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A _—bi\/bz—4ac
2=
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0, 0, 3‘4—_‘,‘ ;}S"ﬂ- "-‘L\!’ L’._’ l1=(l32; s 1-2="~"22 L:I,I;
Loy S dd (gl ¢ E,D 4l ol e Ol o e Jgandl oS0y ~7
sl AW Caall B Y Al Alladll e E; Jalae dasds Q3 g (D/E) oY) A
Al A lagl Sy (Jially ¢ 2aaall e V1 Cacall ) V) Al (e Dy Jalas e
ciaall ¢ A puadl B Al (e B, Jelas ded; S5y (D,/E;) 40U 4 jual) Alala o8 2950
a8 SB Cuall g A0 Abladd e Dy Jelae e daal 4 SBD
dlgla, dlSof
1-(a) The system as shown in fig.(7-17) consisting of two masses and identical springs , each
spring of stiffness k , with each mass constrained to move only in the vertical direction.
Determine the equation of frequency , the two natural frequencies , and the ratio of amplitudes
corresponding to those two frequencies.

(b)if the upper mass (m)is displaced 1 ¢m. down the static equilibrium position and then
released , Determine x,(t) and xx(t) for the two masses when m;=m; = m
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o mx ==2kx, —0.5k(x, —x,) .. mxi+2.5kg -0.5kx, =0.......... 0
© myx2 =05k(x, —x,) = 3kx, . my x2—0.5kx +3.5kx, = 0..oveeeeee Q)
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g g AN Dt ol 7 gy b LaadiS ) ads
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2-In the undamped system as shown in fig{(7-18). Using coordinates x, , x, measured from
referance of position , Determine the differential equations of motion ,the frequency equation
and amplitudes ratio or the normal modes.

Sl g e liey X1, Xz Ozl plasiuly, (7-18) JSAN Anaall A ghidll (a2
coenplall 3l o cland) Gy ABS JST agadall 2y gy 2ol Alilasy ASjall ales aa )

(7-18) JSh

frt LS A (g g8t L AS jall Al S oS4

2mxz = k(X = X,) = I s (2)
¢ A il cas i Gl 3 488 a1l SIS el e apaadl e ) 9ST g A0 AS all ) el
Al CADAL Ll Sy <iS yal gaad o (yia iy

.. s - 2y
sx, =De™ | xi=iwDe™ |, x1 =0 .De" .. 3)
cx, =FEe'™ | xiy=iwEe™ |, xa=-0"Ee"™ ... 4)

Tk Lo gl (2), (1) ASal Ahlae (@), (3) SN (o iy gailly

(2K~ @2 MID —KE = 0o 5)
KD F (2K = 20 M)E = Qcooeoosooesoreeemeeees e scmmssensessssosssssssesessssssssssssseeneee (6)

2l A Lo Jeans A8is5 dad) 3 ) s (B (6) , (5) (uillmall aua gy 20l Aldase dlad Sy
ke WS
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2k ~*m) —k !
' I | RO (7)
-k (2k—2w2m)|
oy 2 2\ 12 e 3k kY’
S 2k-o'm)2k-20'm -k =0 Lo ——o" =15 —| =0..... (8)
m m
2
pul A=a’ oA ——[EEJJAI.S[—’(—] =0 s (9)
m m
) 2 k 2 k
. Ay =0 =0.634 — s Ay =@ =236 — | (10)
m m
. k k
oo, =0.79,/— rad/sec R @, =1.54,[— rad/sec................... an
m m
: s L& The ratio of amplitudes lawdl o slagd Say Ay
-ﬂ=2k"2 = k PRl L S 12)
! oM 2k—0.634(-—]m
m
% = Y d = k T S I TR T (13)
2 @, m 2k—2.36[—]m
m
trb LS Lol Bl iy (S
]Z\ 0.732 1.0
(a) (b)

3-The system shown in fig.(7-19a)Determine the equations of motion , the equation of
frequency and the two natural frequencies. If my=m;=m , k,=k;=k determine the amplitudes ratio

1 e mgaall s il g 20 0 Aalas 5 A8 5l Alolae da g ¢ (7-19a) JSAIL Aduall 4. plaial-3

el G 3:5_31 my=my=m , k;=k;=k Suls

A\

ki

ks

AV

(a)
(7-19) Jsal
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LB (L €,k Alalee Lagins Gy my , my oS (e (9955 4 ghie (Biay (7-19a2) JS2D
LS JS e 5 haall g gl iy (7-19D)0SEN 5 (s ko, Ky Lagie IS Jeles (B (adliy Alaia
frk WS A _jad) lilas Sl Sy WIS As ghaiall iy (7-19¢) JSE

Comx = —kx, —k(x, —X,) o om xi+(k +K)x, —kx, =0.............. 1)
wom, X2 = k(x, —x,)—k,x, .. m, ;z—h, +(k+ky)x, =0 @)

Silay gl ciad A gl LS Hal o ynl e (05T a8 ek g9 A0 AS el O iy
toRY) A LS S all gaa) o (i ga iy Aila ) Coland

X, = A, sinfar +¢) ,x1 = ad, cos(aX +4) X1 =@’ A, sin(ax + go............. 3
X, = 4, sin(ax + ) ,x2 = @A, cos(an + @) ,X, = —@> 4, sin(aX +¢)

FOASY) ililaall 55 (2), (1) Ol (4), (3) S (e (pay sailly
Sk +k—-mw®)4, -k4, =0

........................................................... )
— KA, 4 (k4 =My ) Ay = O (6)
ool LS 23 Ablaa e Jgemadl (e,
(k, + k—m0?) -k _o
—k (k, +k - my@?
cky Ak =m@ Yk, k= my@) =k = 0uee e, (7

o WS cppagahall s S slad (S my=my=m, ki=k;=k oo (7) 280 Ablas B g il

S (2k-ma*) -k*=0 .. mo’-k=0 or mo’-3k=0

S, =\/E rad / sec ., @ =J£ rad /SeC...reeveeersienns ®
m m

:U.L_I LS Cilad) i,luﬁ.\l%g' L')S.A:YJ
“.the frist mode=iqL k k

A, =k+k, —ma’ 2%k -ma’

Lat @ = L3 S =——k =] )]
1
m A,

2k—m(£)
m
k-mo® 2k-mo’
or  the second mode:f'—=k"'+ m,® =2 mao
) k k
R . T S R, (10)
m A, -k

4-A two — wheel trailer is drawn over an undulating surface in such a way that the vertical

-315-



motion of the tyre may be regarded as sinusoidal , the pitch of the undulations being 6m. The
combined stiffness of the tyres is 180 kN/m and that of the main springs is 65 kN/m , the axle
and attached parts have a mass of 450 kg., and the mass of the body is 500 kg. Find (a) the
critical speeds of the trailer in km/hr and (b} the amplitude of the trailer body vibration if the
trailer is drawn at 60 km/hr and the amplitude of the undultions is 0.15m.

eyl W RS el il y e gatin dada (ish (o (Gilae) 0t I35 phia—d
DY) Jal sy 6 cm. (5l y RIS Lo 5e 590 Jsh) 5 ghaadl Jph o pall daiadl JC2 b
450 kg Lag—— Juciall ¢ 2l y Oilaall g ABSy 65 KN/malil Salaay 180 kKN/m S 5l

Aol [ e gli€ly 5 5 ghial A yall de ol 224 (1) ¢« 600 kg, @ add) pusn ABS,
0.15m 7 yaad (51D Anas S0 KV/hr A juuy gl s 1335kl gy § ¥} 20l 20 ()

s s
T m|=600 kg
X k=65 kN/m
T q my=450kg.
k= 180 Kn/m
A\
X 1 |
(7-20) JS8N
ok LS A8 ) il dlad (Say O
Comx =k (X =X)L M AR X =KX, = O 1)
comyxa=k(x, - X,) -k, (X, —x,) oomy x1— kX, +kx, + ko, —kx, =0.......(2)

Ua,.ud&!b_,hhu&l.\;_ﬂ_,&h&léiﬁsl_ﬁ Q‘SJ&E& L}ao_,ﬂ‘ﬂ_,ig_)_,:.is);ﬂ u‘ UJ:J.I.!
140G Ay S jall 33 sl e

Lx = Asinal , X1 = @4, c0Sa X = =@ A SINO e (3)
x, = A, stnax ,X2 = @A, cosax X2 == A SN oo 4)
X, = A;sined ,X3 = @A, COSA X3 = —@7 Ay SINOeunuivreerneaeeererrerras (5)

) g (5), (4), (3) Sl fa iy gl Y

AR, — @ )+ Ay (~h) = 0o (6)
A (k)Y + Ay (k4 hy = 11,07 ) = Ky Ay (7)



feek LS 2 1 Ablase Gl Sy

(k) =@ Yk, + k) =,07 Y = k7 = 0t (8)
Sy Leaie g dgepdall Sl ll ALY (the critical speeds) A jadl Sle jud) Cad Sy (Y
' el LS 3 Y Allas e Sl g i

Mm@ ~(mk, + ik + 1k Y07 + E Ky = 0t r s 9
2. (600)(450)0" - [(600)(65) + (600)(180) + (450%65)[10)ew? + (65)(180)(10°) = 0
Y 0.27@" —176.2507 11700 = 0.ttt s eee e (10)
put A=’ . 02747 -176.254+11700=0
SAL, = ~b2yb’ —dac 17625 £/(76.25) -4027(11700) a1
: 2a 2(0.27)
A =] =577.78 (rad/sec)’ .. @, =24.04 rad/Sec........ccoceirvirvirecenirarirrnnne. (12)
A, =@l =175 (rad/sec)’ S @y =8.66 FAASEC coueieersrrieeiere e (13)
fb LS A el Sile jull olag) 8y dlly
o =2 - f = % - 2;'::4 =383 HZeooooooeooeoeeeee s oeesseeses (4)
v f = -3;*]“ 5w, =3.6(L)F, =3.6(6)(3.83) = 82.728 kom/ Ao (15)
" =82'€=1.38 HZ v, =3.6(L)f, =3.6(6)1.38) = 29.81 km/hr........(16)

:Ln‘.‘éu; Hﬂb)h‘,l:uﬂoy)‘ 5_)1:1“ &'.l.\:\._}&.i_,u{.‘n\.c-)ad‘s.u ..Yll:-i_)‘,m‘ﬁo‘.hﬂg_,
fa b o Jeans (7)Aadl 8 (6) Ablad) (1 A,
- Al(kl —mlwz)
k,

- 2
M[‘kl + kz —m2w2]= k1A3

v A,

Al(_'k|)+

" A.[" kP +(k, —mo’ Yk, +k, —n12a)2)]=1?c,k2/43 ............................ a7

. Kk, 4, (65)(180) 4,
LA = 22 = : ] N (18)
(k, +k, — m,@* Yk, —m@*) -k 0.270* -176.250% +11700
LS A;=0.15m g gaiall 3okl dasig ¢ 60km/hr Ao jaay Cums 1313 ) ghaiall das 2oy | S0y o)
IS
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v 60
v f= 17866 278 HZ '.o=2zf =27(2.78)=17.49 rad/sec........... (19)
p—al Ay A eVl Al Je Jgeaall 1Sy A3=0.15m « 0 =17.49 rad/sec & L il
b LS 5 shaiall
A = [ 4(65)(1 80)(0.15) - ] =~0.1047m....ccrcurueene. (20)
0.27(17.49)* - (176.25)(17.49)* +11700

5-Part of a machine can be modelled by the system shown in fig (7-21). Two uniform discs A
and B, which are free to rotate about fixed parallel axes thorough their centers , are coupled by
a spring. Similar springs connect the discs to the fixed frame as shown in the figure. Each of the
springs has a stiffness of 3 kN/m which is the same in tension or compression. Disc A has a
mass moment of inertia about its axis of rotation of 0.08 kg.mz , and a radius of 0.15m , whilst
for the disc B the corresponding figures are 0.45kg.m’ and 0.3m. Damping is negligible.
Determine the natural frequencies of small amplitude oscillation of the system and the
corresponding of amplitudes ratio.

B, A (lakiiie (lua B (ya 5Siall 5 (7-21) JS2L dipad) da platally A (K B38ha (g0 6 25

il Lo Giludlia g Oy, O) Lad S 5o A 0 )l 1o il Gsme Jga 3oms sy SO
J—5 Jelaay (7-27) JS3L e LS BSLY S ae e il Gplialia cplilaia (il Bl
S A gl o e ¢ dakall g ol ol Bloie Lagie JS 058 Cam k=3KN/m oAl
e 03— B o il Lay 1, =0.15m 3 sk Ciuaiy [,=0.08 kg.m” A3 )93 Hsae Jsa A e sill
Axaad AUy 51 g 203l Jea] ¢ 1, =0.3 m b k8 Ciiaiy ], =0.45 kg.m® A S ) suail

B okliall Colall Canss SIS g da glaiadll 83gd 3 jaiim Ay

(7-21-b) i
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VM =-1,0, S M, =k, +k(r8, +1.0,)r,
O R L R R | (1)
ZMO:’ =-l, s . ZMoz =k(r,0, +r,0,)r, + krbng

R PO, ) T R R | 2)
Ailids oyt a3 A SIS el e el e sSTs &y s AS el o Ly g
Tk LS DS Hallisaa] e plageis

0, = Asinax .8, = —b’Asinax ,0, = Bsinax ,0; =-w’Bsina........... 3)
e Lo i (2)¢ (1) Oitblaad (B (3)cse Ly sty g
O R DY B (. ot | OO OO (4)
(R, 1) A + (5] =@ 1) B = 0o sesssssss e senssss e (5)
tah LS 2nal 5 ) gua (A (5) ¢ (4) Oiidobaall paiagr 23 AW Aslas Slad (S

2hr? ~a?] kr

hr, ~a'1 ) N T OO 6)

kr,r, Qlr} -o’l,)

T 0, =2k A1 )@ 3R, = O (7)

k =3kN/m, 1,=0.08 kgm’, 15=0.45kgm’, J—3ll 2l e (7) 32 Aslas b sy saily
r.=0.15m, r;=0.3m

. " 0.08)(0.45) - 203)10°)[0.080.3)+ 0.45(0.15)) |o? + 31 0*)] .(0.157)(03%) =0

50.0360" — 6(10°)(0.0173@* +54.67510°) = 0.cevvvereeeecrceceeeeee i 8
put @ =2 20,0362 —103.95445467=0nc.eovoecereeseeeceeeeseeseee s eeeeeeene e ®)

—h? 0B _ ' 2
wa,=20"2 22 84C . 2 —w? =21958Xrad/sec) A, =w? = 69167 (rad/ sec)
Sy =46.86 rad/sec ,w, =263 rad/Sec........cccovmiiiiniiiiiic (10)

> —wil, 22874
WA R 135 g5 A _ 2y -enly 2870 1B)
B 2k} -wll, -40 B, hr.r, 135

6-A rotating machine at constant speed 4000 rpm , the exciting frequency was closed to natural
frequency of the system. If the machine mass is 30 ib and the spring coefficient is 15ib/in, find
the mass and the spring coefficient of the shock absorber that must be installed in order to get
natural frequency for the system equal 257of the exciting frequency?. How can you reduce the
amplitude of vibration for mass ml as much as possible by using the dynamic of the shock
absorber ?
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maahall 33 5 e haa cy B BN 33 55 S ¢ 4000 rpm Al Ay Sle (90 2 —6
Shead Gl Jelaay A5S an ¢ 15 ib/in Ll Jalasy 30 ib AShall XS cil€ 1Yy ¢ 4 phiial
® 55wV 33 55 (e 257 U glane Ze ghaiall agdll 235 (3 ia Ailis) anl gl Clateall ale
AV (al e Ayl kil GASV] sy my A5SLaY RS ) ) faae Bl Sy S
T Saalipal

dal

Fosinoot k;x;

J, ki ki 0
m; m, m lisinc)t e

ka(x-x2) X P k2
k2
m; M3 X2
() (@) (<) ()
(7-21) Jsab

com, 1 =—kyx, —ky(x, = x,)}+ F.sinax -.m X1+ kx, +k,x, ~k,x, = F, sinex... 1)

X1 = k(X = X,) o g Xy KyXy FEyXy = Do en e enens (2)

S S jal e aall (e 5 9SE oed JElg Ay e AS jall (0 5S8 deddl dasae da ghaiall Of ey
AV Sl 2, %) LS e (s3al o ey gall (S A o A g3

x, = Dsinax ,J'n = wD cos w¥ ,I"I = =@  DSIN @ oo 3)
x, = Esinox ,;}2 = wE cos o ,;2 =~ ESIN@hennereeererrererenannn, 4)

b e e e by (6)c (5) ilindd 55 2) ¢ (1) cablnad 3 (4) ¢ () m cimenny
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GRS 2 T 5 o S )

— Ky D+ (k) = 1507 YE = 0ot nnes e (6)
(k, +ky —m@?) —k, ) 2 2
A= = (k, +k, —~m o)k, —myw?) ~ k2.7
—kz (kz_mzmz) 1 2 I ) 2 2 ) 2 ( )
Av =) ~k F.(k 2) @)
SAx, = = F (k) =M@ )
"o (k, - myw?) ro
k _ 2
BT e L T )
_kz
F (k, —-m,w*
p=2n_ ) e (10)
A (ky+k,—mo' Xk, -mw’)-k
nE= L a1
A (k+k,—mo )k, -mw)-k,

Tk LS daaall iy ((7) Aslaal A=0 pua gy il 5 Gs plaiall 33¢d 23 5N Adlae A Sy

ckky + ki -motk, ~me’k, ~me k¥ @ mm, -k = 0., (12)

me’  mo’ mzcoz_'_m,mzco‘1

k, k, k, k.k,

|

T WS Gl (s 5N o e (12) Aladl (3 el

m2 (0"
2
1-2r7 0)2[ 2J+r"-—0 yb=2rt——2—4r' =0
1 1“n
P (24 23, 12 Dt nssa s nees (14)

ol a5 Ul 30 e 25% ST e Sl AN 068 o) gl
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100 - *.-
® 25 15)

r=—= = 0.5 e e
o, 100
k .

S (0.79 -2+ k—’)(O."I‘S)2 +1=0 ,.k, =0.33%, ... (16)
1

at resonance r =2 = 1 . i = f’— ~k—’ =% 0339, a7
@, m o m kK m

somy =0.339m; =0.339(30) =10.17 b (18)

2ok, =0.339%, =0.339(15) =5.085 b/ iMucueeereceeeecrreceereeiene 19

m;=10.17ib , k;=5.085ib/in (155 O ey (il Gigaa il oy,
O g (10) Abladl i Spalill 3 5aV1 ale glasiudy (MY oy ABKY 3 a) Aew Jifinl
055 g siiall g gl
Sk mmuwt =0k, =M@ i (20)
J AV e ghis aadid gty Lglee jhuall & glas m1 ABSH a5 lld Caay Latie
G555 13gd 5 5 YT 20 5 e Ay B sl e phiiall agidall s Gl 0685 Larie Jadd Soalipal

7-Exciting force F, cos(wt) acting on the system shown in fig(7-22). Determine the amount of
damping vibration by mechanical impedance method for m,, m; at steady state ,If the air
damping assumed to be c=2 kg.cm/sec and k;=k;=2 kg/cm ,m,=m,=2 kg ,and w=1 rad/sec

3 gadiall 3 aY! jlais aa (7-22) JSAIL el e phiall (B 55 F, cos(wt) bl 5 47
=2 o se Aaall o i 13 ¢ b el Aladl b my,my oSSY ASAS N Aasledd 4k
o=1rad/sec ¢« m;=m;=2kg « k;=k;=2kg/cm (¢ kg.cm/sec

Fo cosmt k.xl

F, cos(wt)

™y

Xz

(7-23)J820
fk LS 9a 3ad A plaially aead) (f Adaadle pe (7-23) dashaiall A8 jall las day (Sa
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oy X) = —kx, — €, x1— k, (x, — x, )+ F, cos(ax)
o X+ (K k)X + €, X kX, = F,L COS(@).erereannereseeeeeressens )
m, X3 = —c, .f2+k2(.‘l'] -X,;)

Jom, iz+c,h—k2xl F Xy T 0 3]
b LS clat 15 8 )Y 3 68 (e i gad ASa3MS5aY ABle Y| AQ) yha laddulyg

S F cos(a)=Fe'™ ,w0=1rad/sec .. F,cos(t)=Fe"....... 3)
~x =X, x=iXe" , xi=(@YXe =-Xe . (4)
Sxy=Xae" X1 =iX,e" X2 =—Xpe s (5

A ael 'a_)_,.a.aujﬁ.a.a.hjj (2) ‘ (I):\SJAM u:IbLIAUS(S) ‘ (4) I (3) Sl wu@yﬂhj
ok LS i ghaall olad Sy el S Ay sy

S2H 20X, = 2X 5 = F et (6)
X HEX ) = Ot €)
2+2i -2
aa=|Et) Y S ®)
—1 !
F, -2
AX, =' ° 1 SOOI (10)
0 i
542
A, = R b e an
-1 0
. AX, _iIFQi+4) _Qi+&iF, _(2+4DF a2)
A Qi-dHQ2i+4 -20 -20
L X, =(01-02)F, X, = 1?,,1/(0.1)2 +(02)? =0.22F............ (13)

_AX,  FQRi+4)  Qi+4)F
TUOA T Qi-4Q2i+4) =20

S Xy = FAJ0.)F +(0.2Y =0.22F.

6 =tan™ 020 %6 .0, =tan” =02 634 (15
0.1 2 0.1

= —(0.1i + 0.2)F........(14)
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AJENADIG yie g Aal Y15 F, cost=Re(Foe™ ) ADlally & Uit 358 eyl (ay g

X, =Xe? ox = R(Xe")=R(Xe%e)= X cos(t+8,)....(16)
Xy = X3C08(FH ) Y an
Sox =022F cos(t —26.6°) ,x, =0.22F,cos(f +63.4%)...cccininnnnnnnenn (18)

(21) Dolaally Aipall ) guall Jo 5SS Ay puaill ANall L 5 godeall 2 51 haYH (4S5 allyy
8-The system in fig.(7-24) consists of a puliey , a trolley of mass m , three springs of stiffness
k) , k; and k; , and a dashpot in the figure. The pulley has a mass moment of subjected to the
moment M(t) shown. Determine the equations of motion of the system and then put them in the
matrix form cosidering that the displacement is x>16..

ki, Legdolns Gad 5o SO0 gm; LEES L e 9358 e (0S5 ( 7-24) JSA Aipall A phidll~8
E)Aﬂﬁi&'ﬂ),ﬂﬂ‘e}‘Mbusm‘ﬂ!w;&cﬂw|&m3wl;_’kz ks
:L_S_):Ju‘.n.nd_:n_,‘—‘p_u‘)lhcabyLSM, ‘-n_')cdaainlu.ui:_,i_)s._\.nﬁol_)_,ﬂ)};ad_,;

Xx>18 Al W ) el e Ad shadll 3 guall B eelS) g A glaiall

----

| SOINNRNRANN

(7-24) J&&)
Slasyl 8 Ailayy okl i el il I a0e ool alSH I 650 ol
fir 1aS LagiS jm Aldlae Sy 3 Sy Ga il e 3 f3ell (5 g8 Lund Sy el
S M, =-16 =Y M, =krbr—k(x-r6)yr-M,
O TS (R 2 T T ¥ O )
wMx=YF, . Mx=-cx-kx—k(x-rf)

A Mxtexthx+ ko (x—r@)=0 . Mx+cx+(ky +ky)x -k, r6=0...(2)
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feoh LS A shinall 5 geal) (8 (2)0 (1) AS_ Al Aldles S Sy

|10 6 L00 6 . kr® +kr™) (k)6 || M| )
0 M|x]| [0 c|x]| [k, tk, +k) | x 0
Coordinate Transformations and Coupling. 3 42 ¢ ‘d‘f.hzl el gar11

agddde g ISV Jie Cyn bkl Lualy ) Lndgas yiiad ((7-258) JSAIL Al 44 glaiad
G o Ml e ki, ke ot sl Gea, b e ak ld JBY S 09 m A8 ANS 3 4la
SESS MPP - L. | S PUD SR L 5 P YR JECE YRR B P PRy AR I P
(7- JS8I Cpuy Ay Lo Leilua o Qi LS claa) ab b UV ABS o Jaag ¢ ¢ S el
5 R i ] QRS AT B > [ PYF A PUIVIRP WL PR g K S S EW );11 priall Jadai o 25b)
I amin ga (g X(1) IEEYY 23555 (€) SS0aY Jss 6(0) sy ¢ () Sl x(1) (od N
& iy et gl 5l 201 Bl (5 8 e Wemg s (335 Joley e

b LS A8 jall aliladll A Sad ¢ 5 puia B(1) Zyy) 31 Aal W)

S L ki(x-a0)
<+ ]
(7-25-a) &l (7-25-b) JS
X(1) Gl 3 yaa 3 sl iy 0(1) Ay Aal ) Leasal (faal J aa 6 33 (7-25b) JSAN 8 Jaa
3 b LS Aad 1 Agdaall Aal Y05 Ay gl W Aal VI Ala 4 A8 el Aliles ) ¢S

wmx =~k (x—ab)-k,(x+b0) - mx+(k, +k)x—(ka-k,Bb)E=0...()
VM =18 03 M, =—k(x-af)a+k,(x+bO)b

2 d B (kya ~ kyb)x + (k@7 +k,b?)0 = 0. ssnsssnesserinnss 2)
feoh LS g gieaall 5 ) gl A (2) ¢ (1) Ol iy Ky

m 0
0](_

x (k] +k2) —(Ir,a—ltzb) |:x:| |:0:|
+ N e (3)
& '(kla_kzb) (k|az +lt2b2) g 0
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b S Jadh A0 A ja B A il g e (0) Akl aie Zgul 8l A glaiall i et Alla b
Maie o gl e ki ko pad gl Gaay, by Gl die 4l (o) Adalill G (e ks ¢ (7-262) JS
0k (0) Jsn iall ol sl oy 36 Jo b (g peitiont y (RBS) 7 g1 o S0 JENVE (B x; e 5

k|x1a|=k2x|b1 N i.e k]a|=k2b|

ET” .............. lJ ...... !
S *"‘i 7
.......... L7, SR 2>t A X$
§ SV WY p e N - T (T A
<——> <>
(7-26-a) J&& (7-26-b) J<
Aaall Lo paiall g Al 8 QST (5 590 N a5 B(1) Cum B(1), x)(f) CibfaaT Jeainlsy

DAy peall e Ablaall LS (Say Moy 5 oI5 pum 5 (7-26b) S

sk (x, —a,8) -k, (x, +b,8)=m|x1—(a, = @) O..oeeers ....... (4)
k (x, - a8)a, —k,(x,+b,8)b, =1 6-mxi(a, — @)oo .... (5)
w ka, =k,b assume e=a, —a
comxi—me O+ (k, + k)%, = Oooeeces oeveeee e e oo (6)
ccveme xy 4 I, 0+ (k@2 + k,b2)Y0 = 0oes e s e (7)
m - me 3‘71 (k, +k,) 0 x 0
L , , =N - (8)
- me I, 6 0 (k,a; +k,b°)] 8 0

Adgiaall N0 (8) Addadd g0 S sall Jpa m ALY BCh S gl 0o a1 Cua
i) gt (3) Aalaadl M Hladly ¢ (7-26-b) S el daphaiall (7) , (6) ASad olad
O (7-25-b) Rashialls ledsa 6(t) sy (c) LS S sl x(1) JEN) lflan] Jlanind 2ic
SO LYY dad ) o L Jad g g o Y 138 enyy ¢ Beluadl 3 g3a Adaul 3 AS it Lildae
33 db il g dad ) 8 (8) Abbaally Al A8 jall ci¥olas i 5 AN Lea (ag ¢ il
i anb o g 13l ¢ AT il f el T L Jad 1 138 g ¢ (I gl
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JEel OSay ol Iy g A phaiall bl Lal s Cand 2 5 ddasfinadl DAY e adia dag S
S Ll e e lTanind 3 SVl st Cms Ya (1), (1) hand 35
i (S 5 Al dpagdall il BaaNl Cigaiy ¢ Ladly 53 5n g B B30 (S5 L LSaliys
Ay s A gmlall Bl i paes€ Abliaie e i A ) b e shial ddlal S
gaghll Sl A 5

Natural coordinates sl <budlaa Yi—]2

(Al e Ofin 0 D)) A all A3l Aaphaie (o (7-27) JSATL Apaad) Ao plaiall

0 Fa(t)
|.__: xi(t) Xa(t)
kl - . . T

ANSANANY

t: F|(t) t: Fz(t)
x)(1) Xa(1)

ko (t-kaxa(t)
e i(t)-cax’x(t

(7-27) Jsal
A g el Badiin g ¢ (1) el 8 ADS Gluhd sl 3 xp(1), x)(1) oSl ) el
:u.\g\..Si._é_,LaJ\’aJ‘,.A1 u-éLq.l.a.h_’_’ &J;.“ “ZIIJLLAU-‘C- Mm:,ml wlbﬂlis_);u.\n

2 my X (1) =~k X (1)~ ¢ X1(0) - ko5, (1)~ %, (0| — &,[x1 (1) = X, () + F(¢).......-()
o X () 4k + ko )x (D - () +(c, + &) 1i(1) = ¢ X2(6) = B}, 0

2 my %2(0) = y{x,() - x5, (0)+ ¢,

xi (- ;cz(t)< -kx, (1) -c, J.Tz(t) + F(1)...(0)

oy X2(0) — ko (1) + (ke + )y (1) — €, %, (1) + (€, +€) X2(0) = Fy(O)evnevvvei.. (2)
NG ETON N ICETAR: ()|, |h+k) ~k :q((tt)]{ﬁ(;)}mc)
0 m ;;2(1‘) —-¢, (6,+¢) x-z(t) -k, (k+k) x(1) (1)

[m[;(r)}r[c{;(z)}[k[x(z)]= 205 S *)



-c, x2) ,—k,x,(t) in the frist equation

and -k,x,(t) in the second equation _
$ et Juath Y alaall 33¢s (the coupling terms) Jast_jilt 2 gaa J-hab‘-‘v LTEN
fhdade sl &S ol GAT Slo glilal) ol jf Sa¥I-13
d3 iy 3 00wl 548 3925 pae g 2ad 22y pie AN A (7-27) JSAR Aippel 2 gl

tb Lo B A8 Al iblas
i.e-c, =c,=0 ,F(O=F(=0
oy 1)+ (k)X () = Ky Xy (1) = O oo sereenone (4)
ey Xy (0) = kX, (1) + (g + 1,325 (1) = O seeeeeeees e (5)
put k +k, =k, , ky+k,=ky , —k, =k, =k, in equation(4),(5)
e 1y X0(0) Ky, () B2y (1) = O ss e (6)
I S )R L T R () 20E (5 L (O (7

@xt), oW Widia (55 lela (i Luilaiay Abalis N olas (7), (6) oyilotaal Y 1k
bs—all o pgemda i Say (59 4)Cilblasll Jadl i 13gdy (s jlaa] il o o Cya axy(1)

a0l
RO R R O T 0 JO (8)

5 )g—all (o S (S0 (7), (6) ibilaall Gl Sl g 500 Cilall o0 i up Uy S
4l

oty £ + Ry tty + gty ) FU) = O eeriieres 9)

comyty FUO)+ (kpgtty + gty ) FE) = O (10)

L T ki thauy  kguthgy o a1

J@) mu, m,u,

O)Jj‘l‘—‘_’&...:ﬁ&i&k‘_l__}‘_;.\_);\!:imlsmz,k”,ku,ul,andlhL‘ﬂlhs_’ui-_lihk.—l-.ltluﬁlﬁl:\i
':L‘_ﬁtl.“ Y alel! BJy.au.‘r— (J.n:lan.“ d;“ u‘,sg_,;.ln:n.aa..uniﬂi :%SJ;]\

L O R L0 L (12)
, (ky = Am)uy + kg, =0 Jku +(kyy — Amyu, = 0., (13)

(D 5 ) pall e (12) Asleddl puday oSy Sl
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S(t)=Ae" where s’+A=0.and 5,,=2tV~Auen... (14)
N 1,2
il 5 pall e (14) slaall Jall 48

J{t)=Ae" + Aye" = 4 exp(v=-A) + 4, exp(—/~ Dfuouere. (15)
' 2 e (14) Adledl d A=c, JyY
8127 MDuuriiiiinicise ittt s b e a s eaen (16)
A 5 el o LS (Kay (15) Abkadl o L
AL A ™™ oitieieniinirnereeeeire e ranaaas (17)

Bl—a gl ied AN A8 el Slganadll Bl ™, € ) g AS el e il B 8 AL A Gy
A 5 peall (o LAUS (Say Ul

€ "'SCOSME | ISINET v eeeevneeeesassesrosssneecesonsssessssseonsassemsssense (18)

fR=(A 1+ A;)cosmt +i(A - ASINO ..o, (19)
AtAr=c cosd  ,  I(AFADTCSING o e Sya

A Al 55 e e (19) Aslaall Jall 5985 Sy
f(1)=C.COS(Mt-)....ocmninrrrrceeeeeeeeecereee e 20

A=’ Ladic 5 54— hall Ay ) o8 ¢ ¢ 4@l gl AS ol i A @ ¢ sk b A ¢ Cua
1l 5 ) geall Je agi S K0y (13) & B ililaadl oA

(k) = @)Y, + gty =0 [¥3))
kppth 4+ (Ryy = 021, Yty = 0utr e (22)
O ¢ padial Jﬁﬁ-h-t‘u:'“mzcﬂuz,ul Jialaddly (fiuilade Ghal G e Oiblas Jis AN

W, vy IOl sl sl IS 1Y daié Do p0e3(22) 5 (21) SVl O Baad
POt hall Uglia

P
A(w) = det[(k” @m) ke ]: 0rreeterrrs s (23)
(kyy ~@"m,)

12
O Ry ¢ @ (0 4 Aa ,all (e agaadl A e Ay ¢ B jpadll Saaaally Cid (A 5 A7) Cua
o LS (23) Akl liy i

M®) = mm,0* —(mkyy +myk 0® + Ky ~ k= 0o (24)

2
o2, = 0.5m k,, + mk,, io_s‘][”’lki’;ﬂ:"zkll] _{M] _______ 25)
117,

mm, m,

Ol Lgd Allaall 33a g 20l Alslae gl ¢ 5 jpedd) Ablaally o5 @0 8 dny 5 Ablae S A
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oY) Bradlly O3 all Ai€an Lo dgial 1 A8 ol 04S5 () ey Ol 20 gy Al il g (300N
Sa¥ o A phiall dpepdall o il (A ey Ay @p A 20 3 AV sy JY1 o Ay
2 iU hlial el (B 5o 5 Cya o Lol G 51 08 e adad (g uy, up il A o8
@), (1) BN S plalt e 0?0 (301 02 2250 5 kbl y )V u “’de.)‘.)fml
Sigagh By, uy gl Ggaa ki 5 A Sl et (ST 0 A gl i

0, 0 Jay iy rp oy Claadl G sy oSe Gl Oiilatia (22) 5 (21) Cflibaal

tah LS
n 2
u _ k, —w'm, _ k,,
n=—t=- P =- P T eesessrssserse et e rasasaes (26)
U 12 2 T @M
(2) 2
__kn mw,m _ ki 27
2 (2) k k —a)zm IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII
12 2 1M,

r o AE il Je ol Gadaig lhealiia (26)Ahaal b1y DALY il o) Baaduy
S u® gl Ay Goh u® )l gl A S ) cuay ¢ (27) Asladl i
O—marhll o i N ae A 3 A 5 A8 jad Caad Ledie daphaiddl JE3 ofaray LAY ikl
bogeall (b Bl S Sy ¢ Aashiall ) 5aY agidall BLuiVL Lagha JS Gy (gl e

13,000 A giiadl
(1) (2)
[ ‘”] [ m}-u;“[r‘] ..... (28) [ "’] [ (2)]—11,”’[:_2] ..... (29)

o —aadal 0 58 e K555 5 the model vectors ISAT Slgatally cand 0@, 0P e S Cua
©p —ahal 2 W GBSy 3 a0 W) Gl AALAN iaal b Gipan [0V ] AMSEN deaial
& el ds g sall LN g0 M 05 @lliyy 350 A il e [0 ] LA dgaidly
O 3 D13 Ao glaial) () Jaadlig ¢ uaill o5 juat (A (B O V) G B pmadlly 3uD Jid
Glapare ae Gl di @Gl ae o Laf Badly 558V e (i L @sS 2 el e
Al ¢ LI Slgandl y Agandal chas Sl B Al Apagdall LY o B WIS LAy ol
faum g 508 Baall JS& o Cua o AN Clganall Aad lae Lo SUaaall 4 ghiiddl 53y 58 Aucals V)
Al g an sl a3l DA A el e Jeans @lldy 95 Jpee Aaid) 585 Laiy (unique) 1y A

Pk LaS AN A ghaal 5 ) gualt o LS (Say (5 (8) 5 (20) Gilladd

£
[x(”(l)] { (,)E ﬂ [m]f.(t) C[ }005(0)11—@) .................... (30)
: X" (1) !
[x‘ ’(1)]: L;l)(,J _ [um]fz = Cz[rzjlcos(a)zt L2 [T 31)
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dadl B (1), fi1) O 2Dy ¢ Mo e o0 oo SO i e 0@, u eyl Sl Cua
Oe) s die A pkiall A8 jall of g Wby ¢ (AU Bull g SV Budll e JS G (20) Asleal
LslJ Y ALl ¢, e ool S anad apailly o Ol (pnd] S0 5S Lgile Jumas (f (S

A Alslaally LS Ayt oy 20 daud 5 gkl

n

[x(r)] = [x(l)(r)]+ [xﬂ)(r)] = C,[l ]cos(a)lr - )+ Czl} ]cos(a)zt -@,)..( 32)
2

9-Consider the system of fig( 7-27 ), let my=m , m;=2m, k;=k;=K , k;==2k and obtain the
natural modes of vibration. )

aad ot mEm o, mp=2m, k=ko=k, kam2k Cua(7-27-b) JKA dall A plaid) a¥-9

-3 a3 Apendall by
a, xi(t) a ,Xz(t)
X, k; ks

5 TJN\‘_ " ]Lz_ (7--27-b) s

b 4
YA L

km <« kl(xl'xz)_ﬂ kax;

: Jall
fel WS (7-27-b) JSSIL Aipaall da plaiall 3 jaldt Sloles dlad oSa
1y X14 (ky 4y )X, = KyXy = O ssieeesssnssees e mnsessssonee 1)
IR TR A (N 0 S | )
wko=k, =k ky =2k s omo=m m, =2m
MX1+ 24k =k = 0 (3)
2m;z-kx| 43k, =0 (4)

O—Say a5 Al 30 ) Asles e Jeani (5) OEXAD (a iy gail p (24) Abdkaal) asily
:UJQLASLAJ_,E\_AJL)._J




(1) (2}

| u Oh u (7]

(7-28)JSsad 0.5
A0 Gadll e Jeaas (27) K (26) Ofbledll 4 oy, o Jady,

: k
2k~ — |m
_uél)__kll—wlzm=_ [MJ =1

= = trreeessieiaesareeesraserassrares 7
O X, y (7
S5k
2) 2 2k —[———]m
_ =.,k” —aym _ 2m ~—05 ®)
2 ul(z) kl2 ) e TR

Afu]= m Ju®)= [1 0.5] ...................................................... Q)

—hs ¢ balal caal o el i dum o (9) Abladdl (e Al Bl e Jgeaall S Sl
seaag G Bl ¢ By (7-28) JSEN b iy bl A Gudh JS3 i A5
akadly Adalill 2384 ey huo Lgdal ) ddais

skl Gldaayl o Stliade

By =@, r=n ) cad e Wias Sua (7) ¢ (6) AS_jad ablas (e Badl
10Ul 5 pall o Lagla IS (Sar Cua (27) « (26) opibilaall ddadd

X () =G () Gy (et (33)
X0 =0g (D A7q,(D) v (34)
oY) oablaal e Joans (7) ¢ (6) Aladdl 8 (34) ¢ (33) oribilaal il
M (G,+ )+ K,y (G +d) kg (R, +72G3) = O (35)
mZ(rl q“l+ r2 q—Z) + ku(q| + q2)+ k:z(r]q] + rzqz) = O ................... (36)

e Jmans Log—in 7 Hhalls Ay Joidl 4(36) Aslaall g mor, Jlaially (35) Aoslaal oy g
saallal alsta gt
mymy(r, ~ r)g+ (myryky, + myrr ki, —mkyy —mkyn g,
+(myrk,, +myrtk, —mky, —mikpry g, = 0. 37)
e Juani Login 7 Jlalls dimy laiad 4 (36) Aledlymyry Jfaiadls (35) Ablaadl iy
Al (38) Abladh
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nim,(r, —rz)q"z+ (myrk, + mzrlzku —mk,, —mk,,n)g,

+(myrk, +myrryk, —mk, ~mkor)g, = 0. (38)
Al (39) Alaladdl 1 (38) ¢ (37) uilalaad lsial (Say (27) ¢ (26) okl Hlasiilyg

Gt @7, =0 P =12 (39)

q1,q2 Va5 (7) ¢ (6) cpiloland) (I o sSaall QU lampdal fas 5D Les @ (<1,2) Sua

Gl o Ba i g ¢ a1 g duapdall CAAYL et ¢ Alfue Leallas A5 ja eV ales 585
3l 5 ) pall Je S (39) Aolaall

GO =Ccos(@f —@,) T =120 e (40)

b oalah ablead e Joaas (34) ¢ (33) olaall 8 (40) Aolasdl e g geily
LX) =C cos(wf —@,) + C, CoS(@yf = ) vecerceenvereirinnnan. (41)
X,(1) = C,r, cos(@,t — ¢, ) + C,r, COS(@y1 = @, Yovervrrenreconcrnrnnene (42)

ol L€ b gl Gaay LS (Say 30

1 ]
r r

[x(f)]:C,[ }cos(a)}t -¢,)+C2[ }cos(co,: -4;)
=C, [u‘”]cos(a)lt -¢)+C, [u”’]cos(a)lzt ) N (43)
bl Y e gy, okl Lot s)ser, 0 Slandl adindy e ghaidlh Cileata Jis o 0 Cus
Ao shiall A€ ) L 3y e gy Laa (32) Ablaall diliie ()45 (43) Abladl o} Cus L A50Y)
Agaglall CAAaaY) St 99 Ay gme Aganhl Gl (S S Lale Jgeaall (Ko e ) gh aic

10-Consider the automobile as shown in fig(7-25), let the system parameters have the values
m=100 Ib- s? /fi, }=1600 Ib-s’-fi, k,=2400 1b/ft , k;=2700 Ib/ft , a=4.40 fi, b=5.60ft , and find
the natural coordinates of the system

Pty LaS A glaiall ol juiie pl G ¢ 8 b S (7-25) S Al e il iet-10

34l ¢ M=1001b-s¥ft , 1e=1600 Ib-3 -fi, ky <2400 Ib/fi, ky=2700 Ib/ft , a=4.40 i, b=5.60 ft.
Ao glaiall Gagall i Saay!

sdadl

iblae 8 slaaall O paiall ad Jla) g daeahll Gl Cpas O caag ¢ andall ShSAY alagY
folt LS A giiadll 5 ) guall (8 Cuniay A AS jal

1
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mx+ (k, +k)x - (ka-kb)0 =0 1 6-(ka-kb)x+(ka® +k,b?)8 =0
r

|m of* +F(k,+k2) ~(k,a-k,b) Ix]_m
h o 18| [~tha-kb)  (ka'+kp")[6] |0
I r
100 0 [*| |5100 4560 [x] [0
", e N 9 = o [ ()]
[0 1600} ] [4560. 131136
,[100 0 Tx 5100 4560 x 0
- + 1 IR ORI Q2
0 1600§© | |4560 1311361©] |0
A e B(1) ¢ x(1) I Bl La © ¢ X Lua ¢ 4B el N olae a5 (2) Alslaally

Slagd (Say Sl

= 160000 132960 +4050) = 0......... -3)
4560  131136-1600w°

.. having the solution
ol @l = 66.48-T\/(66.48)’ —4050 = 66.48F19.22 = 47.26(rad / secy ,85.7(rad / secy
~.the natural frequencis are w, =6.88 rad/sec ,a, =9.26rad/sec
A bilaally LS il 5 gum e 38 jall (gihoban g gy 13 g A ghiiall 5 paall sl cysed (Sns
e ghatll gl (339 5 (05 S Ml (3)
tle Joans SV Caall L8 (2) A9 gl B ) colal o)t L 0 oo sl

{5100—100(0’ 4560
s.de

at @} . —4726(100)0X " +5100XY + 45600 =0............. 4)

en 374
2= e = —0.0820 rad/ fl.reeerirrecrenaens 5
x® 4560 s ©)
atw? .. -85.70(100).X? +5100X D + 45600 = (................ (6)
(2)
r=9——=3—4m=0.761 FAA  SEC ..o eecrreereireeerresernersesssenesanas €))
X® 4560

Juani (2) Ablaall SV ciuall (e Yar S Caal o), 0,7 Ge (el A0 Liad Jaads

) (2)
X! | T L ®)
" | | -0082 0 || 0.761
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(7-29)Js
fo LeS Apngdall GlBaaW Bl Sl alValedl Jdn L o s sedlls

x,(t)=q, 1)+ q,(1) X () =g (D) +r,g, (D) (9

at  x,(1) = x(1) X, (1) =8()
Cx(1)=¢q, (1) +q,(1) ,0(1)=—0.082 g, (1) + 0.761 g, (1).....( 10)

Broms Lo i g A gl 3 gl Ao (A (1) ASal Alolas B pnalil 838 (e yay geilly
:allill gy(t) , qu(t) Asawhll clMaaYL 25 SRl e AS el ClV s e Jhass Wld ¢ Aa

g()+47.269(1) =0 gy (1)+85.7G(1) = Voo (il
i 'o_)y.a“ ‘_,.ed;.ﬂ O Caa o _};‘Y\ lgaans mMEJHQ\JJL‘I—AH dhuss_,_ldu.ﬂ
¢,(1) =C,cos(6.881 —¢,)  ,q,(1)=C, c0s5(9.26! — ¢, )......... (12)

: b LS A ghanall 35 jall il BES Ky ll3

x| | x© X T1
I:G(;)jl = |:®(|) :lql N+ |:®(2) :I‘?I = C||:_ 0.082:|COS(6.881 -¢)

1
+G [0-761}305(9.26! = B )ttt (13)

0(0) , 8(0) , x(0) , x(0) A1V Jay,ll Je ¢y, 4 shl Ay iy G, C) Cilaladd) adiady
ASEN 5BV I Aal e O 0 b da gl Alaind Aa 6 LS @l a6 (S

sudltt) 5 000 N L gadl (e s gt S o pbile dilaiuf~14

Response of A Two Degree-of Freedom System To Initial Excitation.
— A phaidll dpaplall ALY i Juala W jlie) (Kay e (g die dagdaiall 45 o o) B2
A A all e Ggin 0 D A plaiad A8 jal Alilas < 0SG 0) oS A (6l L Apauhl Laliaa)
tLaa g il (42) ¢ (41) piabladdl 4 LS dnne
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x,()=C,cos(w,f - ¢, )+ C2 COS(@yf — @3 )vreminrneieeeinrceae (41
x,(t) = C,1, cos(,f = @,) £ Cy 7, COS(@,f = B )ernrrvvenmeeeerrernnrannn, (42)

]
» ul
~= ry =
' bl
u u?

where r, =

Y ikl e e, @) Agmpdall Sl J S g Bl A phaiall 53 jie (4S5 1p, 1yl Cua
:W‘ :‘iﬂ'ﬁ"y‘ 'LJ)“"““ U'lc ¢2 ] ¢l _)_,H‘ lﬂJ‘JJ C2 ) CI ";'L""'m U"; Adiad

x(0)=x, , x,(=xy , x,0)=v, , %,(0)=v,......(44)
A5V QYolealt e Jeaas (42), (41) Oiloleall 8 4SSN b g p20 e iy el

X () =x,=Ccos@ +, €080 (45)
X,(0) = x,0 =Cir, €08, + Cyry COSP, it (46)
11(0) = v,y = C,0, SIN@, + Cy, SIBPyerrrvvvreeerreeerercressseeeeersesesssesssos (47)
,X2(0) =v,y= C\0,7, SIN@, + CotdyFy SIN Pyernreevreeeeesrrremeserennensrenns (48)

AN balaall 3y pa Ve an ) Lalic] (S (48) « @7) « (46) ¢ (45) VAl
C,sing, , C,sing, , C,cos¢, , C,cosg,
SN gl Led (0 sSs Ay V1 iV alad 33a

C,cos ¢, = — (FaXi0 = X0 decvvnns crvinene crccrines wenvnnnd 49)
2 1
] .
C,cos ¢, = e (= X0 + X0 evvens v i e (50)
2 |
. 1 1
C,sin ¢, = e (—‘E;—)(rzvl,J — Vg Jevnriens vt e o (51)
2 I 1
. 1 ]
C,sin¢, = — (m—)(—r,v,,J R 27 NP (52)
2 1 2
10 S e dyaadt (S Sullyy
Y
C, = \/(rzx,o - x,)° +M ........................... (53)
oh o
_ v \?
C, = \ﬁ—r,x,o +x) +(’1v—'°2‘fﬂ...; .................... (54)
r, —r, (1)2

rv, —v
B o=tan T — 2 bt (55)
! @, (rX)g —Xy5)

P L Rk TR (56)
@, (X)) = Xy)

LAY 5 HlanS ALalSh AlasuNL ¢;, 64,Cy, Cy O IS5 (42) ¢ (41)cpidolaal ety
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I]—Coqsider the system of example (9) and optain the response to the initiale x,(0)=1.2,
X2(0)=x 1(0)=x 2(0)=0.

ABEN 50 Alatia¥) an g1y (9) Jlel b Lo ghaiadl Jeli-11

|

O a5 (9) Jhall ((7) Wladd) 4

@, =1.5811Jk/m , o, = Jk/m
DO A Al da ol e s B ABLLYL p=-05 , r=1 (25 S,
X10=1.2 , X0=V16=V20=0 . o
rhs L e Juan (56) 5 (55) 5 (54) 5 (53) ¥alaal i il 38 Jaskyy
_ h¥e _ (~0.5)(1.2) _

C 13 )
' h-r, -05-1.0 0
C,=2ffe  ml2 e, )
r,-r, -05-10
R S N | 3)

ot LaS Qg llaal) AlaiVY Je Jeaaid (42) 5 (41) oobladll 4 ¢;,00,Co, Cr 08 s
x,(1)=C, cos(w,t — ¢,)+ C, cos(w, ~¢,) =

= 0.4cos(Jld_m)l +0.8 cos(l 581 l.ﬁ/;)l

X, (1) = Cyr, cos(@1 ~ @, ) + Cyr, cos(wf ~ $,) =

= 0.4cos{yk/m ) - 0.4 cos{1.5811/k/m }

12-In the system shown in fig.(7-30) , determine the equation of motion , the two natural

frequencies , the amplitude ratios for the two frequencies and the normal modes of vibration of
an automobile simulated by the simplified two degrees of freedom system with the following
numerical values: W=32201b., ) =(W/g)or2, L=10 ft, L,=4.5ft, k;=2400 Ib/ft , k,=2600 1b/ft ,
r=4 ft Study the effect of the coupling of the system , and define two separate coordinate system
to descirbe behaviour for the system,

Sl sty Gl (o il g 48 ol Albas 2 g) ¢ (7-30) IS0 Al Aeghal) 12
100N dpaall aill ae &y jalt (e im0 I35l Jasewy 3 gai Y paudall (Buill

W=3220Ib, J=(W/g)’ ,L=10 ft, L,=4.5 ft , k;=2400 Ib/ft , k;=2600 Ib/ft , =4 ft
i shidl) 45 ja Ciea gl (plifie ilan) sy de plall Jabs N1 Ll

.................
o

.
0 .
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P LS A8l alilaa Gt (Say
wS F=mx . omxvkx +hx, =0
mx+ k(X =1,8) + kg (X +58) =0 (1)
1.6=M, = 1.6=k(x-160), -k (x+1L,6),
L G-k (x =L + k(X + L) = 0 (2)
Gl iUy il wlt 3 Al gl O Sl e sl (e (555 gd 450 AS5all o) Jlie by
al Py x=Xe" DLl e ey ghall Jal DU LS jal gand o gia i 1agdy Akl
p— o gai g Aaal) g de Wl o Jiaad Gl Ay Dl ila Jusling g 8-0.6"" 44 M

ol LS A8l olae
cx=Xe L x=iaXe'™ ) X = -0 Xe'™ e, (3)
c0=0e" ;. O=iwbe™ , 0=-00e" . (4)

fab LS (2) 5 (1) A8 Allas 8 (4), (3) Sl (e iy el
—mw’Xe™ +k (x-1,68.)e" +k,(x+1,8,)e'” =0

X(=ma® +k, +k,)+60,(<kJ, + k) = 0o 5)
1 (-0%6.)e™ _k(x=18)he™ +k,(x+ 1,6, =
SXERL A H 0 (1ot + I A ) = 0. (6)

of (k, + k, —’m) —(kd, = k,1,)

= 0nveecenmenereesereennen (7
) —kyly) (k) kG -o0])

(2400 + 2600 ~ (12-2—0) — (2400 - 2600)

o =0
3200

- (2400 - 2600) 2400(4.5)% +2600(5.5)% — & )(4)
L' +128.7390° -392805=0 ,put A=’
S AT F128.7392 = 392805 = 0.t eaeen (8)
LA =0l =-476935 o, =69 rad/sec=1.1 C.pSccrrcerrcnn. Q)
A, =] =-820836  ..w,=9.06 rad/sec=1.44 c.ps... (10)

. the amplitude ratios [g] =-14.6 ft/rad = -3.06 in./deg..(11)

[g] =1.09 fifrad = 0.288 in./deg....ccmmecerrorerererrirrriessscmesee 12)



fisl LS A shaiall Normal modes (papbd) Bual sy Sy

6
« l464>§

sdaphiially o ARG o dalo W Ll Al 15
welall (k1L KoLo) Jaiad 1S 1Y Laguian; oo Oiliae (5555 i gu (2) 5 (1) S padt ibilase
AL A Aeana i kol (s b KLy O Wy KiLimkoly oF s seall b glue ol WY
o= o Al sl D 380 o 355 Lavie elliy Al gl g ANEN) A8l e IS (e 555
(ol D) Al Ay 48 sy Al yg ol Ayl AS s ABKY o jaTy AGNT AN i sy ]

el G g daln Y o Kol ol g dala VL e Ve KoL, (sstaY kL, Lexie
Aaghaial 48 Chiag) (pliunn Cpflia) 32516
s il 3 A8 jall ablas J5 ol cASalS o), (1) plasie] oSa

Tea
L

.....

(7-32) 85

my =k (y-L#)-k,(y+1,$)-mlg

somy+ml g+ (k, + k) + kD, =k 1)g =0

I, =k =1 —ky(y + ), —myl

I g mil i (k12 + k12 + (hyly — Ryd )y =0
Bl e et o i ) )y (Selioo o 9 Bl o A8 )ad ililae g gias iy
) A B et 13 Gl die g el Saelins BlS ) e (5 gint A phiadl o8 kyLy=k,L, S
LS a2 AESN B K e a5 a5 my” (3 peaill 348 iy Sl b Jidy o)
LN A8 a2 Vg g ¢ Blad) 84S pall b @iy g mLy” poall I ool g ey ¢ sladl i
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mLe" o5l y dladl b A
13-Fig.(7-33), shows a rigid bar with its center of mass not coinciding with its geometric center
J1.e., Ly# Ly, and supported by two springs k, ,k; . It represents a two degree of freedom system
since two coordinates are necessary to describe its motion . The choice of the coordinates will
define the type of coupling which can be immediately determined from the mass and stiffness
matrices. Mass or dynamical coupling exists if the mass matrix is nondiagonal . whereas
stiffness or static coupling exists if the stiffness matrix is nondiagonal. It is also possible to
have both forms of coupling.

L

: oel®) Pt 2)
LSoles M-V 0,8 9 b} pbye (7-33b) S

kix, -ﬁz(xﬁL 0)

el y WSSl a1 0 )i o b)) s g (7-336) S
oLy 2Ly O 1 A3 puvigh 38 sal ae TS S 4o 3hYpuls anial s (7-33)JC00-13
G A (ol B oadh e i 0 90 Ul (550 985 Ky, Ky Leglalas Opials e 550 5 il faa
da it g s Sy g SLSaY L) (g e shaiall AS a Chaa g (5 g e ) 555 (i)
0350 Laxie lausl g )5Sy (Saelipdll Jaf o) ALSH 5pluadl y ALEN 3 ghosas (10 B pllan iy (53
A dghias lgd 0S5 a8 5SSOI ol G ol Seluall Laiy ¢ Ahd pe e AKH 48 siias
Do i e Cpe gl DS aal g O (Saall e A1 LS ¢ 4 kel 2 BeLuad)
tdall
Sia 0, X C——psaadl ol GiaaV) a3 ¢ (7-33a) JSANy LS Kol o Bl o dad al-17
llne 09 Lovie Sl daf 5 de plaiall (39 JRY S el Adadll Aal 1 Sy x Haa)
DALl (1) A8 phaall 3 ) geall L4 AS el

m O|x G, +ky)  (kl, =k 1) x} H 0
+ =
0 J 9 (k2[2—klll) (k,112+k2122) ¢ 0
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0, x A A fa e Q) el e Juassy iy b A Ol KLi=koL, oIS 1Y

381 ) S candall e ¢ Al aa g (7-33b) JRATY LS Saallall o B30 o b S-18
hlae AU (Sayg kiLi=koLs o ) (Aol g) dealla dal j Sy capaidll Glo 450 sae (55$5
1ol LS (2) A iiadl 5 ) pall Lo 0, xc opflaadl A5 jal

m  me|%| [tk+k) 0 Tx] [o
e ) , = | (2)
me Jlp| o &wHE+kiDH|9$] |0
csSalinl Tf 50 mti g KHGYE Tl A AL 5 e sladl pUsi o gy Ve

«(7-33c) Jddly LaS Saaliallg SSULNY o a0 ) dagd S0-19
A dghadi b,y all 338 jall ablee 35S Sa A3l 3 gend Al b aie x=x, U_al 13

ULLaS(B)
[m mz] 5, +[(’f1+k2) kol }H{"] .............. 3)
m J 5| |kt k' [6] [0

onmge (Sl g (SR Dad B e S (55 el
14-In a study of earthquakes , a building is idealized as a rigid body of mass M supported on
two springs , one giving translational stiffness k and the other rotational stiffness kr as shown .
Given that I; is the mass moment of inertia of the building about its mass centre G , write down
the equations of motion using coordinates x for the translation from the equilibrium position ,
and Ofor the rotation of the building. Hence determine the frequency equation of the motion

A Laoal (pals Jle 58 ML ABS 3 daal foula pua ¢ 2y 0 A s 14
I il o5 I o e 136 ¢ (7-34) SN e LS ky Alalaa (o jg0 AV 5k Alelas
g e x SENY ) gaall Latdiie 45 jall Y alae JS) L G AR K e Jsa el JISH
o ghaiall 20 50 Aolae da gl @ pall 8 0 sy (SN o I

Loie, :
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. O—Say (I 05 0 9l Baadaly g A YT N el A 5 pkee 0 pisall gl Ay ) 5 o i iy
' flr LS A plaiall 45 Al lilaa slay)
vmx=3 F  om(x+h@)=-k  :omx+mhO+hx=0..(])
=l i) (a5 Slat) 6 sayy falall A (s sbay GelSH a5 o Lasy
o I, 0+ m(x+ h@)h= ~(k,6)+ (mgh6)
bt (B + 1) 0= (mgh =Ky ) = O )
AT Dl LSl saad e o sa iy Aikia

6= A, sin(@) » 8 = a4, coSDH , B = A, 5N D evvveeerreererreeererns (3)
x=A,sinax , X=a, oSN , X =0 Ay SN .crorrerrescerrcresrecrens )

N adll el dyg0aal 3 )ga b pagring 5 (2) ¢ (1) ASad Alas 4 (4) ¢ (3)0e iyl
f b LS 23 gl Al e Juans

~m@ A, M@ Ay Ay = 0. siensiens s (5)
ma hA, +(mh* + 1) A, + (mgh =k YA, = 0o (6)
—math k - mao?

me (k=mao) = 0o 7
(mh* +1)0® +(mgh-k,)  ma’h
e ml0" ~ 0 [mkh® + Ik —m?gh+ mk, |- mghk + ki, = 0.........(8)

15-The two-degree-of-freedom system shown in fig.(7-35) consists of a pulley , a mass m , two
springs of stiffness k; and k,, a dashpot with a damping coefficient of ¢, and a cable connecting
them as shown. The pulley centroidal mass moment of inertia is 1, There is sufficient friction
between the cable and pulley to prevent the cable from slipping. Determine the differential
equations of motion of the system when the pulley is subjected to be a time varying moment
M(t) as shown.

Olmiadig A Y8 95 53 K5 (e (655 (7-35) JSAR; Ao LS 4l (e (i 30 S5 Aaghaie— 15
LI I pail e ccne LS pgiy Jusia Jug ¢ A dad) Jalas els g ko, Ky Laghetas
2 a gl (s ) B e daddl aid 5 Sy Bal o IS lSal a1 8S0 (5 58 al
2 LS M) pit Ciaid c ginge b S (5S0 Leadie A glaiall 45 jad Aplabisll Y oladl
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(7-35) 5
s pyoall 3LgB  Adluse (0) WS 50 Jga a5 S (8 x diliwam ATSH o 50D Ladic
Ablas (pwes Sy JUly x>0 O ooy 3oa W lie by (7-35) JSAIL LS 5,80 S e
fk LS A ghaddi 5 pall (B Lagainyy 45 )l

VY M, =18 . -krlr+k,(x-r@)r+ M) =18

TG+ (k4 Ky )20 = Kyt = MU oo veeesisscosseeees oeeessss s s (1)

'.'m:?:ZF, .'.m?:-—kz(x-rﬂ)—c.; .‘.m;+c.§+k,x-k2r9=0 ...... (2)

[1 07 ¢ JJoooo fi’ e Rk 6]= Mo 3)
0 mlz] [0 ely| |-k k, lix] [0

(k, + k,)r? —k,r

whereM = ! 0 = Mass matrix K =
0 M -k, r k,

} = Stiffness Matrix

0 0 .
C= {0 ] = Damping Matrix
c

Lagrange s Equations g Y <lles—20

L 80s Lo Ll adien o g dguaigl Cola shiall 38 all ¥ olaa Slag) (3 ks e Al ke i oa
Alolas A2l Sy (D.E) ba2all Al g (P.E) puia gl ddla y (K.E) 4S jall 48U (Fia 4 ghisall
.q;(Generalized Coordinates) 43 gac CalBlaay 406N 5 ) gall e Y

d| &K.E) _6(K.£)+6(P.E)+6(D.E)= 0
dt g a, o, a,

[
where: Q is a generalizd externalforce (or non—lineardampingforce acting on the system

the subscripli) denotesnequatios for an (ny degree of freedomsystem

o Aaghial 85 el Aalall Lo il 5B 8 Q) o 4

and q; is the generalized coordinate that decribes the position of the system .
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\.Q__‘u_'d\ L).Luaﬂ Y el e U"‘:‘ diln . :\"»’L""'“ c..a}n h—l-l-d_" ru\ u:ﬂ.‘a‘ﬂ ot q; L:J‘LS‘
(a free conservative system) 5 _jadl 4 lil Adadladl 4s ghuiall il y 4y gall Gla 0 en 2
o il Aolas J3ig . yieall 45lue Qi , DE (e JS 0%

d|olkE)| akE) aPE)_, @

dt aq‘ @l aq:

where:K.E.=%m(i)2 .P.E.=%ch2 ,D.E.:%c(i)z

Elements for restoring (K.E.) are mass(m) and moment of inertia(])

Elements for restoring (P.E) is spring (k).

Elements causin g loss of during motion (D.E) is dashpot (c).

16-The system shown in fig.(7-36) consists of two identical springs attached to a trolley of
mass m; that supports a mass m; by means of a rod of length L and negligible mass pinned at
point 0. Determine the equations of motion of the system in terms of its generalized coordinates,
and then linearize these equations by assuming that the oscillations of the rod supporting m; are

small.

m. L3S ((350) A Pladia (pildio uiali (e (5985 (7-36) JSAL Al da shiali-16

A S pal c¥olee a4l ¢ (0) Jmiall AES Jloa! as L & gk Capuiad adad gy my AES Ly Sl

S pall ol ] iy SVl 53¢ Alaally Aa yarl) BT (e (S A plaial
B _kea m, ALSIL

F(1) P
@ J-36J58 1 )

OSey m, ALSH Aad ) oKDy x; Haa¥l el my ABSH Aal 3 Gl i LS 0 g0eS y,x NA3L
e 2 KA Aan gall Axg ) S o ey 3ely 8,30 3 ya, 3 (a8l Lebeas
A B LS a1 LYt b 5 o (S (7-36-b) JA (K1 5 A ghaiall cidlaa)

x:=x,+Lsing ... (H . ¥2=LcosB....cccrriiinnne (2)
s—ic il (Sary;, x; Cua constraint equations dadall S¥slaally Caed (2) 5 (1) oibtad
53 a Y iy e gl Ciom ) plladdl LB e adied N atadl 33850, x, (el
Ay v, x'y Al Slad (K @iy oH0al8 6, x, 330 s Ayyad e Oy I A planal
D LS (2)5 (1) o) Jualing
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X2 = x1+1c0S(8)(E).or.... 3) ., =LSinE)).(d)
K.E:%m, (x1)? +-%—m2f:(i)§ +(j;)§].....: ................................. (5) |

()3 (3) oslolandl (se iy pailly Alb Ape gac MLS B, x; 13400 Ao phaiall AS pal A SlaY
1 pdy (5) dsladl 4

KE. = %m, (x:)? +—12—m2{:(;c| )? +2(x,) cos(8)(@) + Iz(é)’}

. KE. = %(m, +m,)(x, Y +m, (x,) cos(E)B) + %mzﬁ ) (6)

strain 333 il aa oY 13¢) 5 elastic element (e juaic gl Adaic 2 m2 AN Y ) ks
O3S Juai¥) Al 8 ASH il ol Mgy ¢ (SO OISV gy 2o A phiall Jdenergy
:Igll:ﬁlibh.dl._:uSLe_\Sc_h,H Al Jadd o cany A g m2 ALSY Al b Asd YL b e
P.E=lxl +m,g(l-1c088)....cccnnuuc.n. (7
Angis Jylaall Jadl slay 5 ¢ m2 ASH 8 aua oW Ay Gl Baxed) AN (e 0 A
Sl Sall Jane ) oS (7-36-b) JS2M LeS F(t) 59 il aa5 0, x1 cilal Y1 & sl
Y alaally Dias
dW, =Q dx, = F()dx, .o (8)
dW, =Q,d0 = F(1)lcos8.d0............... 9
) g (8) ¢ (7) oobed 2 i
Qua=F(t) 3 Q=F(t)lcos® .o (10)
t aa (7 96) Ctbladd ey gl=x] O aa g0l A Aslaa gk y
O(K.E.)

Ox,

=(m, +m,)x,+ mzlcos(ﬂ)(é)

dt 5 x.,

[M] =0 (12) , ((%_PQJ = 20K et (13)
ox, ox,

POt gt e Asles (8 (13) ¢ (12) ¢ (17) « (10) SV adll (o a5l

i{ oK 'E')] = (m, +m, ) }1— m I sin(@)(@)? +m,lcos(@)®).....(11)
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Ld|AKE) | [a(K.E)J+[a(P.E)J= 0
dar 6q',- &g, aq, ‘

o(my + my) X1+ 2kx, — myl sin@)@)? + myl cos(0)(G) = F(1).........(14)
at q,=0 for equation(6,7) .. [a(KjE)] =m, x,1cos6 + m,1* &
80
i[ a(K:E )] = m, x, 1 cos(8) - m, x1 Isin(@X &) + m,I(H).......(15)
KE NI
[6(69 )J = =1, (X, )SIN(OYB)vereeeeeeerrreerr e (16)
[a(gf') ] = P, BISIN(B).nneereerirerrectrie et aens an
il sa¥ Wdlee (8 (17 5165155 10) ¥ nall (g0 g gaily
o myl cos(8)(x,) + myt? (8) + m, gl sin(@) = F(1) cos(6)........(18)

gl (Say (Ml g g s Ayl 50 Aal W (9808 5 s 3y ) FANY Gaseall AS ja (Y 1 sl
i pgiiadl 5 aall LAy Al Alilee slad (S @l sinzB , cosB=1 8820 e

b LS
o (my +my )X+ 20, + MO = F({)onnneeoecsssseeseerereevone (18)
m, 0 0+ mugl@+ myl X1 = F(U)oooneoneeeeoeeeseveoieevevrseneens 19)
(m, +m,) ml2 J.c.' NE I=]_[Fo ] 20)
m,l m,i* | g 0 m,gl | 6 F(t)

17-Determine the equation of motion of the system as shown in fig.(7-35) , by using
lagrange's equation.

gl ad Alee sy (7-35) JSANG A da ghial) 4 jall ilas 2a =17

tdall

=35) KA dinall 5 A8 jad) A0S e ghaidll gl ¥ Alee pladduly A8 jad) ilee Z B0 (Say

4—S yall Aty « qr=x, q;=0 ;& generalized coordinates 4o gandl LSV Hias ol Sl g (7

A NEY) A S jall Aayni AS ja Ailh g5 Sl A il A8 jadl Aam A4S e Al e () 6SE AL phaiall

fslt LaS il 5o dlales Bk g m ALSH]
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W K.E. =—;-] (6)? +]5m(;r)2 by applying lagrange s equations

: g[M]z,a e
S s O b A Canad 3 5l Al Y 1k
dKE)y = &KE)_
0o 0 Ta O

3 o Al 8 il O 1k B =x=0 (5 ATy el e JD 5T puiay e
Kool 18 Zal V1 (55859 St Y puday e catill dal 3Y1 e dadh adiny da yhial)
skl i€l a8 syl S JSWLy L ky Uil (x-r0) dgadll dal YV 4S5y o ad

e Abaa Gl
L PE= %k,(ra)z +%k2(x—r9)2

5(;.9E) = k7?04 k) (x = 1O)(—1)ereerenccnannn )
o(P.E
and _Sax—) T W 3)

W 1K, d0 b yea dal ) DA M) el e Aa3ld A al Unid gy w Jpaall Jalll Juality g

agliesy 8 ¥ At 5 Y1 55y dx Aal3Y) (DA il A glie 58 adand g J el Jad
1ASYh Y olaall peie il Sy AS el Bladh uSe Blad 4 Ly (5SS aall

v dW, =0,d0=M1)dO 0.0y = Moo 4)

VAW = Qdr=—cxd Q) T —CXieeireesereieseniens (5)

4| AKE) | &K.E) . (P.E) _
dar 61},- oq; oq;

e ganll o gsall of (g gl oA Q¢ g ol Agkadll dal V) Alla B ds el LBYT A g Zua

¢339l ayaly 2aill (5 gy Aaphiial A8 N ASLYL Glliy py 5l o) 5 LEYY (5 8 (pe Aadl

Ay (4) 5(3) 5(2)s (1) A3 DN o Aol Allee 70 il jaY obae plasiny

ek WS
16+ (k, + k, 20— kyrx = M(D).ooooseecene 6)
m;+k2x+c§—k2r9=0 ................................. M

18-A soild cylinder has a mass M and radius R. Pinned to the axis of the cylinder is an arm of
length L which carries a bob of mass m . Obtain the natural frequency of free vibration of the
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bob. The cylinder is free to roll on the fixed horizontal surface shown in fig.(7-37).
c_)_;ﬁ:u\_,k__u\ﬂ L.J‘ tl:;\;m ig_,_)ﬂ‘m _)aJl_;!_,h)UU-._uLJI J.J_)E“ .}:_;_,1 « Lg:l.hSig_,_)S
(7-37) JSAR Gase LS 8 (5 e e 3y jay

X =RO ,x=x,+L¢

(73T 5

ool LS g sl AS5al LBl cnl (Say %y, X1 b Auladl BN o liely

1.+, 11 R
K.E.=-2-M(x,)2 +5(3MR2)(9)2 +-2-m(xz)2 =

1ovy 1 e 1
-_=_2_M(x])2 +-—2—(5M)(II )2 +5m(x2)2 ............. (1)

2
clp=(x,-x) -4 =.(12_;2_".=)_

<. P.E.== mgl(1 - cos @) = mg1(¢ £ y= mg[( 22!") J -'gf—(x,—x,)’ ......... )

e i gi= x; Cua gl eV Aslee Bl g 3 gwea ¢ O Cun

d{dKE)| 1 1 2 e M 1 y _3,
'dt{ or ]-— MQ2x )+4M(2x1) Mx+2M(x) 2M(Jc,) ...... 3
LO(PE) mg(_2 +2x,)

.-———ax'

~3-M x|+( )(x ~x,)=0 is an equation of motion

. d| (K.E . o(P.EY m
al g,=x, . 7 (K.E) =mx, _(5;_2 g)(2 a2 7 N “4)
612 2

oob LS A jad Y dea Ja oSas g
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assume x,=X,sin@td , X, =A,SINGLrierrrrierrerrernne (6)

[( £y (—)m ]+xz(l'l’£)=o

X, T8y x [(—";—g)—mm’]=0 ......................................... (7)
:ngL‘sQulgus,ﬁm 330y aa_d Aslee 4SS L,
~. the frequency equation is (igi]af - (—f—)a)2 I:m + (3TM)] =0 (8)
~.the natural frequencies are w=0, w= ” @ +-§£)§:| rad /sec...(9)
. the amplitude ratio :YY—; =% ........................................................ 10)

19-A Two-storey building which has its foundation subjected to translation and rotation is
modelled by the system as shown in fig.(7-38). Write down expressions for (K.E) and (P.E),
and indicate how the natural frequencies of free vibration may be found using the lagrange
equation

LaS 0 (A1) i (paaal) Cpiadls o (S e g3 98 Ay (il o (15 (a19
s 5 W sload - Say ci S (g puia gl ALy &S jall Al Ao S L (7-38) JEANL e

Xz 7 my);

tok LS 5 s _-,U:.m:a.uo,s:m g s zsLL,angs adld als AS Sa
KE———m (x) +— J(B) + m (x+h6’+x,)+ J(B)
+5m2(;c,+ 2h6+x,)* +—J2((?)2 .............................................. M

1

1 1
.-.P.E=5k,.x3+5kR92+2[2kx +oh(n - ,)} ....................... ()
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oy (Fhaat JS ase il jaY Ailaa (B (gl g Ape peadt LSV 8 B, %0, %2, X1 Cua
G LS el JES al 3 5aT Gl has 3l dagly Lela oSa 2Sal Y olas day
Al Sl da Ll

20- To isolate a structure from the vibration generated by a machine , the machine is mounted
on a large block. The block is supported on springs as shown in fig.(7-39). Find the equations
that describe the motion of the block in the plan of the figure as shown.

A€ e ANSY Cua 5 S ABE e S5 ALl ¢ ASle e Al o3 Y e e J =520
SN Gnall (5 ghunall 8 AKSH &S o Ciad A ¥ alal 2a o (7-39) JSAIL LS e 58 e

(7-39) 150
A hCl) Ll A BS o jliely ol e gliiad) A8 ja cina gl g3,qr, g UMY Aladild (Sa
o I Son U To Y (I pald pie g e M ALSLD 5 (A i

1,,, ¢ 1, - |
~KE= —2—M(q1)2 +5M(q2)2 +516(q,)’- .............................. )]

| 1 i
PE=5]C1 (q, +bq3)2 +‘5’c|(Q| _dq])l +5k2(q2 +aq3)2

apply the lagrange equation with ¢, = g,

K.E (P.E . d|{dKE d| dKE -
.-,_%q_zq) ,_L_._)_qu, e _(_»_) . Q(___)_ =Mgq,.. (3
' oq, oq, 0¢q,
PE
(g__)] = R, (g, + DGy )+ Ky (@) = @G )errerermoreeresssmeeessessneeseas s (4)
04,
" the first equation of motion is M t}:+2k,q, +k(b-d)g, =0....... (5)
pul g, =q, , q,=q, .. the other equations of motion are obtained
LM QA 2k, = 2aKyGy = 0ot s essssseniens (6)
and 1.q,+k(b-d)q, - 2ak,q, +(b* +d*)k, +2a’k,q, =0......... (7

-350 -



Sl 5l slad Sy Y Slae SO L od (L A 0 Je CilBlaa] 00 L] daplaiall ol 1341
a3 Al A ay Sy My Al 0 5 Alilae Jas i qimA sint Oe (s sxill Gyl
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21-The system as shown in fig.(7-40). Determine : (a) the equations of motion to the two rotors
» (b)the natural frequency of the system. , and (c)the amplitude ratio.

skl 2 5 W aa g () ¢ o520 AS el llas sa gl (7-40) JSAN A da shaid-21
L P | g_\...u(c) ‘ .:ta_,l:u.aﬂ

O=Sa Aoy i i e Sy gV el (S peall (pede Laa I 51 O i
: ol LS (7-40) JS2N; gl Ao phiiall A8l iolan (e

o d, 0y ==g(6, = 6,).corennn.... A, L6 =g6-60,) . )
assume 6, = A, coswt ,6, = —@d, sine¥ , 6, = -’ 4, cos at.......(3)
6, = A, cosar ,9; = —@A, sinax , 6, = -0’4, cosax....... 4)

Pk LS padall 30 il g Aandl A (et (S (2) 5 (1) Ciboladd (G (4) 5 (3) e rmr gl

S0t A = —q(4) = Ay)eenn(5) , — @7 114, = g(4, ~ 4)........(6)
A1 (7) 90 (8)
At 12 .......................... L) 1] .]2 * A

Bl (e LoDy (5 5t W 3 YT Gman Lat Ag, Ay ¢ ageal] AN (LY Jalas 8 g i
U_.:\‘ﬂi J‘,—_.Aiﬂ rﬁe@ﬂnw\.ﬂg_,y‘ﬂim“ J@wﬂ‘w&&ﬂ\tui o (7)
Saially el Lagiy Akl (8 D5 () g A8 el 8 (poliia (S el o) Layy L LagiiS)
p—=e pe Lo CauliD G il (e JS 5 28Ny GELL o (7-40) JSAN (e a3 g node
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22-A Steel shaft of 2" dia. and 36" long. at one end of the shaft fixed a flywhee! with 420 ib

and radius of gyration of 12" ,and at the other end installed a rotor with moment of 0.7 of that

of the flywheel. Determine the natural ﬁ-equency , the amplitude ratio for the system and find
the node position , assume E=12k10° Ib/in’.

25 gl 420 g3 )5 Adlaa Al aal 8 b ¢ s 536 U phy dun 32 5kl aliall (10 2 9ac—22
O b pe Bkl pda g 3a g}y Randl Aaaiy oaprdall 330 aa ) LAdlaall S gl e (g
E=12(10)° Ib/in’

sl
2
s 23002 1569 hin.sec?
(32.2)(12)
o1, =071 =0.7(156.2) = 109.57 lh.in.sec’
7. d4

_ ADA0° L oyia2y00y° = 0.532010)° Ib.in/rad

(32)(36)
&
U, +1,) _ [0.523(10)°(156.2+109.5T) _ g0 10 e
T T, (156.2)(109)57)
. = _0_)_ = 20.12 =
. fn - 2 277 14.35 c-ps

;oo Lty 360109 .57)
Yoy + 1) (109 .57 4156 .2)
A, I, 156 .2

v lAd =14, 2=l =.0"_=143 jn
T T A, 1, 109.57

=14 .82 in

Flywheel
Rotor . 2" ;
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23-A simplified model for studying the dynamics of a motor vehicle is shown in fig. (7-42). The
body has a mass m, , and a moment of inertia about an axis through its mass centre of 1. It is
considered to be free to move in two directions — vertical translation and rotation in the vertical
plane. Each of the unsprung wheel masses m; , are tree to move in vertical translation
only.Damping effects are ignored. (1)-Derive equations of motion .for this system. Define
carcfully the coordinates used. (2)-Is it possible to determine the natural frequency of a wheel
hop mode without solving all the equations of motion? If not , suggest an approximation that
might be made ,in order to obtain an estimate of the wheel hop frequency , and calculate such an
estimate given the following data:

ki=25 kN/m , k=80 kN/m ,m, =26 kg.

A SBS el aua ¢ (7742) JSAN Ao LS (RS 50) 5k ol jae 4 ja Jiay Jausa 73 5a723
= Amay O at Ao ghidl L 1G AL S e Dha jsad) B s A ) peaill 650 9 my
My G—fllaall SHS (IS g3 pandl (5 siumall g (Anst3) Al 0y (Rl ) Asee al ) ¢ Cualad)
33 A palb st @3(1) caadd 00 Jags ua ¢ Jad A0 gead) Al DU il 5 gm0 el
Sl il d_ppdall 43l alad (Seall e A—(2) Llue Aleaiidl gladll maiia 6 ae A gliial
i Ayl 8 LIS Sy 313§ AS el ke puan o 6 salll (0 Gl

ki=25kN/m , 120 pllaall ﬁun.: C_ﬂ.u“ 33 ) 4 ‘_,.a_)nﬂ pac 1l dgeplall 3,300 u.‘.l:. d_,.u:;.u
k2=80’\me , m2=26kg

% 1-X1) Ki(yzx2)

(7-42) J52 Kpx1

ol LS (7-42) JSAN Aippall 2o plaiall 4S ¥ olas dlayf (Say

Jorm, :om oy =—k(y, -x )=k (¥, - X,) =k (y-bO-x) =k (y+bO-x,)...(1})

1,0=k(y-x))b—k(y-x)b=k{(y-b0-x)b—k(y+b~x,)b.....coooenccecc... (2)
Cm X =k (Y, = %) = kX = R (P =50 = X)) = kX oo 3)
B R I Ry N TR 1 2 20V, T 0 S, (4)

.JJ_)‘]_‘I, JL_-;_;J ‘_,Sa:v“.‘m'l.l_’ty=9=0ul.\:ud1h.|_’s tﬂ__)a:\;f;_)w‘cﬂ_p.a_,"‘mau1 &9;_,
fol LS AS el ci¥olae Y e galll (550 G il 520l oagidall (R:3400)
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24-Part of a building structure is modelled by the triple pendulum shown overleaf. . Obtain the
eguations of motion of small-amplitude oscitlation in the plane of the fig.(7-43) by using the
lagrange equation. Hence determine the natural frequencies of the structure and the
corresponding mode shapes.

—43) JSAL o ge LS Y gty DU B 3 i€ pi0]) BT () LA AnS 5 e 6 ja24
C A Al plasiuly JSAN (6 fie B QD B s Aawd Luallly AS jal G Sles da g (7
b DBLD oad paill JCEI LS (A8 D) An shiiall Dyagdall L0 2a )

: b LaS AUl 4 5l A€ Al Vol oy oSy

+KE.= —;—m, (x:)2+%m2 +m,(x2)° '*'-12""3(1‘-'3)2 =

2 2 2

2 2 2 2 i . -
= —;—l:fmlz & +m212 0.+ ,,,3[2 93] 2 %l:mi 61 +m, 02+ m, 03:' ........ M
P.E.= mgl(1-cos8,)+m,gl(1-cos8,)+m,gl(l —00503)+%k,b(sin 8, —sin8,)?
+ %kzb(sin 8, —siné,)’

2
-~ for small soscillations 1-cos8 = —95- ,Ssinf =8

A8 al eV stas dad (Say gi=0,,0;, 63 g g iy il jaY Aslaa Bkl
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1-A vehicle has a mass of 1800 kg and a 2.5m wheelbase. The mass moment of inertia about the
centre of mass is 450 kg.m" , and the centre of mass is located 0.8 m from the front axle.
Considering the vehicle as a two degree of freedom system. find the natural frequencies and
the corresponding modes of vibration , if the front and rear springs have stiffnesses of 48
kKN/m and 70 kN/m , respectively Thr expansion joints of a concerete road are 4 m apart.
These joints cause a series of impulses at equal intervals to vehicles travelling at a constsnt
speed. determine the speeds at which pitching motion and up and down motion are most
likely to arise for the above vehicle..

2-Exciting force F, sin{ot) acting on the system shown in fig(7-22). Determine the amount of
damping vibration by mechanical impedance method for m,, m; at steady state ,If the air
damping assumed to be ¢=3 kg.cm/sec , ky=k;=3kg.cm/sec , m;-m;=4kg and ©=1 rad/secd

3-Consider the system of fig( 7-27 ), let m;=3m, my=m, k,=k;=2k , k;==3k and obtain the
natural modes of vibration.

4-Consider the automobile as shown in fig(7-25), let the system parameters have the values
m=140 Ib- s’ /ft , 1=1300 Tb-s’-ft, k,=1800 Ib/ft , k,=2000 Ib/fi , a=4.40 fi, b=5.60ft , and
find the natural coordinates of the system

5-In the system shown in fig.(7-30) , determine the equation of motion , the two natural
frequencies , the amplitude ratios for the two frequencies and the norma! modes of vibration
of an automobile simulated by the simplified two degrees of freedom system with the
following numerical values: W=3000 Ib ,J=(W/g).r2 , L=8 ft,L,=3.5f1, k;=2200 Ib/ft,
ka=2700 Ib/ft , r=5 fi Study the effect of the coupling of the system , and define two separate
coordinate system to descirbe behaviour for the system.

6-Fig.(7-33), shows a rigid bar with its center of mass not coinciding with its geometric center
Ji@.e, Li# L,, and supported by two springs k, ,k,.Itrepresents a two degree of freedom
system since two coordinates are necessary to describe its motion , The choice ofthe
coordinates will define the type of coupling which can be immediately determined from the
mass and stiffness matrices, Mass or dynamical coupling exists if the mass matrix is
nondiagonal . whereas stiffness or static coupling exists if the stiffness matrix is
nondiagonal. It is also possible to have both forms of coupling

7-In a study of earthquakes , a building is idealized as a rigid body of mass M supported on two
springs , one giving translational stiffness 2k and the other rotational stiffness 3kT as shown
in fig(7-34) . Given that IG is the mass moment of inertia of the building about its mass
centre G , write down the equations of motion using coordinates x for the translation from
the equilibrium position , and & for the rotation of the building. Hence determine the
frequency equation of the motion

8-The two-degree-of-freedom system shown in fig.(7-35) consists of a pulley , a mass m , two
springs of stiffness2 k1 and 3k2, a dashpot with a damping coefficient of 2¢, and a cable
connecting them as shown. The pulley centroidal mass moment of inertia is I, There is
sufficient friction between the cable and pulley to prevent the cable from slipping. Determine
the differential equations of motion of the system when the pulley is subjected to be a time
varying moment M(t) as shown.

9-The system shown in fig.(7-36) consists of two springs (k1=2k,k2=3Kk)attached to a trolley of
mass M that supports a mass m2 by means of a rod of length L and negligible mass pinned at
point o. Determine the equations of motion of the system in terms of its generalized
coordinates, and then linearize these equations by assuming that the oscillations of the rod
supporting m are small

10-A Steel shaft of 3" dia. and 48" long. at one end of the shaft fixed a flywheel with 490 ib
and radius of gyration of 16” ,and at the other end installed a rotor with moment of 0.6 of
that of the flywheel. Determine the natural frequency , the amplitude ratio for the system
and find the node position , assume E=12(106 )Ib/in2.
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11-Let us assume a twe mass system consisting of two identical masses and three identical
springs as shown in Fig (7-44), with each mass constrained to move only in the vertical
direction. (1) Determine the frequency equation and solve for the two natural
frequencies. (2)- Determine the two principal modes corresponding to the two natural
frequencies.

12-Find the equations of motion, the two principal modes and the two principal
coordinates for the system shower in Fig (7-45), where two simple pendulum are
connected hy a linear spring and the supporting are mass less.

13-The two mass system of problem (11) is repeated, this time, the first mass ml,is
displaced 1Zmm and released at time t=0, The second mass my is also released at time
=0, but is not displaced form the equilibrium position be fore being released.
Determine the displacement of each mass as a function of time.

14-A rigid block with a mass m and a centroidal moment of inertia (1) is supported by
eight equal springs, four vertical and four lateral as shown in fig.(7-46). Determine the
coupled natural frequencies and modal fractions for translation in the x — direction and
rotation in the x-y plane the natural frequency in the y- direction is ® .y= (4k/m) and is
uncoupled, provided that the center of gravity is located midway between the vertical
supporting springs.

15-A vehicle has a mass of 1800 Kg and a wheelbase of 3.6m. The mass center c.g is 1.6m.
From the front axle. The radius of gyration of the vehicle about c.g is 1.4m. The spring
constants of the front and the rear springs are 42kN/m. and 48kN/m, respectively.
Determine (a) the natural frequencies, (b) the principal modes of vibration, and (c) the
motion x (1) and O (t) of the vehicle.

16-Excessive vibration, clue to near reasonance conditions, is encountered in a constant
speed machine show in Fig (7-47) The original system consists of my, and ky, It is not
feasible to change my, and k&,

(a)- Show that a dynamic absorber, consisting of m, and ky, will remedy the problem.

(b)- plot the resporse curves of the system , assuming my/mg=0.3,

(c)- Investigate the effect of the mass ratio my/m4.

(d)- Consider the dynamic absorber in which a viscous damper (c) installed in parallel
with the spring K9 as shown in (7-47¢). Briefly discuss the problem.

17- A small electronic packang is supported by springs as showan (7-48) opposite. The mass
of the package is m, each springs has a constant axial stiffness K, and damping is
negligible. Considering motion in the plane of the figure only, and assuming that the
amplitude of vibration of the package is small enough for the lateral spring forces to be
negligible, write down the equations of motion and hence obtain the frequencies of the
free vibration of the package. Explain how the vibration mode shapes can be found.
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