedure as we go down the trellis until v is exhausted. At
the end we choose the node with the least accumulated value according to
the path leading to it.
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Fig. (15.10) VA steps for node 0 at time 0
a) concept of parent node
b) For initial values 00001 picking the best parent node for node 0 at time 1
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Problems

1. Demonstrate the use of C, in Ex. 15.2.

2. Verify eqn. (15-38). Then explain its implication.

3. FiIl in the calculations in Ex. 15.6.

4. lmplement VA algorithm as outlined in section (15-9) for the trellis of Fig.
(15.10), then fnd the input for ٧=(00 00)

5. Repeat the above problem for ٧=(01 00),(10 00),(00 01)

6. Repeat the above problem if ٧=(00 01),(00 10),(00 10)

7. Determine the polynomial representation for the coder shown.

8. Obtain the trellis for the above problem.

9. For the above trellis fnd the message, for v=0010.

10.. For the trellis shown fnd the message if the channel coder recetves
٧=1111
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