
CHAPTER 5
Additive White Gaussian Noise (AWGN)

5.1 The Central Limit Theorem:
lf two random variables \ and } are added and their joint puf is f\,(r.y)

is known, what is the puf, f'(-) of their sum? We have
2=+Y (5-1)

The probability that Z lies in the range = to -+u= is given by the volume
contained under f,,(r.y) with the strip between the two lines Y=z-x and
}=-+ dج٣- (Fig. 5.1)
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Fig. (5.1) Finding P(=<Z<=+d)
P(-<2s-+u٢)ح(=إ/إ .y)uA

1(-)d٦= »/_إ(٠-=٢)dr u-

where y= xand- ج =uxu-
Therefore,

1,(-٧٠--٤)/\,١=١)dr
 م

lf .\ and Y are statistically independent, then
/\/(٢٠--٤(\/=)٤)f٢--(٧)

Thus, eqn. (5 -4) becomes
 ر

/,(-)=//(٢١)--٧١٢u٤

(5-2)

(5-3)

(5-4)

(5-5)

(5-6)
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(e) f,(r)-f,(٢)f,(٤)

±

(8) f,(x)=f,(x)4f,(x)

FIg. (5.2) Multlple convolutlons of a rectangular pulse

Thus, the pdf of the sum of independent random variables is the
convolution of their individual pdfs .

The multiple convolutions of pdfs arises when many independent random
wariables are to be added. Since convolution is an integration process it has a
snooting effect. After few convolutions, this repeated smoothing results hn a
distribution wtich approximates a Gaussian function. This is the essence of the
cental limit theorem. We see in Fig. (5.2) a pdf in the fom of a rectangular plse

f,(2)= recr]/. The fnction f;(e) is t cnvouton of f,(3) wt itser sه a

reeult of adding a random wriable r ba rardom variablex. The function f;(r) is
the convolutlon of f,(x) wthf,(r). We can see hww cose t reslt appoximates
a Gaussian.
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The central limlt theorem states that: if N statistically independent random
variables are added, the sum will have a pdf which tends to a Gaussian functlon
as N tends to infinity irrespective of the original random variable pdfs .

١٤ to Gaussian random varables are added, their sum will also be a
Gaussian random variable. The mean and the sum of the variance of the sum are
given (as in Ex 4.2)byZ=7+Y,

 زه {ه=±2paG, ث,ه+
lf , =م0

 هi ء=a{ {ه+(8-5)
For uncorrelated (hence independent) Gaussian random variables, the varances
- like the mean - are simply added. This is in hammony with the result of Ex 4.13,
where the PSD of the sum is the sum of PSD's for statistically independent random
variables, i.e., the powers due to individual random variables simply add up .Note
that is the mean of power. We need to state here some of the properties of
Gaussian random variables.

(5-7)

5.2 Gaussian Processes:
The Gausslan functlon is

}2a/'رسر-ه(-.١ [· i'(م م أ-ج)(= 

 إ·2٢
and the normalized Gausslan N(0,1) has , ,ر=0 a1=إ (Flg. 5.3)

٨0٠0 م- ،
2 ٨

THe following properties hold for Gaussian processes
1. ١f K() is Gaussian, then

(5-9)

(5- 10)

٧ ()=[G()2()d- (5-11)
Y() is also Gaussian regardless of G(t), provided the mean square valuee
of Y() is finite.

2. If a Gaussian process () is applied to a stable linear filter, then the output
random process is also Gaussian

K()=/h(-٦) ()4٤ 0<٢<a
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Flg. (5.3) Nomallzed Gausslan dlstrlbutlon

3. I٢ the rendom warables X(t,),K(t,)....(t,) are obtained by sampling a
Gausslan prpcess (t) by many observers at tlmes t,,45٠٠٠٠4, are
uncorelated, i.e.

E[(X()- ٣ ر @}{()-A0ر@,((]= i=k
then, these rardom variables are statistically independent. Therefore the
jolmt pdf of the set of random varables (t,),(t,)....(t,) can be
expressed as the product of the pd functions of the individual random
arables.

4. For indeperdent Gausslan variables, the pdf of the sum is the convolution
of t Gausslan functions. Thls Is equivalent to multlplying the Fourier
transfoms of the original pdfs and then inverse Fourier transfoming the
reeult. The Fourier transfom of a pdf is called the characteristic functlon of
th random variable. When a Gaussian pd/ is Fourier transfomed, the
mult is a Gausslan characterstic function. When Gaussian charactertstic
fnctions are multiplied the result remains Gaussian. When the Gaussian
product is inveree Fourier transfomed, the result is also a Gaussian pdf .
Th٥ characteristc functon q,(v) of pdf is

8»)= E[ [ -ع3 ء"
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FIg. (5.4) Single sampl function of ergodlc strict sense
Gaussian random procass

a)N tuple (N=2) samples with constant sample separation AT taken at
random times from a sample function r(t) of the random process K(t)

b)Joint N variate (N =2) Gaussian scatter diagram forf(x, , .( و

1 ه
f (v) [=)ج(ر٩ ر eلأ " dy

»2 -م
(5-13)

For Gausslan pur

=()١١f لبرجا 2r م ه ه<د<ه- ٥ ر
The characteristic function is

 ز­« ربر سم4 ت}ه
(e  =)(ر»5-15)

which is also Gaussian.
5. A sample functlon K,(t) is said to belong to a Gaussian random process

K(t) in the strict sense if the random variables K, =K(t,),,=H(t,)
،.,, =(t,) have an N dlmensional joint Gaussian pdf . For an ergodlc
process the strict sense Gaussian Condition can be defined in terms of a
single sample function. ln this case, if the joint pdf of multiple sets of N
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(b)

٤

Flg. (5.5) Daflnition of wld sense Gausslan prمco ss
i. isolated samples rtt,) taken at random from x(t)

ii. Gaussian distribution of samples from above

tuple samples taken with fxed time intervals between the samples of each N
tuple is N variate Gaussian, then the process is Gaussian in the strict
sense. Fig. (5.4) illustrates this situation for multiple sets of sampke pairs
(N= 2)

8. A sample function K,(t) is said to belong to a Gaussian random process in
the wide sense if isolated samples taken from r,(t) come from a Gausslan
p4f٠

5.3 Thomal Nolse:
٦h٥ random motion of electros in a resistor gives rise to random current or

rardom votage wose average is zeo. Since this random signal is generatd by a
kعrge number of independent random wariables, the overall pdf is Gaussian. This pdf
gives te probebility of the total noise having a certain value. From the power point of
view, since these random vriables are independent, the overall PSD is the sum of
indiwidual PSDs. It has been found from themodyamiGs that the overall PSD of
themmal noise is given by
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S.(«) =S'(f)

«

Fig. (5.6) Flat noise PsD

، h ».$٥ تiاا4ر أ. اها ٦٤ e -

where / is Planck's constant and k is Maxwell Boltzmann's constant.
2rkTFor GHz =(ج<<<ا6000 atT =298K ), eqn. (5- 16) reduces to

S'(f)=2=ى')( kT
١f we call

n'/2=(=ى,)ه( fى') 
Then

(5- 16)

(5-17)

(5-18)

n' = 4kT' (5-19)
Thus, ( ه)'S=(f)' ى Is fat for all frequencles below the quantum mechanical limlt
which is way too far to reach (Flg. 5.6.).
The noise power is usually calculated for a certain band of frequencies ±B

 م ه

P=" ()!S أ S'(4£ =هه أ (5-20)23- -
٣:1 ا،٥,

nB="آ [دم" إ =
-٥22r -2١٥ 2

(5-21)

lf we consider this power R, as belng available from a resistor R across which a
random open circuit voltage is developed whose mean square is <v%>

<vغ > ,
P = =n'B« R

<v; >=n'RB
= 4kRB

(5-22)

(5-23)
Slmilary, a short circuit noise current develops whose mean square(',")is given by
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(b)
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Fig. (5.7) Nolse equivalent circuits
a) Thevenln's b) Norton's

R,=<i2>R=٨B (5-24)
٠· +8<i? 'n= عج 8G

R
= 4kTGB (5-25)

Ths noiمe power Is thو avellable power, but lt is not the power dellverable to other
ciruht components, because the reslstance Is open clrcuit. We can now think of the
actal roise power that can be dellvered under matched condition by considering
Thewenin's (or Norton's) equivalent circuit of noise. We have the open circult (oc)
masn square noise voltage (eqn. 5 - 23) in series with noiseless R as source
realetance matched to noiseless R (Fig. 5.7a). We also have a noise curent
aoure <i2> of eqn. (5 - 25) in parallel with noiseless G and matched to
niمeleas G (FIg. 5.7b).
Under metched condition,
th matched power P is given by

١ v?ر ><ج 
• 4 R

 >ث؟<!
4 G
= م1
4 ٩

Thus,

(5 26)
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S.(/)=S.(ه )

-8 8
4

Fig. (5.8) PSD of noise under matched condition

as M-"=٤T
4

Als0, eqn. (5 - 17) reduces to
2kT KT n(٧'S)٤, ,أنS0ج}]) ح دح ح دد ,ى١ 

٠٨ 4 4 2 2
The PSD of noise is usualy S,(f), i.e., under matched condition (Fig. 5.8)

(5-28)

(5-29)

The factor 2 takes care of positive and negative frequencies so that for
finite positive sided B

 م ءككا=2 و(30-5)
2

=KTB (5-31)
This type of noise shown (Fig. 5.8) is called whie noise, because it is

composed of all frequencies with flat response, similar to white light which is
composed of all colors. This noise is additive, since the total PSD is the sum of
individual PSD's, hence it is Gaussian. Therefore, it is called Additive White
Gaussian Noise (AWGN).

There are different sources of noise besides themmal. But we will focus here
on all those types of noise which in the end are AWGN.

U singل eqn. (4-66) for the autocorrelation function of white noise

R,(r)=2/1أ r/ 4/
-2

 "ى8 ج
2

f2532-5)ا )
The same result can be obtained from ean. (4- 68)
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Flg. (5.9) Rctangular pulse and Its Fourier transfom

R,(  =)ء٢'٥ ر٥ دهه
2r 2

 ي8 رب@
2
= ع رمىط
2

Thus, th٥ autocorelatlon tunctlon ot noise is a delta functlon. Thls reans
that th decomelation tIme is extremely small, meaning that noise signels are
corpletoly irdopendont statistically. In fact, the decorelation time seres as
memory for the random signal. For noise there is n memory at all. The rardom
signal ocorelates only at ٤=0 but decorelates completely forr = 0, i.e., has zero
mwomry. Adlacent slgnals are uncorelated no matter how close. We also note that
any Fourer transfom pair holds conjugatlon relationship. For example a pulse ln
time has sinc functon as Fourier transfom (Fig. 5.9).

We note that TxB=1 (5-33)
were T is te pulse width in time and B is the positive sided bandwidt. This

is Heeenberg urcertainty principle. As T becomes zero, i.e., the event is we!ا 
localized in time the bandwidth is extended, and wice versa.

We see the same relation in the PSD, R(ح ) pair (Fig. 5.10), i.e., the
decorelation time r =1/2B and the tw sided bandwidt of the PSD is 2B, hene

1xB=1 (5-34)
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Flg. (5.10) Charaetersties of PSD and R(r)Palr tor AWGN
a) fnite bandwidth and dscorelation tme
b) /ocelized delta functlon and extended bandwidth

Thus the Bandwidth is the inverse of the decorrelation tlme, i.8., as T =0 for delta
function, its PSD freauency spectrum is extended for all freguencies from -m to +o.
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The signifcanمc of the autocorrelation and cross correlatlon can boet be
omphadlzed in thو followng cass study. The autocorelation function l widely sed in
the detectlon or recognitlon ot signals masked by additive noise. Consider a periodic
square wave (Fig. 5.11). lts autocorelation function is triangular. A random noise
wavefom n(t) is added to it such that y(t)=f(٥)+n(t). Note that even though the
square wave is immersed in noise, the autocrrelation function is clearly recognlzable
in the final result. We note that f(t) and n(t) are statistically independent that is why
the autocorelation function of y(ع ) is the sum of the auto corelation function of f()
and n(t), the latter being a delta function. That is wty for ٤>0 the autocorelation is
eesentially that of f().

As an example of the use of cross corelation we choose a random signal f(t)
(Fig. 512). For y(t), we choose a delayed replica of f(t) plus noise, so
that y(t) =f(t-4)+٨(t). The receiver has a replica of f(t) available in memory. On
the baوis of this knoedge, the receiver can make a measurement of the time
deaytم . We take the cross correlation function

١R,(r) ؟ = Lim- [f()g(٤+r)dt (5-35)
٢-٠ T-3/

The value of the tIme delay t, is ewident by measuring the time delay from the
origin to the large peek in the result.

Correlation functions thus measure the similarity of a signal f(t)_either with
itself (in case of autocorrelation ) or with another signal (in case of crosscorrelation)
versus a relative shift by an amount ٤. For dissimilar signals, the peak of the
correlation function is an indication of how good this match is between signals. Thus,
autocorrelation and cross correlation are powerful tools in recovering signals buried in
noise.

5.4 Bandllmltad Nolse:
If white nolse is pased through a LPF with bandwidth± B Hz, the output noise

can be obtained by means of the transfer functon H(ت )

 )ه(ه$ ]دR ارد((36-5)
S,(ه )

Tه klnglH()1ا=٠ u٥inو٩٩ n. (5-20)

R=-]Sم (o) da
2#-

١١4
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Flg. (5.11) Autocorrelatlon of a parlodlc functlon plus nolss
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Fig.( 5.12.) Cross correlation of random signal plus noise

&± ] ٥r -kT8-2 م
The autocorrelatlon tunctlon of the fltered white nolse can be obtained using

6qn. (4- 66)
1R(r)=- (١ نه(,ى e" a ه

2 3-
8 r٢T  د ع/<<٦ ر,

2 -»
١16
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Fig. (5.13) Characterlstlcs of low pass flterod white nolse
a) PSD b)R,()

kT rrr لأج2
 .[ةة د

=kTB sinc(2rB) (5-38)
The decorelation time is given by T=}مو (Fig. 5.13). Hence, flterng an

uncorrelated white noise producs corelated bandlimited white noise or so called
colored noise.

Ex. 5.1
Consider a white Gaussian noise applied to an RC LPF, fnd the PSD and R,() of
the output noise
Solutlon

The transfer function of an RC LPF is given by
1H(f)= (5-39)

2mRC+1 ز

١17



The output noiوe PSD is given using eqn. (5 - 36) by
ET/2

 )ل(.1 @ب2MG? أ ح
We krow fom Fourier transfom that

2a 2/aأ"»م =ب 
 ه 'و@+ه(,,2 )و

a
Thus, R,(T) which is the inverse Fourier transfom of Sي, is given, taking

a=1/RC by
R,,(e) c +ى٩٨ (5-42)

4RC
This is sho (Fig. 5.14)

We see that the decorelation time T, for which R,() drops to 1% of its
maximum value kT /4RC is equal to 4.61 RC. Thus, if the noise appearing at the
flter output is sampld at a rate <0.217/RC samples/s, the resulting samples are
uncorelated and being Gaussian are statistically indopordent.

ln the case when white noise is inputted to a LPF, the PSD of the output
roise is given by 6qn. (5 - 36). The total output noise power is given by

2 م م7٣Cy4 عه(43-5)

=Hr [/Hr ( ه(5-4٨

Assume that the LPF is idealized with a constant value H(0) for an equivalent
noise bandwidth of onesids [B,\ (Fig. 5.15) Thus, ean. (5- 44) reduces to

R,=kT [/H«o'4
=kT B,\HGo) (5-45)

(5 -40)

(5-41)

Thus, the onesidedbandwidth B, is given by

 لإlHC عه
 م لأت

» /HGo)'
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 د

2MC2C
٢

(a)

(b)

-4.4١HC -2RC-Rc ٧ RC 2KC 4.61RC
٣

(c)

FIg.( 5.14.) Characteristlcs of RC fltered whlte nolse
a) RcLPr b) PSD of flter utput ٥)R,,()

Ex 5.2
The input to an RC LPF is white noise. Detemine the output power and

equivalent noise bandwidth.
Solutlon

kT/2
(»).. ل )ع ١+@acY? (5-47)
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٥٨٥-٢

FIg. ( 5.15) Egulvalant nolse bandwldth

1 ٩ KT٩ daP =] Sم (@) [= aن»
"٠ 23 4a-٠1+(aRC)%

٢T du
،  ةmc!J ا+،

when w = aRC
٤T - ٩

R, = tan"" 4٩C أ -
KT m ٨

 :ة[: د ، ، د،
(6 - 48)T

 ل ب

4RC
Applylng eqn. (5- 45), noting that H(0) =1, the oneslded bandwidth B, is glven by

(5- 49)١=" 4RC

5.5 Narrowband Nolse:
١f Gausslan whlte noise is passed through a narrow BPF ٨ith bandwidth

B <f, the output fmom the filter is known as narowband noise. If has the spectnm
show (Fig. 5.16), which can be approximated by a finite number of noise
components spaced Af apart where Df0.

Each pair of delta functions such as 5(+f) and &(f-f) can be
represented by a sine wave function of arbitrary phase, and the sum of all such
spectral components yields the time function n(t) of narrowband noise.
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(a)

Lلا 

.f-٨٧ دي

S0)

(b)
4ك

،-٨.0 ي به
Fig. (5.16) Narrowband noise PSD

a) band limited noise b) division to delta fnctlons

(5 -50)a. +2m4 +8.lم[) o. {si=تجبجإ »)(

(5-51)
(5-52)

where , ه Is the amplitude of the M" frequency component, 0, is an arbitrary
phase, and nAf is the separatlon from the center frequency,

n() = LinEa, {sin a.t cos(2m4 +6,)
 له هد0

+cosa.4 sin(2m4 +,)}
= x(t)sin a,4 +y(t) cos a,ا 

where
(5 - 53)

(5- 54)

r(= .a إجيإ ج cos(2m4+0.)

.(sin(2m4+8خ،, »)=يإ 

١21
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Flg. ( 5.1T) Amplitude modulatlon as a result
of noise passlng through a BPF

Both xtt) and y(t) are Gaussian distrbutions with the same mean and
variance as Mft). The expression for ntt) can be altematively written in polar fom
by substituting

±(t) = R(t) cos @(t)
y(t) = R(t) sin @(t)

٨-٠٤,
 ه±]=-«»
٨() = R(t) sin [a+5٥-5)م)(] )

wtere (t)م veres unifomly fom 0 to 2m. Hence, n(t) resembles a sine wave
wtkch is amplhtude modulated and whose phase is randomly modulated (Fig. 5.17).
Thus, a BPF produces colored and amplitude modulated noise with Rayleigh
dbstribution. By considering the AM output of the BPF, we may express it in phasor
notation for the case when noise bandwidth is small compared to the center
freauency

[M,()+ز«٨ ()]e4" (5-60)
wwore ٨, is called in - phase component and n(t) is the quadrature component,

(5-55)
(6-5٥)
(5-57)

(5- 58)

taking cos at as a reference
n() =9e [n,()+٨()] e%'

=Mhe [M,()+ n()][cos ز a4+sin [ ءه
= n,(t)cos at -n(t)sin at
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٥

/{
(b)

FIg. (5.18) Envelopo of narrowband fltared noise
a) noise signal b) modulated output noise from bandpass flter

This is called the bandpass representation of noise or the canonical equation of
noise. Comparing eqn. (5 - 63) with eqn. (5- 52)

n,(t)=y ( ا)
H٥(t) =-٣(t)

Ean. (5 - 83) Is called the canonical equatlon of namowband noise
It is to be noted that the envelope has a maximum modulating frequency of

B, hence period of 1/B (Fig. 5.18).
There are several important propertles for n,(t) and M()

1. Both n,(t) and n(t) have zer mean.
2. If n(t) is Gaussian then n,(t) and (t) ج« are jointly Gaussian.
3. If M(t) Is wide sense statlonary then n,(t) and n(t) are jointly wide sense

statlonary.
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٢ لما (a)

Flg.( 5.19). Charactsriatle of ldeal BPF
a) PSD b) R,(r)

r (b)

4. Both M,(t) and n(t) have the same power spectral denslty.
5. M,(t) and nم () have the same variance as n(t).
8. The cross spectral densktles of n,(t) and n(t) are imaginary.
7. ١٢ a namrowband noise n(t) Is Gaussian with zer mean and PSD that is

locally symmetrc about ±f then n,(t) and n5(t) are statlstkcally
independent.

Ex. 5.3
Consider a whlte Gaussian noise which is passed through an ldeal BPF of

corter frequency f and bandwidth 2B . Detemine the autocorelation functlon of
n(٤) and it's in - phas and quadrature components.
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(a) (b)

 ج

Flg. (5.20) Chango to polar coordlnatas tor n, ,
Solutlon

The autocorelation function of w(t) is the inverse Fourier transform of PSD
shown (Flg. 5.19)

-٢+8 f+٥ ,

R,(ر = "f " حا ج r+  "ز يا "مل٥٢(5-٥٥١'
-١٠-٥ 2 ١٠-٥2

=kT8 sine(28 r)[ [" -ه13"٠'+٥ "%د٠
= 2kTB sine(2B r) cos 2Mf,r (5-٥٦)

Ex 5.4
Express the noise at the output of a BPF in temms of its envelope and phase

Solution
Let N,, N represent the random vaniables of the in - phase and quadrature

components. N, and Nج are independent Gaussian random variables of zero
mean and variance 2. The joint pdf is given by

/.٤ /٠,٨٠(٨٨٠٨٥ جمر=) )؟ا،(68-5)
2me١ ن

The probabllity of the Joint event that N, lies beteen n, and n, -+d n, and
that Nم lias beteen n and n٥+dh (i.e. the pair of random verlables N,, N
lles jointly inside the shaded area (Fig. 5.20).

 ا25



(6-6e)-١٥ ١٣;/٩e °- dn,dn٥f8,,4)م ,ر, )dn,4n٦> 2me'١ ٥
We dafne

w, =٧٢٥٥٩ (6-7٥)
Mر =r8in ٧ (6-7٦)
dn,dnج =nrdy (6-72)

Let R and denote ب the rendom variables obtained by obserlng the
envelope ٣(t) and phase w(t). The probablllty of random variables R and ' lying
inside the shaded area (Fig. 5.20) is given by

r م و dنمة٧ 
2m°

Thus,

(5- 73)

(6-74)0s٣ <2m
0 alsewhere

 م عد.2
f, ٠(٣, )ب جنب= مدة

2m'
THi indepandent وi و عم of the anglev , which means that random variable

R, ٧ are statlstlcally Independent. We may thus express fم . (r, ( ب as the
product of f'(r) and f,(٧). The random varable Is ب unifommly dlstrbuted insids
ths range 0 to 2%

1f٠(=5;٢
Thu6,

(5-75)

(6-76)

٢ د"ج,20٥
f ( ،٣=) ٦i« ( i ج ء

This pd} is called Rayleigh dlstributon. Let  =ن٣/٥
f(ن=٥( f٨()

Then, we may rewrite Rayleigh dIstribution as
 اأن

f( e =)ن ا ] مساء، >ن0
The peak occurs at =1 and is egual to 0,607 . Unlike Gaussian dlstribution, the
Rayeigh dlstrlbuton is zer for negative values of , i.6., ٣(t) can assume only
positlve values.
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٩٧و3

Flg. (5.21) Raylolgh dlstrbution

٤x 5.5
A sample fnctlon ±(t) = Aco٥2rf'2+n(t), were n(t) is namowband noiss

FInd the pdf dlstrbuton
Solution

(,٥3-٥n. (5aingا 
2()=٨,()cos 2rf' -n٥()sin 2rf'4 (5-77)

(٨=)(,٨+٨(,٤ (5-78)
Slnce n(t) Is Gausslan wth zero maan and varianco , then bot n,(t) and

M(t) are Gaussian and statstcally indepedent. Thus,

(5- 78)

(5- ٦٥)

(6-80)

(5-81)

4٥ز-)هو
1 2d٢٠8٦٠8٥..(0;٠ بج=» آه 2m

Let ٣(t) denote the envelope ot x(t) and w(t) denote lts phase,

ro-/oe} { ه+
8, 't8 أيمي]دمه-ه;(t)

The joint paf is given by
, )كد,ج'مءث

f e (و٣,٧ و=) ٦٥• 2ma
We cannot express this joint pdf fب.م (r,٧) as a productf,(r) f(),

becauوs of the temm ٣ cos . ب Hence, R and ٧ب are dependent random variables for
nonzero values of the amplltude A of the carrer.
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(5-82)

 أ=@٢٠.٠(٧٧٣٠
'2m إ/"مجج/. =، «،' م ')ثهل٦ و4ي وسد  ة

The integral in eqn. (5 - 81) is modified Bessel function of the first kind of
Z rم order

(5- 83)

(5- 84)

1 2٣
l(  )د=]٥ ع٧ بول

2m 0

 وها ك=+

٥ ي-،،، إي(,ةا.
Thيe i calledم Rleian distributlon

(5- 86)L٥t
 م

) =
a
 ي=٨
٥

f(u) = fم٣) )
 م.رثا.ء.-»٥٥ د

This is called nomellzed RIclan distributlon (Flg. 5.22). When a Is zero, the
Rician distrbutlon rduces to Reyleigh distributlon.

Mear =a and when a Is large i.6. A>> , the Rician distributlon reduces
t Gauesian.

$.8 Parton ot Nolae:
Taklng egn. (5 - 63) and notlng that n,(t) and n() are low pass woltages

wtoوe fuctuations are limited by the bandwidth of the bandpass noise, we multlply
both sides by cos at

(5-87)

(5 - 88)

n(٤)c0sa =n,(t)cos' aإ -()sin at cos a4
١f we retain only the LPF terms

1
٨(t)cos ] ابه =-n,(٤)

LAr 2
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 ا-0.4
 تا ون

0.2

(١ 3

t.1

Fig. (5.22) Rlelan dlstribution

Wa know that
1 ٠'[/()cosat]=-[٤(٥ +)به+٤(a-به )]
2

We also know from qn. (4- 88)
١F,(ن: ر Lim=ل,)نه( 

T٢ د'
Therefore, taking Fourer transform of both sides of eqn. (5 - 88)

15[M(cos [(), ا[إه-=5]٨
٣٣ 2

Using eqn. (5- 89),
1 ١ ]-٨ +ة(a+)٨-(a ,م,[)=٨ )ه(,

were M(e) is F[٨«)] and 8,() is £[ [٠ أ(,
Squaring both sides ٥4 (5 - 91) and uslng the fommat of (5- 90),

,, ,M,() , م"ا ي. [,(e-ر +N, (e +  ه ر
 ب{3ر]ر ر لا]

P٤٢٥-tرس T٢ سهب

(5- 89)

(5 - ٥0)

(5-91)

(5-92)

Noting that the average of the cross product N,(o-a) N, (0+ a,)
represents the product of Fourier transfom of two random signals, i.e., the Fourier
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transfom of their convolution. Such convolution is zero for they are uncorrelated.
Thus, using 6qn. (5 - 90), eqn. (5- 92) becomes

S,, ( ( ا[)هS,(a+93-5)+(o-a),$]= )ه ا
LPF ue

Similary, multiplying (5 - 63) by sinat for both sides and following the
Same procedure

S.(«) ( ا[)هS,(a+94-5)+(a-a),]= ا
LPF LPF

Thus,
S.,(ه )=S,(a)=[S,(a-ة )+S,(a+ه )]\

LA
(5- 95)

This is illustrated in Fig. (5.23)
If e calا the area of each fank A, then the area under S,(o) =2٨. AlSo,

te area under S,(ه -a) is 2A4 ard the area under S,(a+ ( ة is 2A. Thus, the
area under S,(0+a)+S,(ة-ة ) is 4A wtich is 2A4 under the central fark and
٨ for each fank. The LPF retains only the area under the central fank. Wو tus
 م8ع

Aleo,

٨/)(=٨)({ ا
٥P٣ boLR

=n٤() \
bمfrLMF

=٨() [
beforeLPF

(5- 96)

} ]
٨()/ =-n}() \ +-n3 ( ا=٨)(\(97-5

Ar 2 bوaL P٣اoe ع2 من bgaج LAF

Eqn. (5 - 96) can be interpreted by saying that n,(), n(4), n(t) all have the
mmec. Eqn. (5 -97) can be interpreted by saying that the noise pwer afer LPFع 
. 1 ٠ 1iو - te in-phase power and - the quadrature power before LPF.

2 2
lt is also cear that the noise power is equally divided between the in-phase

component and the quadrature component. This is due to the random nature cf
rpoise which tends to distribute the noise components over both cosine ard sine
tems equally, since n,(t) and n(t) are statistically independent and orthogonal.
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 )نه(,ى

 ا ل لا ا لا(

2a- إ»-40إ.2

S,( ( -ه ه

G
-2 ه»-00ن2 ه ا حخا

3,(a+ه )

٨ لى ١2٠ ا
-2 به»-٥ ه ربات و

،,(- «) +S,( ( ه+ هه

٨ ا لا(» .-2 ن»-0 نه إ@ت ر  س ح

S,(ا)ه =S,() ١ ا '

 لا ذ١

 ي ع2a-0-0 به بات و

FIg. (5.23) In-hase and quadrature noise spectral denslties tor bandpass noise
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n(t)= n,(t)cos 04 -n (t)sin at
Hence

While

Or

()n8-+(٤){n'(t)=-n[ =إ
2 2

n}()=n3()
S,0 +٢٠)+S,٧-٢٠)

5 إ»5.0/'-, فبزة-
0 elsewhere

/s0.«إ+# s-}ي. 
LPF LAF LPF

(5- 98)

(5- 99)

(5-100)

(5 101)

The multiplication of n(t) by cos21't eqn. (5 - 88), and multiplicaton by
sin 2r-t can be reresented by an analyzer (Fig. 5.24a), wtile the canonical equation
of fomming the bandpass noise can be represented by a sythesizer (Fig. 5. 24b).

Ex 5.6
For an ideal BPF, consider white Gaussian noise. Find the in-phase ard

quadratre PSD and autocorrelation and the total noise power
Soluton
S.,0)\ =S,Gf)\ show in Fig. (5.25)

cAF '9 p

From egn. (5 - 67),
R,()=2kTB sinc(2B T)cos 2mfT

From egn. (5 - 38), noting that the height here forS, or is ي,5 kT notkT/2,
R,()=R,,()=2kTB sinc@28r) (5-102)

٠٤٠٠T ٠٠٠The total noise in the output isx4B = 2kTB. The noise power in the in-phase
2

coponent or the quadrature component after LPF is also 2KTB . This is in agreemnent
wth ean (5 - 96). From eqn. (5 - 97), i2(٤) is kTB from the in-phase component and
ETB from the quadrature component.

lf one component is missing by considering only the in-phase comporent for
example, we get only half the noise i.e. kTB. This is the case of what is known as
coherent or synchronous detection, wich is superior to any other from of detector
because it picks up only half the noise output.
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'2 )ا(,«-١

(a)
٨-١(4)

 وى

sin t2if)

n,()

»٥(t)

»(t) (b)

sin(2Rf)

Flg. (5.24) Extractlon and generatlon of the in-phase and
quadrature noise outputs of BPF

a) analyzer b)synthesizer

5.7 FIgures o4 Merit:
One of the mast important figures of merit in communicatlon is signal to noise

ratio (S/N or SNR). lt measures the signal power to noise power. For a weak signal
S/N can become especially important, for if S/N falls below1, then the signal in
buried is noise.

lt might be tempting to think that to remedy this situation the signal is could
be inputted to an amplifier to bring up the signal amplltude. But this thinking is false
because the amplifier will bring up the signal amplitude and the input noise as well.
Not only that, but the amplifier being an electronic device will add up noise of its
own (called excess noise) causing the noise in the output to exceed the amplified
input noise. Thus, the S/N will be degraded.

GS,S/N] =٥ GN,4+,
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-f

S.٧١/

-B

0

8

٨

٢

٢

Fig. (5.25) PSD forn(),n,(), r٥(t)

s,

N,

Fig. (5.26) S/N calculation

G5,

GN,

8,

S, ،=  د ،,٨,,٨(5-103)
GN,

where N, is the input noise power and N, is the excess noise. Defining the
noiee fgure F

S/N] MF=-5104)ا>ع+ا=مه )S/N' GN,
٥

Noise figure measures the amount of degradation of S/N. lt is always>1.
We may define
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N, = kT,B

M٠٤rBد 

G •

(5 105)

(5-- 106)

where T, is excess temperature, which measures the activation of excess
noise in the amplifier referred to the input. Thus, en. (5 - 104) becomes

F=107)ولآر )
٢

Ex5.7
١f the noise output in the analyzer is considered only as the in - phase

component, find the output noise power. What is the pdf for n, , nم ?
Solution

From eqn. (5- 87), n() (),n±= ا
 م2

N =n}()= 'n}()='٨, (5108)
4 4

We should note that the signal m(t) is also multiplied bycosat, then the
 ه{{

output signal power is (m()cos ( اه =-m'()=-S,
2 2

kTBا ....Since n}(t) is2kTB , then the output noise power is x2kTB=
4 2

Thus, S/N is

(22s,/N,(51o٥أ
٨,/4 '

Comparing this result with that in Ex 5.6, in the present example we have
totally removed the quadrature component whereas in the previous example both
components are present and the total noise power is merely divided beteen two
modes. This shows the power of coherent detector in reducing the noise output.
We note

1٠-)(6 'م'م-،ه=)
c m

(5- 110)

where 6'n,()= 2kTB
However, the two Gaussian random variables are uncorrelated, hence,
independent although they have the sameG.
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Fig. (5.27) Baseband transmission

-2cas (mt ه4 ,/cos  ه4

 ابل وبط
Transmituer Channel

 هل
Synchronous detector (receiver)

Fig. (5.28) DSBSC transmission

5.8 AM Detection:
Consider first baseband transmission (Fig. 5.27). The LPF at the beginning limits
the bandwidth of the input signal. The baseband signal m(r) is assumed to be zero
mean wide stationary signal whose band is limited to B. For the passive nature of
the link components

S,=S, (5-١11)
Neglecting excess noise and assuming ideal resistors so that the noise at

the output comes from the channel.

N,=٨,=2 ( 83&ر ومرs,(4r=2112-5) آ
 ه2

 رغي(5113)
N KTB

Thus, y is a measure of the tansmitted power and is a reference against
wich the perfomance of other detection systems is rated.

Consider now DSBSC (Fig. 5.28). The signal at the modulator
input-/2 m(t) cos a,ا +n(t), where n(r) is the bandpass channel noise.

s-[-دم,F-٦»٢٩
Because n(t) is bandpass noise at , ة we can express it in canonical fomm.

Thus,
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m()+n,()[cos إ.ة(5115) a4-n@)sin2ر,)(=/ 
where the signal is multiplied by-/2cos a,t, which is the case of

synchronous detector, then low pass filtered
١y()=m()+م n() (5116)
2

S,=m'()=S, (5117)
I kTإ١ Mم =- m'(t)=-N, =-xx4B (5118)

2 2 2 2
=KTB (5-119)

Thus,

(s120)رءإدفى 
٨, kTB

Thus, for the same transmitted power at the demodulator input the S/N at the
demodulator output is the same as that for baseband and the bandwidth requirement
is the same as that for baseband. Thus, DSBSC has all advantages for AM
transmission without carrier power loss, yet same merits of baseband.

We should note from eqns. (5- 117) and (5- 118) that
$٠_ $ 2s,

 د د دم

٨٠ ه)8,٨
Thus, the synchronous detector improves S/M in DSBSC by a factor of2. This

improvement comes about from the fact that the coherent (synchronous) detector
rejects the out of phase (quadrature) noise component in the input noise thereby
halving the mean square noise power.

For synchronous demodulation of DSBLC, this is identical to DSBSC but now
we have a carrier. The received signal is ,/2[A+ m()]cos at . When this is multiplied
by cos 2/ه at , the demodulated output is m(t)

S, =m() (5122)
The output noise is exactly as in DSBSC eqn. (5- 119),

M, =kTB (5-123)
The received signal has input power

}Mg+٨('[g2دمم م 
، 2

=[٨+m@]
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،

= ٨٦ +m"(t)+2A m(r)
For signals wit zero mean

S, =A4 +m4()
،

S, ٨@S, m2@) S,
 د د د ،

N TB S, A2+m() KTB
Using eqn. (5- 20)

S m()  ع{
٨٩,٨+m()

(5- 124)

(5- 125)

(5- 126)

Let the maximum value of m(t) bem. For maximumS/N, A=m
S, y=ات ,'M٨ ، سه  د ب

m
٥٤ ±ي(5127

8, 2
Thus, S,/ N for DSB-LC is at best half that for DSBSC. For sinusoidal m(t), we fnd

S,/M=y/3 (5128)

Ex 5.8
١n DSBSC system, f =500kHz, m(t) has unifom PSD and band limited to

4kHz. The modulated signal is transmitted over a distortionless channel with
S, =1/(o" +a4), a=10% m. THe useful signal power at the receiver input is 1uW . The
received signal is bandpass fltered, multiplied by 2cos 0t and low pass fltered.
DetemmineS/ N.
Soluton

١f te received signal isk m(t)cos a4, the demodulator input is
[k m(t) +n,(t)]cos a4-n,(t)sin at. When multiplying by 2cos at and low pass
fltered, the output is S(t)+n,(t) =k m(٥) +n,(t)

(5 127)

Hence , S, =k4 m'() (5 129)

(5-- 130)M =n}()
The power of the received signal k m(t)cos a,t is 1 W ر
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(5 131)

(5 132)

k M"@)  ي -م\٥
 د

2
S =2x10W

504000 ]
Nم =n(٥)=2 df أ

"6ooof4 +aه% 
2٩xs000o0  ر1

=[ do)
m 2rx496oo "a+ ن

2x5040o0٥نر]
= tan' [

TTd d 2٨7496000

From

(5 133)

= 8.25x1٥-"%

242x0'  بي2! ء33.8348=
٨ 8.25x10-

Now for envelope detection, assume the received signal to
be[A +m()]cos .t ة The demodulator input isy,(t)=[A4+m(t)]cos a١ +n(r). Thus,

(n()sin at n,()]cos -ا.5131) a(+٥)m+بر٨,)(=[ 
The desired signal at the demodulator input is[A +m()]cos . ة1 Thus, for m(r)=0

(5132)')(٨+mg] _Aج٨+٩_[ ،

، 2 2
T٥ find the envelope ofy,(t), we rewrite

y,(0)= E,()cosla.4+6,()]

٤ب-»٠أ٨٠٠٨٨٠,, ٣@٠»;
Where E,(t) is the envelope detector output signal. We may now distinguish
between two cases:

a) Low noise case [A4+m@t)]>> n(), n(), n,(t)
(5 134)E,(t)- A+m(٧) +n,(t)

(5- 135)

(5- 136)

The DC component A of the envelope detector output E, is blocked by a
capacitor yielding m(t) as the useful signal and n,(t) as noise

،

S,=m'()
, =n}() =2kTB
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S m"() S,
 ، د

N٥ 2KT8 S,

m1() S,
 د

@]٨+٨![krB-ة 
2

m'(t) S,
،،

٨42+m() KTB
m() S,= (5-137)

٨3 +٨2() kTB
which is identical to eqn (5 - 126) for synchronous detector. Therefore for

AM wten noise is small, the perfomance of the ervelope detector is identical to
that of the synchronous detector. For large noise ase n()>> A +m() (Fig. 5.29)
Hence, n,(t) andn(t) >> A+m(t).

E,0-/f==O+»,OO} +»;o (s1aa)
(5 139)

(5 140)

( 141)

(5 142)
(5 143)

(5 144)

(6 145)

=.١n}()+n} +2n,()[A+mGr)]

 »٠»٥-٨6-;ب
e.«--ا%م"أدس n,()
٨,(0)= E,()cos[8,()]
n()=E,()sin[8.()]
٤«=E!0=5E.0[+Mlase.«

e.03,ر L ٠] د٣ب{ksee.c م ه+ E,()

(5 146)

(5 147)

Since E,(t)>> ٨+m(t)

٨-+m١٥6«=E.«/١+4:%" (),o/E. ومه ه
= E,()+[A+m()]cos 8,()
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n()

Fig. (5.29) Phasor diagram for snvelope detector-Large noise case

a8

45"

0

(a)

y

 د رو(
٨,

(b)

Y

Fig. (5.30) S/N for Am detection
a) synchronous detector b) envelope detector

The output contains no tem proportional tom(t). The signal m(t)cos 0,(t)
represents m(t) multiplied a time varying function (noise signal cos 0,(t)), hence is
of no use is recovering m(t). ln the previous case, the output signal, contained a
temm of the fom am(t), where a is a constant. Furthermore, the output noise is
additive, even for envelope detection with small noise. Here, the noise is
multiplicative. ln this situation, the useful signal is a badly mutilated. This is called
the threshold phenomenon, when the signal quality at the output undergoes rapid
deterioration when the input noise increases beyond a certain level when ydrops
below a certain value. From Fig. (5.30b), the threshold effect is cleary seen when
y-0إ or less
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Ex. 5.9
Find at م threshold in tone modulated AM with mOdulation index 100%, if

the onset of threshold occurs when E, >A, with probability 1%, where E, is the
noiae envelope.
Soluton

We note thatE, = ,[R?@م?@, and both ,() and n,() are Gaussian
withc}. Hence, E, has a Rayleigh pdf

f.(E.)=, -eعاث ' E,>0 (5148)
C

.P(E ه 2 ,٨a:E آدر ب اء-ه
٨ C

= -ج٨/٦ :ه-0.01
٨1 /2} =4.605

The variance 2 of bandpass noise =2kTB
٨٩ = 4.605

4ETB
For tone modulation of 100% index of modulation

m(t) = ٨Acos ( ا+6,8)
٨3+0.5A _3A)(m+4ي٩ 

 د دي د

2 2 4
S, 3٨°===]3.2

/ HTB 4kTB

= 12.4dB

(5 149)

(5 150)
(5 151)

(5 152)

Ex 5.10
Show that the maximum improvement in SN in AM for sinusoidal

modulation is 2/3 and S,/Nج =m} Sم /N, where S,/ N, is the carrier to noise
matio with maximum Sم /Nج =S/N,
Soluton
We see from eqn. (5- 135),

S, =m2(t)

Nج = n()=N,
From eqn. (5- 132),

142



] [
S, =٨4 +m'(t)

2 2
Thus,

S_ 2»'0) S,
،،

M, ٨٩+٨)('٨,
For sinusoidal modulation, m(t)=m, Acos a,,ta m

$,_ 2m? S,
٨٨ 2+n; N,

The maximum improvement is 2/3 when m, =1. Sometimes, it is convenient to
refer the output S/N to carrier to noise ratio (CNR) at the output of the
Note S, = ٨2/2, ,= N, at the output the IF amplifier

S _ m'@) $
، ،،

(5 153)

٨,٨, SA
n'g $

 د

٨٩/2 N
For sinusoidal modulation with modulation index m,

S, S,
 {م=

٨٠·٨
The maximum Sم / Nم is

S٠/٨٠/ =S/ ٨, أج
4kTB""به 

(5 154)

(5- 155)

Ex 5.11
. S S SShow that for AM modulation "=2 where represents the S/N of

٨٨٨, N,
the signal in the modulated form-not the baseband S/N just at the input of the
envelope detector.
Solution

v,(t)=V,(1+m,sin a_1)sin a,1
where m, is the modulation index

v ()=٧ [+m,sin [, ه sin'  ه

(5- 156)
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»«
 و
 يم

 ج ه ب.

0  إر+٢

 حo» ب
 وما بة
o د
=

0

Signal noise

 رود م

Flg. (5.31) Division of noise PSD into delta functons

1+2m,sin]٢-=(){v أ {m+ ة4 sin a,ا 
2

s12 [فم،/:,إ-٥· 2
The uسaeful signal power is

(Y; (5-1sa}5ى. 
 ن4

The eflىه output voltage from the enwelope detector is the modulation signal
7()=m,7sin ( اية(5159

(v? 2 ء =,ى ?م5160%)
Assuming the input noise having a unifom spectral distribution, we can divide the
spectnum into delta functions &f wide (Fig. 5.31).

s. ٥ د4 عد
v.()=٧٠.cos[2r(f,4+م .Y+8.]

(6 161)

(5 162)
wtore , &ي is te soparation from the center frequency

r4 ى2 عر=٤:"(v.@o د ي (5163)
2 2

As tends 4ي to0, all nise components cover the IF bandwidth of 2B
continuously
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sM"لا٤ /aه د در .و٨'٨ 

4kTB4N,
(5 165)

]
where P=v(t)=-٧٩ (5166)

2
is the average carrier power

To obtain the output noise power of the detector, each noise component
v,(t) within the bandwidth will appear as a modulation signal for the carier

٧ .
v.= sin اه٧s.\١ م»'+ ٧( ه٢(5167

The noise voltage in the envelope appars as output noise
n,(t)=7, cos a,4

The noise power 5N, in a bandwidth Af is
y2

2 جله==kT4 ك
(5- 168)

»2umه r.-"٨ لأ'ث
 د د ،ر وي".«٧٤ .ومر/'«٢

M 2 4kTB
m, P
،

2kTB
Using 6qn. (5 - 171) and eqn. (5 - 165),

، رء ذو

٥dr,ie N٨ ج ه
dc mdulauor demd uauor

(5 169)

(6- 170)

(5 17٩)

(5 172)

The improvement at the detector is clear from eqns. (5 - 158) and (5- 160)
· ٠٠٠٠٠ 1, ١ m?since in AM, the power is divided as -Vx1 and -٧4x2 (for two side bands)

2 2 4
· . ١whereas for the modulated signal the power is-٧2 2• ه.{٨

5.9 FM Detection:
An FM system is shown (Fig. 5.32)
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Fig. (5.32) FM system

n()

a(t) ٨ ٨(t)

FIg. (5.33) Phasor diagram for noise in FM

At te discriminator input
)(t) = Acos Bى,) 

=٨ ادمه إ.ه,++»«]o4 اء(173-5

The discriminator output is proportional to the difference between the
instantaneous frequency of s,(t) and the carrier frequency

d٥0t
(m ,0 .ه-"مم±==k ر5-174) dtه 

S =s}()=k} m@) (5-175)
Next, we turn to calculating te mean output noise power in the presence of

an unmodulated carrier.
٨ cos aإ +n,(t)=٨ cos a2 +n,()cos aا -»()sin ut

= r()cos[a.t -a()]
Thus, the addition of noise introduces both amplitude noise in r(t) and

phase noie ina(). ln the case of AM, we are interested in the effects ofr(t), but in
the FM case we may assume amplitude limiting and look into a(t) only.

(5- 176)

n, (t)
a(t)= tan-'٤

٨ +n,(١)
Assuming that noise is small, i.e. n,(ا ), n() <<A

)(r@(ر٣ c([)tan - ه
A ٨
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 ٦ا
S.(ه )

•0  ل؟ا٠
(a)

 ملخ
Fig. ( 5.34) -nput ا Output PSD of noise in FM

a) input b) output

(b)

The discriminator output is proportional to
instantaneous frequency and the carier freduency

dct 1 dn,@="ا-ي «)]dr 2dr
1 (),,S ا)(2 =S, (o)/Hى 

 ه٨'

the difference between the

(5 179)

(5 180)

where [H( corresponding "ا)ن= شه to time differentiation

S,() (),S فم= (5181)
« A '٩

Thus, the spectral components at the higher frequencies are emphasized
becaus of the differentiation. The bandwidth of the discriminator output is limited
by a LPF whose cut off frequency is . ية

 لآر(,ى(5182)
2

S,(6) =kT (5 183)

S,(a) kT م= (٥ ف(5184
Aن 

For white noise spectral density at the discriminator input, the output noise
spectral density is parabolic (Fig. 5.34).

١47



2 وه
Nج =n2(t)=KT [ a"

2nA  ه
KT a?

 ج

3m 44

(5 185)

( 186)

s,=»5187)ر )
We see from eqn. (5 - 185) that the noise power is inversely proportional to

the mean carrier power in FM. This effect of decease in the output noise power as
carier power increass is called noise quieting. From ean. (5 - 186),

Sر.و ,,K}»'@
N ك=3A' ر ;KT6 بم

The peak frequency deviation is proportional to k, for the wide band case,
the bandwidth increases in proportion to k,. For wide band FM, we conclude that
the output S/N increases as the square of bandwidth. ln particular, when m(t) is
sinusoidal

(5 188)

m(t) = acos  اجة
a ر k=&نه 

(5 189)
(5- 190)

(3r4 ()"  ب ربع صه ر_هك رو5198،5)

N, ;kTa ة2
For a comparison beteen FM and AM, let the modulation be sinusoidal in

both case, and let us define the mean square noise at the IF for AM case
(٠2٤Tr 7٢2٨ ,مkT -ه5192) mد- ر د)ع ح 

2m m -ه2٥

But s45193)أ )
2

4aع و 

 ,ة

4S./8، = { عز
m

En. (5- 190) becomes
 د ؟ك5١ د5 و

N ٣ N,
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(5 195)
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Fig. (5.35) S/N for wideband FM

nder the most favorable conditions in AM when the modulation index
is 100%, from eqn. (5 - 155),

 رءد3 رءددم(5197)
N N م بم ( ع@

From this, we conclude that the output S/N in FM can be made higher than
in AM by increasing 8. The factor 38 is the noise quieting factor. But we have
derived this expression for low noise. As we increases [ the bandwidth is
increased. The FM system provides an improvement at the expense of bandwidth.
Also we note that as the bandwidth increases more noise is invited, but the
quieting effect overrides this noise increase. For example, whenB =5, the output
FM S/N is 75times that of an equivalent AM system, but the bandwidth required
is 8 times larger. Thus, the use of FM allows us to exchange bandwidth for S/N.
To realize S/N improvement in FM over AM, we must haveB >1/30.577. This
condition is the transition point between NBFM and WBFM. Thus, NBFM provides
no S/N improvement over AM. The exchange of bandwidth for S/N in FM cannot
be continued indefinitely. Since the noise power increases with increased receiver
bandwidth, the noise power in a real system eventually becomes comparable to
the signal power, and the results of the above analysis no longer holds. As the

149



rise power becomes larger in angle modulation, the phase variation of the noise
takes over and the perfomance of the system becomes very poor. This is called
threshold effect. Fig. (5.35) shows S/N for FM.

Ex. 5.12
Obtain S/N for PM and compare it with that of AM for sinusoidal case at

meximum modulation index.
Soluton

s,() =Acosla.4 +k,m(t)]
sج (t) = 8(t)-at=k,m()

Refemring to Fig. (5.33), for small noise
n, (t)

&(t) =n(t)
A

1S,,(a) =-,,(a)Aه 

={2n ه1 kT إ da
23 ٥ A

n7 , ة
2 د

m4°
'@(K? m"روي)( ج_٨ 
 د ، ،

N )?n ة kTa0 ي

For sinusoidal case,
 "ح

m'(t)=
2

A8 =ak,

 وي4 ث(٨١?
!M د د ""mmE س ة

Compared to AM for 100% modulation using eqn. (5 - 155),
 روي ه(=e ?ر ?روه(غذ يد ر

M ,N بة N ( مع@
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(5 204)

(5 205)

(5- 206)
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5.10 Preemphasis - Deemphasis:
For FM broadcasting, it is found that signals arising from speech and music

have most of the energy at the lower freuencies. The output of the FM modulator
however, has a parabolic PSD (en. 5 - 184). Therefore, the PSD of noise output is
largest in the freuency range when the signal PSD is smallest, i.e., at high
frequencies. This results in an inefficient system. We need, therefore, to emphasize
the high frequency in the input signal at the transmitter before noise is introduced. At
the output of the FM demodulator in the receiver, the inverse operation is perfommed to
deemphasize the high frequency components. Thus, the signal spectrum is restored to
its original shape. But the noise which was added after the preemphasis process is
now reduced because of the deemphasis. The preemphasis at the transmitter must
have [H()ا ' = " which means that we ned a filter whose transfer function is
constant for low frequencies and behaves like a differentiator at high frequencies as in
Fig. (5.36). A reasonable choice for f, =a/2m is usually the frequency at which the
signal PSD drops by3dB, while f, =a2ج/ r is well above the highest audio frequency
to be transmitted. We see that noise behave as white noise beyond u, due to
deemphasis. We want to see now how much improvement in S/N we gain due to
preemphasis - deemphasis. Assume that the two networks are chosen propery, so
that there will be no net change in the signal. The noise PSD is decreased by the
transfer function of the deemphasis.

 _نه

N; = ()s أي ()H ا ( اه(2095
2m ٥ "

where from eqn. (5- 184)
kT'S (d)=

٨ A4

1H(210-5)=ن( )
1+jا /  aز

٥HT أ , ه  إ(.أ إ=-+» يي هه
0

Without deemphasis
٤T ]=N ه ' ه da

mA- ٥

(5 211)

(5 212)
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(a)

 اH )نه(

(b)

(c)

a =1/R,C 0

a =1/R,C a 4

 اH )ه(

in ب· مع dB

٠ 1. 0

RC/1=به 
a a لة

Beforg daomphasisي 
 ر٥

 ن
0

FIg. (5.36) Premphasis - Deamphasis
a) preemphasis b) deemphasis c) noise PSD after deemphasis

20

16

12
٢(aB)

8

4

 ا به/ه10

(5- 213)

Fig. (5.37) S/N improvement using deemphasis
Defining the improvement factor T

N 1 ] ك( ه/ه)
N} 3 -( به/ه) ta"(a / ( ة

This is shown in Fig. (5.37). ١t represents increases in S/N without any
required increase in the transmitted power.
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Problems

1. ٤(t) And y() are zero mean random currents. When applied separately to
1£2 resistor they dissipate 9W and IW of power respectively. When they
are both applied to the load simultaneously, the power is5W. What is the
correlation beteen k and Y?

2. Two independent random voltages have a uniform pdf given by

١ 2٧ = .f٧)٧٥ إ١
Find the pdf of their sum by fnding the characteristic function and its inverse.

3. Verity eqn. (5- 10).

4. A random signal in the form of a square wave is transmitted and received
buried in noise. Show that, we can measure the delay time by cross
correlating the received signal with a replica of the transmitted signal. Show
also that we can thus detect the transmitted signal even when buried in
noise. Use Matlab to illustrate the result.

5. A random process X(t) consists of a sinusoidal wave Acos(2r,t+8) and
white Gaussian noise, 0 is a unifomly distributed random variable from -m
tor. Obtain the autocorrelation function of the output, and the decorTelation
time. What do you conclude?

6. Deduce the equivalent noise bandwidth of a BPF whose transfer function is
triangular centered at ±f and extending to ±٥ around f.

7. Consider a band pass LCR filter shown
 إ

Find the PSD of the output, PSD ofn,, PSD ofn.

8. In the above problem find R,(r), R,() ٠2,,(r).
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9. Find R,(r) and S,(f) for each case, then compare and comment. Also find
the decorrelation time in each case of the following.
a) sinusoidal process of unit freauency and random phase.
b) random binary wave of unit symbol duration.
c) RCLPF fltered white noise.
d) deal bandpass filtered white noise.

10.١n a triangular BPF with white Gaussian noise, find the in - phase and
quadrature PSD and the autocorrelation for each and for the total noise.
What is the total noise power?

11.١n a DSBSC system, f =1000kHz, m() has uniform PSD and band limited
to 4kHz. The channel has white noise. The useful signal power at the
received input is 10uW . The signal is coherently detected. FindS/N.

12. Repeat the problem above if the signal is detected by an envelope detector.
What do you conclude?

13.A sinusoidal AM modulated signal has modulation index50%. Find S/M if
received by a synchronous detector and if received by an envelope detector.
What is the improvement in S/N before and after the detector?

14.١٨ FM, 8=5 fnd the improvement of S/N over AM, and show how the
bandwidth is traded for S/N improvement.

15. Forf = 15kHz, the preemphasis netork hasf, =2.1kHz. Find the
improvement inS/N.
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