





O3S o3 Jaseud) SN 356N g8 g 45 50 YY AS jal) e Jad (2-7) JSD g

| 4 gad il é Al asad ekl mr S Glas dic g, Mass ASy k Aalas Spring Gaals (e
=W iy e (Loaslilly ACH) Ao ganall 75 )40 Ao il i S 558 Y 95 A g
o ol iy Sy s e gaaall Japd 48 ja AL I JgaTs AialsD 5 g0 30 5 StaY!
N> i ga ) s Laie il LaalS A (M 48 ol 0D o o3 () 5Y) pnia g
(A3 BV S jall) i 3D e Gl (e sapall) A shiiall Jealy (6 a0 50 anll sty
Laghiall e i 698 sl bl pand saad g 4 el da 0 g3 el 1 5AVL a1 ey
O ddandla aa g1l 6 ABSH auingo 232y x (1) Jall daly aal dga ) Sy AN 55y (6 o
O docgili 45 el ilS 13 Jall ISy (S HM,) Ay 48 55 48 o 4 &) FaY) AS jadl 5a
Harmonic \a 4l i 4S 5ol JS& 068 (1 (2-1B) SN S 4 Light Cantitever Beam  agia 3 5l

Motion

e oSy LSy asksy LS Angusy Al 35 4S 5ol Jla pun gy (2-12,8) S8

-29 -



Free Simple Harmonic Oscillation _sad Hsusl]  i#) 61 cudsdif—)
Newt&r Mothed .5 g5 48 jhy Baagd) B8 g3l qudydal Gl.'u'L.J—‘
AW oo Wi S1s Gl AN (a3 ie g Iapunl LS8N 31 50 puain gy (2-2) AT

& 1 RS o Cum ST IV paiay (po Ao a5 iy k Alebae (53 ik i
rob a GSAY) 3V auay ie ol AES Jlan) pe ABS dad 3 Biai 8 g x Al

KA = DG crrererreeeeeiisierereraeasnseesssiesseaseneesessesnseessaranseseeeansnenaaans (2-1)
S F=mx o s S0 s o0 iy (SIS VY pany e A pandll g a) 15k
s—ad Gisd Ol ua gl y Fy = —kx ADWL L ey Gkl 6 Sl 5 gl of s
S nl A Vil i @iy Aglis o Fy o Gle 05 AL 5Ly mx = —F = —k.x
mx+kx=0 sl ibad,

LIPS r.LF c.b)

SN Ol i)

BB SIS SR ey (2-2) S8

mg

o gt m ABSH Ll 3€all Alske daniys

L S Xt @YX = O e, (2-2)
m

ORS J%_ Col S it ittt et e s e (2-3)

k g 1 J? 1 ‘/E g
v—=2 o f = =S s 2-4
m A 7, 2z X\m 27 VA e 2-4)
the natural s 3 gazbd) 2330 g4 @, ¢ Lo shiial ddalidl 4 5al) Dslas (2-3) Vstedd Kisiy
circuler frequency

Energy Method:a8h) a3, jhy haayll B8 510 Gudy 3 Gl:ﬁ.’u.ﬁ-u,a
rh 2ol Jopal) (SISl 3l el i il (2-2) JSAIL il deplaiall A
P.E) poiash At (K E) 3 B dills = (T Eje plaiall 4,10 Z3LLY

- 30 -



2
_-K_E=_]_.m\_)__._2 ,v=.;r=£- KE=-!-—m(-dL]
2 ¢ dt 2

 PE = T (totallv spring  force ):h' - mgx

1]

X
1
‘.P.E=I(mg + kx Yx — mgx =2—kx2
L]
2
T.E:l—m[£ +-1—kx2=const. ‘.'d(T'E =0
‘ 2 di 2 dt
d |1 P
—-—| —m x] + —k?*|=0,. —m|2xx +——k[2xx =0
dr | 2 2
wk | ] k » 2
mx+ k =0 x+ —x =20 x+w .x=20
m
o=  cps Lf.= X @z)
m 27 m

) (lGal ) gl Lbdaliah s ol Dabedd oty
s At Adalis Aslas oy X+ @2.x =0 Jasadl LSS 5 el) A< al Alae of Loy
P 5 sal e plal e Sy Adpnd) A gl A S jal) By A dp D

X=€.C080, .8 +C, SIM@,. Lo (2-5)

1y Agia 3 55 S Lenis 555 2 y90 Jl b cosat | sinant O US Oy A0 Cd iy, o Cum
Ol Sy Mk ant=27 OuSs Mhy @+ - @t =27 AR (e (5 59l Ga M Gasd Sy
Fiemal) pund) o3 e dall acias ) 5V 30 o x5 My =2/, Wil e 550 a3
el 33510 O aad Vgl g ¢ 1, sl B ANAS Laalad) S A Al Y oy il Jalasy
llaad Ot €, €, ol A Sl g ¢ (R) G W Bam ) Basilly 9ol Samy G pay 7, ) 5D
The Initial A5V g Rl o (61, Aa ghitall S jad A5V Gy ll ¢ Joy piN pasin 2-5)
oSSR o v oy ax=x, Fgal puall Qo) 05Ky (1=0) Ga 3 asic 4S5 Condition

(2-5) Adiadll i AR5 gD a3 Gapailyy ver o, puaall G0N Aoyl 5y Gl
' 1ol gy
x_=xa=c,.cosa1,,(0)+c,.sina;,,(0) .'.x0=01(1)+0 S X, =6

A0 Asladll 5y pum (b e ol o umnt (2-5) Aolaall Jualisy

-31-



xot)= ~c,0,.sn (@, 1)+ c,0,.c08 (w,.1)

oat =0 x, =¢c,0
A Aoladl i2-5) dblnal oy, 00 patsedly OF

LI ) W @-6)

x=x, cos{w, 1)+

—iC Adingy cos(w".r) e iy Lasal 5o 3a e 00Sh AN O (2-6) dlaall (e B
de ol e 3 dny sin(e, 1) e it SAY) ¢ Jally e el AES AASY Aal V!
o1 G M BN 2-30,b,0) SN 6 Uiy el (S el e (e JSy AN
g—iaiey (%0 4l W daia (e JS aang soladd (Sarr e ) e W00 ¢ A0SD dad 5V
(2-3¢) (ginidlly 4l (Say M5 (57, .0 Aoyl

-
L\ @ \t

Vet Y

BN ¢

P

X4 v
e )
or 1
W,
e T

(c)

Ay pgeny (1) oo @xo,% O ADWN puin g (2-30,5,0) S

(2-36) JS—ally a3 g As glaiall ALE) ALY Aad WV (g AN praa gy (2-30) SN (f Sy
t L}....aj.‘bxt:k._:lﬂl\ aal W G Al == (2-3¢) JSAN Laiy , (1) ,_',.«j!l,i On Akl Loy
wn

(2- S8 pinial) aesy o (2:6) Adlaall (3a pany 1 e sl die LN Aa WY alay) Se Cua

-32-



(2-3¢) JSAIL JBaad) ginidl aie LaS S HBLN ¢ e 3l dic 30,8)
JAgLaliih 4l Uslead pladl Jadh jpuds! ¢ 51 34,k

(2-4) Jssn

e daid B jyn Cua x, ASSY Aa W B oD 04 dssdl o gy 2-) JS
(1= 0) 5=} Lac, (o) N &daiill ) en The Angular Frequency of Vibration (a),,) s 4y 5
51—4:=x0.cosw,,.t Wlad) 5500 Slo 098 X, Aol ¥ By 53 04 Aniall Jaila o 2a

J_,—&Aul:m.uu_,s.“% Jlﬂhj@uﬁJmW\&ddﬂ‘@W‘&ﬁJ
Usladll 35900 e x

— x .
OB, = —Lsinw, !

VMLl 5 g0 e 19S5y OA,08 Osaial) diua gans A0S0 Aaf Y1 opons el

2
: aYal 2 X,
The Total Displacement=0 C = _|x ~ + [ __]
o

n

-1 ;a
the angle ( a ) -tan ®,.x,

AV Aobaall o x Al 5V (e oSy dlliyy
the amplitude (x ) =oc.cof{w,.t - @)

slBadle

e el (5 AV COS@, f pon anily Leaaal il 5 S ) L) (AN ey e
ccos(@,, .1 — @) pa aliS Lo Adagusy 488 55 4S 2 Aagill S sin w1

O 3= gy e iy 3560 pnll al el (5 bt 0 Aaiall Lo Ju (B Al A
Sl

O4,0C ugaiall ur osBD g5 o DY) a @ 4g g

-33 -~



i.mam | pluadl! ¢ ¢ 31 dpdit—-2
Anguler Motion of Siruple Pendur:m ehics Josisd dyof iff LS a0

ialj) dar ol Ghaed 13, (2-5) JSAL Ol Japual Jgaill 48 ga olls Ll (e daf
o ST ) WY g a gl S A el€D M 5o 2 Al G5 sk D)
Zpging gl 0 Apal) A8, AN Hpualll p3e a1,y 1,8 ADMRD (e msg 2l puia gl
ol 13 s BlaT¥) i A shinay il i S0 U1 3ad o6 shana D3 pe ol
Jaiall Jga pgjad 384 Guns 3y The Restoring Torque (4o s V) eta sind) A o 5a
> M,=mglsné :jgslo

(1)
o it (2-5) JS

T M=1,0 p5nB Ables L5 Al Gigs gl Gk
~mglsin@=10 ,:sin@=6 .1,.8+mglo=0 oI =m

.-.é+%§7"9=o .-.é+-f-e=o ................................. 2-7
cm = & : 1 18 rad,
L@, ] C.p.s. )fn 27 ] /sec
4B gals

itany Ac) diey Jadidl g elS S o 50 gy Bl dasgl) Jaill G20 dal W G pas das
ANy gl I jeadl dpa Qi Jaaidl Jaas 48 5a Al N Jyay o el 1aa gli 1 a0
sale) de Jans BlaW) (8 4 Slimny Jadal (b HalSH (M p oo solus ol il (Jade A5
Al g G 3 padny B J g
Compound Pendulum.S jad) 33— 3

05 siua g An) ) S el Jaailh elhae] dicy, S ) i) A8 ja gy (2-6) SO
gl Jans &8 Gl (B Jgais o5l 13n i 1 ya Jsnil & 5130 el W 450 ol gy 4ol

-34 -



Sl o Jany pela s (J oo Ash A dagsy &) jal 48 oy P I RSPEON S PRI PR
o a6 g glon GASH N 250 (9% Mgy 6 8 5 eaaadl (SELLYY GV jay ) g
LYY Alllagy phakall i ely )

RS

c.g

mg SN J st (2-6) S

som(r+ )0 =-mgho 8+

secC

) gh
L@, = c.ps S=—
" irgz +h? ' ' F @, gh

© 1 gh
=2 = HZ
7. 2r 2w \rl+ R’ (#z)

0 uaidl Jya pgel 38k e elo ) (W asey, 1,8 = S0 W o5 o Ly
LY M, =mghsin@=mght 1, = m(r: +h?)

Raduis of Gyration d3ays3al} 48 jall ki Ciuai ga r Cua
The Vibration Motyon of A body in Straight Line .asbiue J1s L7l S8y 48 a4

p—adl o) ALY 53a S Jaadliy Ay i VI RSl e bl gy (2-7a,6,c,d) J)
(2-7a,b,6) JE—2V1 (i & Fialh puuall Uadae 13 oW 4531 pa 4y gboaa 598y 43 58l it ) e
O} aall lgae§ 13 U il L 3 aay Joa £ b A4S je 2 el 6 ke dal )
Ao i ¢ Euae il Lo 5 a8 Daa Baine o e Ll B ko dal ) (2-7dg) JS2)
o e 5 all al5W) #3465 Restoring Force 4ela jinl 358 dllia 58 fialt ol 301 oy
NV Al 4l puiny i Ul Stable Equilibrium Gl () 39 gy N paall pla ) Jgla
A ghha Dy 23 55 Ll 3 s Aal 3 () auiad) g 5 13 Dby V) 58 538 3955 Wi il

-35-



mg

- (2-Ta) S . (2-To) S (2-6c) St

mg

(2-7d) JSi

"3

(2-7d,e) J8N
Db JiaT aela Y b gl
e it Jag fe @ladl el a5y VY i
(dasd) S 3 3el) e i Ga Bladl gl Ala i (Oaddl) &y 8 sl
s pha e Gl sl Ala i sikd) 3 g7
o I Gl Sy 4 ) 5V AS jal) Cigaad g 5 pualt el ga s OV 5 gm0
O shy il dayt i gy o8l ¢ Periodic 43,3 | Harmonic 3 gl die 433 ¥
Aal 5V g b yhe Lpliie Auela a3 il 4S5
i Goad palil b DS 3 puall @le Sy Tl S5lS0 ) el pa g (2-8) JSON
il ) Ailis puall o 13y ¢ adll Bolall ¥ sa ) 054 oa &5 2k Al

-36-



@9 @S

mg

LDl ooyl o sal) S ja Aolee 581 A pay S aid & 5 @ v, A de ju Ghely o 5W)
coe My dal Wy Ae pall e JS On ADMN XSy ) W aainy ey Al VLY Ac

oo |

mg

(2-10) JS

o hieadd ) Y pudag AMa i -

Atiee aal) )53 Aolae 3859 kA5 a8 D 28N 558 Ll A UGN & gaa 2ie
14y alaally
KA-mg =0 o SRR (2-9)
.Qﬁd)&@#\cﬂ)ﬁg@‘@éﬂﬁJA='z—g ADLD e A Aab ¥ aie dad oS Lebes
Y pudag Jied p, Al paad) dal ) o -
23598 Gl paia ol 13 A1 g Alladi 330 i i) o 5 53a0 (g gl (2-20) JSAN oy
LY bealadl pSy ky la ke il
AT AL Leie o pand] 4S AN dilas

ME-KAKY = Yeiiiiiiiiiiiii e e (2-10)
36D Al 35 (2-9), (2-10) OFllaal (a (g paillyy
SRV S MY oo ees e s nes e ennenan (2-11)

A Abteddly gie e y sl of Lagy

_37_



J'.m Yo

k(y: yé’] vy
e T I E e m 2-14
m[Z 2 2 2 ( )
Zhh.an;_»mul:ii)\.!lzhi.;l:SQSa_inalelgvch.JllDl;c..h_,'a(2-14)-'\.bLu!L,
(2-15) s llal)

v2 yl'

a'A2+-‘4—2=1 .......................................................................

(ORI AL agie sy (pele O ie b 4, 0 Cua

2
o= JE A= ’y: +(1°.] .................................................. (2-16)
m W

AT 5y gaall ledlaall g Zad Yy AN (2-73) Aslaal TS Boked Sy 2 el udis g

a=—mj\,y ............................................................................. (2-17)
(N gy oo g g Aar 0 a ¢ puall dal ) (o y Cua
1dala cilliad,

Lagmd a5 (5] ¢ Liliad puan )} Laged il Gpmadnga 32 93 4 A podly dal V1 D (e Jaadlm ]
Aa asasy y=A, y=-A Slangdd dia of g (2-16) Dolaad) i v=0 guingsy e yul
A ooy i1l y ) D e el oy daadly 4 andy O ki Guma gally (asia gl
Abas v o ol e v e

: Shsall o) ) gy Usa +A, oA on b g ) B el 213 o ol V= 07(47 - p?) o8

Ay 3 a1 A8 jally A8 jal e AV damy -A<y< 4 oY

Ol i gl 3 i n Al dad el ) Aaally da) W) ADIe e L Jaai2
W’Azaz-0’A Y PA,-0’A onlep 5 ) Lma, = 0’4

o Aal W arat Lavie L e pull daf ) e pudly dal Y1 ADLe (e g B g3
Opbde o g Sy v =ad Gy =0 sud 5T gy |l puadl (6 Lavic

-38 -



-wA £ v wAd
(bl o ¥ 50 lond) g 48 i5F Y1 38 e ) o VY gy (s
Ll (A0 pan i (2-17) skl Wiy (2-15) , (2-17) folaall Ay ADAe pusy (Sard
Aoy KDWY i (2-15) A L ¢ (2-11) JSAN LS piiene Jasny ity Gl ¥,
(2-12) J8ED 5 LS (alli adady By dad V1

a

iy |

amax. = anA w .;‘

’ y=4 .

Vmin, | hY s a,, =-0'4

(2-11) Jaib

v=v__ =ad
m&)\T

Ll
|
Jj
|

(2-12) 8l

Y = A Js¥ G diall e gall o a3 ghy pesadl Ao Clenia agu¥! i3 daghadll iy

Y A Gl s gall ia y = 0 Cua (fid) O VY aiage) 330 BaW 4 R33N 3 e 1l

AS ) S Al 5 pe agmyy = -4

sacball puaall 48 ja doli gV} Skl (puiihag) (e aa 55 ab gl e gall i A Jaa sy 5
Lty v= oy A7 -y 3Dally i sz loall 38 5ally ¢ ailgd puaall 45y duals 5 AV,
Lan gl puia gl Baal y A Leli Alandl Ll 4 vz —oogfA7— 7 ADWIL (B Aajlgd 1Sl

-39 -



Ot kel mai gl e sy (LTasal o W g} 315N S e O Ll (b Aaudi=6
1S Jr O painge e ASINT a3V pLadY Zeadl ge(puad) ol i gl i g)
il S 13 Ll o) = 0 sieall g ohad RHEY Aol il€ 1)) i g gty A2y, ) Leia

vO

A=22 AW o g daall i vy 59k ALY Ao yudl g heall (6 gbud ALY a0

TG DD Ll Jiaad JelSill y < juasall Jeaiy

‘ ¥
I + wdt = I _QB’_ .. twt =sin -1 [lj— sin _1[_‘)}_0J
5 4 4

AV AL Leie s a3l Aad W1 ADAe 485 iy

4 = sin”’ (y—;] R L R (2-19)
ALy S eyl e Joand o 38 uily 2 Y1 Junlityy sl gl 3 s 6 2 g
R

V= COS(@E+ Bervrenearrreresasesiesesssesasseessssssnesereeens (2-20)

AP Adaally LS ol e Juman o0 Rl Gl sl

a=f=—a" ASin(@ + @) -rcereremriniiiiniirininene, (2-21)

1380 g g 0ad) Gl Gy ABN-6

. P 2 . ] .

2055 &3 ) AS el o CUSY f=— ADally 5ol Gl 08 iy sl Da Y

£y =28 iy and lgsans 5 2608 (A 1, 5o T 580 1, = 2 2 S g
w

A AN Lgiad ) 0o el (Sary 53 A m o0 A0 AN o 2y Y1 AS 5D Y | skt
AL s A asd Y o) i o
y,=Asin(wt+¢)at t=0 . y, = Asin ()

at = 27 sy, = Asin [co,ﬁr—+¢]=Asin (2n +¢)= Asin (¢)
w, 10
at _Am . y,= Asin (47 +¢)= Asin ¢
@
at  t= n(27) oy, =Asin @Qnz +¢)= Asin (¢)
w

- 40 -



ISy ¢ = 27 G s 0 i) (s Lo S8 AW 0N s 332 71 (050 Lasic !
w
. (Angular Freguency) s 8 333 o 555 33 5l @, (ganssy Anall g Ae ol
Equivalent Spring Constant(k‘q_) LU Lol ol 2f oF
Springs Connected in Parallel g 3 gl Ao 4luala {Clilal) (a3 ils l:’tj-‘
S e keq_ (A Hadlsll Jales Etﬁ:\ul OSas 4ili san gl (s ol Fagllyc g =p cuilsy

Al
£ (LS '
= =
—
~ K K K;
;a ple—02>
+F X
(2-13) Jsab
x=%=%—=-§- wFE=R+F+F =kxthx+kx=k +k +k)x=k, x
1 2 3
k, =k +k+hy (2-22)

Oa Sl S 1 ASAD ekl Jetas a3l e Adiall ad o) 22 IS 13
k,, =Z}ki 2ADal

Springs connected in Series . g% $33 Ao duala (g o3l S 1~

:
-
]

L
K,
K
Ka

(2-14) JSei

- 41 -



: 3 ] 3
1 1 1 1 1
me—t—t—— K E e s 2—23
LR R R T @)
kl k? k3
A A (e 1,380 Gadid) ol lagd oSash n Nl o dliaial) Gl il sae IS 1Y
1
3T
=k,

Springs in Paralle! and Series Combination - 4B ¢l g (s o0 o dlais ol gl s 13‘—5

J

th
ks
kJ KJeq

s 3ty M Je el gl Jladt Lo phiall pude 5 (2-150)JS38 SIS Lo phaialt 225 SN

ol dalas (685 Qg g ol o Plaia by, ky Qlladil O} (2-750) 2aghidl (e B
oo Liad St by, ks Gadly ¢ by, =k b K ADRNL LS per gana 9a Lag) ,ilSAl
hpy =k, kg AL Lo iy Lind pee gane gt Lagd 8 Ll Jalas (590 i 3 50
Kpeq QLS Slalill o (9ST (2-755)  JEAN LS QS Lo pliie oz oS
B - PR T L O

LS Al o duagll ol cua dllyy da laiall ( SSal Galill Jolaa slon LSy elliy
BN PTy MR

kJ Ua".’mlj k]gq‘s

-42 -



:duols Ml
. (2-18) JSAI, Aigal da pluiall { S1SN anlill Jalae 22

v

F = Unite force
(2-16) JSA
N i 1y ¢ g Nl e otlalia k7,2 Sladall o) (2-76) S Apalt 4 glaiall e aaD
Gelas oV g k; e b Abbaa 2mdg ky OF o A8hus e kel dic 545 Unire Saa gl W Jaia F 3 g8
fY) A da gkl ig) { SIS il
of asd p Akl wie i 3,8 B2y o Jlic) aa

L (aib)'F Jacrs on spring A

Flacts on spring B

4G QDY agie yuay 4B Shaalill N5 igall 38 o5 Sl

F.b F.a
ren-(£8) . n-n-(14]

royl Al (oalal) Cpaill e JS) A SN e et Sy
Fbo _F A = Fa _F
ko T ka+b) K

- k,(a+b] B
N A e Leiund Say p Ak dic ANailY L

r

a
A =m+a;3ﬂ%—aj

tatbe g 8,4, 05 il

-43 -



Fb F.a* F.ab
Ap=gr o+ 7 2
k(@a+8) ka+d) k(a+b)

__F [ba+b) o adl_ _F ,Ta.b+b3-ab+£]
@+d'| k  k k| @l & k,
2 2
A, = F [E—J’—] .............................................................................. (2-24)
(a+b) k; k;

(2- dnal) pladinly P akedil cie AUELYH 4ad alag) (Sas AU Lgae dagi 4 Fa gl S VY
DN e e p il aie GV ) ALY 0 ¢ angl s gbas Foail cat€ 13 W 24)
il

1 a b
AP= |+ -
(a+b]' k: kl
A . o F . . . .
PN A peisd k=—A— Aall By gad il el Aoy

_F _F{a+b)

k, =
- Ap a2 b2
—_—
ky &k

(225 el A F =] e agas Byl Faad culS) M,
ALilGal) Sl plilal! 45 a0 Litlea slay Asb
Newton Method . LS all (5 gai iL,Jb;-}
pe Oo S (el Ol iy (BN (5505 g0 pladiialy Le daplaiad 48 ) Astas dland (Say
el A p e o Cum las Lagiggliss o Aaghiiall (e g2 ) gela Rl G ey oalSH
A8l CYotae aline OY 1ok o Bl G A dliaey Jlalal d pela ) e gl
Al Camaay 948 all BN (5ga sl plastuly A gy Lgale Jgeaadl O ¢ Cilephiidl! (e S0
Qe g Gy ph o A 45 b Jie g A1 Bob st (S Ay g AV AR ey Jle
AREIPN BRI FT RN
Energy Method .<3LAN 4& 42
LS b Gl stk (85 ¢ S5l lenuay Jsa Las dD (Al daphanall oY ) 4k
Al Aol
TE=PE+KE+DE= COSloooooioooooooooeeooeeeoeeeoeoee oo eereee s (2-26).
A8 jal &8l Potential Energy (P.E) goash 8l ¢ Total Energy (T.F) i<W Gl :

-44 -



Dissipation Energy (D.E) J\ai¥\ 48l Kinetic Energy (K.E)
A ARk Jualis 2 Adliadl 45 5l @ma‘ds%@muu o ghiidd A8 jall Alilaa SlaY
10 sl e Gl Qb OY @iy sheally L sl s a0 dailly
‘T .E = const ,.‘.%(T.E):O |

Ti0e JS A e a3k el
o B aiD s Jid Jee o sl 5500 Ll a1 g A g 500l QBN o jas:ABUAN—;
pati &l_,ﬂ D
Ciaci o 5 ¢ O (o Ao gliad 5501 s ) A3y 53 a2 g 2Ky S o) Lol
1Al AL dlly e yagg A6 jull 4 je (F puall ABS G pein Lala

KE-= -;—mv: [kg.[—?—]z} = [kg.sﬂz],m =Nm=joule.. ... ... (2-27)
ailad) Jlas o dmainge con sa b i ol pundl Lgand€s Al B8N o (PE) g gl dBU- G
Ua LS A i 3ie (0 g Wi il ob Ui Y1 s 0 Zeli )Y e o s )W)
1) poash G il S pm el Jahaall Jadl o Ll Liadill A8 ja dBlUs Gy aS (S g iat ol
MO0 JSAILLS (2) pam st B (

X,
v s
) (1)
(2~18) Jsa (2-17) Js
X3 x 2 2
W, =|F.ds= f-kxdx = _k[izz__ "71} = %kxf —%kxf = -%—kxz..(Z - 27)

o Lo puiny 0o puad) JEY die 5 6} L) Y (A pal dBUs ekl Jlaali-g
s gl I WY gl e AN (Pl B psnl B8l (4G 5) ¢ il auay

- 45 -



(K.E), +(P.E}, =(K.E), +(P.E),
KE~+PE=const
Aeagh A B 850 Jamag LI A5 a0 Q-
e Jga Bl gud (s pund) OlS s ¢ v 1o 508 Aylad Ao jon pusp Y QBN S e 505 1))
ASn AR + JUEY) AS Atk = KD AS el ATk ¢ 0sS Maie o W8 gl de ey Sl
St e

Total(K .E) = %—]a)z +%mv2 .................................................................... (2-28)

14000 5 ) puall o Wi Sa 4S ol Change of K E
1

» 3
The Rate of Change of K.E.zi[—mv2 +l]a)2} =lm[2vﬂ]+ —I-I[Z(uc—igj =
dr| 2 2 2 dr; 2 dt

=mfv+law= pv+Tw=The Work Done in Unit Time (2-29)
Aadaall dasll o £ g0 Aandl a @ ys
Strain or Dissipation Energy M35 g Jadh 48— g
SR EE R EEUSSWPPR POE-E N WY 5T OUET X B

D.E:-;—bcv2 =%c[i]2 ................................................... (2-30)

Damping Factor 13} Jde g4 ¢ Sua
Rayleigh s Method : ) ) &y -3
Constant Interchange s Jo5 o 45 fdie ADe 22 g3 Cus Al 4l shaid) L) 46 4k a5
daghidl ol de gaall ¥ 1 kg (K.E) AESY S jall Aty (P.E) Wl pada sl a8l (o 45U
(2-79) JSAN (sl Jasad) SulSaall 3150 (B




SEELYY ) W pam ge die i (g glud ALSH aua gl dBUs U Cyelic Motion 49553 48 a & oy
o— AN a5 e (r=0) dal W plany Sl The Static Equiibruim Position (s sl auia i)
.7 ISV TONPD P W - S .. L[ SRS e S R VIR P ¥ S U P SO
%ch2 = -;:k(o) =0
L oS 4S5 amall Aoy oY 48 a A8 el (g 5lud ALaalll 33 Xic The Total Energy (T.E)

PO s eoSa

TE=(KE), = %m(vm_ )y = %.m(im ) OO @-31)

SN N D IS T Conservation of Energy a8kll ¢liy 4,500 Wday PE =

Maximum Displacemen (xm“_) 4al ) u.-.aiﬁ o) ABST sl Lodie g 4y gall 4 jall gl
ot sV Maximum Amplitude (A ) 533 da (5 5las s

adasy b aie 48 jall Aie 4S5 Sllayy [;cjzo Zs)dieailiql_,mgsjil:ﬂi)&uelbm,
:L'_,!uﬂ saall (g s
1"T.E=-l-mv2 =]—m(0)=0
2 2

A ol ¢ puing Al eall (5 gl Wiall 330 2ie KN A8 () oS5 Allly

1
~TE=(PE)_ :%k.x:m_ =5.kA2 ....................................... (2-33)
gy (2-31) | (2-33) oiblaall e 03 1L LS £, 20 Aslas i) oSar 5585 Baulea
;o)
lm(ir )? )t =kt (2 -34)
2 Max . 2 max . 2 .......................................................

X=ASinw,! Al i ay el LSl Suall 56l asd) 486 Gl A8 jal o Lin i
Lsdic 3 oo &S jall dgladl Jag sl (g X =Acos@t DN 3y un e ol 585 Ml
paadi Bl g Adaall 338 dic lealadt s ALEH ¥ 1k de jull paai da) 3 oal) ic 43N S5
el (g L n iall 2SN LM g (ke S Al 530 e pun g Ak 4S5 48y 2L
pr—ai Lty ¢ oSabe ) (085 Aol i Ja il puin gl i AESH (5 4S5 Ladie Lty ain g 28l
ot O I Ul g gl Vim i g s pans Jly g o il g i a3y
Al s e dal ) puall aic Aol Gl @l g ¢ Jan idll auis gall dic A8 ja Ak uail

13l

X=@ Acoswl at x_ cosor=1 S Xmx =@, Acoswit =@, A.....(2-35)
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i) i (2-35) , (2-34)0aad) e i gailly

1 2 1
—m{w, A) =—k.A . mol=k
zm(a),, A) 3 mw’

. = 5. - | ' -
LW, T (c.p.s) ................................................... (2-36)
L, @, 1 |k _
S E 2r - 2N (HZ)....oooooce (2-37)

S A pull (595 (1) puagh die Cum (2-5) JSANL el Jaguall Jgaidl e ey Gt oay
A0S AU Ly il (g ghd g o Al 585 Hl y dotaia 31 30 da 5NV 595y (Sale
el ie el jaig Jaandt OY 15k e ) i (2) p gl ie LaAS ja Al eall 5 gl
de pSale i) gl il 4S5y AS jadl AU panis Sy (2) o) die 51 gy Aat )
o ikl 200 ) G dy el 338 i gy Bl aall (50l A0SH ANy (2) aae )
(2-7) Dbl e s Jamd Jgaidl A

Legrange s Equations g ¥ &alaa—4

Ly pam b o3y Lo daphiiad 45 pall Alilaa slag b G0 il jaY Aabee plasinl Koy

P g, Agagaadl Cilflaa byl

d o(K.E) _ﬂK.E.)_‘_ﬁ(P.E.)+0”(D.E.)=Q (2-138)
P T P

i KL

D.E.=-;—ci- ‘ @ajlmL@P.EF%kr’ . L,MI\S}JIM@K.EF%m(i)’
da Jydaghidl e s ipe Gagae Lplaigl A 0 ¢ Aaghidll dioand Al
ATl Adbadll 3 500 o a2 ¥ Aslaa LIS S0 Bl Jadladll Uil

AP
Jq,

L=KFE -PE : )&

Totall energy corresponding to simple harmonic motion__. Adasd] &uf] 42ll S sall ALlial| LY LBl
Loa shad iuaiy (2-20) JSANG LS 5 0 e e ¢ pon gl (1 b pocagall (e (5 50 & 505 1)
O milly x=Acos (ot+@) : Whall dic s x Hsas o ¢ bl iz 5l biws Jlia

140N Sl daalty 4yl
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x= ~Awsin(wt+¢) x=-A.o®.cosor+g)
2l DA Liad Qo o juny Tl

X=-wlx v+ @7 X=0.inie 1)
AS el Qs Aol A0S oSy (Mallyy ¢ Aap 43 05 28 s 16 52l A8 pad QL olinh Alad) e
QN AP 5 ) gn e

2
KE = %m[x] = %m[— Ao, sin{ox +¢)f = %mw’A’.sinz((w @) )
1

KE = kX’ i

> S O ROV 3)

Y

A X R
/ o

/‘

\

'Jr ) (2-20) Jsuh

AP Abbeall 3 5 geagle ST SN A0S Ky 5
TE=KE+PE.= -;—mwz.Az.sinz(aH+¢)+~lik.A2.cos’(ax-i-@'.)

k
vl = k=mo

m

2

~TE= -;—mcuzA2 sin *{ar +¢)+—;-mw2.A2 cos*(wt +¢)=

= %mszz[sin (et + ¢ )+ cos* (o +¢)]= -;—kA’(l) = %ka;i

1, 0
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uY\_).!:.Uc:La.a.nntg_)n_,d),;\]‘Mﬂ\e}&h&ﬁ“ﬁh&\a&m‘u}(4)ﬂdu‘L')a.};;
Galls gl lly e Aol paaBiy oSe b 8 058 x o f =4 die aaas gl Ak
Qs..i,a,..,ums‘@yujua,md‘m.,.}admuq.@muc.@,mudiL-,,s;

' 1

P.E = 4’ A s gaall e el 258
IS I SR FICPUPE TR -V JVEORPR WP R R DI I I PIOPPIR

a il AL,

A ADWIL ) e g x=0 o ! dal W aaaB Ladie ey el
x = 202 (A7 = 0) =20, Au.iec (6)
4l gals

il ol Sl sse g ) Gl sk g Lo sl Gl deles )
A Gl e b Mdghk=c/L Nthal/L Hs88n Ul ey L palidl Job o8 13l
Chaatio i ABSN (el Lieada g 135 Jasadt SlSoall 3 50 Al g LaS K dolas ali i
o s iy (2-278) JSAIL digaa) da glaially LeS (il i yh Cali &5 g aglill i
oY -ty il cul e Gua k=20 |, k=20/L o5 oY kyocd/0.5L |, kyocd/0.5L
Caatia b ANSH abad dms Legd oHSGT adill gl 9S8 ANl 338 8 6 ) el it el
okt LaS agt gana 9o il Via
kg =ky+k=2c/L+2c/L=4c/L=4k

JUa dxy ‘SJMMGAMFJJMUJ\MMUQSJ@U\&MUJ\
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dlglas dl%]
1- In the system shown in fig.(2-21a) , the spnng has a stiffness of 10 kgf/cm and the mass
weight of 20 kgf Find the natural frequency of the system , and if one mass is attached to mud-
point of one spring and the two ends of the spring are securely fixed as shown in fig (2-21b) ,
determine the natural tiequency of this system.

¢« 20 kgf A_LSH 5399 10 kgfom. el Jolas . (2-212 ) JSAL daia pall A plaial) 61
ol ales Gld pe Gl s Ciualie b ABSH il 13y ¢ Ao glaiall canalall 5o 50 an
Alad s3a 8 A ghiall el 0350 aa ) L (2-21b) JEI 8 LS

(2-21b) 5 (2-21a) S
(2-202)JS81L Qssall La phiiall Gy

c.p. H?
== £=§l‘]}201—9 o35y ©PS CHT)
2r¥m 27w\ <0001

(2-20b) JSEN Aigradl Ao plinall dpuslly
k, =k +k,=2k+2k=4k

-'-f,.:El_ [f1=51_ %lo)—z’l,l c.p.s (HT)
T\ m T
981

2-A 12 kgf body hung on the free end of the spring in the system as shown in fig.(2-21a) and
the time of period to the vibration motion of this body is 0.85 sec. , Determined the spring
stiffness and the time of period to the other body of 4.5 kgf when it is fixed at mid  point of this

spring as shown in fig.(2-21b).
O—a (2-20a) JS—3L ddnall daplaiall 4 LS (il jall Gl 6 Ble 12 kgf A3y paan—2
45 kgf aily A pun 350 dyio 5 iy Gl Jolaa 325l ¢ 0.85 sec. &) ¥l 3 sl
{(2-21b) JSAIL Agaall Lo ghaially LS il s Claalia b Culy Lavic
sdadl

k 2x 2r

W = [— t =—=0.85 =——=17739 cp.s
m, Pw o, 0.85 P

n
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vhk=wlm o k=(139) [9%] =067 kg | om.

(2-216) SN Ligall Lo gliial Al
o J‘— -
45/981 '
2r

g, F
o, 24]7

3-A harmonic motion is expressed as x=2.5 sin(10mt-n/3) where x is measured in cm. |, (t) in
seconds and the angle in radians, determine (a) the frequency and the period of motion, (b) the
maximum displacement, velocity and acceleration, (c¢) the displacement, velocity and acceleration
att=0.3 sec.

¢ iatt ol 8 Aa W 4 x Cus x =25 sin(10mt-n/3) Aoladly lgie uas 488 95 4S8 a3
—:aagl ¢ radians s Bl Gy dag) W de sl 0 @ ¢ AN e W (1)

Alse s de g dal ) el 1505 ey pradall a3 -

(0.3 sec)zia 5 i day Aaally dc jull y 4al Y7

—:dad

Sosd e My gasalall 20 GH slagy-1
cx= Xsin(lad-8)=25sn(10m -7/3) .. o=10x rad./sec

v f = 22 = 5(c.p.s) Sy =—= 1 = 0.2sec
/s

Alac 5 A juy 4ol geall Sa¥-
O b o laadl Aaladt e baslay) (Sarg das ol b Aal) el o Loy
X, =amplitude(A) =2 5cm.
= wX = (107)(2.5) = 78.5cm / sec”
a_ = X=(107)"(2.5/100) = 24.65m/ sec’
at t=0.3sec Aaally de jull 5 4a) 53 Sa¥—#
x = 255in[107(03) - 7 / 3] = 217cm.

y=x= [%](wn)cos[(] 07)03)- 7 /3] = -038m/ sec

LL] -—2'5 .
a=x= [—](103)2 sm[lO:r(O.B)-— n! 3] = -2139m/ sec’
100
4-A body of mass 40 gm. excuting simple harmonic motion. The force constant is equall to 600

dvne/cm. The motion is started by displacing the body 16 cm to the right of its equilibrium
position and imparting to it a velocity toward the right of 54cm/sec. Compute:-
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(2) the period , (b) the frequency , (c) the angular frequency , (d) the total cnergy , (e) the
amplitude , (f) the maximum velocity , (g) the maximum acceleration , (h) the phase angle , (j) the
coordinate , velocity , and acceleration at time n/{®after the start of mot:on

(ol Jatas) il 398 i€y (s.hom.) sy 4388 65 48 ja & a3l )ut “0. gm ABE puna—d
pasall o Tacly o 3TV puiage den e 16 Cm Al pesall Aad 3L b 48 jall 5 600 dyne/em
— a4l AD gas 54 cm/sec S Ao

w—al () ¢ dadl (e) ¢ AN AN () 55 2 () ¢ prndad 225 (B) ¢ B, e (a)
Ly aay t=m/f00 § i Alally e sully ZaV5VE () ¢ Lokl B g3 () ¢« e el (g)
‘ A4S el
—dadt

1 1
b =—-=———06]7 5
&)/, =T ed (c.ps)

P

(C)w, =27 =27(0.617)=3.875  rad/sec
(d)The total energ(T E.) = :,lz-mv2 +%Jr.x2 = %(40)(54)2 +-;—(600)(] 6) =13512(erg)

(€)The amplitudd A) = ‘F( T;E') = \/ 2 23(1)20 =212 cm

(/)The max. velocip(v,,, )= ATE) = J Al 3:;1 29 =822 (cm/sec)
m

(g) ' The maximum acceleration (a,, ) occurs at the ends of the path
where the force is maximum.

Sy, =0 X, =o' A= (3.875)7(21.2)=318.33 cm/sec’

max .

(h)The phas angle(¢) X, = Asin ¢ ¢= sin‘l[i"_]

N sin‘l[Ell%J =sin'(0.755) = 49°
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())The equation of motion x = Asin(w! + ¢) = 21.2sin(3.8751 +49°)
v=x= —‘;x—r = wAcos(a¥ + @) = (3.875)(21.2)cos(3.8751 +49°)

=82.15¢0s(3.8751 + 49°)

soat 1= -l% ~.the phase angle(at + ¢) = [3 875(—)(]—80-) 49 }- 118" 75'

s x=212sin(118 75)=18.587 cm

x=v=-395] cm/sec  a=x=-279.1 cm/sec’

5-A 10 kg body hung on a spring displaces it 40 cm. , it is removed and then 200 gm. is hung on
the same spring , the spring stretched and released.

(a)Find the stiffness coefficient of the spring .

(b)Find the period and frequency of the vibration.

(c)If the amplitude is equal to 5 cm., calculate the total energy of the vibration . Find also the
kinetic energy when the displacement is 2 cm. from the centeral position of vibration.

lgbe Yay (3le o o0 AKSH il 313U L 40 om. dab3) A Caaad s b (3le 10 kg, ZLS awa-5
e gl aad A Cuand il i 8 200 gm. (5 st QLS

CHlS 1 () LR gagal 35 50 g 65 9al e 3B 2n sl () okl Jelas 22 o (1)
2 dal V1 0sS Ledic AS5al Al 2 g Loady ¢ 3 8aD0 SN ALY aual ¢ A= Som. dmad
7Y pange 38 ya e cm,

=l

{a)F, = kA .'.l.:zﬂ

3
fz45(10 35 radisec 1. =2F =2 20179 sec
\) 200 e 3

= 5.59 cycle/sec

3
w 245(10°) dyn/cm

. n = ’—
(€)The totall energy(T E) = %kx’ = %kAz = %a}z.m.Az = %(35)3.(200)(52) = 3062500 ergs
When the displacement is 2 cm. from the central position of vibration.

-, The kinetic energy(K E.) = %k(A’ _x?)= %(245)(1 0%)[5? - 22] = 2572.5(10%) ergs.

6-A bodv of mass 800 gm. is suspended from a coil spring of negligible mass , and stretches the
spring 10 cm. Find the frequency and amplitude of the insuing motion if the body 1s displaced 5
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cm. below its equilibrium position and given a downward velocity of 70 cm/sec
3350 an gL 10 em. (oalall daai uned AKSH Jaga 5 Jla imili S Ble 800 gm. LS pn6
cm/sec Ac gw A Jacty O} IV anay Jind Som. dad)) awall Sas 13 A jall dailly apdal
disY 70
tdall
wmg=kA . k=—=2=———"="7T8400 dyn/cm.

A 10
L@ = JZ= M =989 rad/sec
? m Y 800

" The initial potential (P.E.) = %kxf = —;-(78400)(52) =98(10%) erg.

1 s
The initial kinetic energy(K .E.) = Emvf = %(800)(70“) =196(10%) erg.

The totall energy(T E) = K E.+ P.E. = (196 +98)(10") = 294(10") ergs.

o
“TE =(PE),  ~204010')= k4 - A= JEM =8.7 cm
2 78400

7-A weight of 40 Ib is vertically suspended on a steel wire of length 60 in. and crosssectional area
0.0015 in® . Determine the frequency of free vibrations of the weight if the modulus for steel is
E =30(10°) ib. per.in® , Determine the amplitude of this vibration if the initial displacement

x. =0.02in ,and initial velocity x.=15in. per.sec
. A=0.0015 in® dakicdabuay 60in Ugh chiall (o ollu L Ll ; 4010 oy Ble~7
s sl E=30(10%) Ib/in®  llull &g jal Jalew IS 13 5550 saldl 35 enkll 33 3 2
x. =15 in/sec AV ic sully x, =0.02 in LAY Aal3W CalS 13 3 5aY! da
i dad
AN ABaT e ey ol (SETY Jplalt a0l ) Ly

2(1
£ - 1}—32 2(12) =854 cps
A, 0.053
. _ 2 (15 .
. the amplitude of vibration = A = ,{(0.02)° + 5a =0.027 in

A,, = the siatic elongation of the wire =

40(60)

EA
. = . a)n =
" 30(10°)(0.0015)

= 0.053 in
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8-Find the frequenties of small vibrations of the pendulums shown in figs. (2-22a,b,c) by using
the equation of energy (energy method). Neglect the mass of the bar and assume that in each case
the mass of the weight W is concentrated in its center.

AUaN Aolea plasiuli (2-22a,b,c) JSAML Aaai gal) Y satll 6 ppaall 3 aYY Gy 5 an 48
Ngdaciiia (838 o sS85 s JS 4 W LD ) o )8 po oyl ABS Jaal . (8Ll 45, L)

w
K1 x L
o
{a) (b) (c)
{2-22a,b,¢c ) S
Lg] l » !! “! -n ‘
s S Js%ll (KE) 48500 &l o o 1 e Sl Jadgh 3 o © 2l 30 S 13
140y A0
.o 1 1 (Y 1 ¥
vx=10 ,x=10 KE=—mv=x=mx|==—ml|@|........ (1)
2 2 2
Aal Y IS S gy w sl y Gl ol Aad Y Ge S Jeoil) auaagl dlth 6 jpash S
RS
6* 6’

wy=Il-Ilcos@=1(1-cosf) = 1—:2— LPE=Wy= mg,L(—z—)

2 .
“TE =KE+PE.= -;—mlz(ﬂj . é—mglé’z = CONSE o )
o LS 31 Al 2) Al (Bl GRD Gy (2)cJ 52 65 Ak S
%ml"(Z.éé)ﬁ%mg.l.(Z@.@) =0 .. é‘?+-§—'9= 0,0, = J%...c.p.s

ook LS a8 A b 38 el Ailaa slad (K
ot O i ¢ gela SV W e slasV 3 by Sl (g ghan Ol D a0 o Ly
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dealea (5 9hs el I o e Laiw ¢ 0 gl sas Jon Laghiall oy 50 2aly alh 0
AW Va3 e sy Zugh M Alsadl 3 Jpaill Iyl e oo s
SMy=-160 =Y M,=mglo, 1=m
m12.§+mg!6' =0 .. §+%9 =0 o= J%...c.p_s
2 (b) JSAIL Asal Foaidt Lpuailly —c
Ul 8 oS0y Mllyy it gill pia gl AR (B il Wemg ALSH (591 g g A8 o 2
¢ llaS 2a gliiall 2,00 LN

2 2
“TE=KE+PE =const. KE. = %m(x,] = %ml’{ej
6
"k, =2k PE = W.y+[% keq_xzj ;o y=1-lcosf =1{1-cosf)= 1.%

dI'E)_ f—(K.E.+ PE)=0
dt di

P E.=mg1 €41 (4)a 67

1 . [29-9] . . (mgl+2ka?
.‘.5ml’{2.9.0]+ng.T+ka’.[zaej=0 .'.€+[g—;]9"°

mi?
mgl+2k.a® J2k.az g
) = = F e £L.ps
" J ml? mi* P

s Jaidl Zal f 2ie Wemg AESH ¢35} g sl 3l o 3 (o) SSAN Shaaad Joaiall Dpillimge
tols LS 2SN AN Alae BS oSar Tl g 2SN AR (a7 ks () 5 gudd S i

“TE=KE+PE.-= %mf{éj - mg.l.g +kd BF - %(TE_) =0

mi

2
o, = Zk'; —% ....................................................................... rad / sec.
\‘ m

9-Two equall masses which each mass of 6 kg are suspended in a frec end of a coil spring has
stiffness 3 kN. If one mass is suddenly removed and the system is released to vibrate.

1-Find the amplitude and the frequency of the vibration motion.

2-Find the speed, the acceleration of the mass when the mass at the middle position of the
amplitude:

3-Find the kinetic energy of vibration ( in jole units

[29.&} ) 2
L[ 206 +kat[206)-mg>—2 =0 -6+ g0
2 2 2
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o ol sall Gihall Ades A lglle ol BLS 6 Leda Baaly JS ABS 0 gl k€9
. e e pliial) 8 g slad ot gaa) b 1Y ¢ RS S 3 Al

dansa A AL 50 Laxie ALSH Aaally Ao pudt aa502 .25 Y1 A8 jal) 3 50y dmadl a1
| sall san g JANL S jal ik ap g3 e i

~: 0t

alon S 12 LAkl £ gane 4 M Cua M g=kA O Axd O 3V pudn g aic—]
oMz _ 12(9381)

Sk 300y

981
Al=ﬂ=6(—3)=0.01962m wﬂ:\/LJZ
k 3(10) m VA,

a),,:“/ <, =2236 rad./sec.
0.01962

'.'v=3‘r=cu,,\/a"'fx2 ,a=x=0019621 ,x=acosp @=60"
- x=0.0196X0560=00098] v=2235/(00196% —(0.0098) =038n/sec
f =0 x=(2235) (0.0098 )= 4.5053n/ sec*
A8 jalt A alag g doss giall paia gl La g po 2ic ZBSY e yu alag¥-3
v, =o' a=1(2235F(0.01962 )= 0.4385m /sec
1

atx=0,"KE = -2—mv;‘:Iax = -;—(410.4385)2 = 0.3844 Jole

= 0.03924m

oF ans oakeh aaf Bl a4,

M!Me‘ymm‘ e de—)

10-Determine the natural frequency of vibration of the system shown in fig.(23). Assume the bar
OB to be rigid and weightless.

gzl o Gl L (123) JSAN Aa gl dapkidl 3 D (SIS gasdall a3 53 aa gl -0
0380 Jagay (pola OB
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(8) (b) (c)
(2-23'ﬂ.b,c)

k=k|["“]2 Alall 338 8 palil Jalas 0388 Lol 1 2 andl e ky palil JB oS

el A e jamgg Ol pall Ao (Sey lliy B 495 dal )} A L2a 0B aalll o liely

k,@B.a=k @@, )

1A Aslaally LS apapll o 3al U8 (S k Alala o Slie bl and) B il JK) Lovie

RIOL = I ..o ereseseese s %))

B alai o AL any il Jalas (2),(1) Oalalaal e i Gl (2-23-b) 4a phaiall dlla Y
OsSy

fl LS (b) daphiiallk, gl (Sary (2) daglandll LISl daglaiall (a (b) dagkiiall 0S5y

2
a
1 k'(TJ +k;
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11- A uniform wheel of radius R can roll without slipping on an inclined plane. Concentric with
the wheel, and fixed to it, is a drum of radius r around which is wrapped one end of a string.
The other end of the string is fastened to an anchored spring, of stiffness k, as shown in fig (2-
24). Both spring and string are parallel to the plane. The total mass of the wheel / drum assembly
is m and its moment of inertia about the axis through the centre of the wheel O is I, If the wheel
is displaced a small distance from its equilibrium position and released , Determine the equation
describing the ensuing motion and hence

calculate the frequency of the oscillations. Damped is negligibl.e

Ao Gafie Uasll S5e9 ¢ Jilo (s gie Glo B3 Op0 g a DR b ki Chia dakitia Aac-])
A oS () Clba 4y AWV Gkl el Jga dad (b gaa) Gy 1 5hS Cilal (a8
O—S A8y ¢ Jilalt (5 giunall [y g Jailly il (e ISy (24) JSL e LSk dlalae s
13 e 1 98 0 Laa 3S 50 s Jgoe U Lagd (I Hguail a5y m bas dmana g il y ddaadl (5
o phaial 38 ya chuad AN Asledd dp gl L 5 a5 3 iy (e B e At Alaall i )

SLVEN |3 DY DRI PR A R WEN I

“{a) ®)
(2-24-ab) S5
2?50 Lalake Ayl ot 3 Lagd lae) (il y Anall (g2 m bae Lo ghaiall S of i iy
Aol A Goay k Alalae 2 il U O Y aasnge o lldy Aeladl oo e e
O Gy FEk(RHDD M0 AW (o ool yialil) Aaglie 348 055 @lllyy x=(R+r)0 o jsia
I ADWD (g sy B Usa piall (Al B ol Akl sie a8 Al
> My =-kx(R+r)=-k(R+7)".0
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a2 = k(R+r)
.'.130=—k(R+r)29 ol =mR*+] .0+ ](+mR)2 =0
k(R+r) 1 [k(R+7)
= )————  rad/ = ... H
" mRE+1 TS I 27\ mR* + ] z
Al 44 o
2 -
KE.= %1,.(9] ,PE= %k(R +r} 8,
+TE.=KFE +PE = const
LATE) o, ~11|266\|+Lur+ r)’{zaé] =0
dr 2 2

5 = [ kK R+r
1,.0+k(R+rf6=0 .8 +[%}9 =0

" f = 1 k(R+ r)2

O 2\ mRE+1
12-Determine the equation of motion and the natural frequencyof the system as shown in fig.(2-
25) and also determine the equivalent mass and the equivalent stiffness of the spring.

LN ooy Laf olliSy (25-2) JSll Aipall Ao phiiall agadall 23 53y A8 ot Alslaa a9 4112
Sl il Labaa g A5SAD

(2-25) Jaal
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sin 6=—-x72,'.'6 is very smgl angle .sin@ =86, . x =b8,x, =16
v =x =b8,v,=x,=18 -KE =1 viylm 2 =—1—mb2é2+lm 1292
1 » 72 2 2 1°71 2 272 2 H 2 2
1 ] 1 rmz 1 2
PE= Ek,.xf+5k2.x§ =—2-k|b2(9) +-2-'k212(6)

d(TE)_d
dt  dt

A .b*.[z é.é} +im, 1’.[2 6".5}+1k] .b’.(?.ﬂ.é] A {29.&) -0
2 2 2 2

o (m b+ m, )6+ (k7 + k.17 )0 =0
k,.b* +k2.12J
m.b* +m,.I’

RN R N
o m b +m,. I’ P

2 2
fn=a),,= 1 k,.b2+k2.12 HZ
27 2a\m.b* +m,.l

+TE =KE+PE =const. |, (TE+KE)=0

=0

.. the equation of motion 6+[

; — —_ 2 2
the mass equivalent=m,, =m b* +m,.l

the equivalent of spring stiffness =k, .b* +k,.I’

13-Determine the equation of motion and the natural frequency of the system as shown in fig.(2-
26) , also determine the equivalent of mass and the equivalent of the spring stiffness.

Sl ALSH a of Liad ¢ (26-2) JSAI Anaal) Ao glaiall agilal 33 5y A8 jal) Alslas an =13
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b

PP 7T fig.(2-26)

sin@=6=x,/b=x,/a .".x,=b0 , x,=ab
v=n=b8 v,=x:=a0 TE=KE+PE =cons

dTE) d . 1 (]’ 1 U’
N2 L (KE+PE)=0. KE=-— —J.|6
7 dr(KE+ E)=0, Smix | +2d

1 ¥ o1 (Y
~KE = —m.bz.(ﬂ] + —-Jo.[ﬂ]
2 2

PE.= %kl.x,’ + %k, X2 =Lk 82 (0F + %k, a* (6

1
2
1m.b’.[z.ézé) +1J0.(2é5) Ly .b’.(ZB.éJ 1, .a=.(2.9é) =0
2 2 2 2

(mb +J,) 0+ (k b* +k,.a*)0=0

2 2
. the equation of motion @[%;%%]9: 0

the mass equivalent =mb’* +J,

the equivalent of the spring stiffence =k, .b* +k, @’
14-A simple pendulum in position up side down as shown in fig. (2-27). Two springs are fixed
at the mid-point of the simple pendulum , Each of the spring has stiffness (k) , A mass (m) fixed
in the free end of the simple pendulum. a-Determine the natural frequency of the system , when a
small angle displacement () give to the system. b-If the length of the simple pendulum can be
change , Determine the length of the simple pendulum , when it can not be able to vibrate.

il G aline aie (ifie Opad ¢ (27-2) JSAL Oaa LS lie gy B dass Jgair 14
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bl 23 aa b (1) el Jgaill Jall cahal g Cad (m) ABS ¢k ol JS Jebae edand
bl Jyudt Jeks 8 13() A ghaiall 3 jpias { 0) Argt 3 Aal ) ar) 1Y) cdoyhiial
LAY e iy 5 sSY Laaie g Jasid) Jaks an g ¢ 5 (S

fig.(2-27) :
o oo Gun o ela aa¥l I 5 e slaW 8 slayy el A g sl 0alSH I 50 o Ly
p3e b uala (g by (fla ¥\ a0y O sl Saae daa g el 33L Guny 0alSH
g Alsal) i e gliiall Ay el
wx = %19 x, =10 Y M, =-16
Y M, = 2k—6.5 ~ mglo
2 2

L 05K*O-mglB+16=0 . 16+(0.5k* ~mgl)p =0

- 2_
9+[0_'5£1ng9=0 ,'-'I=ml’

0.5kl - mg
Lo, = ‘/— ........... r.p.s
ml

skl Sl (0 Y e i e sS¥ Lavie Jyaidl sk q ed iV Galae Sad (e

gl S+ piaall Uglae
I !
2] rf= -
F[z] '(2] ki .‘.‘ﬁw—"“”:o S 0Skl-mg=0 - 1=2T&
q= = =— ml k

e 6 46

15-Assuming that the cylinder shown in fig.(2-28) rolls on the support without slippage , the
2

cylinder of mass m and the moment of inertia / = -n—’zr— , determine the equation of motion of the
system by the Energy Method and Newton s law of Motion.
pi—tgm gl WYVALES ¢ BY 3 (0 g oaad (28-2) JSAlb Al A ¥l o i it-15
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AS ! i gty ABD ) jloy e plaiell 28 jall Allae ap gl ¢ TlgH JHAD ) geill

2k

SOOI NN NSNS
T, , -
\ \ NN NN

mr

U_,la_...\’l UL_!L I= L‘_\u_':\ﬁ\.“ J,...nﬂ] ?_}:J ml.g:\hS ,_,:M isl,hu\'\a_,;ﬁlam

X2 Al el W ALYl x] dilad) Gl &) 2 d] et s Jlad] A Laiy x1 il & o
Al Mol g 0 A slaul) 3S 50 (e b e Leily D sha¥ S e (8 Coad 41 Ak Y elld
O S Aa e Sy (Mg 02 pudasal 3abiy D) gl A a0 Gt Al AS o jad]
Tl WS 0 Ll ANy x],x2

xl=rsinb =r6 , X2 ="0sinB= bb
At X1, x2 ol W ¢ sena b Gl dal 0 x1=10 (b D shul) Aal ) 48 dlllyg
x1+x2=(r+b)0
AWl 4 Gngg pec 3ane ga (SN ) Jdlase 058 (ot e Abeaio yad gl Y 1
k., =2k +2k = 4k 350

1 (¥ 1.0:}Y 1 N1 eV
~T.E =KE+PE. =const Y KE=EM[XJ +—2-I[9] =-2-mr2[9J _|.E [QJ
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"

r |-

k,x? =2k(r+bY.6°

o

‘+ P.E
d

(X.E.

= %[%mr‘(é]z + -;—I.[OJI +2k(r + b)z(a)’] =0

-;—mr [29.()} + %1.[29.&} 2k (r + b)*.(zo.é] =0

s(mri+ D6+ 4k(r+b¥06=0 6 +[M]9 =0

S’

g

mri+1
fcmr(wb)2 ) ( 2k
SO, = — =2+ b ——. ... r.p.s
” mri+] ( 3mr? P
[, = (r;b) 2K e Hz
Tr 3m
d
2k(x+b

- fton s Method [ e 44y 3b

fig.(2-28b)

wmx=3F in x direction :.mx=-F~4k(x+b@)=-F-ak(r+8)0 (1)
w10 = Troque about (0) ..16=F.r—-4k(x+b6)b=F.r-ak(r+b)bo

2 .
3 "’; R Y T . S R ot @

ey 1 i (1) Wladd) 0 pamy
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MG = —F 7 — A(F+B)BO.. oo 3)
2

Sfrom(2),(3) [mrz + ’"_2’-]5 = —4k(r + b)bO - 4kr(r + b)6

. . 2
2 3mri 6+ 8k(r+ b)2.6 =0 L6+ M— =0 i, )
3mr?

2
o, = /Sk(r + 2b) _20r+d) (2k rps. o f = r+d) 2k . )
3mr r 3m xr \3m

16-Acylinder mass m and the moment of inertia I as shown in fig.(2-29) , rolls on the roughness

support without slippage , Determine the equation of motion and the natural frequency by Energy
2

Method and [ = mr Netwon s law of Motion. where

O mhaw Je g sd5 (29-2) JSIL Ope LS T L (A ) peall 5 5o 5 migdliS A ghaul-16
G A€ all 5 g el ARMN AR Hlay audalt 00 5 A pal Aolea aagl] ¢ BV g
mr’

"2

I

A a5y -y g

Aal ) B S Ll x Lad dalJY A gl 7yt Lo
OS5l g e x =10 a1 ADN beie g X))
A 0 LN AN Y Vohiy x=r0 L x=r6
A3l e paaill S MLy ¢ pinge () ic Ao ghaie (oY

T.E =K E.+P.E =const. 1IN dially Aa ghaiall 03gd AISH

-

(2-23) Mo
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+KE.= %m[}f + %](é]z = %m{’{éf +%1.[é]2
PE. = %(mrf)(x)2 = ke = kr* (9)

LdTE)_ 1[1,,,,2[:9]2 +%1.[4'9J2‘+hz.(6)’J -0

ai dr| 2
ot 00+10.6+2kr*0.6=0

s i 2 2
.'.(mr1+])6+2kf2.6=0 .'.9-{ 2kr }9:0, wl="

mr* +1
.w_’4k.r2~2f_k_ rps
S, oy 2y e T Pp.

(A AL BN g Gsl) s Kt

(2-30) S

rod aad S B A ks

'.'ZF=mJE ,x=r@ x=r@ ;=r§

¢ (oo M) gela it A oo sladil J slayy Sl (5 gl OalSY (I 50 O Layy
Juola (5 glaas e la ¥ 1 p3e ¢ 0 Glosl) 3550 dga paial 38k s oal€ 1 550

SSMy=For oYM, =-16 .. F,=-"2. ()
o) 2l (1)adolaalt 8 (2)Abskaall (o (g pailly

- 68 -



16

So———2kr0 = mr§
r
¥ 2 -
cmré+2 ope-o0 - [mr + ”;’ ]e+ 2%r0=0
r r

(}'m_r 6+2kr0=0 .6+ [i"l]e =0 w, = 2‘,L....r.p.s
2 3mr 3m

17-Determine the equation of motion and the natural frequency of the system as shown in fig.(2-
31) , by Energy Method , where it is composed from a mass m , a spring has a stiffness co-

efficent k and a disc has moment of inertia 1.
OS5 G e Ak ¢ (2-31) JSANL Al daghaiall gagdall 20 g A8 el Aolaa a2 417
T4 SN el oo o ik dolaa yaliym ALS (e

fig.(2-31)

cx=r@ .'..;:ré ,;=r§
d'E)_ i[K.E. +PE]=0
dt dr

wTE=KE+PFE =const |

.'.——d(T'E')= lmrl(lﬂ..é 1206 +lkr2{26’.é] =0
dr 2 2 2

mr’+1

.'.(mr2+1)§+kr29=0 é+[ b }9=0
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18-Determine the equation of motion and the natural frequency of oscillation of the system shown
in fig.(2-32). by Newton s Method.

P Ayl (32-2) JSAN Al o glaiddl Q) gagall 330 g AS jal) Aliles an gl-18

fig (2-32)

o ani e el Gads

Y F=m¥, x=R, x,=rf,%=R0,5=R0 X =r0 %, =r0

wmx=mg-T ..T=mg- mx, =mg— mRA
Y My=-16 oY M, =k(x,+Ax)r-T.R

o 10+ ko, r+kAx,r— [mg-mRéJR =0

o1+ mR)o+ kA x,r—mgR+kr*0=0, -kAx,r=mgR

v kr? kr? ‘
L0 ———= =0 o, = C.p.s
I+mR I+mR

19-Determint the equation of motion and the natural frequency of the system shown in fig.(2-33) ,
the system composed of a mass m, spring has stiffness k , and a disc of mass M and the moment
of inertia of the disc 1.
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ALS (e ()5ST da pliiall ¢ (33-2) S Lipad) Lapliiall gapudall 3350y A8 5ol Aotas 2l ~19
JA G jpalll pie g M AES gk delas iy m

’777
(2-33b) S (2-33a) )5k

:A8Ua) 46yl
S Gl X210 e ai g Aal ) & ah Ge il 38 e O x Asha da) j m AESH o aT Laie
ro s AN A6k Baldiyy ¢ X2 Albae & ad padilly el e

T E=KE+PE=const.

2 1 ('\2 ] 7 2
KE:lm[xJ =M I 421 BJ, .10 n0=2 ~6=2
2 2 2 24 2 2r 2r
/
N2 s 2
1 (-¥ 1 x x 1 2 2 ?
KE=-mx|+=M|=| +-]|—| =—mx| +—({x| +—|x
2 2 2| 2r 2 8r
N/ AN

o33 -tore 8- A L e
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%m,(Z x.x)+ ﬁ:_(z.i.i) +§-£?(2.1.'.;) +—g-(2.x. i) =0

(m+£+4—12—);+%.x=0 (4m+M+-!5-);+ kx=0
r r

4
X+ k 7 X=0 e, (1)
“I)‘?-I-AJ+—:z
r
@, = # ......... C.DoSieiireiieaieee e, (2)
1
V4M+M+-—2

fgbbe JaaDls (2-33b) JSAY (e 1 a0 A8l

emx=-F.0) %=F+E—kg...(2) o I=Fr-FEr..0)

froml)in(2), (3 -~ % =~m;+ﬁ—k(§] ....................... @)
Ié’=—m.§r—ﬁr ,.'.]—9=—m;r—ﬁ ...... 6) '.'£=r9 .'.£=ré ,9=i
r 2 2 2r

. put 9__.x_ in equatiofs) ¥ I—;——m;c—F 6)
op 5 q o M.

Mx Ix I Y-

- ——=-2m k— S My=+amx+kx=0 o =

2 2 2 [ r ] " \]M+I/r2+4m

20-Determine the equation of motion and the natural frequency shown in fig.(2-34).by the Energy
method , Solvethe problems by Newton smethod also.

1A Joa ¢ A TN Hhy (34-2)0SaN Lall daphiiall pagsdal 23 5l 48 jadt dlas 22 4520
Lad (i 45k (A1SaAN) il
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o e e e e g e

(2-34) 52

248U 44 yh|

oadMg 2k |k, 2k, 2k leagdgigila el dag b e 0S5 (34-2) JSAIL Aigal A gl
) gill A& il Jelae ¢ 1A A S peaill ae capilly ¢ g Adlaa 1) 51 0Y)
OA—saiall (paatill g dasBidll 5 gl Chiailly ki, 2k Gpaail Jio g s e Abiaiall g jlal)
Aaghidl il Greailly 2k 2k cpiadill Bie gl e

1
k, =2k+k+ T 1

—

2k 2k
+TE=KE+PE =const, x=10, F, =k, x=4ki0 ,x=18

" KE. = -;-1.[@]2 PE.= %q.(@)2 +%(4k)!2.(9)2

=4k

%(T.E.) = %BI{&)T + %q.(@)z +2k PP .(9)2} =0

- Y- - N 4. 2
. 10.6+q06+4kP06=0 .6+ [q *;”" ]a =0

PR ARy ph o
0n3 la ) G e BlasWh i sy Sl i g sbay el I o5 o) e
ro} s all
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WY My=-18, =3 M, =q0+8kxl=q0+ak16]
WS M, =q0+4k]*8 - 1.0+q0+4kI6=0

" 12 2
SO+ g+ %/ =0, "o, = g+akr £ps
1 1

2]1-Determine the equation of motion and the natural frequency as shown in fig.(2-35).

(2-35) IS8Ty Ll Ao gliall ayshall 20 5l g 3S jal Alslas 29421
2K (5 3l asll Lab g (i g5 My (o Jaguay ()33 0 (35-2) SN Zigudl Za il Ja)
O 3gly e Mgl e odsie Laa g k,2k Lab gy 02 AW cpadill e 5515 e Jugially

e LaS A glaial) £ il ol Lelna

k, =2k+ . =2k+ 2k = 8
“? | 1 3
= + -
k 2k
2k l TR
NNN— "
} 0
_____ L.y ____.
I
3 | Xl{
|
x=bd |, x=L8 I
|
.............. S
i X2

Jaidl T8 el B e oy TM, el B e of Lo ha ke
8k.b*

Y M,=-16, =3 M,=mgl@+k bOb=mgld+—"6

- 2 " p
- 16+ [mgl + Sk;’ ]0 =0 . 6+{@}9 =0 " I=mP

Y - J3mg1+3kb2 _ \Fmg1+8kb2
. 3 e

LIPS
A8l 4yl
033 g—sia ol Alls i s g oB ALl Laiyy AKSH A€ 5l AL 3 i o ghiiall 4ISH ZALY
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¢S Y aeage oe b oM BB (o Gy e ASH (g (5 g g} mg ATKY
fok Loyl 08 umy e A glaiall £ ASAN (o)Ll A gl Al W diLaY

2 2
wTE=KE+PE =const, wKE. = %"{X:j = %m!’ [6’]
B 1 1(8kY,,
“PE=Wh+ 2 k. xi =mgh+ E[—;].b (3

h=1-1cos6 =1{1-cosf)= l.ﬂ ~PE = mgl@ + —;—(%i]bz(ﬁ)z

-.-d(TE) d[z 1’[9] +ml(6) [Sk]b’(e)’}

dt at
lmI’.[Z.éé] L (2 8. ej [8"‘ I3 [2 ) 9]
2 203
2
, ~ml @+ mgt‘+§"£b2 #=0 o,=, M ............. I.ps.
3 Iml

22-A component in a machine 1s schematically shown in fig.(2-36). in its static equilibrium

position , ,where the mass of uniform bar is 3m and it is length 8r, the mass of uniform disc is

2m and it is radius r, and the spring has stiffness k , assume kr=dmg , Determine the equation of

motion and the natural

frequency of this system.

il 48 Caga ¢SS G Y &a i3 (36“2) JSEN 6 Ania ya all ot s 22

u‘ua_}__‘lﬂtkﬂ.nh.nwh_,c ri)umaijzm‘\hﬁhnmﬂ\:‘d]s’t SI:L‘JL_, 3m?.hl'u]‘
A il u-ég}a“ .u_,:l!_, 15_);.“ Alilae .J:_u_,i ¢ kr=3mg

b ox=510
+——h

(2-36) S5
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el sl (A g ge BladWl (d dliayy okl (i gl GalS D 50 o Lay
ZMO =-1.6, '.'ZMO = kx, (2r)2mg(5r0)= 4k r* 6 - 5mgr6

chkr=3mg Y. M, A2mgro-Yomgr6 =2amgré
m_ 1. 3m(8r)
L = oey H e 7 Iy = ""]2"“ N 1(2 ) =16mr*
2 2
e = md.;r +m,,, .(Sr)2 _2mr +2m(5r) =51mr* I, =67mr?
ve " Zg 2g
@=—-6Tmr’ 8 . 0+=—=0=0 . '=1’—— ......... c.
amer 67r “nyerr ps

23-A ngid rod of length 80 cm. and mass 8 kg. is pinned at one end (0) and has a cylinder of
weight 12 kg. and of diameter 20 cm. attached at the other end. The rod inclined by 45 degree
about the vertical axis when it on equilibrium position. A spring of stiffness 4.5 kgflem.
connected to the rod at a distance 20 cm. from the support. Determine the equation of motion and
the natural frequency of the system when give a small angular displacement (8) to the system as
shown in fig.(2-37).

Ulghdy (0) Juater Ales (g3a) e (Jicic) o guran a288 3355 80 AU sk fola Cluzi-23
os—aall e da 045 Apeh 3 e 3 sl (6 AW Dl Abiaie 0020 Lo shig 22802 L s
20 Ailus e Canailly Juaie 4.5 kgflom. dldlae i ¢ O3V puage 4 (583 Ladie g )l
() dmst Aal ) te—tthae} i Zagliidl jaidall oo 3 g A€ o) Aslaan 2 gl . AnS 5 pudnga 30

(37-2) IS0, gl A pdaiall 5 y5aaa

(2-37) Ja
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F —ana OS5 45° ol ) e dagkid) i Doyl 0 LA# iy doghaial ) 5V gy 2ic
el b (0) Jeodall Jga g al

ie  YM,=0 . kAb- Wmd_sin(45)[9 ~W,, sin(45K/+r)=0

. 4.5A(20) - smms{?} ~12sin4590)=0 - A=11cm.

Oas (45°40) ool N e G glanall (Jua d50h 5 0955 ( 6) 3 sk dyg) 5 Aad ) Ao phiiall daey Ladie
:o‘ et Al
iy ZMO = —]é‘
ZMO = k(A - x).b—8sin(45 +9)(é} ~12sin(45+ @) +r)
= 4.5(11 - x).(20) — 8sin(45 + #)(40) — 12sin( 45 + 6)(90)
x=b6 =206 L sin(45 + @) = sin(45).cos(8) + cos(45).sin(H)
V@ is very small ..sin@=6 ,cosf =1
") M, =990 - 18006 ~1400[sin( 45).cos(8) + cos(45).sin(8)]
"M, =990 — 18006 —1400[0.7071(1) + 0.7071(8)] = 2790(8)

2 2
mmd -I mz_ylirnder r 2
+ + 1 piner (L +T)

Aian =y +1 linder = 3 2

. _(8k80)*  (12)(10)* 12 3 ,
N 3(981) + 20981) +(981)(90) =117kgf .cm.sec

. . 27
w16+2790(8)=0 .. 1176+27906 =0 LW, = 7970 =49 ¢c.ps
@ 4.9
S, ==L =__=0777 cps
/ 2n  2n ¢P

24-By Rayleigh’s method , Determine the natural frequency of the mass and spring system shown
in fig (2-38). taking into account the mass of the spring , and assume L is the length of the spring
> K is the stiffness of the spring, and p is the density of the material of the spring per unit length

L & Gy ¢ (38-2) 080 dip Seghaial iy AGS) agulall 33 50 saf (U Ay sl 24
Wb sas g JS (il e QS o ¢ Qe dalaa k6 aadill gk
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g
I
! &
o) --staticequitibrium
m ]
x(t)
(2-38) Jsab

WDl 5 il Aal W iy s e A die x oSy dal ) padill alh Gkl Cua 1Y
O mi el nally Al 338 Jusling x = Asin(@,,.7) AN a8 all Ly [.-;ix]

Lx=w Acos(w,.1) at max.displacent ... cosw, .t = cos{0)=1.. Xmax, = w, A

_)a.a.\.ﬂ:ls_)a]l;u'\.)atl\_p&umh!bihﬂﬂﬁ)ﬂ\iﬂht_qm@h;&aﬂ@ﬂ\&iﬂ‘u‘b
2
OB el g adll ABS LA 13, %p.ajv.[%x) ADlalL ey (il e dy

the max. of (K.E)=K.E of mass+K.E of spring

0 !

2
. H 2 "3 2
=lm(3cm)2+—]-p Xomax i =lm(;ch +lp. X mw =l[m+p—jlxm]
2 2P 7T |\5), 2 2773 T 2\"T s
I

Y
] . 2 __'r] y- 3 1 . 2 1 X max 5
=M xmax )+ TP X =—MXpax. ) +— PO —— | .
5 () Izp(l Yy S M (Fwus) 2 P _[ya)z

s

Al AEKH oy g KN kil ABS B dilialy caway el A gadll ol ot
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25- a-If a mass M is suspended in the free end of a coil spring has stiffness of k and of mass m,
Prove that the work done in the tension of the spring at its lowest position can be calculated by

the following relation:
[Mg+%] +[Mg+£’2£+ka].a

2
where: a is the amplitude of vibration.

b-A spring has a stiffness of 400 N/m and a mass of 2 kg. If a mass of 8 kg is hung in the free
end of this spring and then released to vibration. Find the natural frequency and the time of the
period of the system , when (1)the mass of spring is negligible. (2)the mass of spring is
considered into account. ..
Jsimpalt Jakd o) ol ¢ m Ak y k Aldlas gl il el el 4 M Ak cale 13-1-25
PRGN DAY e Alua S padnge (SN 2 il ol
(- 2)+ b )

2

S eV dan a2 dus
g bal 2 WS B AS il 1 ¢ ol 1S 2 Ay ¢ ke JS) (5 g3 400 Adalan Lalimo
P G5 &S il
ol S Jags (1) tladic dagliiall (6 592l (o 30y asdall 33 5 aa
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ma) a m
Totall of K.E=="5 j =0 a’

0
AN AT (e (5 Jaws i) pm gl e e pliiall I AS s AL )3

2 2
The total of K E.of the system = o 2.a [M +EJ

3
O Jan giall pn gl die da pliiall i gl ABlb et Sy Sl a3 i gy el 2al
SRl Ty M

mg

(P.E) for system = Mg+—2—
b 280 535 Jans i (3555 daue gD aia g i 5. i (a2 / 2) A g 3 3 ) (B3 e Y ol
Mg+ (mg/2)=altil
Mg + (m/2) + ka=gmdill 5 330 5 5 Jas i (5% glios puiny ol ie ol
A AN (o i puing gaall L Galill 2l 4 (WD) Jadall Sl o3

[Mg+%] (Mg+ 5 +ka]

2

sy el die aldl J A el Al pusn g ol ol @b § dadedl Sl O Ly
i
ot A 45 Fdall UL, s oY) Leniiny (3 o ghiiall puis 5 4S ) Al ¢ panna B slisay O
3D Dl By 3 i Ay desliiall 400 ZRY Y ) ks ¢ i gy el e

~WD=

la)z.a[M+ j+Mga+mg = Mga +L"-‘Eg+k—a
2 3 2 2 2
w’ = S c.ps l = _on
(m+3) ’
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P eV i el 2K Aaf Alla 82
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26-Determine  the equation of motion and the natural frequency of the simple pendulum as shown
in fig.(2-40). by:-

(1)-Newton’s method , Energy mothod , Rayleigh’s mothod and Lagrange’s equation ,if the mass
of the rod L is negligible.

(2)- Newton’s method and Eenergy mothed if the mass of the rod M is not negligibie.

et iy slar(1) ¢ (40-2) JSEIL (el T Jganll ol 30 5 5 A8l Aslao 32 826
Y a-":.‘_)L'-"'(z) ol 4hS Q\.'wh_\ 13 GJ\);.Y FINPPRLM ARt 1 L R 3&&5_)]:_9
M il 35S Jags o) 13 A8UY A5 5k

hI mgsine

mg " ' mg

ﬁgl(2-4(5)
L il Job Cun ¢ quuidl] LIS flas] 4l ‘4 ‘Q
Newton mothed (37 ga/ 4l 451

> M,=-10 .mglo+10=0 -1=ml .'.§+%6=0
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Energy mothed {ith) 4&; L.

2 2
KE = %m[.{'J - %»{19] where x =1sin@ =18

PE= %rﬁg.h = mg(l—1cos@)=mgl-mgl§  where sin6 =80

LdTE) o
dt

.~ Total Energy(T.E.)= K E .+ P.E. = const

%m.i’[Zéﬁ] +mgl(0) + mgi.[ﬁ 9] =

Rayleigh’s mothed by iy 53
05558 @, N 25 (8) g Amaw 35 pas Gkl g A8 55 A8 ja o el Jaaid) f Lay
H,mz,&,as;m;,&‘ O Sa JElls ¢ @ 8 ADall Wgic yum dc jw puad)
fk LS
2

cA(KE) =%J,,.[em] =—21-m12(m,,.9)2 where 6. =w,.6

OSarle 3iS) Amadl 5655 A0 sull panT Ledic puda g Al eadl oS
2
S APE) 2mgh mg——"— (6) “(KE) o =(PE)..

Lagrange’s equation g Y Lliles pltdiulrd

02 2 2
'.'K.E.=—;—m[13] =%m12[9j ,'.-PE.=mgig)—=%mgi(B)2

T dt

4 é’(KE)} + APE) =0 Lo [29] —mgl(26)=0
26 7 2 2
oml’ G+mgld=0 @ = ‘-g— cps

- 82 -



sl (AM sl (3 jg J3S s Aoy
Newton mothed 3 g s 1

1 -
wIM,=-16 M, =-mghkind —Mgé sind

I =mf +%M!2 =[m+%4]12 A @mg[&%Mg[- 8x o

Energy mothed 4thf {ii b
Pl LS Gapdalll SN ) gualll 2o 988 AUETL de jea M palll &S of el

2 . . 2
r=mr+M k- Lliat l[m 4 _"ijﬁ ‘[e]
3 2 2 3

2 2
K.Ez-l—][éj M ’[e]
2 23

“PE. =mgh+ -21—Mgh = mgl(l- cos8)+ —;—Mgl(l —c0s8)

. PE =glm+ -"21)(1 -c0s8#) ~TE =KE+PE.=const

LdITE)_
Cdt

-;—[m + %)1’(26@) + gl[m +%](0+ sinf.6)=0

M\, = M . Mt g
— | Po+gllm+—168=0 O+ —= [28=0
["”3] g["' 2} M

—(%(consr) -0

27-The system as shown in fig.(2-41). , find the equation of motion , the equivalent of spring
stiffness and the equivalent of mass ,by Energy method and Newton’s method

A 1SN ANl 5 Sl il Jabea g &S padt Al 23 9 ¢ (41-2) SN Qi da yliall 27
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(41-2) Jss

;A8 45, )

'.'sinﬁzﬁszi:ﬁ x,=b8 x=b8 x,=ab ,x:=ab

a

. _] 2_] B2 (8Y _1 ' 2_ 1, 0000 1 22

KE.=om| x| = mb@) [PE =—kx+—kx] = kb6 + —ka’6

%[KE. +PE]=0  .mb0+(kd’ + ka’)8 =0

. 2 2 2 2
N i P P L R L il
mb 27 2x mb

Lk =kb vkt m, =mb’

(oG ARy b2
wmx b= -kxb-kxa . mb8+ (klb2 + kzaz)e? =0
PN LR X PP N
mhb* " 2n 2z N mb?

k,, = the equivalent spring stiffness = kb* +k,a’

m,, = mass equivalent mass = mb*

28-A uniform a ¢ylinder of radius r is constraint to roll without slipping to upward and downward on an
inclined plane , a one end of spring stiffniess k is wrapped on the cylinder as shown in fig.(2-42), and the
other end of the spring is fixed on the frame of the system , where spring is parallel to the inclined plane
(a)-If the cylinder is released at position when the spring is not tense. , What is the natural frequency of
the cylinder whenslipping is not occur? (b)-Find the maximum friction force?

¢l g g e JiY 5 JeY BY 3 ey g sl Bl 1 o el Caual dakiiie A3 phani—28
DAl (s ginnall (5 3 g0 (38 Gkl Cum ¢ Ao ghidl (JSa) Sl ade
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2k(a(2r) = mgsin30°(r) s.a

K.E.=W h= mga.sin30=0.5mga
Lealadl i LY yim (6305 e pull (Y sial (5 gl Jaw il g B e 28l AL ey
cpaads pun ¥l Btk o} (5} dad VY phandY huall (5 shud i) i) A8y pain galt i3 2ic

1, 1, ., 1 , 1fm* Y wa) 3 ,
Y KE=—mv +-](0) =—m(w.a) +— |— | =—mow'a
2 2 2 2

2 r 4
] 2 1 2 1 3 2 .2 2
v DE. =~k =—k(2aY = 2ka So—mga=—me a +2ka
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Aggh M &S ally 2k(@a+x)+Emf o) aad Lkl AS el dally,
2
[2"’(0+I)-f]-’=15=m; EANNS 2k(a+x)—f=";—f
r

m. ma®.x : -
S f= f .. the maximum friction force occure at x=a

L r __m,coz.a m[Sk](fE]__m_g
AT 4 43mA8k) 12

29-A cylinder of weight W and radius r rolls without slipping on a cylindrical surface of radius R
, as shown in fig.(2-43). , Determine its natural frequency for small oscillations about the lowest

point.
LS R 3kl ciual gl pda o @Y 58 Gy gadTir Wkl Chuaio W lgd )y 4 gaud-29
't‘-‘}‘d‘*“ d_,.ai)_.u'...aa..l.\.‘\.\]‘_'.._u.‘an .\.)_;I.“ .\:_L_,’lt(43"2)M&_;+n
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Gladl Ayl Cua ¢ Ay j4al dy 44.\;;4.:.\_;_\‘._;1:.1(43 2)Mw\ql,bvl4$)=m

"+ The translational velocity of the center of the cylinder = (R - r)0

« s RO
"+ Therotationalyelocity = (@~ 6) “Ré=rp . @p=—

e

PE =Wh= W(R—rIl —cosé )

':K.E.z%m.v’ [(R r)e [

wr’
2g
where P.E.= work done in lifting through through the vertical heigh (h)

I

cylinder =

%(T.E.) = %(K.E+ PE}=0
EWE(R" r)’[29§]+%{(}2;—2r)2][294‘§] +W(R-rP6H=0

3fR-r 2g ') 1 2g
6+6=0.6 =0 f=—=— H.
2[ g ] ° +[ (R—f)] f 27 2x\3(R-r) z

30-Determine the natural frequency of the system shown in fig.(2-44) for small oscillations ,
where the bar L is assumed to be rigid and weightless , and supported by the inextensible cord (h)

Jh Aglay 3gatodad A8 jeye Ol Jagay foula s
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2 2
“(KE),. = %mv2 = Z[r] = E—-F[ﬁ] assume @ = @, cosw.1

™max 2g 2g
p W 222
SO =@0, JAKE), =—I"00
2g .
2 N 2
 (P.E)o =Wh(l-cosd, )= Wh 1-[1-—°+ ........ L
a 2 )12 22
af whi{a@ Y
v ab =h =22 (PE) . _=——"=
ab, = h¢, ¢ p (PE)p - 2a(h]

. by Rayteigh©s metheod (K.E),., =(PE)_.

Klzwf.ﬂf =-1—WI[£].0“2 L, = ng-g: cps . f, - RE‘C’: HZ
2g 2 h Ih 2z N Ih

31-From the system as shown in fig(2-45) , Find the displacement A, the equation of motion and
the natural frequency by Newton’s method and The energy method .

4, 3y agdall 20 05 38 jal) Aalaeg A Aad3WY an ) ¢ (45-2) JSaNL dupal daplid) 31

Al 45, 5k (g
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wsinfz=0="A =20 x,:llﬂ ,xzzim
4 4

. l 12 N2 '
S TM, = =10 T M, = k()= L m[%lJ _9 g

16 16
2 -
2+ -0 9+L9=0 @, = LE c.ps
6 16 m oOm
= _mg _ 8 _2mg
kA=mg A P P
:ailkl 4 -2
N2
2 p 2
'.'(K.E.)=-1—m(x2] _1 3 =—2-m12(9]
2 21 4| 32
1 1,1 kP d d
"(PE)==lkd ==k(=0}=—4@ +—(TE)=—(KE+PE)=0
(PE)=3id =Sk 0y =5 & o (TE)= (KE+PE)
.-.3m12[2éé]+-1-k12[29éj=0 Lo+ o=0 - a;n=1’i ¢e.ps
32 32 9m 9m
rkA=mg -.a=TE_ T _ImE
k o k

32-4 Body of mass 10 kg was placed on two springs as shown in fig.(2-46) , one of them has a
stiffness of 960 N/m. , After a displacement of 5 cmdown , the system has been brought to
equilibrium , fin the stiffness of the second spring. If the body moved upwards , a distance of 8
cm. , then subjected to a initial velocity of 2.1 m/sec and left freely ,then:
(1) Prove that the motion is a simple harmonic motion , its amplitude and time of period.
(2)Find its amplitude and the time of period

Leasal Jalaa ¢ (46-2) JSall Ziall daplaially WS (pinli 38 JO kg GBS puun puag=32
-\—-L,l,‘-élcj) 13y ¢ @olBl Sanlall Jalas gt Scm 4dlue haiual O s O3 « kT =960 N/'m

14y & jad) c‘.l_)'afu: 2.1 m/sec Ln_;‘..\i.n:t._li\éig‘ & ypudl el ?:‘Igcm adluws G5 o
c5 50 Leia g Letnm 33 o)y Anguy 480 35 48 ja 0 43S ) Bl (7)
A8 pall ey e Ol 5y e 3ay Ao pull 2o by G5V gy (e Al Zad 5V 22 ()
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KA+ A-mg =0 4]
1

ok, -—-K[mg—k]A]

ok =TE l=£‘f’n)-960=1ooﬂy
A 0.05 . m

Pt ) A Al 3 A8 jall o) el
2T dal 3Y1 3385 ) SV el Anaga (ot p Al anw A OIS 2 g o i i A8 el el
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235 jad) Aolas

K A+K,A—IG =k Y =K Y S MY oo (2)
frome quation(l) “ckA+k,A-mg=0 . .my+(k +k,)y=0

- K, “ g
Lyt—y=0 SVF@OI Y =00 B3)
m
b ety 000 Aa ol ey daailatia Aabealds Alsles 2 g puall 45 o Aol o8 (3) Aoladlly
aty mandl o iy gy Apall pe CliS () AV 5W Y Al A8 gl 3S Sl Sis
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Ao 5Sagy y, =8 cm Y, =210 cm/sec yas A all AHSN by 53l (e Legiad sl
ol S AN A

o) 4[%'}2 - +[%C’]2 17 om

Tt WS ISN dBU A5 ey A Al Sl Sy

{otall amplitude = A =

2
“TE=KE+PE = %m[y] +—;—A|ry2

€q

~TE = %(1 0}210)° + %(1 962)8)" = 283220 N
P [2(283220) _ 17 om
1962
:1=2sec) il amy 4o ) g Aad WY AlagY

$=sin" [!—J =sin”' [—8—] =28 = 0488 rad
A 17
y = Asin(ew! + ¢) = 17sin((14)(2) + 0.488)=17(0.51) =8.67 cm

+ y= Aw.codws + ) =17(14) cod14(2) + 0.488) = 17(14)(0.8616 = 20506 cm/ sec
33-A body abcd with sides ad=bc=6cm. , and a body of mass Skg suspended by two levels of
distance Im. , the springs are Ly=40cm. , L;=532cm. , and k,=120 N/m. Find the stiffness
coefficient of the other spring in equilibrium position for distance h=34 cm. (1)} A Vertical
velocity of (40)(2)'° cm/sec inposed on the body and then left to freely vibrate. prove that the
motion is a simple harmomc motion and find its time of period and phase angle.
(2)Find the distance when the speed is half the maximum velocity.

al g e LogiaAil il Cpudil o s o (Blas Skg ALS yad=be=6cm b abed pusa—33

ky =120 oW ( Ladill) &0 30 ol S5 Li=40cm , Ly=4dom. gankal Lagl gl (s ddaid 5
Aay paaadl o) ¢ o) IV paday (W#=34em dlaadl Jaas (M (S il Gl an o) N/im.
Ay sl A S (40)(2)7 emssec b e el (N Al de a3 o)

Ao gk gy (5 sl Lgie S g et aa gl g dagens il 55 S pa )9S T8 a o (1)
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2
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V=402 A, -\/(0) [40‘/_J JE=KE+PE
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k., 24525 y 8
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nax

v -(F 2032 = 7J@F -(O) - y=24J2 cm

S h=34%43=4092 cm. h=2713cm.

1
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