CHAPTER 3

THE FORCE METHODS

73






75

CHAPTER 3 THE FORCE METHODS
e e e e

3.1 INTRODUCTION

As presented in the previous chapters, the force methods deal with
determining the unknown forces or moments in the structure. Any of the force
methods can thus be used when the degree of static indeterminacy is smaller than the
degree of freedom of the structure. The force method is also called the consistent
deformation method because the technique used for solution depends on conditions, to
solve for the unknown forces or moments, to keep the deformation in the structure

consistent.
The force methods studied in this chapter are:

The use of unit load method.

The use of Castigliano’s second theorem.
The three moment equation method.

The elastic center method.

The column analogy method.

The flexibility mairix method : approach-1.
The flexibility matrix method : approach-2.
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Each of the above methods shall be demonstrated how to be used in solving
statically indeterminate planar structures.

3.2 DEGREE OF STATIC INDETERMINACY AND THE PRIMARY
STRUCTURES

An important step to decide whether to use the force methods or not is the
determination of the degree of static indeterminacy for the structure and comparing it
with its degree of freedom. This section illustrates how to determine the degree of
static indeterminacy for various types of structures. From the degree of static
indeterminacy one knows how many forces and moments could be released from the
structure to be statically determinate. A stable statically determinate structure
developed from the statically indeterminate structure is called a primary structure.

321 Plane Trusses

Truss members sustain only axial forces. The total number of forces which
need to be determined in order to analyze the truss equals the number of members
plus the number of reactions. The available equilibium equations are those
applicable at every frictionless joint, where the sums of horizontal and sum of vertical
forces are zero. Therefore the degree of static indeterminacy (DSI) in plane trusses is
determined from

DSI=m+r-2J 3.0

where m is number of members, r is number of reactions, and j is number of joints.
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The degree of static indeterminacy represents the number of redundant forces
which may contain external reactions, internal forces or both. The number of external
redundants is calculated from

Number of external redundants =r-3 —n 3.2)
in which the number 3 represents the three external equilibrium equations for the
whole structure (Z Fx = 0, Z F, = 0, and T M = 0), and n represents any additional
external equilibrium equations which relate the external reactions together. The
number of internal redundants is determined from

Number of internal redundants = DSI — Number of external Redundants (3.3)
Example 3.1
Determine the degree of static indeterminacy, DSI, and the number of external

redundants and internal redundants in the trusses shown in Figures 3.1a and 3.1b.
Select a primary structure for each truss.

Figure 3.1a Figure 3.1b
Solution

For truss of Figure 3.1a, the number of members m = 15, the number. of reactions for
three hinged supports r = 6, the number of joints'j = 8. Therefore, the degree of static
indeterminacy for this truss is

DSI=15+6-2x8=35

The number of external redundants is determined from (r — 3 — 0), this gives 3
external redundant reactions. The number of internal redundants is thus (5 - 3) = 2.

The primary structure is selected such that three unknown external reactions, xi, Xs,
and x; are zero. The two internal redundants are assumed zero for any two unknown
members forces in the truss such that the truss remains stable. A primary structure is
shown in Figure 3.2
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Figure 3.2

The truss of Figure 3.1a has m = 20, r = 4, ) = 11, and n = 1 which represents the
moment at C to relate the reactions together.

DSI=20+4-2x11=2
The number of external redundants =4 -3 -1=10.
Therefore, the number of the internal redundants is two.

A primary structure is shown in Figure 3.3.

Figure 3.3
3.2.2 Space Trusses

In space trusses, each joint has three equilibrium equations. Therefore, the
degree of static indeterminacy is given by

DSI=m+r-3j (34
The number of external redundants is obtained from
Number of external redundants =r-6 - n (3.5}

where n is any additional equilibrium equations which relate the reactions together.
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Example 3.2
Determine DSI in the space truss shown in Figure 3 .4.
Solution

The number of members m = 20, number of reactions = 12 which represents three
reactions at each hinged support, and number of joints j = 8.

Figure 3.4

DSI=20+12-3x8=8
Number of external redundants = 12 -6 =
Number of internal redundants =8 -6 =2

6
A primary structure is shown in Figure 3.5.
323 Plane Frames
In plane frames, the member internal forces are characterized by the axial

force, shear force, and bending moment. To determine the internal forces in all
members of the frame, one has to apply the static equilibrium equations at every joint
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Figure 3.5



in the frame. Therefore, the DSI can be determined from
DSI=3m+r-3J-n 3.6)

in which J is number of joints between members, m is number of members, 7 i-
number of external reactions, and n is any additional equilibrium equations.

The number of external redundants is obtained from
Number of external redundants =1 — 3 — neu (3.7

in which n.q is the number of static equilibrium equations which relate the external
reactions together.

The number of intemal redundants is the difference between DSI and the
number of external redundants.

Example 3.3

Determine the degree of static indeterminacy for the plane frames shown in Figures
3.6a, 3.6b, 3.6¢, 3.6d and 3 Ge.

() (b} {c) {d) ()

Figure 3.6
The frame of Figure 3.6ahasm =6, J =6, r =6, and n = 2 where ne = 0.

The number of extemal redundants=6-3=3
The number of internal redundants =4 -3 =1

A primary structure for the frame is shown in Figure 3.7.
The frame of Figure 3.6b hasm =6, J =6, r =6, and n = 2 where n. = 1.
DSI=3x6+6-3x6-2=4

Number of external redundants = 6 - 3

—-1=2
Number of internal redundants =4 ~-2=2

A primary structure for the frame is shown in Figure 3 8.
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Figure 3.7

Figure 3.8
The frame of Figure 3.6chasm=4,J=4,r=4,andn=20.
DSI=3x4+4-3x4=4
Number of external redundants =4 -3 =1

Number of internal redundants=4-1=3

A primary structure for the frame is shown in Figure 3.9,
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The frame of Figure 3.6d hasm=4 J=5r=6, and n= 1 where n,. = 1.

DSI=3x4+6-3x5-1=2
Number of external redundants =6 -3 ~1=2
Number of internal redundants=2-2= 0
A primary structure for the frame is shown in Figure 3.10.
The frame of Figure 3.6e hasm=7,J=7,r="7 and n=2 where n,y = 1.
DSI=3x7+7-3x7-2=5
Number of external redundants=7-3-1=3
=2

Number of internal redundants =5 -3

A primary structure is shown in Figure 3.11.

I3 X1

Figure 3.10

—=I

Figure 3.11
Example 3.4

Determine the DSI for the arches shown in Figures 3.12a and 3.12b.

g1
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Figure 3.12
Solution

The arch of Figure 3.12a can be discretized into m members. Therefore, the number
of joints is j=m <+ 1. Sincer =6, and n =0, one has

DSI=3m+6-3(m+1)=3

Number of external redundants =6 —
=3 -

3=3
Number of internal redundants 3=0

A primary structure for the arch is shown in Figure 3.13,

Figure 3.13
The arch of Figure 3.12bhas m=6,j=7,r=6 and n =1 where nga= 1.
DSI=3x6+6-3x7-1=2
Number of external redundants =6 -
Number of internal redundants =2 -
A primary structure for the arch is shown in Figure 3.14.

Examptle 3.5

Determine the DSI for the beams shown in Figures 3.15a and 3.15b.
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Figure 3.14
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Figure 3.15
Solution

The beams can be considered as special cases of plane frames. For the beam shown
in Figure3.15a, m=1,J=2r=6andn=0.

DSI=3x1+6-3x2-0=3
Number of external redundants =6 —
Number of intemnal redundants =3 -

3=3
3=0

A primary structure for the beam is shown in Figure 3.16.
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Figure 3.16
The beam shown in Figure 3.15bhasm=4,J=5r=9and n= 1 where ne,y = 1.

DSI=3x4+9-3x5-1=5
Number of external redundants

=9-3-1=5
Number of intemal redundants =5-5=0
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A primary structure is shown in Figure 3.17.

ICITRE S e o

Figure 3.17

324 Space Frames

Each member in a space frame contains six internal actions represented by one
axial force, two shear forces, one torsion, and two bending moments, as was shown in
section 2.13. To determine the internal forces in the frame one has to apply the six
static equilibrium equations (Z Fx=0,ZF, =0, ZF, =0, 2 M, =0, ZM;=0,Z M, =
0) at every joint.

The DSI in space frames can thus be determined from

DSI=6m+r-6J-n (3.8)

where n is the number of additional static equilibrium equations.

The number of external redundants is obtained from

Number of external redundants =r - 6 — ney 3.9

where n.. is the number of additional equilibrium equations relating the reactions
together.

Example 3.6

Determine the DSI in the space frames shown in Figures 3.18a and 3.18b.
Solution

The space frame shown in Figure 3.18ahasm=9,J =8, r=24, andn=0
DSI=6x8+24-6x8-0=24

Number of external redundants =24 -6=18

Number of internal redundants =24-18=6

A primary structure is shown in Figure 3.19.

For the frame of Figure 3.18b, m=16,J=12,r=18and n=0.

PSI=6x6+18-6x12=42
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Figure 3.18
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Figure 3.19

Number of external redundants =18 -6=12
Number of intermal redundants =42 - 12 =30

A primary structure is shown in Figure 3.20.
328 Grids
Grids are plane frames where the loading is applied perpendicular to their
plane. Each member in the grid contains three internal actions represented by one
torsion, one shear force, and one bending moment. Therefore the DSI is obtained as
DSI=3m+r-3J-n 3.10)

The number of external redundants is obtained from (1 — 3 — n.)

where n is the total number of additional equilibrium equations and n. is the number
of equilibrium equations relating the reactions together.
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Example 3.7
Determine DSI for the grid shown in Figure 3.21.
Solution
The grid of Figure 3.2t hasm=8,J=8,r=12and n=0.
DSI=3x8+12-3x8=12
Number of external redundants =12-3=9
Number of internal redundants =12-9=3
A primary structure for the grid is shown in Figure 3.22.
3.2.6 Frame-Truss Structures
Many structures are combinations of frames and trusses. One can separate the

truss and the frame by considering the internal forces between both systems. One can
also deal directly with the whole structure as a frame and consider the additional static
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Figure 3.23
equilibrium equation due to the hinges.
Example 3.8
Determine the DSI for the structure shown in Figure 3.23.
Solution

One can separate the truss from the frame by adding the reactions at a and b as shown
in Figure 3.24.

X o —_—

o ™ In

Figure 3.24
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In the truss of Figure 324, m=10,J =7 andr=4. Then, DSI=m+r—-2j=0.
This means that this part is statically determinate.

The determined reactions of the truss are considered as external forces on the frame of
Figure 3.25. The frame hasm=5J=6,andr=7,

K

brrd )g, A

Figure 3.25
DSI=3x5+7-3x6=4
Number of external redundants =7-3=4
Number of internal redundants =4-4=0

Another solution is to consider the whole structure as a plane frame and the hinges are
additional equilibrium conditions. In thiscase, m=16, =12, r=7 andn=1+2+
3+3+3+2+1=15, whereny,y =0.

DSI=16x3+7-3x12-15=4
Number of external redundants =7 —

=4
Number of internal redundants = =

3
4=10
A primary structure is shown in Figure 3.26.

3.3 THE USE OF UNIT LOAD METHOD
3.3.1 The Basic Formulation

In this method, a primary structure is selected for the statically indeterminate
structure. Under the effect of the applied actions, the primary structure is subjected to
deformation at the locations of the redundants. These deformation are determined by
the unit load method. To keep the deformation in the actual structure consistent, the
deformation due to each redundant is found by the unit load method, and the
compatibility equations are written at each released redundant. This results in a
system of linear simultaneous equations whose number equals the degree of static
indeterminacy and the unknowns represent the magnitudes of the redundants.
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Figure 3.26

Consider, for simplicity, the plane frame shown in Figure 3.27a. The frame is
externally two times statically indeterminate (m = 3, J = 4, r = 5). Therefore one has
to release two reactions to form a pnmary structure. Possible choices are shown in
Figures 3.27 b, 3.27¢, and 3 27d. The released reactions shall induce deformation in
x; and x; assumed directions. However, since the actual structure is restrained at the
locations of these redundants, the compatibility equations are obtained by using the
principle of superposition for linear elastic structures. Considering the frame of
Figure 3.27b as the primary structure, one has, by the superposition principle and
according to Figure 3.28, the following compatibility equations:

A=A+, +4, (3.11)
Ay=A,+4y, +4, (3.12)
Pz\ ’!\ ’2\ P2
. -2 B, a,
| T L7
- .‘* - . ——pn ¥4 h x7
b -;-—- | A r
(w) L] © {d)

Figure 3.27
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in which, A, = deflection in direction of x; for the statically indeterminate structure;
A; = deflection in the direction of x; for the statically indeterminate structure; Ao =
deflection in the direction of x; for the primary structure due to the external loads; Azo
= deflection in the direction of x; for the primary structure due to the external loads;
Ay = deflection in the direction of x; due to the redundant x; applied to the primary
structure; Aj; = deflection in the direction of x; due to the redundant x; applied to the
primary structure; A;z = deflection in the direction of x; due to the redundant x;
applied to the primary structure; A;; = deflection in the direction of x2 due to the
redundant x; applied to the primary structure.

To calculate the deflection Aq, a unit load is applied in the direction of x,; and
from the integration of the product of the internal actions in the primary structure
(Axo, Ayo, Mz,) and the interna! actions due to the unit load in x; direction (ay, 8y,
m;)) one obtains the value of Ay, This can be expressed, using Equation 2.43, as

A .a.d A a,dx M
App =[50 8xl x‘*‘l yo 4yl +] z0 Mzt ;.

EA GA, EI,

The value of A;; can be obtained from integrating the internal actions due to the
unknown x; with the internal actions due to x; = 1. This can easily be computed by

integrating the internal actions due to x; = 1 with itself times x,. Similarly A2 can be
found by integrating the internal actions due to x; = 1 with itself times x; as shown in
Figures 3.29 a and 3.29h.
Therefore, Equations 3.11 and 3.12 can be written as
A=A, +x, £, +x, f, (3.13)
A=A, +x,f, +x,f, (3.149)

in which A,, and f;; are defined, in general, as
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Figure 3.29b
Aga, dx Aga, dx M_m, dx
A, =[—2 J’ +| £ (3.15)
a a,:dx  3yay.dx  m,m, dx
fijz i) +I J +I | (3]6)
EA GA, El,

where a,;, a,; and m, are the axial force, shear force and bending moment in any
member duetox; = 1.

The values f; are called the flexibility coefficients since they represent the
deflection at i due to unit actions at ). That is why the force method is often called the
Mexibility method. It is obvious that the solution of Equations 3.13 and 3.14 depends
on specifying the left hand side in order to satisfy the compatibility at the boundaries
of the actual structure. That is why thg force method is also cailed the compatibility
method.

For a statically indeterminate structure of n degree static indeterminate, one
ends up with n linear simultaneous equations in n unknowns. These equations can be
written, in general, as
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A=A+ £, x + £, x,+.... +f
Ay =Ap, +fyx + fyx, +.. +f, x
A=A+, % +E,x, +. . +f, x, (3.17)
Equations 3.17 can be expressed in a matrix form as

A=A, +[f]x (3.18)

where A=[A, A, A [T, Ag =[Ag Ay AT x=lx, x, .x [T, and [0
is called the structural flexibility matrix which takes the form of

()=} 22 (3.19)
fo1 £z e fin
The solution of Equation 3.18 is obtained as
x=[f[a-a,] (320

The internal actions at any section in the statically indeterminate structure can
now be obtained from the superposition principle as follows:

A=A +x,a, +X,8,+...+X, 8
A A tx e, +xa, + X, 8y, (3.21)

M,=M_ +x m +X,m g+ . +% m,

Similarly, the deformation at any point in the structure can be obtained using
the principle of superposition. For example, if it is desired to determine the horizontal
sway of the frame of figure 3.28 at joint ¢, one uses

A=A, +x, f,+x,f, (3.22)

where A, is the horizontal deflection at ¢ in the primary structure due to the applied
external loading; f:, is the horizontal deflection at ¢ in the primary structure due to x;
only and x; = 1; f; is the horizontal deflection at ¢ in the primary structure due to xz
only and x; =1,

The horizontal deflection A_, is obtained by applying a horizontal unit load on
the primary structure at c, and integrating the internal actions due to the applied
loading (A, Ay, M,,) with the internal actions due to the unit load at ¢ (a,, &, m,.)
as shown in Figure 3.30. The displacement A, at ¢ is obtained from
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Figure 3.30
Awddy Aygagde M, m,. dx
A = X “XC + Y y + 20 2 3.23
o | TN pa T [ T (3.23)
Similarly, any of the flexibility coefficients f; is generally obtained from
. a, 8, dx ,
fCi:J.ax,ua,‘c dx+I yi Byc +Imz, m,, dx 324)

EA GA, El,

Substituting Equations 3.23 and 3.24 into Equation 3.22 and using Equation
3.21, one obtains the deflection at any point c from

A==IAl a_ dX+J'Ay 4y dx_'_JMxmx dx (3.25)

EA GA, EI

where A,, A,, and M; are the internal actions of the statically indeterminate structure,
after determining the values of the redundants xi, %, etc.....; and By, 8y, and ma. are
the internal actions due to a unit load applied at c in the primary structure.

Since the internal actions in the indeterminate structure under certain external
actions are unique, and the final deformed shape of the structure is also unique
according to the uniqueness theorem presented in chapter 2, there is no limitation that
one has to apply the unit load at ¢ on a specific primary structure like the one
previously chosen in determining the internal actions of the actual structure. In fact,
one can select any primary structure in order to apply the unit load at ¢ and carry out
the computation according to Equation 3.25 and it turns out to have the same results.
The following example illustrates this point:

Example 3.9

Determine the vertical deflection at point ¢ of the beam shown in Figure 3.31,
neglecting shear deformations. Consider EI, is constant.

Solution

The bending moment diagram of this beam is as shown in Figure 3.32a. This moment
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has been obtained by the consistent deformation method using any primary structure.
According to the primary structure of Figure 3.32b, the deflection at ¢ is calculated as
follows:

M, m, dé
A
L 2PL’ PL? PL’
= x2 +0+0- = —
2x6EI 8x4 8x4 | 192EI

Using the primary structure of Figure 3.32¢, the deflection A. is calculated from

L L PL PL_ L] PL?
Ag=——— [2xZx—+ 0 - —x—=|=
2 x 6EI 2 B 8 2] 192EI
which gives the same result whatever is the chosen primary structure.
3.3.2 Applications to Beams
Example 3.10
Draw the bending moment and shear force diagrams for the beam shown in Figure

3.33 due to the applied loads, a rotation at support A, and a rise in temperature in
member BC as shown. (EI, = 10° kN.m’, o = 10%/°¢),
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One first determines the degree of static indeterminacy for the beam in order to know
the number of unknowns.

DSI=3m+r-3j=3x3 +5-3x4=2

Selecting two releases out of the five reactions such as the moment at A and the
vertical reaction at C, the prnimary structure is the one shown in Figure 3.34
which is statically determinate and stable structure. The bending moment diagram
M, is constructed after finding the reactions. The bending moment diagram can be
decomposed as shown in Figure 3.34 in order to ease the integration process.

To calculate the flexibility coefficients, each of the redundant x,, and x; are assumed

r— x=0
A
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Figure 3.34
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unity and the m;; and m;; diagrams are determined as shown, respectively, in Figures
3.35and 3.36.

The equations of consistent deformations for this beam are

Ap +1, x, +1), X, =4
Ay +f, x, +, X, =4,

The coefficients A, and f; are determined, neglecting the shear and axial
deformations, as follows:

d T,-T,
Amzj'M’”m“ ) P T m,, dx
El h

:i —120x5xi+62.5><5xi -0=21875x10"° rad.
El 2 3 2

Z

2
mzld"=_l-xﬁx3=1.666x10'5rad.
El EI 2 3

fr1 =]

fﬂ=J.m"m”dx=5X5 « 2l 41667x10° m
EI 2EI 3

f, =f,=-41667 x10° rad.
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2
i =IM=2 x 5x5 x 2x3 =83.33x10”° m
2 EIl 2 3EI

M., m., dx T;-T
A10=I mE]ﬂ -G.[ Ih 2][mﬂdx

oL 2120x5 2 +62'5"5x5+5[2x(-120)x5+0+o-5x20]]
Bl 2 3 276
ca 220223 |- 1067.71x10% m
06 )| 2

Substituting into the consistent deformation equations, where A; = +0.002 rad. Since
it is in the direction of %, one has

21.875 + 1,666 x; — 4.1667 x; = 0.002 x 10° = 200

-1067.71 —4.1667x, + 8333 x,=0

Solving the above equations one obtains x; = 158.72 kN.m. in the assumed direction
of x; and x3 = 20.75 kN in the same direction of x;. The bending moment and shear
force diagrams can then be constructed either from using the superposition principle
or using the static principles. Using superposition principle, Equations 3.21, the
moment at points A, B, and C are calculated as follows:

M, =0+158.72x(-1)+20.75x (0)=-158.72kN.m.
Mp =—120+158.72x(0)+20.75x(5)=-16 25 kN.m.
M. =-20+0+0=-20 kN.m.

The bending moment is drawn on the tension side as shown in Figure 3.37.

625 ~._ 1625 20.0
N T T T T e BMD.

Figure 3.37

The shear forces are obtained from the equilibrium of each member in the
beam as summarized in Figure 3.38.

This problem can also be solved by choosing a primary structure which is fixed at A
as shown in Figure 3.39. In this case, the deformation of the primary structure due to
support rotation at A hasto be determined in accordance with section 2.23. The
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Figure 3.39
deformation at the releases x; and x; are determined by applying a virtual unit load in
the directions of x, and x3, respectively, as shown in Figure 3.39 and considering that
the total work done is zero.
For the case x; = 1 kN, the work done is

-5x0002+1xA; =0 ; whichleadstoA; =0.0]lm.

Similarly, when x; = 1 kN, the work done is



-10x0.002+1xA; ; whichleadstoA;=0.02m,

The equations of consistent deformation become

A, +x,f, +x,f,=A =00lm

Ay +x, £, +x,f,=4,=002m

To determine the flexibility coefficients, the diagrams M, m., and ma for the

primary structure of Figure 3.39 are drawn as shown in Figure 3.40. The coefficients
are computed using the integration of diagrams of Table 2.2 as follows:

M, m, df
Am:_[ ﬂEII
25 25
=22 [-170x2.5%2-120%2.5]+ == [-170x2.5x 2-345 x 5x 2-345x2.5-170 x 5]
6EI 6EI

=-2984375x10° m

; Mg
mz,
: My
: +!
: -SNa !
15
10 : ‘
Figure 3 40
_(Mym,d¢
8 =] El

=%[—120x5x2-20x5]+:—;[—]20x5x2-170x7.5)(2-170)(5-120)(7,5]

+ 22 [170%7.5% 2345 10x 2- 345 x 7.5 -170x 10]-[ 22 | [ 2323
6EI 0.6 2

=-847396x10° m
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2
mz1 46 _5x3 2 5-41.67x10° m
El  2F1 3

2
df 10x10 2
fry = (M2 8l _10x10 2 0 333334105 m
El | 2E1 3

=]

z1 My df -

flzzjm i[2>-<5><10+5><5]=104.6'7><10'5 m
El 6EI

Substituting into the consistent deformation equations one has

-2984.375 + 41.67 x, + 104.167 x; = 1000
-9473.96 + 104.167 x; + 333.33 x; = 2000

Solving these equations one obtains x; = -4.25 kN and x; = 20.75 kN. The final
bending moment at any pdint is obtained by the superposition principle as follows:

M = Mg + x1 My + %2 My

My =-345+(-425)x 5+ 20.75 x 10 =-158.75 kN.m
Mp=-120+(-4.25) x 0+ 20.75 x 5=-16.25 kN.m
Mc=-20+(-425)x 0+ 20.75 x 0 =-20 kN.m

which are the same results obtained before.
Example 3.11
Determine the bending moment, shear force diagrams, and the deflection at B for the

beam shown in Figure 3.41. The support at B is linear elastic spring of stiffness K.
(EL = 10* kN.m%, a = 107/°c, K = 10 kN/cm).

8.0m.

8 Nom [

A _D.
&ﬁ%% I o K 21 -3
- J
1

Figure 3.41
Solution
The degree of static indeterminacy for the beam is
DSI=3m+r-3¥=3x2+4-3x3=1

Select the redundant to be the reaction at B. The primary structure, reactions, and Mg
are shown in Figure 3.42.
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Figure 3.42

The equation of consistent deformation for the beam is
A+t x, =4,

To calculate the flexibility coefficient f;; put x), = 1 kN to get mz; as shown in Figure
343

& $ AN
: KN
_‘_*_‘.. KNm
Figure 3.43

The coefficients Ayq and f;, are determined, neglecting axial and shear deformations,
from

Am—_[M m,, dx J-(1" T)

2
16 x8x—
:27.430x6x[_._2x3_428]+27.430xsx[;_2_,(3_428 N 3|, (3428
2EI 3 4EI 3 2E1 2

—a [%} % [fﬁﬂ] =-43.72x107 m {downward)
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fll =I EI El x—x3 428 +

mZ dx_i[3.428x6 2 3.428x8 2 3.428
2 3 2 3

}: 39.17x10 m
Substituting into the consistent deformation equation, where A; = (-x1/K) one obtains

—43.799+39.17x, =10° [i =-100x,
1000

The value of x, is determined to be 0.314 kN in the assumed direction.

The deflection at B could be determined from the reaction and spring’s stiffness or
using the unit load principle as before. Using the former method one has

The deflection at B = :(—' = % =0.0314cm (downward)

The bending moment is obtained using the superposition principle as follows:
M, =M_+x,m,
M, =+27.432-3428x0.315=26352kN.m

The bending moment and shear force diagrams are, respectively, given in Figures
3.44 and 3.45.

BMD

Figure 3.44
ff.m KN .92 <206 Tn.m
;2 4.706 KN
LTI T+ 11711 SFD.

1.1

Figure 3.45
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The deflection at B can also be found by the unit load method as shown below:

_ (M, mgdx
AB‘I EI
=26-352"6x'_2_x3.428+2_6£ﬁxﬁx3.428
2
16 x8x —
.\ 3,-3428 20 -3428x6 o 31445cm

x o x x
2EI 2 0.6
which indicates that it is in an opposite direction to the assumed direction of x;.
333 Applications to Frames
Example 3.12
Determine bending moment, axial force, and shear force diagrams for the frame
shown in Figure 3. 46 due to the loads and a rise in temperature in member BC.

Determine also the horizontal sway of the frame at joint B. (EI = 10° kN.m?, EA = 50
x 10° kN, a = 107/°¢).

. s 2.5 KN/ m.
Xc e X T T I T T T LT c
0.6 [ 2E!L 2EA
m.
0é €1 £ 60 m.
J £A EA
g L"
h—
l 120m |
T T
Figure 3.46
Solution

The degree of static indeterminacy is

DSI=3m+r-3j=3x3+5-3x4=2

Select the two redundants to be the reactions of the hinged support at D. The axial
force and bending moment diagrams are obtained for the primary structure as shown
in Figure 3.47.

The equations of consistent deformation for the frame are

A, +f), x, +f. x, =4,

By +f, x, +f,x,=4,
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— JL gz0

AX Ky=0 r

Figure 3.47

To determine A, A, and the flexibility coefficients, the redundants x; and x; are

assumed unity. The bending moment and axia! force diagrams for each unit
redundant are shown in Figures 3.48 and 3.49.

1 VEN
T+ [T

§ KNm. §

ST+ (TR,

11

b

Figure 3.48

1KN

TIKN.m. ™, axy

Figure 3.49

The coefficients A;, and f,, are calculated as follows:

M, m_; dx A, a,: dx T; -T (T; +T
Aio = "’EI:' +[ *°E;' -a[[lhzjmzidx+a1[12 2Ja,idx
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A, =—o 6 [_'_80_"5 32- 45x12] (2x6x(-lBO)+0—396x6)+0

2EL {2

-a[m] (6x12)+a.[4J (lxl2)—-8856x10'5m
06, 2

A= [180x12 (+8) + 2 45 12 . (+6 )} [mz%}uxe-m"é
_a[_z_ojx(ux—]+0=-26379.6x10'5m
0.6 2
mymydx a2, dx
§j= 24 +] =
EI EA
2 2
mzydx agydx
fi1 =] z.‘-‘fl +] J'SA
=6x12x6+2 6x6 Ex6 1)('2:360_12x10‘5m
2E1 2EI 3 A
2 2
midx a% dx
f22 =] ﬂ +] ’SA
12"12 xg + 122612 1X6 s nis224x10% m
" 2x2El EIl EA

£, _J-m,, m, dx J~al, a, dx

EA
'2"'2 <6+ 2280124 0-432x10° m
4EI 2EI

Substituting into the consistent deformation equations, where A, = A; = 0, one obtains
the following final forms:

360.12 x, + 432 x; = 8856
432 x, + 1152.24 x3 =+26379.6

The solution of the above equations gives x; = -5.219 kN and x; = 24.851 kN.

The bending moments in the actual structure are obtained using the
superposition principles as follows:

Mz=Mg+x1m; +X3m,

M, =-396+12x24.851=-97 788 kN.m

Mp =-180+6x(-5219)+2485)x12=+86.886 kN.m
Mc=0+6x(-5219) =-31.314kN.m

MD =0+0=0
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IVVKN.m.
86 80KN.m. id
J — nn 519 ‘[H]] —_
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* -1
52.708 BMD. Ul sicxny  AFD
Figure 3.50

The axial force in each member can similarly be obtained. The bending moment and
axial force diagrams are shown in Figure 3.50.

To determine the horizontal sway at joint B, one applies a unit horizontal load

at B for an arbitrary primary structure, and determine m.s and a,s as shown in Figure
3.51.

_J.KN
‘n
+
. R A
&
[+13 B

Figure 3.51

M,mydx A a,d
bt g

=6iEI[-6x (-97.788)x 2 + 0 +86.88 x (-6)]+ 0=652.176 10> m

which means that joint B is transiated in the horizontal right direction a value of 0.652
cm.

Example 3.13

Neglecting the axial deformations, determine the bending moment and shear force
diagrams for the frame shown in Figure 3.52 due to the applied loads and a vertical
settlement at B of 1 cm downward. (E1= 10° kN.m?).

Solution

The degree of static indeterminacy is computed from
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o —
30m |
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—— erhrrrr
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Lom =AM e

Figure 3.52
DSI=3m+r-3)=3x2+5-3x3=2

Select the redundants to be the two reactions 2t B. The bending moment diagram for
the primary structure, My, is shown in Figure 3.53.

10 KN
Tm\rm\ 2:0
i (1-0

—
SOKN

MZO

Figure 3.53
The equations of consistent deformations are

A+, %, ), x; =4,
Ay +fy x, +f, x, =4,

“where A; = -0.01 mand A; = 0.

To determine the coefficients of these equations let x, and x; be unity in turn
The bending moments m,; and my; are shown in Figures 3.54 and 3.55 respectively.
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lw 1!1:IKN

+
S—— UKN.III. mll i
Figure 3.54
Ky=1KN
_+.
EHN m mﬂ -
Figure 3.55

The coefficients A and f;; are calculated as follows:

m_J-M m, dx

804230

= '—(8><80x2+80x4)+i(.80x3xs)+ix x8=-6706.667x10 m
6E1 EI EI

Am =J-Mw m, dx

= L 80x 23 14 2 ((80x3x2-230x6x2-80x6-3x230) =-2565 x10° m
EI 2 ) 6EI

L= 328,2, 8+8x6x8] 554.667x10°* m
EI 3

6x6 2

x 6=70 x10% m
== 8
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6xfxs=144 x10° m

f, =

Substituting into the consistent deformation equations one obtains

- 6706.667 + 554.667 x, +144x, =10’ x 0.01 = 1000
~2565+144x, +72x,=0

The solution of the above equations gives x; = 2.1625 kN and x; = 31.3 kN.
The final bending moment can be obtained either by the superposition principle as

presented before, or by using statics equilibrium equations. The bending moment
diagram is shown in Figure 3.56.

621
M i
527 ; — N3

Yg W rZ'IB?SKN

B 85
T ym2 S0KN
é. M, e
24 9 KN.m
Figure 3.56

Example 3.14

Determine the bending moment diagram for the frame shown in Figure 3 .57 due to a
vertical settlement at D of 5 cm downward. Consider EI = 10° kN.m’ and ignore axial
force effect.

Figure 3,57
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Solution

The frame is externally three times statically indeterminate. The general consistent
“deformation equations are

A+, £ +x, £, +x, £, = A
Ay +x, £, +x,f, +x,f,,=A,
Ay +x, 5 +x, 6, +x,f, =4,

The primary structure, shown in Figure 3.58, is chosen such that the reactions at D are -
released. The moment diagrams M,, m;;, my; and m.s are constructed in order to
determine the flexibility coefficients and deformation as foliows:

Ap=0 i Ap=0 i Ay=0
F

=[R2l 3%0, 2, 60000 20953 905 33510 mk
El 2EL 3 2EI

fu=fm" s df=10x10x[ij_ 2%3 ,10=-250 x10° mkN

El 2E1 2/ 2EI
1

fn=jmﬂ d_10x10 2 10+ 192 1 10=666.67 x10* mkN
El  2x2El 3 |

+—+ — =15 x10? rad/kN.m

m,df S S5 10
fu:_[_:_
El EI EI 2El

SENm. - SEN.m
L=0
M, L-l my; X,=1EN

» IIIMD +

1

M + *
1]« T 1KN.m. 1 J
m, Xy~ 1 KN m,, X, =1KNm

rFigure 3.58
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10x10 5x10
+

n = =75 x107° mkN
2x2El El

Substituting into the consistent deformation equations where A; = 0, Az = -0.05m, and
A; = 0, one obtains

208.33x; - 250x;-50x; =0
-250 x; + 666,67 x; + 75 x3 =-5000
50%, +75x;+ 15 %3 =0

Solving the above equations one obtains x; =0, x; =-17.14 kN, and x3 = 85.71 kN.m.
The bending moment in the frame is obtained as follows:

M,=M_+x,m, +X,m_,+x,m,

M, =0+0-17.14x10+1x8571=-8571kN.m
M, =0+0-1714x10+1x8571=-8571kN.m
M, =0+0-17.14x0+1x8571 =8571kN.m
M, =0+0-1714x0+1x8571=8571kN.m

The bending moment diagram is given im Figure 3.59.

Figure 3.59

This example can be solved by considering the primary structure shown in Figure
3.60 in which the internal actions at the middle of member BC are used as redundants.
In this case, the right hand side of the equations of consistent deformations represent
the relative deformations at the location of the redundants. Therefore, A; =0, A; = -
0.05 m, and A; = 0. The flexibility coefficients are obtained using my;, m,2, and my
given in Figure 3.61 as follows:

2
madl _S5x5 2 o 2-8333x10°5 mAN

El 2EI 3

fnn=]

2
myy df SXSxSx S5x5 2 5 -5
= 2+ —x——x2=29167x10"" m/kN
El  Z2El 2 3 2 X

fy =
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Figure 3.60

SO

[ RN

Fighiré 361

m,_ m,, df
£ =J_ﬂ'—IL-=0

fl,=Im" My de=5x5 ).<1+52’é15 x1=285 %10 radAN.m

El -2E1
m_m_df
£ =I‘£_€Iﬂ_—=0

—E—I—-x2~]5x10 rad/kN.m

_Jmﬂ de¢ 1><5 «24 5xl

The equations of consistent deformation become

8333x; +25x3=0
291.67 x3 =-5000
25x1+15x3=0

The solution of these equations is x; = 0, xy = 0, and x; = 17.14 kN. The final
bending moment is obtained as follows:

M,=M_,+x,m,+x,m, +x,m,
M, =0+0+17.14(-5)+0=-85.71KN.m
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M, =0+0+17.14(-5)+0=-8571kN.m
M. =0+0+172.14(5)+0=8571kN.m
M, =0+0+17.14(5)+0=8571kN.m

which are the same results as obtained before in Figure 3.59.
3.34 Applications to Trusses
Example 3.15

Determine the member forces in the truss shown in Figure 3.62 due to the applied
loads and a vertical settlement at B of 1 cm downward (EA = 10° kN for all

members).
Solution
The degree of static indeterminacy is computed from

DSI=m+r-2j=7+4-2x5=1
Number of external redundants =4 -3 =1

4 E ]
SOm
L 2& ¢ sown
| l 200 KW
1 50m. H SO0m 1
T v T

Figure 3.62

Select the released redundant to be at support B to form the primary structure
shown in Figure 3.63. The released redundant is arbitrary but by this choice one
saves much time in calculating the corresponding displacements due to the settlement
at B. The reactions for the primary structure and the internal forces are also shown in
Figure 3.63.

The equation of consistent deformation is

Ay+f,x, =A,=-001
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Figure 3.64

To determine A, and fj; apply x;, = 1 kN on the primary structure and
determine a,, as shown in Figure 3.64. The values of A, and f), are thus calculated
as follows:

Agya,L

=E—1A [(-400)(+1) x5 +0+0+0+ 0.+ (- 20042 )(¥2)(53)

=-4828.43x10° m

al L
=2 e

=é(12 x5+12 x5+(ﬁ)2 x(s,\/—i)]:24.1242x10.6 o

Substituting into the consistent deformation equation and solving for x; one obtains
X1 =-214.215 kN.

The member forces can thus be found using the superposition as follows:
A=A, +a, X,

The values of the member forces are indicated in Figure 3.65.
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Figure 3.65

Example 3.16

Determine the member forces and the horizontal displacement of support C for the
truss shown in Figure 3.66 due to the applied loads and a uniform rise in temperature
for members ED and DC of 20°. (EA =1 x 10° kN for all members, o = 10-5/°c).

lﬂonu
—“ &E o
&0m
T— ¥ 8 ,ﬂ;,c
| 10m J 310 m |
1T T ]
Figure 3.66

Solution
The degree of static indeterminacy is computed as follows:
DSl=m+r-2j=8+4-2x5=2

Number of external redundants =4 - 3
Number of internal redundants =2 - |

1

=1
Select one redundant among the reactions and one redundant among the
indeterminate members. The reactions and internal forces for the chosen primary

structure are shown in Figure 3.67.

The equations of consistent deformations are
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Figure 3.67

A +f,x, +f,x,=4A, =0
Ay +f, x, +f,x,=A,=0

To determine the coefficients A, A, £, ,f,,andf,, apply, in tum, a unit
oad for x, and x; to determine the member forces a,; and a,, as shown in Figure 3.68.

ax

Figure 3.68

A .a L
x0 Txl
AIO :Z #‘FE a(T)a.\l L

=ELA[+90>((-1.5>(3)-150x1‘25x5+120x4x(-1)]+0'. x20x [-1.5%3-1.25x5]

=-306.125%10° m

A a.,L
Ay =X %+Z a(Ta,L
-150><]x5+90x(-0.6)><3+120x(-0.8)x4

EA EA EA
=-100.8x10% m

+ax20x [—0.6)(3]
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2
ay L

EA
=i~:_l;{[l.2s2 x §x2+0.75% x Ix2+1.5" x3+1> x4]=14875x10* m

fj, =X

Notice here that in calculating f;;, member, EB which is subjected to xa = 1 kN is
considered in the sammation as follows:

2
as, L
4 2
j‘12"2: )I“EA
=_E_IAT[°.62 x Ix2+08  x4x2+1’ "5"2]=0-864x10-5 m

axl .sz
EA
=E‘I[.o_6x (-1.5)x3+08x4x1-0.6x075x3+125x1x5]=0.54x10" m

fi,=X

Substituting into the compatibility equations one has
-306,125+1.4875%x; +0.54x,=0

008 +0.54x; +0864x:=0

The solution is obtained as x; = 211.42 kN and x2 = -15.49 kN.

The member forces are obtained by the superposition principle using the relation
Ay =Ayp+ay X)+ayy xy, and the results are shown in Figure 3.69. To
determine the horizontal displacement at C apply a unit horizontal load at C for the
primary structure, as shown in Figure 3,70, and obtain a,..

158.565 [m 2 A B

Figure 3.69 Figure 3.70



118

Ac —52xc AL
EA
_(167.8+158.565)x3

72 10° =0.0480 cm
x

which means that the displacement of C.is in the same direction as the unit load.
3.3.5 Applications to Frame-Truss Structures
Example 3.17

Draw the bending moment and axial force diagrams for the structure shown in Figure
3.71 due to;

(a)  avertical load of 40 kN at joint H.

(b) a rise in temperature of 20°C for members CD and DE. (Consider EI = 20000
KN.m?, EA = 20000 kN, a= 10"/°¢).

¢ D 3
T
LOm.
4.8 F
60m.
T 4, ;

| com , som |
T L

Figure 3.71
Solution

Considering the structure as a plane frame, the degree of static indeterminacy is
calculated as follows:

m=11,J=8r=4,andn=6+6=12
DSI=3m+r-3J-n=3x11+4-3x8-12=1
Number of external redundants =r-3 —nge. =4-3-0=1

Select a primary structure as shown in Figure 3.72. The My, and Ay, didgrams are
then determined.



119

Mlg

Figure 3.72

Parta
The diagrams for M,, and A,; are shown in the Figure 3.72.
The equation of consistent deformation is

Ay +f, x,= A =0

To determine A and fi; apply a horizontal unit load at G and get a, and m;,
as shown in Figure 3.73.

s CxNm 6 4

" T

Figure 3.73
The coefficients Ao and f}, are calculated as follows:

M. m_,dx ,A__a_ dx
_ Z0 1 o “xl
AlO _J' Elz + J' X0 Tx

EA
1 400
=00+—[20x2.5xd4x2]=—== -4
+EA[ X ] EA 20010 m
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2 2
¢ =Imﬂ dx+J.axldx
11 El EA
1 6XGx-2-x6x2+6X4xgx6x2 +wl—[2.52x4x2+l‘52x4x2
3 2 3 El

“EIL 2

Z249, 8 1sax10 m
El ' EA

The value of x; is found to be x; = -1.2987 kN. The final internal forces are
calculated using the superposition principle. The axial force and bending moment are

shown in Figure 3.74.

1 1.948

-Pﬁ o "b.:}

- imn (L
1675 675 |- 71

—}?BIKNm,

20 20KN

Figure 3.74

Pan (b

The deflection Ao due to temperature change is calculated as follows:

A,=[aTa, d
=200[-15x4x2]=-240x105 m

Substituting into the consistent deformation equation one gets x; = 0.1558 kN. The
final bending moment and axial force diagrams are shown in Figure 3.75.

7

+/0915 093\ +
L KN.m

-

L 0.1558KN

Figure 3.75
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Example 3.18

Determine the bending moment and axial force diagrams for the structure shown in
Figure 3.76 and determine the horizontal displacement of suppornt C due to the applied
loads. Then solve the problem without the cable AC and compare the results. (El =
10° kN.m®, EA =05 x 10° kN).

WHN/m
AL I 3T T T T T % X F° ¥ B

2E1  SEA -1

J.Om.

£l | 120%N

E& A T

A0m,

80m

Figure 3.76
Solution
The degree of static indeterminacy is
DSI=3m+4-3]-n
=3 x3+4-3Ix3-2=2
Number of external redundants = 4- 3 = 1
Number of intermal redundants =2 -1=1

Select a primary structure as the one shown in Figure 3.77 and determine A,, and My,

The equations of consistent deformations are

12 20 KN
[+ (I 360 1o T
w(T ]+ 1 .
30 1N U » %20 Lmn
Ay My
In.o

Figure 3.77
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Ay +f, %, +f,x, =A =0
Ay +f, %, +f,, X, =A, =0

The coefficients Ay, A, f),,f,,and f,, are obtained by constructing the diagrams

Mgy, ax1, Mz, and a, which are shown in Figures 3.78 and 3.79,

El
1
KN I‘n:' KN

Figure 3.78

mg

Figure 3.79

The coefficients A;, and fj; are found as follows

M,m,dx A a,dx
Ao I I EA
402*8x§-x3+360xg ﬂ +0=3200x10" m

b 3x30x3x4+
i3

M, m,dx A, a,d
=J- m,, X+I ;:X

=B;—1['4'8 x360% 2 -2.4x360] +—]- [120x (-0.8)x 8]

40x 8 (438)+360x8 2 (43)]+0—-54112x105

| 2 80xBx(-2.4)+
2EI| 3
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IA(lxlx6)=9!.33x10'5 m

_fm,m dx rA, a,dx
f"_I “Ei I EA
AN 8"3x('48)] L (0.6x1x6)=-22x10"5 m
“2E1| 2 3 | 2EA
2 2
_(mpdx ra,, dx
=] EI +J EA
-1 [48x8, 2 xag|+ | 38x6, 2 48] —*[(-03) x8]
2EI{ 2 EI 2 3

+———k-06) ] []xlO]—lOlOOB 10° m

Substituting into the consistent deformation equations one obtains

3200+ 91.33x; - 22x; =0
-5411.2 - 22x; + 101.008x; =0

The corresponding solution is x; = -23.358 kN and x; = 48.48 kN.

The final bending moment and axial forces are determined using the superposition
principle as follows:

M, =40 - 8 x 23.358 + 0 = -146.86 kN.m
M = 360 — 4.8 x 48.48 = 127.296 kN.m

M.=0

A,=+120-08 x 48.48 =81 216 kN
Aw=0-1x(-23358)-0.6 x 48.48 =573 kN

The bending moment and axial force diagrams are shown in Figure 3 80.

——1 B 216 KN

145 86 KNm
~

Figure 3.80
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To determine A, apply a unit horizontal load at ¢ to determine m,. and a, as
shown in Figure 3.81. The deflection at C is obtained using the unit method. In this
case, the moment diagram of Figure 3.80 can be decomposed, as shown in Figure
3.80', for easy integration, as follows:

A =J-M,mudx+J-A,amdx

[

El EA
112 10x8%x8x6 (-145A35+127.296
== + x8x6
2E1| 3 8 2

1[127.296x6  , 120x5 6 5 +——1—[81.216x8x1]=0_01212 m
EI 2 4 2 SEA

Figure 3.80'

Solving this problem again without the cable AC, we find that the structure is one
degree staticaily indeterminate. The coefficients of the consistent deformation
equation are as computed before, where

A =3200x10%m ; f;;=9133x10" m
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The solution of the consistent deformation equation gives x; = -35.038 kN. The
bending moment and axial force diagrams are shown in Figure 3.82. 1t is obvious that
the moment and axial forces are larger in the frame without the cable. The

displacement A is calculated as follows:

2
Ap=— 12081+ (Mﬂjxsxm%uoxixe
SEA 2E1 2 3 B

+?3ﬁ[2x6x360+360x3]=0.1092| m

which is very large as compared with the displacement when using the bracing cable
Ac.

Figure 3.82

34 THE USE OF CASTIGLIANO’S SECOND THEOREM
3.4.1 The Basic Formulations

It was shown in section 2.21 that Castigliano’s second theorem is the basic
tool for the force (flexibility) method. This theorem is stated again as “the partial
derivative of strain energy with respect to a certain action gives the displacement in
the direction of this action”. The action could be a real load or a virtual load. The
value of the load is substituted after 1aking the derivative of the strain energy with
respect to specific action.

The theorem could be used in solving statically indeterminate structure if one
can formulate the strain energy in terms of the redundants. The partial derivative of
the strain energy, (in general, called the complementary strain energy) with respect to
each redundant gives the deformation in the direction of the redundant. By applying
the boundary conditions for the deformation at the released redundants, one obtains a

set of linear simultaneous equations in terms of the unknown redundants, which can
be solved.

Consider, for example, the two times statically indeterminate frame shown in
Figure 3.83. Selecting x; and x; as the redundants, one can find the strain energy for
the frame in terms of Py, Pz, x;, and X, because the internal actions in the members
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(Ax Ay, and M,) are functions of these actions. The strain energy is obtained from the
formula

3 L, 2 L A2 dx L. 2
U= | | As dx+ I'- y &, M7 dx
k=1| ¢ 2EA o 2GA, , 2EI

=U(p,, ps, x,, X, ) (3.26)

in which k represents k™ member in the frame.

3

N

P2 .
— —
L oot et — X
= 1:1
Figure 3.83

By applying Castigliano’s second theorem one obtains

ou

A, =——=f,(P P, %,,X;) (3.27)
X,
U

Ag:ﬁﬁ(s:fg(Pl,Pz,x,,xz) (3.28)

in which A, is the deformation in direction of x;, and f), f; are symbols for functions.

By specifying the boundary conditions for A, and A, at the redundants
locations, Equation 3.27 and 3.28 are solved to obtain the values of the redundants x;
and x,. For example, if the hinged support in Figure 3.83 is not subjected to any
movements, then A, and A, are equal to zero. If there are settlements in the hinged
support, one has to substitute the values of these settlements for A; and A; in
Equations 3.27 and 3.28, respectively. By finding the redundants x; and x,, the
structure becomes statically determinate and the internal actions can easily be
determined in all members.

In order to determine the deformation at any point ¢, one may use the
approach of the unit load method after determining the final internal actions in the
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structure. One can also use Castigliano’s second theorem by applying a virtual load
at point c and write the strain energy in terms of this virtual load.

342 Application to Beams
Example 3.19

Solve Example 3.11 using Castigliano’s second theorem.

-fl.i‘ 2KM{m
.ﬁ' li‘””,,”””%ﬁ
KN/ m,
T TTTTTT171)
-u "
1 fo 1
a2 ex, 1.4m-4

Figure 3.84
Solution

Using the reaction at B as a redundant denoted as x,, the reactions at A and C are
determined in terms of the redundant as shown in Figure 3 84. The bending moments
at any section are defined as follows:

For member BC,

-6 2
MI(C)=[ﬁxl+ll.428JC-2x% ; for 0<E<8
For member AB,

M, (")=[4'572-]£4XIJT] ; for 0sn<é

The strain energy in the beam is given by

u- Q& & Mimydn
0

1 1 4 20)¢
sEl 5 2EI 2"}("1'“[6?]({“’("”"

Using Castigliano’s second theorem, one has
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AU _t M@ M,(m) 1 20

B, ! 2EI[ Jdc -[ [14 )dn+Kx,-a(?J
? -3¢ n
0

ke X {11 4zsc-—-xlg ¢ }dC+({ﬁ [4 5721 -

i1y a[@-]? -2 Jd
k1% os)y 1)

_ -3 | 11428¢° 6x,C ¢* i‘i4.s72n’ ax 0’|}
o3 |

T 14E1 3 14x3 EI 3 Tx3

3
+—]-x,-u.[2o] ———xn— |
K 0.6 !

=10*[-417.938+15.675x, +219.428- 188,105+ 23 51x, +342.833]+—1-o—10-6x, =

o

which leads to 139.185 x; — 43.78 — 0 from which x; = 0.315 kN as was determined in
example 3.11.

3.43 Application to Frames
Example 3.20
Determine the bending moment diagram for the frame shown in Figure 3.85 (as

Example 3.12) due to the loads, and a rise in temperature in member BC. Determine
also the horizontal sway of joint B. (EI=10°kN.m% EA = 50 x 10° kN, a = 10?*/°c).

JOE 25 KN/m,

? 36 KN 1118 3111117
OBNI . 2 €1 2EA <
¢
El El 6.0m .
€4 €A
el .U
% 12.0m. %
Figure 3 85

Solution

The frame is two degree statically indeterminate as was determined before in
example 3.12. The redundants x; and x; are taken at D as shown in Figure 3.86. The
internal forces in the frame as functions of the redundants x; and x; are determined as
follows:
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25 KN/m

own t TR TR T F LYY

1

T
lc
o

Figure 3.86
For member CD where 0<x <6,
M ahdz mz 0
= xXxX =X =
l ] L]
‘ ox o,
Ay =-x; s OAx =0 . OAx =-1
ox) 0% 2
For member BC where 0<x <12,
2.5x2 M M
M, =6x; +xxXx3- 5 s ax,z=6 \ ax:=x
A
A’=+xl . aA‘ =1 'a_":o
o, o,
For member AB where 05 x <6,
2
2.5x%12 M oM
M, =12x9 +(6-x)xx) - ————-36x , —=2=6-x ,—Z=12
z 2 +( )} xx) o, o,
A A
A =-30+x, ’B =0 ,B X =1
ox, 2
The strain energy is obtained by substituting as follows:
U_?Midx+?A§dx +‘I2M§dx+‘]?A§dx +J5-M§dx+?A§dx
T4 2EI 2EA 4E1 4EA 2EI 2EA
0 0 cD 0 0 BC LO 0
12 12 2
+|:20ajxldx—ax-%gxI[Gx]+xxx2-2'5x }dx]
0.6 2
0 0 BC

Using Castigliano's second theorem one obtains
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6x? X1 4 6 25x? 12 ) dx
_—= —| 6xy +x x4 - dx+ | —
axI(I,EI ,{25[[1 2 2}"{,2151\

L6
0

T3 6 3712
X" x 1 L) 7.5x% 6x)
= +— 18xx1+—x X9 - +—
3EI o El| 2 2x3 0 EA

6
2 2 2
X x1_2.5x212 x_36xx :l

2
[12):2 +6x) - X Xy —%-36x}dx+0+240&-2400a

+i 12x5 x +6x) x -
EI 0

6
2 2 3 2.2 3
L iy X ey X XKL 25XI2TXT 0 X 160
EI 2 2 3

3 4

72 Xl 6x 1
EI EA

+:E—I[432x1 +216x, - 108x, - 6480 -3888]

+—[216 X1 +216x, -2160]+ —1

-é[llGx, +108x, - 72x, -3240-2592]- 2160
= 360.12x, +432x, -8856=0 (a)

12 2
;U —+|:j%dxj| +[] %[6)(1-%)::(2-2'5; ]dx]
2 @ 0 BC
6 . 2 6¢_
+ I E ]2X2 +6x1-xx1-2.5x£_36,‘ dX+I( 30+x2)dx
o H 2 EA -

0
12
+[- gﬂa J xdx}
6 o BC
6x,

=—EI+—[2le|+288x2 3240]+—[72x +36x, -18x, -1080 - 648]

+5%2 180 000
EA EA

=432x, +1152.24x, - 26379.6 =0 (b)

Notice that the two equations (2) and (b) are the same as the equations
obtained by the consistent deformation method in Example 3.12. Solving equations
(a) and (b) one obtains the same results obtained previously which are x; = -5.219 kN
and X2 = 24.85] kN.

To determine the horizontal displacement at joint B, one applies a virtual
horizontal load P at B as shown in Figure 3.87. By using Castigliano’s theorem, we
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need, out of the strain energy terms, only the terms which are function of the load P.
It is obvious from Figure 3 87 that only the moment in member AB is function of P.
Therefore, the strain energy expression can be written as follows:

AVE
U= IM' dx + terms not function of P
s 2El 5

where

M, (x)=2485x12-2.5x12x6-5219x (6-x)-(P+36) .

The substitution into Castigliano’s second theorem gives Ay, =JU/P where P is
zero.

[
A=] -x(86.886+5.219x - Px - 36x ) dx
0

[
x2 x3 x3 .5
= -86.886x7-5.219x7+36x7 =65220x107 m

0

which was obtained by substituting P = O for the virtual load. This result is the same
as in Example 3.12.

L) RN NN ENER!
B x
-+

e 21225 —xID
Tu:u 85 KN

Figure 3 87
344 Application to Trusses
Example 3.21
Determine the member forces and the horizontal deflection at support C for the truss

shown in Figure 3.88 (Example 3.15) due to the applied loads and a uniform rise in
temperature for members ED and DC of 20°¢. (EA =2 x 10°kN, a = 10°/°).
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[
1 #E [F]
LOm.
T B L
4 1om [ a0m |
T —t —t
Figure 3.88

Solution

The truss is two degree statically indeterminate, one external and one internal
-redundants, as was shown in example 3.15,

Select the redundants to be x; and x; as shown in Figure 3.89. The members forces
are determined as function of x; and x;. The strain energy function is then obtained as
follows:

AlL
U=2. 2EA

=|:(1.25x])2 V- LD +[(0.75x1)2 x5

2EA

2
3 :| +|:(0A8x2)2xi:\ + X3 X3
EA lpe EA |gp | 2EA R

N (150-x2—1.25x1)2x5 . (90—0.6x2-1.5x1)2x3 + (0.75x1-0.6x2)2><3
2EA 2EA 2EA
AD ED

2
+[(120'°;E": -x1) ] + [200x 3 % (90-0.6x5 - 1.5%1)]gp + [2000 x5 x(~1.25%))]pC
AE

in which the letters shown at the end of each term indicates the contribution of that
member.

Using Castigliano’s second theorem one has

du 1

= 5% {1.25%1 )% 125+ 3x(0.75%:) x0.75-5x1.25 x{150-%,-1.25x%

o EA[ (1.25%)) (0.75x;) ( ! 1)
-1.5%3 x(90-0.6x -1.50x ) +(0.75x; - 0.6x5) x 3% 0,75

—4x{120-0.8%, -x)]- 200 x 3% 1.5- 200 x 5x1.25=0

This leads to
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- BX,_ - 18X l
0 6? 1 V320 RN

B 120.08xp _xy

10751, 0 617)

F:gure 3.89

29.75x, +108x =61225 (a)
Similarly,
A 1
— =——[4x0.8x(0.Bx;)+5x; -Sx(150-x5 -1.25%])-3x0.6x(90-0.6x -1.5x,)
&, EA

=3x06 x(0.75x) -0.6x5)-08x4x(120-0.8x%5 -x{)]-0.6x 600 =0

This leads to

10.8x, +17.28x, = 2016 (b)

Notice that the two equations (a} and (b) are exactly the same as the consistent
deformation equations obtained in example 3.15. Solving these equations one obtains
the values of x; = 211 42 kN and x; = -15.49 kN.

To determine the horizontal displacement of C apply a horizontal virtual load
P at C as shown in Figure 3.90.

In obtaining the strain energy, we may only be concerned with the terms
which are function of P. The strain energy is given by

120 KN
nr . E 3178 KN o
na‘ * A Y
&~
.,9 4 264 279
.bq
] \
127 P+H167 83 P« 158.96 P
- [] [+
,m &2KN

Figure 3 90
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U (P+158.565) x3 (P +158.565+0.6x 15.49)" x3
- 2EA 2EA

+ terms not function of P

According to Castigliano’s second theorem one has

p = o3 (158.565)+ —— x(158.565+ 0.6 x15.49) = 0.0489 cm
EA EA

€ ar

which indicates that the displacement of C is in the same direction as the assumed
virtual load P. This is the same result obtained in example 3.16.

3.4.5 Application to Frame-Truss Structures
Example 3.22

Determine the bending moment diagram for the structure shown in Figure 3.91
(Example 3.17) using Castigliano’s second theorem.

c 1.5X1 H 15X 0

6.0

‘ F

— X1

TIGKN

1 “om ccm

Figure 3.91

Solution

The structure is one degree statically indeterminate. The redundant x; is chosen at F.
The strain energy is obtained as follows:

M? dx Al dx
u=2J 2EI +Z-[2EA

For members AB and EF
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M, =x(x;) for 0<x<6
For members BC and DE

M, =x(1.5x;) for 0<x<A4
For members AB and EF
A,=-20 for 0sx<6

The magnitudes of axial forces in the truss are shown in Figure 3.91. Substituting,
one has

2.2 412,21
U=|2 x© xydx +2]l.5xx1 dx
2EI o 2EI
AB, EF BC, DE

+[_21_1A ki se)? x 4x 2+ (20 /2F 42 x 2+ (40)? x4+ 20+ 25x))? x4x21}

(=R -

truss memi

[ 2 4 2,2
ﬂzzlx x,dx+21-1.5xx,dx
Ox 5 El EI

1 ]

+ﬁ[16x(1.5x1)x1.5+sx2x(20+2.5x1)x2.5]

2 | x° ¢ 2x1.5%x x3 ’ 1 2
=28 E 2t AR, [].5 x16x) +16x 2.5 x (20+2.5x))|=0
EI| 3 El 3 2EA

This leads to x, = -1.298 kN which is the same result obtained in example 3.16.
3.5 THE THREE MOMENT EQUATION
3.5.1 Introduction

This method is a special consistent deformation method in which the analyst is
obliged to select specific redundants and also neglects the axial force and shear force
effects. The three moment equation is, thus, most suitable for continuous beams.
However, it could be used for some frames which are not subjécted to sidesway. The
method considers the redundants to be the bending moments at the intermediate and
fixed supports in order to make the primary structure consists of a set of simply
supported beams.

352 Derivation of the Equation
Consider the continuous bearn shown in Figure 3.92, By selecting the

redundants 1o be the unknown moments at the supports, the primary structure consists
of simply supponed beams as shown in Figure 3.93. Each redundant is assumed to be
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Figure 3.92

Figure 3.94

unity, as shown in Figure 3.94, in order to determine the flexibility coefficients and
the supports relative rotation in the primary structure,

For the consistent deformation at each released continuous or fixed support,
the sum of the relative rotations of the primary structure must equal the relative
rotation of the same support in the actual structure. For example, the equations of
consistent deformations at supports B and C are, respectively,

By +f, %+, %, +,; x, =06, (3.29a)

Bey +F, %, +1,, x; +5, %, =6 (3.29b)
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where 8., is the deformation at B in the primary structure obtained from integrating

Mz and myy, and f; are the flexibility coefficients, each is obtained from integrating
my; with m,;. Therefore, the moment diagrams of Figures 393 and 3.94 are used to
determine these coefficients.

<=2
)

=== =

R A
B (=1
ll-l

1KNm

1 -B
4 — Lbe - — Lot —

— — al

Figure 3.95

Considering, for example, the consistent deformation at support B, The
flexibility coefficients are obtained using the moment diagrams shown in Figure 3.95
as follows:

f = [ Do *_Ls (3.30a)
: El  6EL,
f=[ 2= x_Ls | Le (3.30b)
8 El  3El, 3EI,

m,m,d L
=] 2 2o (3.300)

El  6El,

Substituting into equation 3.29a, and realizing that x; = My, x; = Mp, and x3 = Mc one

obtains
L L, L L
M, |2 |e2M, | =2 oM [ 2 |ap, 0, (331
‘[651,,,} “[651_,, 6EI,=J+ C[sle » 0 (331)
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where 8, represents the rotation at support B in the primary structure which is
obtained from integrating the moment diagram of Figure 3.93 with the moment
diagram m; of Figure 3.95. It can be expressed as 8, =8,,, +0,,, to show the
contribution of the left side and the right side of the support B.

The relative rotation 8p, in the actual structure is zero if the support is not
subjected to any settlement. However, if the interior support B, for example, is
subjected to a downward settlement, as shown in Figure 3.96, then B85 is obtained by
summing up the angles made by members AB and BC with the original position of
these members. This gives

Ys . Y
Oy =—"+— 332
R (332)

In general, if supports A, B and C are displaced downward with specific
quantities y,, yp, and y¢ as shown in Figure 3.97, then the relative rotation at B is

Ya=¥a  Ys-Yc
6= + 3.33
® Lab le ( )
& -] C
Figure 3.96
a B C
K3
",§1A B e
Figure 3.97

Tables 3.1 provide the rotations at the supports of simply supported beams due
to various cases of loading to be used in solving problems by the three moment
equation method.



Table 3.1 Elastic Reactions
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No. Case of Loading Elastic reaction = given values x L/6 EI
at left support at right support
1 AI_I_I_I_I_LJ_I_L_.I_K- quz qu2
s L , 4 4
2 OrTrTr1 gxbxL b? gxbxL b?
Fay Fa 3.— o P
'Y » [ 8 LZ 8 LZ
T mmml]
3 Fa Fal gxa 2a qxaz 2a
“ b 3-2 3-2
p———p—— 2 L 2 L
4 A.:ﬂ:l:]:[]ﬁ:—.b 2 5 2
— L —xqxL
e L 327 9" 324
s | ATTITIITS
afp2 2 (2-1] 4 Lz-a=[z.1]
[N » oL L 4
s T 1
6 m qu2 q)-cL2
\ L , 5 5
™ b |
7 M qu2 qx]..1
L L | 20 20
r 1
8 ‘g]:D‘_‘x:___A quz quz
.. L .1 12 15
1
9 _g‘l—(rm‘ 2 2
A A qxL qxL
W L f 15 12
™ -1
10 4 [T 11xqxL? qxL’
> 2 2gxs
L 60 6
[ -
! ™




Table 3.1 Elastic Reactions (Cont’d...)
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No. Case of Loading Elastic reaction = given values x L/6 EI
at left support at right support
1 e qu2 11xqxL2
£: L : 6 60
12 2 2
T . gxaxbxc Lta.So q“xszc[l""":—b]
a P, ° 02 Lz 4a L
[ I oy _!
13 o 2 2 2 2
A — 9xa _(2-3] 9xa” |, 5
| s —t 4 L 4 L?
g bl O O D quz z-ﬁ ﬂ[z-i}z
A . A 4 L2 4 L
e & 1 ._J‘
60 60
L L o
| 1
16 . '7><q::<L2 8>-<q>-<L2
60 60
e L _
17 q(L+b)(7L2_3b2) Q(L+a)(7L2 3 2)
60L 60L
E‘:‘-"
" . a2y 2| 212
o y 3 4L g01? 6 2012
I~ o -
19 'l[\ﬁ\,\ 2 Ja  a’ q>t112 a’
A yal gxa“|=-—+ 5-3-——2-
5 3 4L 512 15 L
—t—t —
20 l’ 3xPxL 3xPxL
8 8
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Elastic reaction = given values x L/6 EI

No. Case of Loading
at left support at right support
21 r Pxaxb(b+L) Pxaxb{(a+L)
Pay 2 2
SR L L
’
22
Py { ) ot 3xan[l-£] 3xan[l-£}
. La . L L
e
23 r y f 15xPxL 15xPxL
PAY A 16 16
L) |l |l ' [ ]
24 Fvrbd PxL(n2-1) PxL(n2-1)
FAY AN 4n 4n
& '. ll Il |l i
25
{ ; F_LLLL pr(zn«-l] PXL(2n+1J
n n
'ﬂlllllll llg'
M
26 /'A yaX M M
N
b L o
a 5
M=l 2 2
27 ~ - ch[mb—zJ ch[f’—z-l]
> N, “ L L
h T - -
28 —t ! ! -3xExIxa|xM -3><Exlxcxt><—(w
A a h h
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353 Beams with Fixed Supports

If the beam has a fixed support, the moment at the support is unknown. One
can derive the three moment equation in the same way derived for continuocus
supported beams. Consider the continuous beam shown in Figure 3.98. The primary
structure and the bending moments M;p, m;), and m;, are shown in Figure 3.99. The
consistent deformation at the fixed support A is

9A0+f11)(1+fu XZZGA (334)

The flexibility coefficients fj, and f;; are obtained as follows;

Mg Mgy dx _ Loy

fiy =

== 3El,
£ m, m, d":,[‘ab
12 EI 6EI,

S wrardl ve 5 DEELINE o o i 5 9 ;;
ps)

’. L la Lul"'

*__,_,! :

Figure 3.98
o B o
Ty (g ¢
- 7A) FANNYAY
PRIMARY STRUCTURE

e == =e

%———’Z.\»)T(Q o)

‘mﬂmm'm]w-n

Figure 3.99
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Therefore, Equation 3.34 can be written as

L
0+2M, [%}LMB[&; ]=9,\ -9,, (3.35)
b b

which shows that it is a special form of Equation 3.31.

The angle of rotation 6, here represents the relative angle of rotation at A, in
the actual structure, which could be due to settlement ot rotations at the support A. If
a settlement occurs at A as shown in Figure 3.100, 6, is obtained using Equation
3.33 as follows:

g, =2a"Ye (3.36)

If the fixed suppont A was subjected to an angular rotation, one must substitute
its value and appropriate sign in the three moment equation. In the derivation of the
three moment equation, the redundants x; were assumed to provide tension in the
bottom side and compression in the top side of the beam. This assumption is
considered throughout solving any probiem by this method. Thus, the sign is positive
if the angle of rotation provides tension on the bottom side as shown in Figure 3.101.

Figure 3.100 Figure 3.101
Example 3.23

Determine the bending moment diagram due to a clockwise unit rotation at A in the
beam shown in Figure 3.102 (EI is constant).

L7 L
e, f

Figure 3.102
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Solution

Applying the three moment equation at A one has

L L
2M B i M, [ =2 |=6, -8
A[(SEI,,,] "[GEI,,,J ATl

where 6,, =0 due to the absence of any loading on the beam, and 6, =+1 due to
the angular rotation at A. Substituting, one obtains

2MA+MB=6TEI (a)

Similarly, applying the three moment equation at B one obtains
M, +2M, =0 (b)
Solving equations (a) and (b) one gets

2EI 4El
Me=op ¢ MaT

The bending moment diagram is shown in Figure 3.103. This result is important and
should be remembered because it shall be used in the stiffness matrix method. The
values of M, which results in a unit rotation at A is called the stiffness coefficient.

Figure 3.103
Example 3.24

Determine the bending moment diagram for the beam shown in Figure 3.104 due to
the settlement of support A a unit value downward (EI is constant).

Applying the three moment equation at A one obtains

oM, | Eo M, [ 22 -e, -8,
6EI, 6EI,




where 6,, =0 due to the absence of any loading on the beam, and 6, = {1-0)/L.

This gives

Similarly, applying the three moment equation at B one obtains

L
M, |— |+2M
"[ﬁEI] (

6E1
2M, +M, =—

LZ

Figure 3.104

L

— =9, -
GEJ » ~Oe

where 8;, =0 and 8, =(0-1)L. This gives

M, +2M, =——

6El

3

Solving equations (a) and (b) one obtains

M

_6EL
L2

>

M

-6E]

LZ
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(@)

&)

The bending moment diagram is shown in Figure 3.105. This result should also be

remembered because it shall mostly be used in the stiffness matrix method.

GE1
L7

Figure 3.105
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3.54 Numerical Applications
Example 3.25

Determine the bending moment and shear force diagrams for the beam shown in
Figure 3.106 due to the applied loads, a rise in temperature in member BC and an
anticlockwise rotation of support A of 0,002 rad. Consider EI = 10° kN.m? and @ =
10°Pc.

8= 002 SOKN ’Q.Cl
and l B Q. c e D
™ N
J 2.5m. l 2.5m. 1 50m. 1 0m l
T 1 T 1 v
Figure 3.106

Solution

In this beam, the moment on member CD is determinate. The unknown bending
moments are M, and M, because the degree of static indeterminacy is two

determined from
DSI=3x3+5-3x4=2

Applying the three moment equation at the locations of the two redundant moments
MA and M, respectively one has

5 5
M, | —+0|+Mg| = |=8,4 -6
A[GEI ] B[ ] A AD

6EI1
2
50x5
here 8, =-0002rad ; OBpp =———
wnere o 5 ra Al |6EI
This leads to
M, +M, = 6—EI] 0_002-50"25]=-333.75 kN.m. @)
5 16E1

The three moment equation at B gives

5 s 5 5
M, | — [+2M, | —+— |+ M| — =6, -0
A[(SEI] B((SEI 6EI] “[651, 8 TR
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2
-30
where 85 =0 ; 8p, =%+[-G(H%J(l;—sﬂ

which results from 0,,, (Table 3.1 case No. 20) plus 8, (Table 3.1 case No. 28).
Substituting, one obtains

M, +4M; = -223.75 kN.m. )
Solving (a) and (b) one obtains

My =-1625kNm ; Mp=-15875kN.m.

The negative sign indicates that the moment makes tension on the top side and

compression on the bottom side. The bending moment and shear force diagrams are
shown in Figure 3 107 which are the same as in Example 3.10.

20KN.m

e o u o

([

Figure 3.107
Example 3.26
Determine bending moment, shear force diagrams, and the deflection at B for the

beam shown in Figure 3.108 due to the applied loads and a rise in temperature in
member AB (EI = 10" kN.m?, a = 10°%/°¢, spring constant K = 10 kN/cm).

°5.T_ B 111“1“;"?

a bm s 11T T T 1T ]c
-y g 1 2! 9
| " .

T

et

60 m. { 80m |
T T

Figure 3.108
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Solution

This beam is one degree statically indeterminate and has unknown moment at B since
Ma =Mc =0. The three moment equation at B gives

6 8
0+M, | ——+——|+0=0, -0
B[GEI 12EH] 8o

where 6, 8,, are obtained according to Figure 3.109 as

[20] 1x6 1 2x8 64
— | —x =-

\ﬁ-iﬁ—""‘*—-ﬁ__.___iya
o

g

Figure 3.109

Substituting into the three moment equation, one has

3
M; [—29—] =[—E’+y—ia -[-100a+21' 33]
12EI 6 8 EI

ZOMB =1,75yB Ei+472 (a)

Since yg 1s related to Mg by the spring reaction relation at B, using Figure 3.110 one
has

YB=——= s g (®)

Rp L[S Mp Mg}
K 1000 J

The assumed deformation at B indicates that the spring is under compression and the
reaction at B is upward. Therefore Rg is taken as upward reaction.

Solving equations (a) and (b) one obtains

Mp = 26.351 kN.m
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The positive value of yp indicates that the deformed shape of the beam is downward
as assumed. The moment and shear force diagrams are shown in Figure 3.111.

16 )51KNm
A <
Itm 31} 1 B Tnos 1 m‘
B.M.D,
« M L BN
HLTE + [+ . S.F.D.
-~ T
T |

n 293

Figure 3.111
3.6 THE ELASTIC CENTRE METHOD
36.1 Introduction

This method is applicable, in general, to structures having three degrees
statically indeterminacy such as closed rings, closed frames, arches with fixed
supports, and portal frames with fixed supports. It is considered as a special
application of the consistent deformation method using the virtual work principle. Tt
has been developed in order to ease solving the three simultanecus consistent
deformation equations before the wide spread of computer utilization. The
redundants are chosen at a certain location called the elastic centre in order 10 obtain
three independent consistent deformation equations, which can easily be solved. This
method depends on the assumption that the axial force effect is small and can be
neglected.
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3.6.2 Determination of the Elastic Centre

Consider for example, the three degrees statically indeterminate portat frame
shown in Figure 3.112. In general, the equations of consistent deformation for three
degree static indeterminate structures are as follows:

A+ x +, x, + 0, =4,
A+, x, +f, x4+ 3, x, =4, (3.37
A+ %, +f x5 F fy %, =4,

To convert Equations 3.37 into three independent equations, the flexibility
coefficients f; fori = j must be zero. In this case Equations 3.37 become

Y4 alx,y)
0 X
Figure 3.112 Figure 3.113
A +f, x, =4,
Ay +f, X, =A, (3.38)

Ay +f5, X; = A,

which can easily be solved for x,, x;, and x;.

Let the elastic centre location te be at point O as shown in Figure 3.113. The
three redundants x,, x2, and x3 must be applied at point O in order to obtain Equations
3.38. Because point O is not connected with the frame, and it is not known yet and in
order to make this discussion realistic, point O is connected with any section in the
frame by rigid members having infinite moment of inertia. The location of the
connection is arbitrary. Figure 3.114 show different choices for the connection
between the elastic centre and the frame members.

Considering Figure 3.114a, the bending moments at any point with
coordinates (x,y) with respect to point O and due to the redundants x; = 1, x; = 1, and
x3 = 1, can be obtained. Directions of x;, %, and x; are assumed to produce positive
bending moments such that
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m, =y (3.39a)
m,, =X (3.39b)
m,, =1 (3.3%¢)

Substituting Equations 3.39 into the expressions of the flexibility coefficients f,,i# ]
and with ignoring the axial forces effect, one obtains

m,y M,y df y x d¢

fiy =f3; =] =2 Elﬂ =1 (3.40)
M,y m,y df x df

fry=f3y=f —22 EIﬂ =[ = (3.41)
m,| m,y dé¢ y df

fi3=f3 =] —2 El’-‘ =1 (3.42)

One realizes that to make Equations 3 41 and 3 42 equal zero, the elastic centre O
must lie at the centroid of the areas (d¢/El) of the frame members including the

imposed infinite moment of inertia members. These members, however, do not affect
on the location of the elastic centre since their (d¢/EI)is zero, due to infinite EI. To

make Equation 3.40 equals zero, the axes x and y must pass through the centroid of
the areas (d¢/EI) and their directions are in the direction of the principal axes.

Therefore, the location of the elastic centre must be the centroid of the areas
{d¢/EI) of the frame members and the redundants x; and x; are located at the elastic

centre in the direction of principal axes of the areas (d¢/EI).

Example 3.27

Determine the location of the elastic centre and the directions of the redundants x,
and x;, for the frames shown in Figures 3.115a and 3.115b.
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Solution

(b}
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(a) The frame shown in Figure 3.115a is drawn as a tubular section, where the

thickness is (1/E1) for each member in the frame. This is shown in Figure 3.116.

2 b Y

1

E1 1

ET
1 o —
; El
yi _

—

Figure3.116

To determine the centroid of these areas, the moment of the areas is taken about any
two arbitrary perpendicular axes, such as axes 1-1 and 2-2 shown in Figure 3.116.

The first moment of areas about these axes are, respectively,

M, =—6—x3x2+12—x6=ﬁkN"
EI EI EI

M, =-2x6 r 2 64 S x12= 10y
EI 2EI  EI EI

- The total area of the cross section is

2,06 6 12 30 0

=t = bt —— =
EI EI EI 2EI EI

From statics principles, the locations of the centroid xandy from the axes 2-2 and

I-1 are respectively,
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;zM“ =@:6m
A 30
;:—M]" =-1—0§=3‘6

A 3

To determine the directions of the principal axes, select any two arbitrary axes,
x and y, passing through the elastic center O. Calculating the moments of inertia I ,

Iy, and Iw for the tubular section one has

1,=0
6 12 12 .5 198
I=——x2+——x3} + 2x3* == mkN
12E1  2EI El El
3 3
-2 +i‘2—-+—t§—xt§»’+—(—5—>-(¢S’=343 m/kN
* “12x2El 12El El El EI

The angle, 6, which determines the direction of the principle axis with respect to x-
axis is obtained from

=21
tan 20 = r =0

x Iy

The principal axes are thus along the chosen x and y axes. This result was
obvious from the beginning because of the symmetry of the areas d//EI about the
elastic centre.

(b) From Figure 3.115b, the tubular section is shown in Figure 3.117.

Taking the moment of areas about axes 1-1 and 2-2, one obtains, respectively,

My =—x2.5x2 +20x5=30 1yt
EI 2El . El
10 5
My y =22 5+ x10=2 kN
-2 “op*° TE El

The total area of the cross section is

D I O T £ SR
“2E1 Bl EI EI

The location of the elastic centre is at
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Figure 3.117
M M
x':——l-lzs m : y':—l'l :£=333m
A A 15

d? . L
From the symmetry of B areas about the elastic centre, the directions of the

redundants x; and x; should be along the chosen axes x and y.
3.6.3 Numerical Applications

By determining the location of the elastic centre, and the directions of the
principal axes, one knows the locations and direction of the redundants x,, x,, and x;
which make fij = 0 for i = j. The process of analysis by the consistent deformation
method s continued as usual. A primary structure is chosen, the bending moment
diagram M,; is obtained, and the three bending moment diagrams m,;, mg, and m,,
due to the unit values for the redundants x,, x, x5, respectively, are determined. The
coefficient A, and f; can be calculated as usual by the integration of diagrams. One
finally obtains three independent linear equations which can easily be solved for the
values of the redundants x,, x5, and x;. The following examples illustrate the
application of this method:

Example 3.28

Determine the bending moment and shear force diagrams for the frame shown in
Figure 3.118 using the elastic centre method (EI = 10 kN.m?). Then, determine the
bending moment due to vertical settlement at D of 5 cm downward.

Solution

The elastic centre of this frame was determined in the previous example. The location
and directions of the three redundants are shown in Figure 3.119. The elastic centre is
comnected with joint D by a member of infinite moment of inertia. The bending
moment diagrams for the primary structure due to the applied loads and unit values of
the redundants are shown in Figure 3.120. The bending moment diagram M, was
drawn decomposed for easing the integration.
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Figure 3.120

It is obvious from the figures of m,;, mz and my that f; = 0 for i # j. The equations
of consistent deformation are

Ay +f, x, =4, =0
Ay +f,x,=A, =0
Ay, "'fn x;=A,=0

The flexibility coefficients and A, are calculated as follows:

Mzo myy dx_ 1

112, 25x10x1.667.190%10,
El El|3

Am =I x1. 667]

+—>_[150x3.333x2~100x1.667x 2 + 333.3 - 150x1.667]= 22837
6EI . E
fi1 =] mz) 6 _ L667" x10 2x5[33332x2+2x1667 -2x3333x1667]
EI 2EI 6EI
_41.666

m/kN

El
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Therefore, the value and direction of x; is obtained from

-Ayy _ -346.957
fi;  41.666

which indicates it is in an opposite direction to the assumed x; direction. Similarly,
for finding x2 and x; one has

[100x5x2+0+100><5]

=U+
El 2EI x6

5
+6_EI['100X5X2-150><5x2-100x5-150x5]=-M

mﬂdx [ l 5x5x5 291.667
52 %2452 x2-52 x 2|+ 2= m/kN
n=["% 12EI b El . El
x2=ﬂ=12.143m
f
22
Mzomﬂdx
S
0 -100- .
_ 1 [-1000 2 oo o], L[(-100-150Y (| _-79167
2EI| 2 3 El 2 EI

XS e DO LD kN m)
EI 2E1  El

-A
x3=——30 =52 778 KN.m.
33

f33=

The final bending moment diagram is obtained by calculating the moment at
A, B, C, and D using the superposition principle as follows:

M, =M_+xjmy+X3 My +X3Mzy

Mg =-150-3.333x(-8.327)+12.143 x(5)+ 52.778x(1)=-8.753 kN.m
Mp =-100 +1.667 x(-8.327)+ 5x(12.143)+52.778=-0388 kN.m
M =0+1.667x(-8327)-5x(12.143)+52.778=-21818 kN.m

Mp =0-3.333%x(-8.327)-5x(12.143x5)+ 52.778 =+19.816 kN.m -

The bending moment and shear force diagrams are shown in Figure 3.121.
In the case of settlement at D, as shown’in Figure 3.122, one has Ay, Az, and

Asy are zero since no loads are applied on the frame. The consistent deformation
eauations become
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Figure 3.121

0+fll X1 =A| =0
0+f22 Xz =A2 =-005m
0+f33 X3 =A3 =0

which gives x) =x3 =0.

Xy =—2 =" T .17.14kN
fy, 291667

The final bending moment diagram is obtained by superposition principle as

M, =My +x9 my

M, =0-17.14x(5)=-85.7kN.m
M,g =0-17.14x(5)=-85 TkN.m
M,p=0-1714x(-5)=857kN.m

The bending moment diagram is shown in Figure 3.123 which gives the same results
as example 3.14.

Example 3.29

Determine the bending moment dia§ram for the frame shown in Figure 3.124 using
the method of elastic centre (EI = 10° kN.m?).
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Solution
This frame is three times statically indeterminate since, m=4,J=4,r=3,n=0and

DSI=4x3+3-4x3=3
Number of external redundants=r-3=0
Number of internal redundants =3 -0=3

The elastic centre of this frame has been determined in Example 3.25. By
cutting any section in the frame and connecting the cut section by two infinitely rigid
members to the elastic centre, one obtains the primary structure shown in Figure
3.125. Due to the symmetry of the frame about the vertical axis, the directions of the
redundants coincide with the principal axes x and y.

The bending moments for the primary structure due to loading and unit values of the
redundant are as shown in Figures 3.125 and 3.126.
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Figure 3.126

For the selected primary structure, the equations of consistent deformations are

B+, x,=4,=0
Ap+fpx,=4,=0
Ay +f,x;=4,=0

159
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in which the coefficients are determined as follows

M, m, dx
AlozI 2t

El
=L[-36x12x3.6]+36"6x2.4+i[3'6'2'4 % (-36)
2EI 2E1 El
+=8 (36x2x3.6+2.5x16)
6EI
_-7716 2592 -1296 -1728 _-82038
EI El El El EI
mzldx 242 x12 362x12 L2, 22 2
fi = =2 [24 x2+3.6%x2-24x3.6x2
El El 2E] . GEI
_la688 4032 1872 .
EI El  EI
xl=-h=4,385kN
£,
M, m,dx
A"’_I El
-36x6 36x6x6 36x6 (2 64.8-1296-432 -1080
= xX(-6)+ 0~ ——- x| =x6|= =
2E1 EI 2E1 \3 El El

2
f22 Imzzdx 6 X6 +l2—-(62x2+36x0)+
“El 6EI

_432 144 T2_648
“E EH E E

—12—(52 x2+62x2-62x2)
EI

X, =-A—m=1.666kN
f

-4

M, m,dx

A"'_I El
+36x6 36x6 36x12
= + +

36x6 648
2El  EI

+ =— rad
2EI 2EI EI

2
myydx 1x12 1Ix6
f3y=[—2—= +

y lxl2 30
EI El EI

251 g1 /Nm)

xy= ha0 _ -648

=222-.216 kN.m
f335 30
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The final bending moment is obtained from the superposition principle as

M=M_+x,m, +x,m,+x,m,

M, =-36+3.6x(4.385)-6x(1.666)-1x (-21 6)=-8.6 kN.m
Mp =0-2.4 x(4.385)-6x(1.666)-1x(-21.6) =1.074 kN.m

Me =-36-2.4x(4.385)+ 6 x(1.666)+ 21 6= -14.928 kN.m
Mp =-36+3.6x (4.385) + 6 x (1.666)+ 21.6 =11.388 kN.m

The bending moment and shear force diagrams are shown in Figure 3.127.

P8LLKN 4385 T Yt 1; —
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3134% W38 KN.m
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Figure 3.127
Example 3.30

Determine the bending moment diagram for the frame shown in Figure 3.128 using
the elastic centre method.

iom

g

|

Iom ’

1
+

Figure 3.128
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Solution

. . . d¢ .
Determine the elastic centre by taking moments of the areas — about lines AB and

B><4+4‘)<8
- EI El =48=
x———6 3 2 42636 m
—_——— 4 —
2E1 2EI EI
_ %x2+-2—;—Ix3 17
_—————————— = .45
y 1l T 1.545 m
EI

To determine the orientation of the principal axes, one calculates the values of Iy, Iy,

Iy and for the areas %‘% about x-y axes, using Figure 3.129. The calculated values are

I,=3]'06 kN I=131.B7B mkN _lo.1819 m/kN
EI Y EI hd EI

v, 17

| £=z¢363

coo |

- 5T

2 x2

- X1

0.43¢3 1 A SN

3

Figure 3.129

The direction of the principal axis is determined from

-2l -2x10.1819

tan 2¢t = =
I -Iy 31.06-131.878

=0.2019858

200 =11.419° ; «a=57096"



163

The principal axes are called u and v in Figure 3 129. The bending moment My, for
the primary structure is determined as shown in Figure 3.130. The bending moments
My, My, and m,3 can also determined as shown in Figure 3.131.

0
10

Figure 3.130
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Figure 3.131

The coefficients of the consistent deformation equations are calculated as follows:

M,y m,, df

4
= 24x1.573 17
21_:ms( x x2+0+1.1755x24)
4
+oopy (24X 15T3x2+24x1.971)
3 143.098

+

EIx 6(2x30x3.999+ 30x1.014)=



my dé
fu—_[ ‘;‘;x
8

6x2EI

+—— [|9712 2+3.992 7
6x2EI x x2-2x1.971x3.99|=

6EI[28052>< 2+1.1755% x2+2x1.1766 (- 2305)]

+ (1.1755’-x2+1.9712><2+2x1.971x1.1755)

30.042

m/kN

X, =-h:-4.763kN
f

M, m,d¢
Ay, =I Tl

(o 208x24x2-3.772x 24)+

(0.203>< 24x2+4.188x24)

2EI
(30x2x4 806 - 4497x30)_ﬁ m
" SEIx 5
f22 = J’mﬂdf (33742x2+37722x2+2x3372x2x3772)
6EI
" (3-7722x2+4.1382x2-2x3772x4.1ss)
2EIx6
+—8 (41882 x2+ 48062 x 2+ 254 188 4.806)= 23176 g
2EIx6
A

X, =-—2=0.7195 kN
fn

M_m,dé
bo=[ =g
_24x8 . 30x3 255

x1= rad
2 x 2EI 2% 2EI EI

2
m;,d¢ 1x4 1x8 1xé6
fs:«:'[ 2—= + +

- 1L kN m)
El  El  2El 2Bl EI

X3 = Z8% _ 53181 kNm

f33
The final bending moment is obtained using the superposition principle as
M=M_+x,m, +x,m,+x,m,

M=M, - 4.763m_ +0.7195m , - 2.3181

164
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M, =-30-4763(-3.999)+0.7195(4.806)-23181=-9813 kN.m
M, =0-4.763(1.971)+0.7195(4.188)-23181=-8.692 kN.m

Mc =0-4.7631(1.1755)+0.7195(-3 772)-2.3181=-1.631 kN.m
M, =0-4.763(-2.805)+0.7195(-3.374)-2.3181=+8.615 kN.m

The bending moment diagram is shown in Figure 3.132.
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Figure 3.132
37 THE COLUMN ANALOGY METHOD

3.71 Introduction

As was presented in Example 3.29, the application of the elastic centre method
is tedious in the case that any of the principal axes is not an axis of symmetry for the
areas (d( !EI). The column analogy method is developed from the elastic centre
method. The method considers the areas (d¢/EI) as a cross section of a column and

the bending moment of the primary structure My as the applied pressure. The method
¢an easily be applied to asymmetrical frames, fixed ended beams, and also to
structures with one or two degrees of static indeterminacy.

3.7.2 Derivation of the Method

Consider the frame shown in Figure 3.133 where point O is the elastic centre and x,
y are two arbitrary axes in the direction of the redundants x; and x;. The bending
moment Mz, Mgz and m;y due to unit values for the redundants x;, x;, and x3 about a
general point of coordinates (x, y) with respect to the elastic centre are respectively

m, =y (3.43)
m,, =x (3.44)
m,, =1 (3.45)
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Notice that directions of xi, x2, and x; are assumed to give positive bending moment
at the arbitrary point.

The flexibility coefficient fj, can then be calculated as follows:

m? d¢ d¢
fn :J'#:J yz 'ﬁ (3-46)

which can be considered as the moment of inertia of the areas (d¢/EI) about the x-
axis and is denoted by I,.

Similarly, the flexibility coefficients fz;, and fi3 are obtained as follows:

de df
fa =I mﬁ —I x? (3.47)
d¢
f33 =J‘ 12 H (3.48)

where fi; is equal to the moment of inertia of the areas (de /EI) about y-axis and is
denoted by I, and fs is the total areas of (d¢/EI) and is denoted by A.

The other flexibility coefficients fy,, fz3, and f3; are given by

d¢
fi.= xyﬁ—l,, (3.49)
df
f_ = —_—=0 3.50
» =) Y g (3.50)

f,=| x—=0 (3.51
n= KEI )
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It is obvious that fyy and f3, are zero because the redundants are applied at the elastic
centre which is the centroid of the section. Equation 3.49 represents the product
moment of inertia of the area (d¢/EI) about the two cartesian axes x and y.

Substituting Equations 3.46 to 3.51 into the equations of consistent
deformation, Equations 3.37, with considering the relative displacements A, Az, and
As at the elastic centre are zero, one obtains

Ap+1,x, +1_x,=A, =0 (3.52)
Ay +I, %, +1, x,=A, =0 (3.53)
Ay +Ax, =4, =0 (3.54)

The coefficients Ajg, Azo, and Axg are determined as follows:

de de

Ap=[Mym, —=[yM, = (3.59)
de de

Ay =[Mym, ﬁ'f My = (3.56)
de de

Ay =] Mym, E:j M, = (3.57)

The bending moment Mo is regarded as a pressure applied on the areas
(d2/EI}). Therefore, Ay is analogous to an axial force called N applied on the
section. The coefficients Ay and Az are thus the bending moments of N about x and
y axes respectively. Equations 3.55 to 3.57 can then be written as

=

(3.58)

]

> b b
I
z X

0

Solving Equations 4.52 to 4.54 and using Equations 3 58, one obtains the magnitudes
of the redundants x,, X2, and x; as follows:

M I -M 1

X, =- #:_" (3.59)
LI -T,
M, 1

X,=- ;;" (3.60)
LI, -0
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X, =-K (361)

If Ay, Az, and A; are not zero, they must be transformed into equivalent values
in terms of bending moments M,, M,, and axial force N. This shall be shown in
section 3.7.4. The final bending moment at any point (x, y) is determined from the
superposition principle as follows:

M,(x,y)=M, +x, m, +%x, m, +xX,m,;
=M+ x+x, y+X, (3.62)

Substituting Equations 3.59 to 3.61 into Equation 3.62 one obtains

M, I -M,I M, 1,-M,]I
et (S0 ), (LA 8
IL1,-1, L1-L A

It is obvious that the terms in Equation 3.63 except the term M, represent the
expression for normal stress at any point (x, y) in a column whose cross section area
is the sum of the areas (d¢/EI). The sign conventions considered here are N is

positive for positive M. Equation 3.63 is only suitable for the assumed directions of
X1, Xz, and X3 in Figure 3.125.

3.7.3 Hinges in the Column Analogy

The frictionless hinge can be represented by a section whose moment of
inertia is zero. Therefore its (d¢/EI) is infinity. It means then the elastic centre lies
at the hinge location which is the centroid of the infinite area. If the structure contains
more than one hinge, then the elastic centre shall lie somewhere on the line
connecting the two hinges. It is obvious that a structure with three hinges is statically
determinate and there is no need to solve it by the column analogy method.

The roller support can be considered as a link connected with two hinges.
Therefore, the elastic centre lies along the line of the reaction. The exact location of
the elastic centre in this case is not important since it is not needed to solve the
problem. Examples for the location of the elastic centre for structures with hinges and
roilers are shown in Figure 3.134.

The column analogy formula in the case of structure with a hinge becomes

M_I -M,I M, I -M_1I
M (xy)=M - —L Y ® |y | 12 ¥ |y (3.64)
: it II - LI -1

Ty Txy LI s

where A in this cage is infinity and the term N/A is dropped out. The column analogy
formula used in the case of a roller whose reaction, for example, along y axis becomes
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~ A

=]

Figure 3.134

Mz(x,y)=M,,-(hlj’ ]x (3.65)

¥

since both A and 1, are infinity.
174 Settlements and Temperature Effects

From Equations 3.55 to0 3.57, it is obvious that the displacements Ajo and A
were expressed as bending moment M, and M, and the rotation Asa as an axial force
N. The bending moment is considered about the axis along which the deflection
occurs. The axial force is considered positive if it causes tension on the bottom fibers
of the member. One can thus consider the settlement as bending moment and the
support rotation as axial force, in the column analogy method.

Consider for example the frame shown in Figure 3.133. If the support D has
displaced values of Aj, Aa, and Aj in the same directions assumed for the redundants,
then one can consider the following bending moments and axial forces for the
settlements in the support:

1

M,
: =M, (3.66)
Nl

b b D
1"

3
where the subscript s indicates settlement effect.

These values are substituted in the right hand side of equations 3.52 to 3.54. In the
case of temperature, the deformation A;, is given by

Ty +T T,-T
Aio=a[l—22-]jaxi de-a[ ‘h 2]jmn- de (3.67)

where a; is the axial force and my; is the bending moment due to redundant x; = 1.

Neglecting the axial deformation term, one obtains



170

Am:-a[T'-TIJI m,, de (3.68)

where, the integrals are taken only for members subjected to temperature change. The
integrals which contain x or y are evaluated as the length of the member times the
ordinate of its centroid with respect to elastic centre. One should note that axial
deformation due to temperature changes could be included in the column analogy
using Equation 3.67, but this requires the determination of the axial force a, in the
members subjected to temperature, This point shall be illustrated in example 3.33,

3.7.8 Numerical Examples
Example 3.31
Determine the bending moment diagram in the beam shown in Figure 3.135 due to:

(a) a vertical downward settlement D at A
(b) a unit clockwise rotation at A.

+ T

a
)
L
|
T

Figure 3,135
Solution

One first determines the properties of the column analogy which is shown in Figure
3.136. It is obvious that the elastic centre O is at the middle of the member AB. The
properties of the column are:

3

Y = 12EI

A=% KN m? ;1 KN'm* ; I.=0;1_=0
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Figure 3.136

The settlement is expressed as a moment in the direction of xz for part A0 as shown in
Figure 3.136. The forces and moments applied on the column cross section are:

M,=+A , N=0 , M, =0 , M,=0

n %
M, =M_=+A
Substituting into the column analogy equation one obtains

M .
MA =0- !x:- +A XLTL‘W: +6E~m
/

1 Ll N
(lz"ét
+A (L\ - 6EIA
x — 1=
A

o) T

The signs of the moment here follow the sign conventions presented in Chapter 2.

kN.m

N

kN.m

The bending moment diagram is shown in Figure 3.137, which is the same as the
results of Example 3.24.

{c) The clockwise rotation is considered as an axial force N, at A as shown in
Figure 3.138. The sign is opposite 1o x; in part A0, therefore one has

Ny=-1rad ; N=N;=-1rad

The moments are obtained using Figure 3.136 as foliows:
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Figure 3.137

y
N=.1 ]0 X
—'— ------- s - rr—  — L — }—’
Figure 3.138

M, =Nx=-1x [i =£ kN.m
Y 2 2

Substituting into the column analogy equation one obtains

+ = kN.m
L

LE1, 3EL_4EI
L L
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)
M =L. - __2-.—[11 = -EI_ kNm
B [LJ 3 \\2 L
EI 12E1
The bending moment diagram is given in Figure 3.139 which is the same as the
results of Example 3.23.

2ET
A t

W"
LEL

L

Figure 3.139

Example 3.32
Determine the bending moment diagram for the frame shown in Figure 3,140 due to
the applied loading shown.

luuu
a .
1EL
Wm &0m.
- WKN |2E] | k!
]
-1
Yom.
A
T “LL LOm 4O m i
T I T
Figure 3.140

Solution

This example was solved before, example 3.30, using the clastic centre method. It
shall be solved here again using the column analogy. One first determines the elastic
centre location at O and the properties of the column cross section shown in Figure

3.141.

B AN e

6
2E1 2El El EI
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.<.
&l
A
™
]

S -
-
Figure 3.141
j—><4+i>-c8 8
x=2EL _ElL .7°_4363 m
11 11
El
_ %x2+%x3 17
==L 2Bl  _-l_]545
y 11 T 1 m
EI
8 , (4 47) 4 6 6° )
=g 59) +| g | g @159) +opp x5 81548
(1:543) [EI 2} EI( y 2E1° 12 2EI( )
_3106 N m
EI
L= (4- 43636)1+—~—(8 43636) + 81,8 —_(4.3636)
¥ 2EI 2EI 12)7 28I
_131.878 oy
EI

4 8 6
I =— (8-4.3636) (-2+1.545)+ —(-0.3 545)+ — (- 4. ~3+1.
EI( ) (-2+1.545)+ 2EI( 0.3636)(1.545)+ 2EI( 3636)(=3 +1.545)

xy
_10.1819
EI

KNTm
The normal forces and moments applied on the column due to the loading M, of

Figure 3.142 are obtained as follows:

_24x8 1 _48
2 2Bl EI
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—]22.5 =Ny

o Mg

Figure 3.142

30>3 1 225

2 2Bl EI
N=NI +N2 =£_E=E
El El _ EI

M, =N, x1.545+ N, x(-6+1.545 +1) =

N, =

151.897
— m

80.728

M, =N, (4-4.3636)+ N, (4.3646) =

Substituting into the column analogy equation, Equation 3.64, one has

M1=M20 -K-

N [My 1y -M, Iw]y_[My Iy -My Ly |

2 2
I Iy -1% I 1y -1

where

I 1y -13, =4096.13-103.6711=3992249 kN™' m
M, I, +M, I, =19209.908 kN*! m
My I, +M, [, =960.8116 kN m

Therefore, the bending moment is calculated as follows:

M, =My -%-4,8118)' -0.24066 x
25.5
M, =-30-"52-024066(-4.3636)- 4.8118 (-6+1.545)=-9.831 kN.m
25.5
Mp =0-==-0.24066 (-4.3636)- 48118 (+1.545)=-8.702 kN.m

M. =O-%i5-0_24066(3-4.3636)-4‘81]8 (1.545)=-10.627 kN.m
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M, =0-%-0.24066(8-4.3636)-48[18 {-4+1.545)=+8.6195 kN.m

The bending moment diagram is shown in Figure 3.143, which is the same as

obtained in Example 3.30.
02 _ _ . ——— 0.627
ﬁ\ * /4

8.702 'I'\ T . 10627 KN.m
' —
[ .—;
+,1§-r> ;f
l - 8.6196 as

I : BAD

Figure 3.143

Example 3.33

Determine the bending moment diagram for the frame shown in Figure 3.144 due to
the applied loads and a rise in temperature for member BC shown (EI = 10° kN.m%, a
= 107/°c).

2.5 Kt/ m
WC KN T T T ET I T I T T
05’"1:? a8 ZE]
10°C
el El 6.0m
A*“ D“‘J~"

oo12om __+_

Figure 3.144

Solution

The elastic centre is at the hinge D. The properties of the column cross section are
obtained using Figures 3.145 and 3.146 as follows:

A:CD
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My N

N3
Ng

—_ X

Figure 4.145

396

Figure 3.146

2
Il=ix6_x 2(6) :ﬂ kN
El 3 2E1 El
2
L I —(12) 152 N'm
2E1 3 “El
-432 .,
1 =22 (.6)(6 —123——kN
- 2EI( Y(6)+ — (-12}(3) = m
N1=3x45 12180
3 2EI  El
N, =-A80x12 1 340
2 2El EI
N, =180x6 —-. 1080
El
_216x6 648
* 2EI El

M, =(N, +N,)6+ N, x3+N, XZ_% kN m



23976
M, =N, x(-6)+ N, x(-8)+(N, +N,) x(-12) =S5 ™

Temperature Effect

Neglecting axial deformation due to temperature change, one has

— Tl'Tz
M_ —-a[T] [yae

BC
(30-10
=-a

————](I2>-<6)=-2400)n<10's m
0.6

T, -T
M, =~a[%] I x d¢
BC

=-q (3?)'610} 12x(-6) =2400x10™> m

Therefore, the total moments due to the loading and temperature effect are
M, =-6696x10" -2400x10"% =-9096 x10"* m

M, =23976x 1073 +2400%x10°% = 26376 x10~° m

178

To substitute into the column analogy expression given in Equation 3.63, one should

calculate the following terms:

1,1, -12 =228096x1070 kN2 m?

M, I, -M I =915840x10"'" kN7 m?
M, I, -M, I =5565888x10"0 kN m?

Equation 3.63 gives

915840 [ 5565888]
M_= 20" y- x
z 228096 228096

M, =-396-4.015(0)-24.401(-12)=-103.188 kN.m
My =-180-4.015(6)-24.401(-12)=88.722 kN.m
M =0-4.015(6)-24.401(0)=-24.09 kN.m

My, =0-4.015(0)-24.401(0)=0
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If one wishes 1o include the axial deformation due to the change in temperature, one
should use equation 3.67 instead of equations 3.68. In this case,

Mx=.a Tl_.llz_ J- yd!+a T1+T1 Jaxldt
h 2
BC BC

which a,; is the axial force in member BC due to x; = 1 kN.

M :-a[3%-62oj(12x6)+ u[30;loj(lx12):-2160x10" m

Similarly, My is calculated as follows:

- T
M, =-a[ujf xdt+a( I+T2] Ia,, de’
h 2
BC BC

where a. is the axial force in member BC due to x; = 1 kN.

M, =—a[3?].610J((-6)x12)+ a(30;10](0x12)=2400x]0" m

Therefore, the moments due to loading and temperature eflect, including axial
deformation, are given by

M, =-6696x10" -2160x10"* =-8856x10° m

M, =23976x10” +2400x10”° =26376x10° m
Substituting into the column analogy equation one obtains
M, I, -M, I, =1192320x10" kN*? m’

M I -M, I, =5669568x10"" kN? m*

M, =M, _[1192320) _[566958J

228096 228096 )
M, =-396-5.227(0)- 24.856(-12)=-97.73 kN.m
M, =-180-5.227(6)- 24.856 (-12)=86.91 kN.m

M.= 0 -5227(6)-24.856(0) =-3136 KkN.m
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M,= 0 -5227(0)-24.856(0) =0

It is obvious the influence of ignoring axial deformations due to temperature change.
These results can be compared with the case of including axial deformation treated in
example 3.12. Since the results of example 3.12 almost the same as the case of
including axial deformations due to temperature effect, it is concluded that axial
deformations due to temperature should not be neglected in any structural analysis
problem. The bending moment diagrams of this example for both cases of
temperature effect on axial deformation are shown in Figure 3.147.

0ot Z—ﬂ"x KNm $ KN.m n»
s + _“;)’V
7 £ )
[ %) | i
. Temperatare withoot
Tempecstare with Agial Deformation
Axisl Doformation
Figure 3.147
Example 3.34

Determine the bending moment dia%ram for the frame shown in Figure 3.148 using
the column analogy method (E1 = 10° kN.m?).

I 6KN
6KN_8 C

i

5.0m, I 1

A 2i o

12.0m.

Figure 3.148

Solution

The elastic centre of this frame was determined in Example 3.27. The primary
structure and the column cross section are shown in Figure 3.149,
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Figure 3.149
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3 KNm

For the chosen coordinates x and y at the elastic centre properties of the column cross

section are:

12 6 6 12 30

= —— =
El El El 2EI EI

: .| . 6 s
{‘:ix-c3—12+2x(2_4)'+—2x(36)'+—(D_6)'x2=
El 12 El 2El 2E1
12 127 12 127 6 . 648
S X — b — X —— +— X0 x 2= ——
Y E1 12 2El 2FE1 EI El
I =0

v

187.2

El

From M, one can determine the analogous forces and moments as follows:

N =-36x6:-]08

1

2EI El
NI =_36x_6:_ &
2EI El
Ny —-36x 12 216
2EI1 El
108
Ny =360 5 - 108
2E1 El
4
N=N, +N, +N, + N, :'65_18

820 8
M_=24N,-06N,-16N,-3.6N, =
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1080

My =4Nl +6N2 -6N4 :F

The final bending moment is determined from:

NM M
M, =M, - -5y

K Y

=M +21.6-43846y-1.6667x

X

M, =-36+21.6-4.3646(-3.6)+1.6667(-6)=-8.615 kN.m
M, =0+21.6-4.3646(2.4)+1.6667 (-6)=1.0769 kN.m
M, =-36+21.6-4.3646 (2.4) +1.6667(6) = -14.875 kN.m
M, =-36+21.6-4.3646(-3.6)+1.6667 (6)=11.312 kN.m

The bending moment diagram is given in Figure 3.150, which is the same as in
example 3.27.

_.~7|16.875 KN.m,
1075 ,—-""T 2
1075 Y —— .85
18
nan
+
8.615 +
8615
8 M D
Figure 3.150

Example 3.35

Determine the bending moment diagram of the frame of example 3.14 due to a
vertical settlement at D of 5 cm downward (EI = 10° kN.m?).

Solution
The elastic centre of this frame was determined in example 3.28 and is shown in

Figure 3.119. The properties of the column cross section are determined using Figure
3,151 as follows:
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1
1.67 —
IH

-

3133

o El_l o
]

Figure 3.151
5 10 S5 15
— o —

= + _
El 2EI EI EI

’ 33)° 4L
20 gy LETQLOT ) 333 (B33, 4167
El El 3 El  El El
2
[ oo 107 s, 291667
* 2Bl 12 EI EI
I, =0

The settlement at D is in opposite direction to xz direction for the right part connected
with elastic centre, then My = My, = -0.05m, M, = 0 and N = 0. Substituting into

Equation 3 63 one has

M, M, N
Y- X-—

M, =M, -
LT 0, A

—n. (-0.05)EI = 0.05SEI X
291.667 21.667

5
SQOxI0  (.5)=-85.71 kN.m

A 291667

M, =-85.71 kN.m

5
_=005x107 L 6y=8571 kN.m
291.667

M, =85.71 kN.m

which are the same results determined in example 3.14 and 3.28,
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Example 3,36

Determine the bending moment diagram for the frame of example 3.14 due to a
clockwise rotation at B of 0.001 radian by the methods of elastic centre and column
analogy.

Solution

a) By elastic centre method

The moment diagrams for m,, m., and m, were given in Figure 3.120. The
correlation between the support rotation and the redundants directions js given in

Figure 3.152. The right hand side of the consistent deformation equations A, Az, and
Az are given by

(X e

10 mincx

7 - ’&\k 8

Figure 3.152

A =+£08sina=3330
A,=+{Bcosno=50
;=— 6

where 8 = 0.001 radian and £=+/3.332+5" =6m.

Recalling from example 3.28 the values of f},, f, and fi3, one obtains the values of
the redundants as follows:

ol 330 o0
f, (41.67/E])

W DL Y FPRRN
f, (291.67/ET)

_8_ -8 =-6.667 kN. m.

X, =—3
P f,  (IS/ED

The bending moment in the frame is obtained from
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M, =0+7.99x(-3.33)+1.714x5-6 667 x1=-24.TkN.m.
M, =0+7.99(1.67)+1.714(5) -6.667 x1=1524 kN.m.
M. =0+7.99(1.67)+1.714(-5) -6.667x1=-189 kN.m.

M, =0+799(-333)+1.714(-5) -6.667x1=-41.84 kN.m.

The bending moment diagram is shown in Figure 3.153,

1524 1.9
r=—T]
V
- 41.84
U47KNm BMD.
Figure 3.153

b) By column analogy

The properties of the column have been determined in example 3.35. The rotation at
D is considered as axial force at D wath positive sign (N = + 8) which is in agreement
with the sign of x5 in Figure 133. Therefore, one has

N=N,=8

M_=-333x6

M, =5x8

where 8 = 0.001 rad.

Substituting into Equation 3.63 one obtains

.8 -3330)y  (59)x _ 100
(1S/E1) (41.67/EI) (291.667/EI) 15

z

+799y-1.714x

M, =-%+ 7.99(-3.33) -1.714(-5)=-24.7 kN.m

M, =-%+7.99(+1_67) -1.714(-5)=1524 kN-m
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M, =-?%0+7.99(+1.67) -1.714(5)=-1.89 kN.m

M, =-%+7.99(—3.33) -1.714(5)=-4184 KN.m

which are the same results obtained by the method of elastic centre.
Example 3.37

Determine the fixed end moments for the beam shown in Figure 3.154 due to a unit
anticlockwise rotation at A.

o=1

(\ =64 =27 1-64

L~
A)x/ ;B
/
Im 6m im
e - 2m

Figure 3.154
Solution

The column analogy is shown in Figure 3.155. The rotation is applied as normal
force with positive direction in agreement with xy direction.

N=N, =1
M; =-6x1=-6
A:Lx3x2+—l x =—0'316
G64E 27E E
3 3
y-_-__l._,(6_+2 Lxé_+ix4.52 2635
27E 12 G4E 12 6G4E E
N=1 GE 27E

== ——

Figure 3.155
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M, ]
M= Ny, B 6 3 64E+2277Ex

Al 0316 2.635

M, =-3.16dE+2.277E(-6)=-16.826 E kN.m.

M, =-3.164E+ 2.277E(+6)=10.498E kN.m.

The values of M4 and Mg are called stiffness coefficients and shall be used in Chapter
4. The ratio between Mg and M, is called carry over factor. In this example, the
carry over factor is 0.624,

Example 3.38

Determine the bending moment diagram for the frame shown in Figure 3.156 due to
rise in temperature in members BC and CD as shown. El = 10° kN.mz, a = 16"/°¢, EI
15 constant for all members.

Figure 3 156

Solution

The elastic centre is determined as the centroid of d¢/EI areas. The centre is located

along the axis of symmetry and at distance ; from line AE as

i)<2:c<2+i><2)<5.5
El

y=El < -3944 m
—x2+—x2
El ~ EI




2 [ 43 2| 5%3? 72.62
I == | —+4(1.944) [+ = +5(1.54+0.056)° |=——=
EI| 12 ( )} EI[ 12 ( )} EIl
2 [ 4? 181.33
[ =—|d4x(4)? +5x—+5(2)" | =—=
| (4) 1z @ } EI
Iy = 0 (due to symmetry)
A=ix2+-§-x2=£
EI EI EIl
T, +T T,-T
- 1 2 1 2
MxT—a[ 3 J I ax‘ df-a[ N J Iy de
BC, BC,
CD CcD

Diagrams of a, ‘and a,, for members BC and CD are shown in Figure 3.157.

M, =a(15)(0.8x5x2)-a [?](le.SSﬁxZ):-M&Sa

_(h*T, h-T _
MYT = — I ax2 df-a ; _[x d¢ = zero (due to symmetry)

BC, BC,
D D
T, -T
Np=-a| 12 [lde=-a[§9-](5+5):-300a
h e 1

CD

Substituting into column analogy equation one has

N M,
Mz =MZO -[X-‘-I—y]

X

_ [-300(1 346 8
18/EI 72.623/El

y] =1667+4.775y

M,, =16.67+4.775(-3.944)=-2.163 kN.m
M5 =16.67 +4.775(+0.056) =16.937 kN.m
M. =16.67+4.775(3.056)=31.262 kN.m

The bending moment diagram is given in Figure 3.158.
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Figure 3.157
C
8 32ENS °
6.
169 !
2.16
21684 B.MD.
Figure 3.158

Example 3.39

Determine the bending moment diagram for the frame shown in Figure 3.159 due to
the applied loads and the settiement at C of 1 ¢m downward. EI = 10° KN.m%.



B
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3m 3
30XKN
EX
im
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nn'lrrr 4m I Am B
Figure 3.159

Solution

190

The column analogy properties and the elastic center are determined, using Figure

3.160, as follows:

S0 KN.m.

1.,

133m y
— ;\C ”
NI piiie ¥
- ""'—f
x,
<IN, p
} I
1M XNm
Figure 3.160

A=w
_&£.n
* 3EI EI
k|
I =8—+£(82)= 554.67
Y 3EI EIl EI
6 144
I =—x (-8 x (-:3) =—
S (-8) x (-3) T
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80x4 160
Nj=e——=—
2El El
N, =-80x-5 - 380
EI Eil
Nl_-1_59_£=_£
2EI El
2565
szNzx(-3)+N3x(_5)= _Er
My ZN‘ x(l'33-8)+N2x('8)+N}X(-8): 670E6I67

The settiement at C is downward with respect to y-axis, therefore, M, =-0.01 m.

The moment due to loading and settiement is

6706.67 _ 5706 67 x10*

My =-0.01+

Substituting into Equation 3.64 one has

My 1, My Iy }y{m, I, M, Ixy]x

2 2
Iy 1y - Iy I I -1
=M, -313y-21625x

MZ=M20-{

My=-230-313 x(-6) - 2.1625 x (-8)=-249 kN.m.
Mp=-80-313x(-0)-21625x(-8)=-627 kNm.
Mc =0

The bending moment diagram is given in Figure 3.161 which is the same results as
example 4.13.

3.8 THE FLEXIBILITY MATRIX METHOD : APPROACH 1
3.8.1 Introduction

It was shown in Section 3.3.1 that the equations of consistent deformation can
be expressed in a matrix form as

B>

=+ [N X (3.69)
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&7 KNm

627

. BMD
MU
Figure 3.161
where A = [A; A7 ... A..]T, represents the actual deformations at the chosen
redundants locations; Ao = [A Az ..... Aw], represents the deformations of the

primary structire due to the applied actions at the released redundants locations; [f] is
the structural flexibility matrix, where a general element f; represents the deformation
of the primary structure at the released redundants i due to a unit load for the
redundant j applied; and X =[x, x2 ... x,]', represents the unknown redundants.

It has been shown how to determine the values of Aj and fj by the unit load
method. The objective of this section is to calculate the values of these deformations
in an automatic way which assists in using the computer to solve the problem, if one
provides the necessary data needed for these computations. The flexibility matrix
approach-1 is a direct application to Equation 3.69, which means that the analyst
prepares all internal forces and moments, but the mathematical integrations are done
using matrix multiplications. The multiplications are done in a systematic way in
order to enable the analyst to use simple computer programs to solve the problems.

3.8.2 Transformation of Integration to Matrix Multiplication

Consider, in general, that member k in a loaded primary structure is subjected
to axial force Ay, bending moment at the left end My, and bending moment at the
right end Mg, where My diagram is linear. For simplicity, the shear deformation is
neglected.  The unit values of the redundants x; and x; induce in member k,

respectively, axial forces a. and a,, and bending moments m,i, M., My, and my;, as
shown in Figure 3.162.

The contribution of the internal actions in member k to the deformation Ay
and fj is given, respectively, by

L L
(Aio)K :(a.\'i Ao EXJK +|:EIT-]—1 (ZM g My +2M o My M0 Mo + My, mzit):lK

(3.70)
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K
K '_'( €A EI )_- 4%
S — |
LR + i ']Am 1086 AR I rol' [Ananan m— aannunt
Mzar Myir x=1 My
Primary Structure x=1
Figure 3.162

L L
(fij)K =[axi 2y EJK +[6EI 2m, m; ¢ T2m e My Mgy Mo M mzjt)l(

(3.71)
Equations 3.70 and 3 71 can be written in malrix form as follows:
L L
(Aio)l( :[axi mie mzir]l( 0 3EI 6E1 Mo (3.72)
L L
0 — = [M
L 6E] 3EI | zor |k
r T r T
L 0 0 ij
EA L oL
(fij)K=[axi Maie Maelg | © 3EL 6El Mzj¢ (3.73)
0 LL szr
L 6El 3EI |¢ | Ik

Equations 3.72 and 3.73 can be repeated for all structure’s members, k=1,2, ... mto
give finally

=3 Aok (3.74)
k=1

ij= 3 (fij)k {3.75)

k=1

Let a; represents an array of dimensions represent the internal actions in all
structure’s members k = 1, 2, ..., m due to the unit action at i. Then a; can be written
as
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!'ir =Kaxi M i mzir)l (axi Mg mzir)2 (axi M i mzir)m] (3.76)

Let A, represents an array which contains the internal actions in all members,
k=1,2 .., m, due to the applied actions on the pritary structure. It can be
expressed as

ég “K*xo Mzot Mzor)l (Axo Mzoz Mzor)z """" (A"O Mzof'Mmf)m] @1

Therefore, by substituting Equations 3.76 and 3.77 into Equations 3.74 and 3.75,
one obtains

Ao = a [fm] Ao (3.78)
£ = T
ij =2 [fm] & (3.79)
where [[] is called the members flexibitity matrix which is of dimension (3m x 3m)
and contains the flexibility matrices of all members k = 1, 2, ..., m arranged as
follows: T
L 0 0 0 0 0 0 0 0
EA
0 L L 0 0 0 0 0 0
3EI 6EI
0 —-I—'w L 0 0 0 0 0 0
6E1 3EI
0 0 0 L 0 0 0 0 0
EA L L
0 0 0 0 —_— — - 0 0 0
M 3EI  6EI (3.80)
0 0 0 0 L L 0 0 0
6EI 3EI
0 0 0 0 0 0 L 0 0
6El
0 0 0 0 0 0 0 L L
3EI 6EI
0 0 0 0 0 0 w0 L L
L 6El 3EI ]

Let the matrix g contains the arrays ; for all redundants i =1, 2, ..., n. Therefore, it
is of dimension (3m x n) and obtained as follows:

g=[g1 a, ....gi...gn] (3.81)

The terms A and { in Equations 3.6 are thus given by
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A, =27 ]A (3.82)

[rl= 2" [f]a (3.83)

3.83 Effect of Member Loading

The previous formulations were based on the assumption that My for each
member k is a straight line. In practice, however, members may be subjected to direct
loading. In this case, one has to transfer the load into equivalent joint loading at the
member ends. This can be done using Maxwell’s theorem as follows:

Consider, for example, member AB which is shown in Figure 3.163. Under
the effect of the uniform distributed load, the rotations at A and B are named 64 and
Oa. Let this case of loading and deformation be called case I. Thus, one has

Mag] [0
A= = (3.84)
[ Mpa 0
[6a8] [8a
Di= = (3.85)
O8a) (OB

Figure 3.163

If the member AB is fixed at both ends, the rotations at the fixed supports are
zero. However, at the supports, there are the fixed end moment Mrap and Mpga. Let
this case be denoted by Ar and Dy, of case of loading 11.

MraB
Ar= (3.86)
MEga
0
De= (3.87)
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To keep the deformation consistent, the unloaded beam is rotated at the fixed
supports A and B by angles of rotation 85 and 6g, respectively. Let the actions A°
have caused these deformations which are called D°, then

) AB
A° - (3.88)
c
Mga
Ba
Dt = (3.89)
Bp

From the superposition principle it is obvious that D = D_ + D" and A=At
A’ This result can also be found by Maxwell’s Theorem as

Al (QF +D°): At +AI)DI (3.90)

One concludes that A® =-Ap. This means that the loading A®, which is

called the equivalent joint loading, equal in magnitude and opposite in directions to
the fixed end loading Ar It is used whenever the member is subjected to direct
loading. The fixed end moments for several cases of loading are given in Table 3.2,

Example 3.40

Determine the angle of rotation at A for the beam shown in Figure 3.164,

A WHN/m 8
E!
e

Figure 3.164
Solution
This problem can be solved using the actual loading or the equivalent joint loading.

Applying a unit moment at A one obtains mza diagram as shown in Figure 3.164.
Using the moment diagrams My, and mz one has
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x x
3 8 2

L 2 3
M,gym,sdé 1|2 wL 1 wL
0, =20 TzA _ 12 Wr Lkl ad
A=) El EI 3T 2aE ™

0

Using the moment diagram of equivalent joint loading M:, and m,,, one has

rad.

EME made 1 wL? 1 wl}
Bp=| = - Lx—|=
.~ El Bl 12 2] 2E

G
which gives the same results.
384 Effect of Temperature Changes

It has been shown in section 2.17 that the deformation due to temperature
change on any member k is given by

: T +T T,-T
Ao=a[#2—2].[ax df-a[l—h—i}fmzdf @9

This equation can be transformed into a matrix form, as Equation 3.78, to give

1 [ T +T, Y]
(L o o EAa[M]
EA 2
L L T,-T
AD =[ax Mgy mzr]K Ea-ﬁ_E—I —EIO.[ 1 b 2} (392)
0 _L__L_ ~-Elo Tl—Tz
L 6EI 3EL ji | h |

This means that the equivalent joint loading is given by the term EAo (T +
T2)/2 for Ay, and the term (-Ela (T1 — T2)/h) for both M, and M.

This also indicates that the fixed end loading for a member k due to rise in
temperature T, on top surface and T; on the bottom surface is given by

I'g

I

o

Q
TN
Ny
-

o

A

For a truss member subjected to change in temperature T, the fixed end
loading is an axial force given by

Ar =-EAaT
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385 Deformation of Statically Indeterminate Structures

By the formation of A, and [f] in Equations 3.82 and 3 83, the values of the
redundants x can be found from the solution of Equation 3.69 after specifying the
boundary condition for A Determination of the redundants X will lead to the final
internal forces in the structure by using the superposition principle. Denoting the final
actions by A one has

A=A +ax+Af (3.93)

in which Ar is the fixed end actions due to the direct loadings and/or temperature
change.

To determine the deformation at any point C one applies a unit load at this
point and determine the internal actions in the primary structure. Denoting these
internal actions by a. which is of dimension (3m x 1), the deformation at point C can
thus be obtained from

A=ac[fm] A (3.99)

If the deformations at points like 8, b, ¢, etc... .. on the structure are required,
one applies, in tum, a unit load at each of these points in order to obtain a,, 8, &, ....
respectively. Let a,, be a matrix which contains all these intemnal actions. One can

then determine the deformations at these points by
—al
D=apil] A (3.95)

3.8.6 Applications to Beams

If the axial deformations in the beams are neglected, the flexibility matrix of
each member k, becomes in the form of

L _L_
k= | 37 (3.96)
6EI 3EI

All previous formulations are valid except that the dimension (3m) becomes
{2m) in the case of beams.

Example 3.41

Draw the bending moment diagram for the beam shown in Figure 3.165 (Example
4.10) due to the applied loadings, a rotation at support A of 0.002 radian,
anticl’mkwisc, and a rise in temperature in member BC as shown. (EI = 10’ kN.m?, a
= 107/°¢).
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8 -0002 =

20m. |
I

8 + c 10 KH/m.
e
!

Figure 3.165

Solution

This problem was solved in example 3,10 where DSI = 2. Select the released
redundants at A and C. Transform the concentrated load 50 kN into equivalent joint
loading as shown in Figure 3.166.

3?_ 50KN .25 KN.m, 25 KNm. n.25
{ l 3 (: A B ¢
*F B T 1
Izst st lzsm 25 l
FIXED END LQADING EQUIVALENT JDINT LOADING
Figure 3.166

Similarly, transform the uniformly distributed load and temperature on members BC
and CD into equivalent joint loads shown in Figure 3.167.

The fixed end actions are expressed for each member as follows:

TI-TZ\
~3125 aEl hJ -50 -333

Aran » Arpe T -T » Afep
a El [l_l] -50

-31.25 -333

The reverse of these moments is applied on the primary structure to determine M,,.
The bending moment diagram for the primary structure due to the equivalent joint
loading is shown in Figure 3.168.

1132 3 KN.m JIV KN 3333

C ‘t'l—rpjn%mi—l—r—rt} (;_C DD
to - mT 110 \ol
gsol KN EH SONI (';rﬂilmm, 'ﬁso KNm

Figure 3.167
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30 KN.m.
3NoekNm 0 / 125 KN 3 Jﬂ 3 BIKNm
‘zam ﬁ‘a c AN
“- e Yoy hown

A,ﬂ 16.667 M 0
o = +|I 31 ?
25 I/! WKNm

Figure 3.168

The internal action A_ due to the equivalent joint loading can thus be written as

—0
follows:
AT =[+3125 -8875 -70 +30 -16667 +3.333]

The internal actions due to unit values of each redundants x, and x; can be obtained
using Figure 3.169 as follows:

al=[-1 0o o o o 0]
!{:[0 +5 +5 0 0 O]

Therefore, a = [a  a:] gives

]
H

OO0 0O =
(=T =T = BV RNV I e

“~ -y Tu:nm
SKN m

Figure 3.169
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The members flexibility matrix is

1
f]=—
[F-1= Sex

cCooouwng
cococoaqwm
cowgoo
cogwoo
whoOCOS
ANOOCOO

Substituting into Equations 3.82 and 3.83 one obtains

A,=a.[f] A,

150 l5 8 0 0 Ooff 3125
0 0 0 Of -8875
:L{'IOOOOO}O 0 10 5 0 off -70
6 0 0 S 10 0 0| 30
Ello s s 0 0 oflo 0 0 0 4 2|-16667
0 0 0 0 2 43333
1] 21875 ]
" EI|-1067.70
(10 -2
1] 6 6
M=a"[f,]a=—
25 500
L 6 6

The boundary conditions are given by
AT =Jo.002 0]

Solving Equation 3.69 one obtains

. 1 0.002-21.875x107 | [+158.75] kNm
X =" [A-A]=1f] =
1067.70x 1073 +20.75 | kN

The final internal actions are found using Equation 3.93, as follows:

A=A +tax+A

31.25 -1 0 -31.25 -15875
-88.75 0 5 -31.25 -16.25
A= 10 |10 S[|158.75], | —-50 |_| -16.25
=7 +30 0 0ff 20.75 -50 |7 -20
-16.667 o 0 -3333 - 20
3333 0 0 -3333 0



The bending moment diagram is shown in Figure 3.170, which is the same as
Example 3.10,

Example 3.42

Determine the bending moment diagram and the deflection at B for the beam shown
5 -4
in Figure 3171 (Example 3.11). (E[= 10" kN.m’, a=10"/°c, K = 10 kN/cm).

S s e
Figure 3.170
IHN/Im
4 BT T I 1T I I 1T T i1 11771
A HBEE4 1 K 21 e
x'C |
‘ 60m \ s0m |
Figure 3.171

Solution

This beam is one degree statically indeterminate as determined in Example 3.11. The
equivalent joint actions are determined as shown in Figure 3.172.

The fixed end actions in each member are expressed as follows:

T, -T
aEl[%J 33.33 -10.667
Aran= = . Arnc =
T, -T
aEl(%] 3333 -10 667
p K3 v ptkk) 1.1 KNm. 1M KNm
— +4o) —

Glm.Si. 2K/ m W0 667 B (%1“7 KN.m. 10.667 m

I

'um rsm Lmv al
{ FIXED } {EQUIVALENT)

Figure 3.172
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The reverse of the fixed end actions are applied on the primary structure. The internal
actions for the primary structure due to the equivalent joint loading are shown in
Figure 3.173.

BB KL DD e.
/‘ 1 667 ¥0.667
SKN ‘1\
- -
rt.sn nazsf
3.0
|
| | = 5.9 OL».
) . I MzO
+ 10.667
8.095
Figure 3.173

One can form A, as follows:

Al=[333 -590 38095 10667]

The internal actions due to the redundant x; = 1 kN are determined as shown in Figure
3.174.

a"=a; =[0 -3428 -3428 0]

The flexibility matrix [f,,] is formed as

-
-y ‘I‘I:IKN
J.428 KN.m

Mq‘

Figure 3.174
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6 6 0
3EI 6{[:21 21 0 0
6
G-|oB E 0 020 o
0 0 8 8 EIl0 0 1333 0667
SEl  IZEI 0 0 0667 1333
0 0 —_—_ —
i 12E1  6EL |
Substituting into Equations 3.83 and 3.84 one obtains
A =2 [f=] Ao
2 1 0 o 1[-33.33
1 2 o0 o |[-5.905| .
=l[o -3428 -3428 0] =[ 43'715]
El 0 0 1333 0667]|38.095 El
0 0 0667 1333|10667

(fl=2"[fx) 2 =[39'166J

Substituting into Equation 3.70, where A= -0.001 x, cne obtains

—43.715+39.166 43175

x;=-0001x; , xX3=-——"=0314kN
El El 139.166

The final actions are determined from Equation 3.94 as follows:

-33.33 0 33.33 0
-5905 -3.428 3333 2635| kN.m
A= + x0314+ =
— | 38.095 -3.428 -10.667 26.35| kN.m
10.667 0 -10.667 0

The deformation at B can be determined from A; = x,/K or by applying a unit load at
B and integrating m,; with M, using Equation 3.95, where a; = a,

Ap=ajif]A

2 1 0 0 0
1 1 2 0 0 |[|2635
=—[o -3428 -3428 0] =0.003 cm
EI 0 0 1333 0667|2633
0 0 0667 1333(| 0

The bending moment diagram is shown in Figure 3.175, which is the same as example
311
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Figure 3.175

3.8.7 Applications to Frames
Example 4.43
Determine the bending moment and axial force diagrams for the frame shown in

Figure 3.176 (example 3.12) due to the applied loads, and a rise in temperature in
member BC. (EI=10° kN.m?, EA=50x 10° kN, o =107 %).

25 KN/m E o
IEKN T 11 1;4_J_§c.;d§
»
10

1
B 21E1]
2Ea
El El 60 m
EA E&
A D
vlL 12.0m. |
hi hd
Figure 3.176

Solution

The fixed and equivalent joint actions are determined as shown in Figure 3.177.
Then, My, and A,, for the primary structure are constructed as shown in Figure 3.178.
The my, a5, My, and ay diagrams due to unit values of the redundants are obtained
as shown in Figure 3.179.

2 (j 25 KN/m q)OKN_m. % lch 15‘ JOKNM.
ls C (a ¢
rs 5
FIXED END ACTION I EQUIVALENT JOINT FQRCES
66,66 30° 66 66 KN.m. .
2000 i =" t5—-2(}«;:) ._(_ )—- 2000KN
13 Hloo FC B c

Figure 3.177
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The fixed end actions for member BC are

0
=|-30
-30

A poc

+

- EI(T; + T, )2
+a EI(T, - T, )h
+a El1(T)-Ty/h

[

From A, and M,, one can form A, as follows-

AT=[-30 .396 -I180 2000 -216.666 -36666 0 0 0]

6
0

0
-1

6 0
0 0

0
=(-30]+ 66.66
1 [-30] | 66.66

|

66.67 216.67 KN.m
15
Z%‘)” 150 36.67
396
Mro
Figure 3.178
6 &
L+ (IKH s
&
l‘: P KN LYY
12
]+ T
2 BB
T x1=1KN my,
Figure 3.179

- 2000
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2000 KN 2000
+
ITY
T = 1o
Sy
1
o,
- 2000
36.66
36.66
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The members flexibility matrix [f] is given by

6 T
— 0 0 0 0 0 6 0 0
EA

6
o 2 5 0 0 0 0o 0 o0
3EI 6EI
o & 6 0 0 0 0 0 0
6EI 3EI
0 0 0 12 0 0 0 0
2EA
[f.]=) 0 o o o 12 12 0o 0 o
3x2El 6x2El
6 0o o 0o 12 12 0o 0o o
6x2EI 3 x2EI
0 0 0 0 0 0 S 5 0
EA
6 0 o 0 0 0 o 5 &
3EI 6El
o o0 o 0 0 0 o S5 6
L 6EI 3EI
(0.12 0 0 0 0 0 0 0]
0 2 1 00 0 0 0
o 1 2 0 0 o0 &6 0 0
6 0 0 012 0 0 O 0 O
=10% 0 0 0 0 21 0 0 0
6 0 0 0 1 2 0 0 0
0 0 0 0 0 0 012 0 O©
0 0 0 0 0 0 0 2 1
0o 00 0 00 0 1 2

Substituting into Equation 3.82 and 3.83 one obtains

A, =2 [fm] Ao
-30

-396
-180

2000

0 6 120121818 0 126 )
=107 -216.666 :10‘5[ 8856 ]
012 36 36 0 24 12 042 0 0 -26379.6
-36.666

0
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(N=a"[fn]a

oo O
—
o

._.
o

5| O 6 12 012 18 18 0 12 6
012 36 36 0 24 12 o012 0 0

[T = S = N = . =
1
—

o-s[36012 432
432 11522

Substituting into Equation 3.69 where A = 0, one obtains

x1] e _[-5.219] kN
[xz}—[ﬂ'[é—éal—[ms] -

The end actions are determined from Equation 3.93 as follows:

A=A tax+As

( -30 1 [o 11 [0 [ -s515 ]
-396 012 0 -97.8
-180 612 0 86.886
2000 10 5219 - 2000 -5.219
A=|-216667(+(612 [_2;4 85J+ +36.667 |=| 86.886
-36.667 60 ' +36667( [-31314
0 0-1 0 -24 85
0 60 0 -31.314
o Jlool Lo gl o]
The bending moment and axial force diagrams are shown in Figure 3.180.
NN KNm
et E W ons ——TTTFEEEH 5. 215KN
HAT L =7 *
86.886 J& [ 1 -
97 80 — " Es.15 AL .85

Figure 3.180
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383 Application to Trusses

In trusses, the member flexibility matrix for any member is (:ELA—] All other
steps are the same, where the dimension (3m) is replaced by just (m) for trusses.
Example 3.44
Determine the member forces and the horizontal deflection of support C for the truss

shown in Figure 3.181 (example 3.15) due to the applied loads and a rise in
temperature for member ED and DC of 20°%c. (EA =20 x 10° kN, a. = lO"/"c).

luzon-m
T E 1 0
| 3 T
|
Lom’ 5 8 2
- 4 E]
L 2 B R.C
30m 3.0m.
o oo T T
Figure 3.181

Solution

The truss is two degree statically indeterminate, one external redundant and one
internal redundant as was determined in example 3.15. The member forces due to the
applied loads in the primary structure are determined as shown in Figure 3.182.
Members have to be numbered as shown in Figure 3,181,

400 YN \
120 120 126 O
PP B |
XY
204 .
3
A
| 11 M

\ ' xy~d

Figure 3.182
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Since members ED and DC are subjected to temperature change, the fixed end action
in these members are as follows:

Arro= [aEAT]=[-400] .  Aroc= [« EAT]=[-400]

The reverse of these forces result in the equivalent joint loading as shown in Figure
3.182. Therefore, the member forces due to loading and temperature are

Al=[4%0 400 0 0 120 0 ~150 0]

Applying unit load for each of x; and xz, one can form a; and a; from the member
forces shown in Figures 3.183.

fyso
1.5

Lo 1.25
15 e— 075 075 Tn:nu»a
axa ax,
Figure 3,183
T -15 -1.25 075 075 -1.0 0 1.25 0
. -
= -0.6 0 0 0.6 -08 1.0 1.0 -0R
(—3— 0 0 0 0 0 0 0
EA
5 _
0O — 0 0o 0 0 0 O 30000 00 0]
EA
0 0 i 0 0 0 0 0 05000000
EA 3 00300000
0 0 0O — O 0 0 0
[l']: EA :LOOOJOOOO
™1lo o o OELAOO o| EA[0 0004000
o 5 0000O0S5 00
0 0 0 0 — 0 0
EA 000O0CO0O0S50
5
0 0 0 0 0 — 0 000O0O0O0 4
EA - =
LO 0 0 0 0 0 1] i
EA |
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Substituting into Equations 3.82 and 8.83 one obtains

_oT _ 17[-61225
A=a [fn] Ao EA[-zols]

=g [f]a= — [

EA

2975 108
108 17.28

Substituting inte Equation 3.69 where A = 0 one obtains

x=07' 8-a0= 2 )k

The final end forces are obtained from Equation 3.93 as

A=A +tax+Ar

[4907 (-1.5 -0.6] [-4007 [-217.836]
400 | |-1.25 0 -400| |-264.275
0 0.75 0 0 158.565
0 075 -06 {211.42} 0 167.859°
A= + + =

120 |-1.0 -08| | 1549 0 -79.03
0 0 1.0 0 -15.49
-150 1.25 1.0 0 98.785

Lo ]| o -os8] o | | 12392 |

which are the same results obtained before.

To determine the horizontal deflection at support C, one applies a unit load at C and
determine A from the analysis of the primary structure as shown in Figure 3.184.

al=fo 0 1 1 0o o o o

c

Substituting into Equation 3.95 one obtains

1.0 — - - — 1.0 KN

Figure 3.184
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97927
EA

=— o 3 3 0o 0o o0 0] A= =0.0489 cm

which indicates it is in the same direction of the unit load of Figure 3.181.
3.8.9 Application to Frame-Truss Structures

In these types of structures, either 1o consider the truss members as frame
members connected together by hinges. or use the flexibility matrix of truss members
combined with the frame members. Both approaches lead to the same results.

Example 3.45

Determine the bending moment and axial force diagrams for the structure shown in
Figure 3 185 (example 3.17) (El= 10" kN.m’, EA=0.5x 10%),

IOKN/ m.

4 A ]
3.0m.
!
[— 120 N
30m
P
iy BOm ol
Figure 3 185

Solution

The structure 1s two degree statically indeterminate, one external redundant and one
internal redundants as was determined in example 3.17. The fixed and equivalent
joint actions are determined as demonstrated in Figure 3186,

533 KNm 5333

SIDILT okmrm N8I3 v m Vo aol\eo\
in L1 ng ) tu m 1 —— SCKN
T DC( “— 50NN
0 wof

— 12 KN

—a 60 RN
S0 - 6( kN

Figure 3.186
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The fixed end actions for the members are formed as follows:

0 0
Arap= |-5333 : Arsc= | +90
-53.33 +90

One constructs Ax, and M,, for the chosen primary structure as shown in Figure
3.187. The action vector A, is formed considering the order of the members shown in
Figure 3.186 as

Al =[120 93333 413333 0 270 -90 0]

where member AC is considered as truss member since both ends are hinges.

126 KN

0

Figure 3.187

To determine a, let x; and x; be unity to find ax, a2, M. and mx. The results are
given in Figure 3.188.

1KN ‘.
[} ‘\
1 ' \
% Mz H
‘ 0.6 ! “.KN.II'I. =t 1r
1 i~ I 0.8
0 \
= LY
s &>
TEN N
ﬂ‘z mxz

Figure 3.188
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T 0 8 0 -1 0o 00
2 =
-08 0 -48 -06 -48 0 1

The members flexibility matrix [f,] is formed according to the numbering of the

members as follows:

[ 8
—— 0 0 0 0 o0
SEA
o > & o o o0
6EI 12EI
LI o o o
12EI  6EI
£.]1=] o 0 0 — 0 0 0
2EA )
0 0 0 o & &
3El 3EI
0 0 0 o 2 8
3E1 3EI
0 0 0 0 0 10
L EA
32 0 0 0 0 0 0]
0 1333 0667 0 0 0 O
0 0667 1333 0 0 0 O
=10%| 0 o0 0 6 0 0 0
0 o0 0 0 2 10
0 0 0 0 1 20
0 0 0 0 0 0 20|

Substituting into Equations 3.82 and 3 83 one obtains

. _1n-5[ 3199.89
As=2 [fm} Ao =10 [-541119]

. _ a-S5[91.336 -22
(=2 [fm]a= 10 [_22 |0|008}

Substituting into Equation 3.69, where A =0, one obtains

-23358 | kN
48.48 | kN

=0 [A—Ao]=[

The final forces are obtained using Equation 3.93 as

A=A taxtAr
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[ 120 7 (o -0.8] o 7 (81_216
93333 g8 0 -531.33 -146.86
413333 0 -48 -53.33 127.296
-23358
A= 0 +1-1 -06 [ } 0 |=|-573
48 4890
270 0 -48 90 127.296
-90 0 0 90 0
| o | o -1] .0 ] _48‘48J

The bending moment and axial force diagrams are shown in Figure 3.189.

81 NEKN 146. R
( piiit s :
5 127296 KN.m.
i o
|

L8t KN ‘Znﬁ 16.& KN.m.

Figure 3 189
3.9 THE FLEXIBILITY MATRIX METHOD : APPROACH - 11

It was shown in the previous section how the mathematical integrations were
calculated through matrix multiplication, in 2 way that the analyst can use computer
programming to solve the structural analysis problem. The analyst needs only to
introduce the data to form the flexibility matrix [f,], the internal actions in the
primary structure A, and the internal actions due to the unit redundants a. One then
obtains Equation 3.69 which provides the values of the redundants.

In this section, a more general approach 1s introduced. This approach deals
with all jomt loadings and the desired free joints deformations, so that one can obtain,
as well, the deformations at these joints

3.9.1 Mathematical Formulations
In this approach, all external loadings and redundants on the structure are
considered to be the structural coordinates. If the structure is subjected to joints

loading A,. the redundants x can he augmented to these joints loading to form the
structure loading vector A, as

X7 (3.97)
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where A; contains the loading at the free joints, and x contains the chosen redundants
for the structure.

Denoting [Am], is the internal actions in member k and [fx], is the flexibility matrix

of member k, the internal work (strain energy) stored in the structure is given by

U=W= EME [f (Amly (3.98)

1
2
where m is the number of members in the structure,

This equation can be written in a shorter form as

U=W=2 AT [fn] An (3.99)

J
2

where ] 15 the members flexibility matnx, and [An] contains the internal actions of
all members, i.e

Am={Anl (Amly- [Ap) - [Aml ] (3.100)

From the law of conservation of energy, the strain energy in the structure must equal
the external work done by the loads A, Therefore, one has

U=W== AJ[L]A. (3.101)

J
2
where [f.] is the structural flexibility matrix.

From Equations 3 99 and 3.101 one obtains
AT (L) A= AT [fm] Am (3.102)

The static equilibrium conditions enable one to make a relationship between the
members internal actions A, and the applied external actions A.. Let this relationship
be expressed as

Aj
An=EA.=[E8]|-- (3.103)

X

where E is called the equilibrium matrix. 1t can be obtained by assuming a unit value
for each of A; and x to determine the members internal actions An. Substituting
Equations 3.103 into Equation 3.102, one obtains

A [6]A=A] E' (L] EA, (3.104)

From Equation 3 104, it is obvious that [,] can be determined from
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[f.] = E" [fn] E (3.105)

Determination of [f,] leads us to write the deformations-actions relations for the
structure as

D. =[] A, (3.106)

which enables the determination of the deformation at the structure joints in the
directions of A, Since the loads A, constitute known joint loads, A;, and the
unknown redundants X, the deformations are also decomposed into unknown

deformations at the joint of known loads, D;, and known deformations A at the
redundants locations. Equation 3.106 can thus be written as follows:

D, A
e (3.107)
A X

By partitioning the flexibility matrix [f;], Equation 3.107 can be written as

]
D[ T} O |4
R el | (3.108)
A ij l' f X
From Equations 3.108 one has
p;=kyla; ks (109
é=[ijléj+fz (3.110)

Equation 3,110 is exactly the same as Equation 3.69, which we have dealt with
in approach I, where [f,j] A; provides the deformations, A., due to the applied loading
at the redundants locations.

The redundants x can thus be determined from Equation 3.110 as
x=[T" [A-[f] A (3.111)
The deformations at the free joints can also be determined from Equation 3.109 as
-1
;=[] A+ [fd (07 [A - [fa] A)] (3.112)

The type of the member flexibility matrix should match the number and order of the
member internal actions [Am}k For example, in section 3.8, the member flexibility

matrix for a plane frame member was given as
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L o |
EA
L L
1=l 0 — — 3113
[fml, 3EI  6EI ( )
o L L
L 6El  3EI j,

which is ordered according to the member internal actions [AmE = [Ax M, M HL.

If one uses the flexibility matrix defined in Equation 2.60, section 2.21, which is
given by

EA 3 2
L L
] =l 0 =— — 3.114
e 3EI 2El @.114)
2
o L
|~ 2EI EI |

then, the member internal actions should be arranged as axial force, shear force, and
bending moment at the right end of the member as follows:

hmE:beyMuL (3.115)

3.9.2 Applications to Beams

In the case of beams, if the member end actions are defined as the bending
moments M_, and M, , then the flexibility matrix of the member is the same as

Equation 3.96. However, if the internal actions are defined as the shear force and
bending moment at the right end of the member, then the flexibility matrix becomes

3 L?
3El 2El
kmF (3.116)
L L
2E1 EI

In the following example we use the members flexibility matrices as were used in
approach L.

Example 3.46

Determine the bending moment diagram for the beam shown in Figure 3.190
(example 3.41) due to the applied loading, a rotation at A of 0.002 rad, anticlockwise,
and a rise in temperature in member BC. (EI = 10’ kN.m%, o= 10"/ °c).
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0% 150KN Wt
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fooasmo [ asm L som | 2em |

0 KN/m.

Figure 3.190
Solution
One defines the structural coordinates to be related to the members coordinates as
shown in Figure 3.191, where the last two numbers $ and 6 in the structural

coordinates are used for the redundants x;, at A and x; at C. The members and their
coordinates are numbered as shown in the Figure.

~ ~ Ny

N
L Y 1@) @
STRUCTURAL COORDINATS
Y S '3 3 2 1
Ja Y N L 2 M
FARN 7@l AN

MEMBER COORDINATES

Figure 3.191

By applying a unit load or moment for each structural coordinate, one determines the
member internal actions in the directions of members coordinates from which we
form the equilibrium matrices E, E; and a. From Figure 3.192 one has:

NORE i N

(g © ﬂm:;:z:m?@

.@n@u@y—m s~z &

SKN.m ] 1 KN.m.

Figure 3.192
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18]
)

"0 1 0 0 0 0] "0 100 0 0
-2 1 0 0 0 0 2100 0 0
-2 1 1 0 0 0 =210 _lo o
E=| 5 17 10 0 5 E=1_7110 1o s
-7 1 1 1 0 5 7010 0 s
(0 0 0 0 -1 0] [0 000 -1 o]

The member flexibility matrix [f,] is then determined in accordance with the
numbering of the members such that along the diagonal we put [f.],. [fu];, and [fa];,

respectively, as shown below:

EE0000
3 6
31‘2-0000
6 3
IOOEEOO
SR
0O 0 - = 0 0
6 3
3
C'OOO—é
3 6
o 00 0 > 2
L 6 3 |

The fixed-end actions and equivalent joint actions are determined as shown in Figure
3.193.

nrs 50 N2 /S TS0KNm  XC o bh ] an
( nmm.\
(R TS ol (ot~ RS S5
1 SN 25 1 ! 23 r“ fuo
23 KN 7 3 I5KENm o~ 113
n.zs(" wd £ ‘\ 133 KNm
* & N p—

EQUIVYALENT JOINT LOADS

Figure 3.193

The values of A; are then determined from the equivalent joint loading according to
the-structural coordinates, and the fixed end actions are expressed according to the
member coordinates shown in Figure 3 191 as follows;

AT =[10 333 46,67 -1875 (-31.25+x)) (-10+x3)]

AT =10 333 4667 -187]



AT =[333 -333 -50 -50 -31.25 -31.25]

The structural flexibility matrix is then determined from

fJ=E" |, ] E

Ef i fix
3 J [fm][Ej a] - .

X

from which we have

M=a’f_]a

(067 033 0 0 0

033 067 0 0 O

_1fo0 000 -1]] 0 © 167 085 0

_'ﬁ[o 0055 o} 0 085 167 0 0
0 0 0 167 0835
0 0 0 085 167][-1

0
0
0

o O O O O

[ = B e ]

107 1.67 -4.167
B -4.167 83.33

Similarly, [fg] is determined from
it =2 fr, JE;

~10°5 5845 -0.835 -0.835 -0.835
B -125.03 20.835 20.835 835

Substituting into Equation 3.110, one obtains

A=[fs] Aj+[f] x

0.002] [ 5.484 -0835 -083s —083s]| 1
_ 333

B 46.67

o | [-125.03 20835 20835 s3s || 1000

167 -4.167][(x,-31.25)
+
-4.167 8333 || (x,-10)

The values of x; and x, are obtained as

224
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x; =158 7SkNm . x;=2075kN

The deformations at the free joints are obtained from
D;=[F;] A+ [fil] X

[D) D D; Dy]=10"[136.24 64.785 78.125 -81.29]

To determine the member internal actions one has

(3_33 1T7-3337 [ o |

_1667] | -333 .20

. 30 -50 220
An=E&TAm = oo 1M 50 7] c162s
(5 23125| | -1625
1275 | [-3125] [-158.75)

which results in the values of the end moments according to the numbering of the
member coordinates. The bending moment diagram can now be plotted according to
the conventions of Figure 3.191 as shown in Figure 3.194.

— 1nES™ pwmp

Figure 3 154
3.93 Applications to Frames

In plane frames, when considering axial deformations, the flexibility matrices
are the same as given in Equations 3 113 or Equation 3.114.

Example 3.47

Determine the bending moment and axial force diagrams for the frame shown
in Figure 3.195 (Example 3.42) due to the applied loads and a rise in temperature in
member BC. (E1=10° kN.m®, EA =50 x 10°kN, a =107/ %)

Solution

The structural and member coordinates are selected as shown in Figure 3.196. The
redundants x,; and x; are in coordinates nimber 7 and 8.
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Figure 3.196
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—

Applying a unit load in each structural coordinate, one can determine the equilibrium
matrix E as described in Figure 3.197.

bk

J_ (1)

(2)

J' &)

(6}

L (O]

\I

4

1

)]

Figure 3.197
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[0 00 0 000 -1] (0-1'
0 0000000 0 0
0 000 0060 6 0
1 000 0010 I 0
E=|0 01 0 006 0|=[Eial ; a=|6 0
0121 0 006 12 6 12
0100 -1001 0
0121 0 01 612 6 12
-6 121 -6 0 1 0 12] 0 12

The members flexibility matrix according to the numbering of the members is

'0.1200000000}
0 21 0 00 0 00
0 12 0 006 0 00
0 0001200 0 00O
[f]=10"| 0 00 0 21 0 00
0 00 0 12 0 00
0 00 0 000600
0 00 0 00 0 21
| 0 00 0 00 0 1 2]

- 30KN.m 6 67 T YL)
2.5 KN/ N »
! - 00 _.Hﬁ.g__b._ ——
s c 450
115 15 t

ok L1 —~ 2667 (‘_'535 67KN.m. ﬁ/‘\ .67
000 —»} § «— 2000KN «—
tls KN 151 1964
FIXED END ACTIONS EQUIVALENT JOINT LOADS
Figure 3.198

The fixed end actions and the equivalent joint loading are determined as in Figure
3.198. They can be arranged in matrix forms as

A7 =[2000 -15 -36.67 ~1964 15 36.67]

Al =[o o o -2000 3667 3667 0 0 0]
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=[x x,]

The structural flexibility matrix [f,] is determined from [f] = ET [f,] E. This matrix
is partitioned into [f;], [f,], [f;1and [f]. The matrix [f] is determined from

LTl 1. _oes[36012 432
[Fl=a"[r,] a=10 [432 1152.24}

The matrix [f;] is determined from

<[-3588 432 sS4 -36 0 18
[f] = 2" [fm] E; =10 5[ }

-216 115212 108 -216 -0.12 72
Substituting into Equation 3.110, one has

A=[fg] A+l x
0]  _s[-8856127 36012 432 7 x;
=10 +10
0 -26379.72 432 115224 || x4
from which we obtains x; =-5.22 kN and xp = 24_.85 kN.

The member internal actions are determined from

An=EA,tAem , or fromAn=EA+ax+Am
[0 ] r-24_35} 0 | [-2485]
0 0 0
-31.32 0 -3132
2000 -522 | |-2000| | -522
An=| -36.67 |+|-3132+| 36.67 |=[-31.32
-216.67| | 266.68 | | 36.67 86.88
-30 24.85 0 -5.15
-180 266.88 0 86.88
| <396 | [ 2982 ) | o | | -978]

The deformation at the free joints are obtained from
D; =[] A; + [f] X

This gives

D] =107 [891.428 -2.982 -85.94 652.05 0618 —32.667]
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The bending moment and axial force diagrams can be drawn as shown in Figure
3.199. The results are the same as obtained before.

N2 KNm

-

T /“T A »az O —— D18 ¢ SR KN

-+ /+

sce0 i1 0 -
978 é 515 KN 7688
B M D A F D

Figure 3.199

3.9.4 Applications to Trusses
Example 3.48
Determine the member forces and the horizontal deflection at C for the truss shown in

Figure 3 200 (example 3 .44) due 1o the applied loads and a rise in temperature for
members ED and DC of 20% (EA = 20 x 10° kN, a = 10”/°¢).

£ “?; L]
[N

L Om

Figure 3.200
Solution

The structural coordinates and member coordinates are selected as shown in Figure
3201

Applying a unit load in each structural coordinate, the equilibrium matrix E can be
determined using the members forces shown in Figure 3.202.



LeJ

LaJ

MEMBER CDORDINATES

0 075
0 o©
1 0
1 0

Ei=ly
0 0
0 -1.25
o o

E=[Ej: a]

o 0 O O O o O -

o O O~ o O O O

-1.5
-1.25
0.75
0.75
-1
0
1.25
0

©

Lo

230

©

@'{D

STRUCTURAL COORDINATES

Figure 3.201

Figure 3.202
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The member flexibility matrix [ ] is determined as

v ®
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1
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The fixed end forces due to temperature change and the equivalent joint loads are
determined as shown in Figure 3.203.

o e
oo, *—_ﬁ <0 KN ‘@h 260 — 400
- —e 240 KN
A\ 320
Figure 3.203

The values of A; and Asm can be arranged as follows:

Al=[290 -200 160 0 -320 0]
Af,=[-400 -400 0 0 0 0 0o o

!T:["l "2]

The structural flexibility matrix [f,] is determined from [f,] = E” [f.] E, and [f] and
[fy] are determined as follows:

T s[14875 054
= =10
[M=2"fy]a [0.54 0.864
—aT . .-5(0225 -0.7594 -0225 -02
tl=a" 06,1 E;= 10|

-009  -0.54 -0.09 -0.16

Substituting into Equation 3.110, one obtains



232

A=[f;] A + [M]x

The solution is x;=211.413 kN and x;=-15466 kN

The member internal forces are determined from

An=E;A;+ax+Ag, , or fromA, =EA +Aq
(590‘ [-307.84| [-400] [-217.84]
400 | |-264.26| [-400| |-264.26
0 158.55 0 158.55
A= 0 . 167.83 0 | | 16783 N
120 | | -199.04 0 ~79.04
0 12.368 0 12368
-150 2488 0 98.8
L 0 | | -1546] | 0 | | -1546 |

which are the same results as example 3.44.
To determine the free joints displacements, Equation 3.109 is used as follows:

D; =[f;]A;+[f}, ]x

— T .
where [fjx]—[ij] and [fjj] is given by

( 6 0 0 0 45 -1.31
0 13.5 225 4 151875 -108
0 2.25 3 0 -4.5 -18
[fjj]:
0 4 0 4 -4 .32
45 -15.1875 -45 -4 2975 10.8
-1.8  -108 18 -32 10.8 17.28|

Substituting, one obtains
D] =10%[4896 -2619 2732 -15.8]m

The horizontal displacement of coordinate number 1 equals 0.04896 cm which is the
same result as Example 3.44.
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3.9.5 Application to Frame-Truss Structures
As shown in Section 3.8.8, one may consider the truss members possess only

axial force and therefore their flexibility matrix is just [L/EA], or they can be
considered as frame members but the end moments are zero.

Example 3.49

Determine the bending moment and axial force diagrams for the structure shown in
Figure 3.204. (E1=10°kN.m>, EA =05 x 10° kN).

Figure 3.204

Solution

The structural coordinates and members coordinates are selected as shown in Figure
3.205 where the redundants x; and x; are in coordinates 6 and 7.

VARG v

:.L 5
MEMBER COORDINATES STRUCTURAI COORDINATES

Figure 5 205

The equilibrium matrix E is determined by applying a unit load in direction of each
structural coordinate and find the members forces as shown in Figure 3 206
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The fixed end actions and the equivalent joint actions are determined as shown in
Figure 3.207. The loading A;j and Ap, are given by

A] =[60 -40 +143.33 60 -90]

Al =lo -5333 -53.33 0 90 90 0]

The member flexibility matrix [f,,] is assembled as
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32 o 0 00 0 O
0 1333 0667 0 0 0 O
0 0667 1333 0 0 0 O
[ 1=10%10 o0 0 6 0 0 0
0 0 0 6 2 1 0
0 0 0 01 2 0
KR 0 0 0 0 20]

The structural flexibility matrix, [f,], is determined using Equation 3.105 as follows:

91334 .22
tl=aT (f ]a =103
Irl=2 (Ml2 [-22 101]

.1 T[f E 10° 0 85336 16 96 16
- 1=Aa P =
x) = mi=) -2.56 -256 -96 -117.76 -24

Substituting into Equation 3.110 one obtains

0 .5|3195.88 5191334 22/ xy
=10 +10

0 -5411.2 -22 101 §| x5

which gives x; =-23.35 kN and x; = 48 49 kN.

The member internal forces are computed from

Ap=E;jA;+ax+Ay  or from Ay =EA +Ag,

(120 |1 [-3879 [ o0 ] [8121]
413333 | (-232.75( |-53.33| |12725
93333 -1868 | [~-5333| (1468

=| 0 |+ -5744 [+| 0 |=|-5744
270 -232.75 90 127.25
-90 0 90 0

| 0 | | 4849 | | o | [ 4849 ]

The deformations at the free joints are calculated from D; =[f jj] A +If jx] I
which gives

DI =10%R6 -332 1742 12121 1]

The bending moment and axial force diagrams are plotted as shown in Figure 3.208.
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Exercises

1. Determine the flexibility matrix associated with the actions Ay, Ay and Aj for
the truss shown in Figure 1. (EA = constant).

Al A2
A
—
5.0
A —
| so |
Figure 1
2. Use the column analogy method to determine the bending moment diagram
for the frame shown in Figure 2.
™
] c
k! i
: 1660

IN/ ke 2E! ‘ El

T b
b

i a0
+

Figure 2
3 Use the consistent deformations method to solve problem No. 2.
4. Use Castighano's second theorem to solve problem No. 2.
5. Use any of the force methods to determine bending moment diagram for the

beam shown due to the applied loading and rise in temperature as shown in
Figure 3. (E1= 10° kN.m*, a = 107°/°c, K = 10 kN/m).

6. Use the three moment equation to determine the bending moment diagram for
the beams shown in Figure 4.
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Figure 4

Determine the bending moment diagram and the horizontal deflection at C for
the frame shown in Figure 5 using any of the force methods. (EI = 2x10°

kN.m? | EA = 8x10° kN).

6 KN jGKH

C.
20KN - TET ’1

El A El 6.0

10 5.0 L

T

A T 4LD —1L

Figure 5
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8. For the truss shown in Figure 6, if support A has moves towards the right 1
inch, determine the member forces due to the settlements and loading given
(EA = 1000 Kips).
T—— pa ¥ KPS
10
A
-——
10 KiPS
: I
0 o 10 L 10 —
C . 0 : }
Figure 6
9. Solve problem No. 8 if suppon A is an elastic with spring constant of 2 Kip/in.

10.  Use three moment equation to draw being moment and shear force diagrams
for the continuous beam shown in Figure 7 due to the loads shown and
settlement at B of 2 cm down. (EL= 1.5 x 10° kN.m?%).

18 KN IKN/m.
N s ATTT LI T TN e
- 3] - 2E!
2em
A‘ l
108 | som lu.ol s0m l:.o 4
Figure 7
11 Use any of the force methods to determine the member forces in the truss

shown in Figure 8. (EA = 10° kN for all members).

30 KN
£

A 8 c

T oo | son 1 o |

Figure 8
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12.  Use the consistent deformation method to determne the bending moment
diagram for the frame shown in Figure 9. (E! = 10" kN m?),

10 KN
10KN l
—

6.0 €8 210°KN. m?

A )]

v

L e |

Figure 9

13. Use any of the force methods to determine the bending moment diagram for
the beams shown in Figure 10.

1 XIPS

A [‘ B C

< i &
K=2HiP/in, K2IKIP/ 1n

6 | & | 12 |
+ T 1 T
INIPS KPS

12 KIP/ft.

l A LI S S S T S 1 o
€1 2E1 . 4EL N IE e
| 13 i1 £ g

P | S B S S

Figure 10

14, Use the force method. Matrix approach I, to analyze the truss shown in Figure
11. (EA = 2500 Kips for all members).

5K 10K
SK — J l - oK

——

20

c
- S

7 Lfi_l R ]1 .

Figure 11
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15 Use the force method, matrix approach 1, to analyze the truss shown in Figure
12. (EA = 2000 Kips for all members).

10K SK Sk
T_ SK I l l
20 ‘
# .. R
l 20 i 20 ) l 20 L7
Figure 12
16 Use the force method. matrix approach |, 1o analyze the frame shown in Figure

13. considering axial deformation (EA = 3000 K, E1 = 30000 K.ft%).

- 2K/t
3 1 1 I 1T
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A
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20 t 1
2A 1A
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R SRt er
Figure 13
7 Use any of the matrix approaches of the force method to determine the

bending moment diagram for the structures shown in Figure 14.
un
Et

* 3
L 2E1 rY €1 ‘L,
LT L

Figure 14
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18.  Use the elastic centre or column anaiogy methods to determine the bending
moment diagram for the frame shown in Figure 15.

l!OK
g C
4LEL
]
10K 'IOK___"_
2E1 . %! .
6

by ]

Figure 15

19.  Use the three moment equation to determine the bending moment diagram for
the beam shown in Figure 16 due to the applied loads and a settlement at A of
0.4 inch downward. (EI = 10° K.ft%).

50K
A 8 Cy
KW €l N 2€1 r
e 2 S S G
T T

Figure 16

20.  Use any of the matrix approaches of the force method to determine the
member forces and horizontal displacements at B and D for the truss shown in
Figure 17. (EA = 3000 Kips for all members).

20x
P 10K
o
1
4 A B
i N
B

Figure 17
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21,  If member DE was subjected to rise in temperature as shown in Figure 18.
Determine the member forces in the truss using any of the force methods. (a
= 6.5 x 10%°F, T = 50°F).

‘T—"*— € 0
f

0
1
! Iy 45
R ean s R
B 4 _2 . 10 .
Figure 18

22 Solve problem No. 21 if support B yields down of 2 inch. (EA = 3000 Kips).

23.  Use any of the force methods to analyze the beam shown in Figure 19 due to
the nise in temperature. (EA = 2000 kN, EI = 20000 kN.mz, a= ]0'5/°c).

A 1m™®” ‘;OB C
A EI EA 4—5 - 3 €1 EA e

Figure 19

24.  Use any of the force methods to analyze the truss shown in Figure 20 and
determine the horizontal deflection at D. (EA = constant).

5.0

A a D 5
% A
_L- s 4 Q___L_w

Figure 20
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25, Determine the bending moment diagram for the frame shown-in Figure 21 due
to the loads and settlement at B of 2 inches downward, using any of the force
methods. (EI = 30000 K.ft%).

2E1 1“ e

El

Figure 21

26.  For the truss shown in Figure 22, determine the member forces, and the
displacements of joint B, using the matrix formulation of the force method.
Consider the length of each member is 12 f, and EA = 1000 Kips for all
members.

Figure 22

27 Use the three moment equation ta determine the bending moinent for the beam
shown in Figure 23, if support A settles 15 mm downward, support B settles
25 mm downward, and support C rotates 0.0005 radian counterclockwise. (EI
=6 x 10 kN.m?).

10 XN
A ! 8 2 KN/m. Cy
- T 1. 1 1 ] kR
- £l -y el B
( 5.0 l 50 l 10.0 ‘
<+_ e - .- —_—— . ———— e ————

Fisure 23
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30.

31
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If the fixed support at C has rotated 0.0005 radian, clockwise, determine the
bending moment diagram for the frame shown in Figure 24 and determine the
horizontal deflection at B. (Neglect the axial deformation, EI = 6 x 10°
kN.m?)

El

.__Tw
»

Figure 24

Determine the bending moment for the frame shown in Figure 25 using the
method of efastic centre.

N Jn:ll2 l Jau c

E
40
CKMjE! Et] < KM
! | S K
| &a
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Ay T3 1T T 118

Figure 25

Determine the reactions and member forces of the truss shown in Figure 26
using the consistent deformation method based on the matrix approach (EA =
constant for all members).

Determine the bending moment and shear force diagrams for the frame shown
in Figure 27 using matrix azpproach I of the flexibility matrix method. (EA =
1000 Kips, ET = 10000 K fi*)
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Figure 26 Figure 27
32. Use the matrix approach 11 of the flexibility matrix method to determine the

displacements and reactions of the frame shown in Figure 28 (EA = 1000
Kips, EI = 1000 K_ft?)
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| 20
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Figure 28
33 Use any of the force methods to determine the bending moment diagram for

the beam shown in Figure 29.

r! K E&K .

Figure 29

34, Use Castigliano’s second theorem to determine the reactions in the beam
shown in Figure 30. (El= constant).
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Figure 30
35.  Use any of the force methods to analyze the truss shown in Figure 31 (E =

30000 Ksi, and A as indicated).
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Figure 31

36. For the beam shown in Figure 32 find:
(a) Stiffness factors and carry over factors at A and B respectively.

{b) Fixed end moment at A and B.

Figure 32

37.  The structure shown in Figure 33 is used as a culvert for irrigation and
drainage purposes. Determine the bending moment diagram for this structure
using the method of column analogy. (EI = constant).

38 The frame shown in Figure 34 is being designed for an industrial building,
The wind force is estimated as 8 kips and the roof load is 0.5 kip/ft. If
member BC is subjected to a rise in temperature as shown, use the consistent
deformation method to determine the moment diagram for the frame, (EI =
10000 K_fi*, EA = 20000 kips, & = 6.5 x 10 /° F).
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Figure 33
J0F B 0.5 K7 1t ¢ ‘
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Figure 34

39.  Use the matrix formulation of the flexibility matrix method to determine the
bending moment diagram and the rotation at B for the frame shown in Figure
35, (Neglect axial deformation, EI = 10,000 Kft%),

B LS c
IET
N
]
ax
2€1
6 !
4] 5
) !
I\ 24 ft. L
4
!
Figure 35

40.  Determine the forces in AD and CB for the truss shown in Figure 36.
Consider EA is constant for all members. Determine also the horizontal
displacement of joint C.
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42.

43
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",

W

Figure 36

The beam shown in Figure 37 is fixed at A and simply supported at B and C.
If support C settles down a value of 2 inches,

()  Determine the bending moment diagram for the beam.
{b) Provethat6,=0.

(¢)  Find the reaction at B.

(E1 = 3000 K ft%).
1.‘ 8 IK’“-JGZ*_I_J LJC
1 31 N 41

Figure 37
For the frame shown in Figure 38, EI = 3000 K f* EA = 10000 Kips
(a) Determine the forces in the bracings AC and BD.
(b)  Draw bending moment diagrams for the frame.

Use the three moment equation to determine the bending moment diagram for
the beam shown in Figure 39. (El = constant).
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Figure 38
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Figure 39

44, (a) Determine the bending moment diagram for the frame shown in Figure
40 using the method of column analogy.

b If EI = 20,000 kN.m?, determine how much the sway in the frame.

_. e _B C  GEN

It
i [

60m.

,JF A

30m.

4 <'_~ Lo
12.0m. |

-t —

Figure 40





