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CHAPTER § MATRIX STRUCTURAL ANALYSIS
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51 INTRODUCTION

In this chapter, the analysis of structures by stiffness matrix method approach
H which is also called the direct stiffness matrix method is given in detail. As was
pointed out in Chapter 4, the stiffness matrix method approach II depends on the
members, or elements stiffness matrices which can be augmented to obtain the
structure stiffness matrix. The augmentation is done through appiying the equilibrium
and compatibility conditions at every joint (node) in the structure. To ease and
automate the process of augmentation for all members, it is necessary to deal with
unified coordinates which are called global coordinates. The transformation from
member coordinates to global coordinates is given in section 5.3. The formulation and
methods of solution are given in section 54. Numerical applications for all types of
structures are given in Section 5.5 The equivaient joint loading due to direct member
loading, temperature, settlements in supports and initial strains are given in section
5.6. Section 5.7 presents special problems to be solved by the stiffness method.

5.2  STIFFNESS MATRIX FOR A STRUCTURAL MEMBER IN SPACE

The direct stiffness matrix for a structural member was given in Chapter 2,
section 2.24, neglecting shear deformations. The effect of shear deformations is
considered in section 5.7. At present, we shall develop the overall stiffness matrix for
a prismatic member using the unit displacement method. As was presented
previously, the stiffness coefficient is an action developed due to a unit displacement.
The unit displacements shall each be applied, in turn, in the directions of the member
coordinates. The member (local) coordinates for a general member ij are considered
in this text as shown in Figure 5.1. The coordinate x' passes through the centroid of
the cross section, and the coordinates y'and z'coincide with the cross section
principal axes. The advantage of using these member coordinates is that they do not
depend on the numbering of joint § with respect to joint j or vice versa. They are
unified, whatever the direction of looking at the member.

X X

e .

z ¥ z

Figure 5.1

Let member i} be kinematically determinate as shown in Figure 5.2. By
applying a unit displacement, in turn, at joint j, and by using the slope deflection
equation and the equilibrium of actions, one obtains the stiffness coefficients as
shown in Figure 5.3. The coefficients can be augmented in a direct stiffness matrix
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Jenoted by §'%., and a cross stiffness matrix symbolized by §I}j‘ These two matrices

are given, respectively, as follows:

EA 0 0 0 0 0 1
o 12E1, 0 -6El,
L3 L?
6
. . 12E1, ) EI, ]
257 GI -
0 0 0 * 0 0
L
o 6El, 4EI, .
L‘.J
-6EI 4El
0 LA 0 z
| L? L |
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-
EA 0 0 0 0
L
12E1, -6El
0 g 0 0 0 .
-12El -6E1
0 0 _ 0 ,- 0
.o L L?
§U = Gl (5.2)
0 0 0 X 0
L
-6El_ 2E|
0 0 0 0
L2 L
-6EI 2E1.
L 0 - 0 0 0 z
L’ L

By repeating the same procedure on joint 1, as shown in Figure 5.4, one can

develop the stiffness matrices §'i’i and §‘". These matrices are obtained as
(5.3)

§. =S (5.4)

[sd 1 g
[§-]‘j = 'r:"_ll_‘_iu (5.5)
S8
Oxz} a ﬁfl- a.=1

'\__.__._/
-l t /
Elz uslz 6Ely 33

"&"Ul L2 'ET"
a,=1
’W‘El ’ m
o ‘El‘ﬁ /; T.!"' (¥ 1 Jr) ILEIz

Figure 5.4
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This matrix relates the member end actions to the end deformations at joints i
and j in the member coordinates. We denote, in the member coordinates, the actions
at joint i for member ij by A'ij
Similarly A' i and D' ji fepresent, respectively, the actions and deformation at j for

, and the deformation at joint i for member ij by D-:i_j'

member ji in the local coordinates. The actions-deformations relationships for
member ij are thus given by

(5.6)

1=§ D+ 8y D

Vo f " '
_A_ji—_S_J'i Qij+§jj jS 5.7

It is apparent that §‘§i contains the end actions at 1, for member ij due to

lj ?
the unit displacements or rotations at i, Q‘ij. Similarly, §'ij contains the end actions,

1’
SJ contains the end actions at ), A'

A'., at i due to the unit displacements or rotations at |, Q'ji' The matrix

It due to the unit displacements or rotations at i,

Dl.l’ and matrix S"- contains the end actions at j, A' , due to the unit displacements
of rotations at j, _D‘ji. The expressions given in Equatlons 5.1 to 5.4 can be applied

for members in space frames when neglecting the shear deformations. Stiffness
matrices for other types of structural members are derived in the following sections:

§.2.1 Stiffness Matrix for Truss Members

Truss members carry axial forces only, and are thus subjected to axial
displacement. The force-displacement relationships are given by Equations 5.6 and

5.7, but the stiffness matrices g{i,g S'J| .and §]1l are here given by

sl-gi-g. -§. =[%} (5.8)

5.2.2 Stilfness Matrix for Plane Frame Members
For frames in x-y plane, the member end actions in the local coordinates

consist of an axial force along x'-axis, a shear force along y'-axis, and bending
moment along z'-axis. The stiffness matrix for member ij is thus given by
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-
EA 0
L
. . 12E1 -6EI
[ Y FA r4
Si=8j=| © E 12 (59)
o CGEL, 4EL
i 12 L
.
EA 0
L
D e 12El,  -6EI,
$,=8;= 0 = - (5.10)
0 -6Elz 215.[Z
L L2 L

5.2.3 Stiffness Matrix for Beams Members

A beam can be considered as a special case of plane frame member. Thus,
one can use the stiffness matrix defined by Equations 5.9 and 5.10. However, in most
beams and some types of plane frames, the axial deformations can be neglected. In
this case, the stiffness matrices become

;
[12E1, -6EI,
, L} L2
§-ili = §L = {5.11)
-6EI,  4EL
L L? L |
.
[12El, -6EI
L} L2
§;=8,= (5.12)
-6El 2El,
L 12 L |

£2.4 Stiffness Matrix for Grids Members

A grid is a plane structure, and the loads are applied perpendicular to that
plane. A member in a grid situated in x-y plane, as shown in Figure 5.5, is subjected
to a twisting moment about x' axis, shear force along the z'-direction and bending
moment about y' axis. The stiffness matrices which relate these actions with the

comresponding deformation, 6" . D’T, and 6'\, , are
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Figure 5.5
(G, ]
o0 0
L
o 4EI 6EI
1 —_— l_' —_— y y
$%=8=| 0 - (5.13)
6EI,  I12EI
0 Y
i 2
. -
g 0 0
L
-2EI,  -6El,
§-ij =§ji =\ 0 L3 Lz (5.19)
. -6El,  -12EI,
L2 L3

53 COORDINATES TRANSFORMATION

Coordinate axes are used as reference to define certain quantities in space.
They could be cartesian, spherical, or cylindrical. We are here interested in cartesian
orthogonal coordinates, those which have an angle 90° between any two of them, as
shown in Figure 5.6.

Figure 5.6
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5.3.1 Transformation Matrices in 3-Dimensional Space

wne basic step in matrix structural analysis is the transformation of actions and
deformations which are defined in local coordinates into quantities defined .in the
global coordinates. This transformation is done through using the transformation
matrices. In order to transfer quantities defined in global coordinates x-y-z into
quantities defined in local coordinatesx'-y'-z', the following transformation matrix

15 used:

cos{x'x} cos(x'y) cos(x'z)
R=|cos(y'x) cos(y'y) cos(y'z) (5.15)

cos(Z'x) cos(z'y) cos(z'z)

in which (x'y} indicates the angle between the axes x' and y as shown in Figure 5.7.

Figure 5.7

Equations 5.15 can also be written in another form as

o ompomy
R=|7, m, n, (5.16)
5 m; Ny

in which #), m, and n, represent the direction cosines of the local axis x' with
respect to the global axes x-y-z: 73, m,, and n, represent the direction cosines of the
local axis y' with respect to global axes x-y-z; 4, ms, and n; represent the direction
cosines of the local axis z' with respecl to the giobal axes x-y-z.
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For example, if the global coordinates of two points (1) and (2) lie on the local
axis x' are given, respectively, by (x, y,, z,) and (x,, y,, Z,), then the direction
cosines of x'-axis directed from point (1) to point (2) are obtained from

\ X2°X)
cos(x'x)=¢, = L (5.17)
¥y-¥
cos (x'y)=m, = 2L 1 (5.18)
. 2%
cos(x'z)= n = i {5.19)

in which L? =(x, "‘1)2 +(y, -yl):" +(z2-zl)2

If certain quantities are expressed by a generalized vector V defined in the
global coordinates, then, one can define them in the local coordinates by V' where

V'=RV (5.20)
53.2 Transformation Matrices in 2-Dimensional Space
In a similar treatment, the transformation matrix between coordinates

x'-y'and x-y is

B:lic:os (x'x) cos{x' y)] 5:21)

cos(y'x) cos(y'y)

From Figure 5.8, one can write Equation 5.21 as

cosa  Sina

-sina  cosc

- .

>

:
xx T or

Figure 5 8
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For this simple coordinate transformation, one can prove Equation 5.20, using
Figure 5.9. The position vector ¥ is defined with respect to x-y coordinates by

!_—.ij+Vy‘_i

Figure 5.9

This vector can also be expressed in x'-y' coordinates as

V=V, i+V§

in which i and j are unit vectors in x-y directions and ', j’ are unit vectors in x'-y'

directions. From Figure 5.9 one has
V'x=Vycosa+Vysina
Viy =-V,sina+V, cosa

Therefore, one has

Vg |_ | cosa
v " |-sina

(5.23)

sin e || Vx
cosa || Yy

which is the same relation as Equation 5.20 applied for x-y coordinates.

533

Properties of Transformation matrices

The transformation matrix of orthogonal cartesian coordinates is an orthogonal
matrix. This means that one can obtain the inverse of the transformation matrix
simply by finding its transpose. To prove this property consider the transformation
matrix given by Equation 5.22. The inverse of this matrix is
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_j |cosa  -sina
R "= (5.24)
sin o cosa

The matrix of Equation 5.24 represents also the transpose of Equation 5.21.
Thus one has the following property for the transformation matrices:

R =RT (5.25)

Other properties of the orthogonal transformation matrices are that the inner
product of any row by itself gives unity, whereas the inner product of any two
different rows is zero. This can be expressed as

2 2 2 _
{7 +mi +nf =1 (5.26)
filj+mimj+nin;=0 fori=j (5.27)
where ¢;,mj,and n; fori=1, 2,3, are as defined in Equation 5.16.

5.3.4 Transformation of Linear Relationships

Suppose that one has some quantities related to other quantities by the
following linear relationship, which is expressed in the local coordinates:

A'=S'D (5.28)

In order to express this relationship in global coordinates, one uses the
transformations of Equation 5.20 on the quantities A'and D' as

A'=RA (5.29)
D'=RD (5.30)
From the orthogonality property, Equation 5.28 can be written as
RA=SRD (531)
Equation 5.31 can also be expressed as
A=RTSRD (5.32)

which indicates that the term (BT S' R) is the transformation of the matrix §' from
local coordinates into the global coordinates.
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535 Actions—Deformations Relationship in Global Coordinates

From Equation 5.20 one can write the relationship between the end actions of
member ij in the local coordinates and in the global coordinates as follows:

in which A;, is the end actions at i for member ij in the global coordinates; and Rj is
the transformation matrix for member jj at joint i.

Similarly, the relationship between local and global deformations at joint i for
member ij is expressed as

D = Rjj Dy (5.34)

Similar expressions can be obtained for the end actions and deformation at
joint j for member ij as foliows:

A =RjiAj (5.35)
_D'ji =R A (5.36)
in which Ej-l is the transformation matrix of member ji applied at joint ).
Substituting Equations 5.33 to 5.36 into Equation 5.6 one obtains
R;jA;j =8 R; D, +8% R D (537)
Equation 5.37 can be written as
Aj =RJS)R;D;+RTS R D (5.38)
which can also be expressed as
Ajj= §ij,' D;; +8; D; (5.39)

where §{i and §ijare the stiffness matrices expressed in global coordinates and

obtained from
J_pTal
§|"| _Eij S B‘J (5.40)

Ta
S =R;j 8 Rj; (5.41)
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Similarly, Equation 5.7 can bg expressed in global coordinates as

A;=8; D;j+8j Dj (5.42)
where S;i and §iii are obtained from
T o
Sy =R;i S5 Ry (5.43)
i T
8 =Ry §'ﬂ R; (5.44)

5.4 THE STIFFNESS MATRIX METHOD : MATRIX APPROACH II
5.4.1 Formulation

[t was shown in Chapter 4, section 4.7, that the stiffness coefficients of the
structural stiffness matrix can be obtained by applying a unit displacement or rotation
at every degree of freedom of the kinematically determinate structure. This approach
becomes very complicated and lengthy for structures of high degrees of freedom.
That is why the element approach is preferred in the general application of this
method.

In the element (inember) approach, the actions-deformations relationship for
every member ij is first determined. This task can easily be done by the computer

since the member stiffness matrices in the member coordinates (§'iji *Sij ’—.ji ,§"jj)
has fixed forms, as presented in section 5.2, which depend only on the member length,
cross section area, material properties and moment of inertia. However, in order to.
assemble the member stiffness matrices for the whole structure, one has to deal with a
unified reference. The unified reference is called global coordinates.  The
transformation of actions-deformations relationship for every member from the local
coordinates to the global coordinates 15 performed according to Equations 5.33 to

5.44. This requires the determination of the rotation matrices R;; and Rj; for every

member ij. t is thus necessary to define the locations of all joints in the structure with
respect to the chosen global coordinates.

By using the conditions of equilibrium and compatibility at every joint in the
structure, the structure stiffness matrix is deternined from the elements’ stiffness
matrices. The equilibrium conditions state that the sum of the end actions defined in
the global coordinates must equal the external actions at that joint which are also
defined in global coordinates. This can be expressed mathematically, for example, at
joint i which connects members i, ik, and i# as follows:

-A—I = —A~lj +-‘-Ar|k +Ai£ (5.45)

To iflustrate this further, consider joint i in a plane truss which is connecting
the two members ij and ik as shown in Figure-5.10. The equilibrium of this joint
under the effect of an external force A; at joint i gives the tension force T in member ij
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Figure 5.10

and the compression force C in member ik 1t is obvious that A, is the resultant of the
end actions T and C as illustrated in the force polygon, of Figure 5.10. In vector
notation, one can write A; =T +C

The compatibility conditions insure the integrity of the structure after
deformation. They state that if a rigid joint i is connecting members ij, ik, and ifas
shown in Figure 5.11, then, after loading, the deformations of joint i, in the global
coordinates, for member ij, member ik, or member i/ must equal the deformations of
joint i in the same coordinates This can be expressed mathematically as

D, =D, =D, =D, (5.46)

=~ =

Figure 5. 11

For nonrigid joints like trusses, as shown in Figure 5.10, the compatibility
conditions still apply but do not include the rotation at the joint. In this case, Equation
5.46 is applied for the linear displacements only However, in trusses, the analyst
does not deal with the rotations at the joints and thus Equation 5.46, can still be
applied at every joint in the truss.

From equations like Equations 545 and 5.46 one can obtain the actions-
deformations relationship at every joint in the structure. For simplicity, consider the
structure shown in Figure 5.12. The equilibrium equations of this structure are:
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-—

The compatibility conditions are

Figure 5.12
A=A AR
Ay=Ayn+Ay
Ay =Aj +Ay +Aq, (5.47)
A=A,
Dy =Dy, = Dy
D; =Djy = Dy,
D3 =Dy, = D3y = Dy, (5.48)
D, =Dy;

Now, by substituting the actions-deformations relationship for all members
into Equation 5.47, and by considering the compatibility conditions of Equation 5.48,

one obtains

Equations 5.49 can be written in a short matrix form as

Aj
A
Aj
Ay

where

(5.49)
8135 83 0 || D
87 Sy 0 (1D, (5.50)
83 S33 834 || By
0 S,y Sy (IDy
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Sy;=83; +83, +83, (5.51)

Each diagonal matrix S, in the overall structural stiffness matrix of Equation
5.50, represents the summation of the direct stiffness matrices for all members which
are connected with joint i Therefore, writing the overall stiffness relation like
Equation 5.50 is not difficult, since the indices indicate the connectivity between the
joints through the elements (members). One may then write directly the overall
structural stiffness relation in the form of Equation 5.50 without the need of using
explicity the equilibrium and compatibility conditions, like Equations 5.47, 5.48, or
5.49.

Example 5.1

Write the overall stiffi- ~ss relations for the structure shown in Figure §.13.

Figure 5.13
Solution

According to the connectivity between the elements, the actions-deformations relation
for the structure can be expressed as follows:
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T
]
1
i
1
i

Ay |8 8§ 0.0 0 0 0 ([D
Ayl [Sy 83, 8,3 0 0 0 0 ||D,
A 0 S3; 833 83, 835 0 0 (|Dy
Ayl=0 0 S8,;8,;,8;:; 0 0 (D,
As 0 0 Ss3 S5y S55 S5, 0 || Ds
Ag 0 0 0 0 S, S S¢71|Ds
Az [0 0 0 0 0 S, S;7]|Dy)

The joint stiffness matrices are defined as follows:

6
S77=8%
5.4.2 Methods of Solution

In any structura! actions-deformations relationship, one has actions and
deformations which could be known or unknown quantities. The known actions
represent the actual external actions applied on the free joints causing deformations in
the structure which depend on the deformations at the free joints. The unknown
actions represent the reactions at the nonmovable joints in order to keep these joints in
place, in the presence of the external actions at the free joints. In structural analysis,
one has to determine both the unknown reactions and the unknown deformations.
Two methods are used to solve the structural analysis problem. The first method is
based on rearranging the structural stiffness relationship such that the known
deformations are gathered independently away from the unknown deformations. The
known deformations are also divided into two sets. A set of zero deformations and a
set of non zero deformations which happen due to deformations of supports. The
structural actions-deformations relationship can thus be expressed, in general, as
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A S Sy Sim || Dy
Ap 1= S Spn Sum || Pu (5.52}
Am] (S Soen Snnm |LPm

in which A, represents the known actions at the free joints whose deformations are D,
A, is the unknown reactions at supports of zero deformation D;;; and A, is the
unknown reactions at supports of known deformation Dy,

The solution of Equation 5 33 is obtained from matrix algebra as follows:

Ay=8; 1Dy +8; Dy (5.53)
D, =s;} (4, - SeL (5.59)
A =8y Dy +Sy Dy {5.55)
A =Sy By + Sy Py (5.56)

The members’ end actions can then be determined using Equations 5.6 and 5.7,

The second method depends on finding the free deformations D, only. The
reactions A, and A, are found later from the members end actions. In this case, the
analyst does not need to determine the overall structural stiffness matrix and makes
the rearrangement process. He can frequentiy substitute the boundary conditions in
the equations in order to directly obtain the stiffness matrices §,, and §, ;. if needed.
He may even replace the supports deformation by equivalent joint actions, as will be
shown in section 5.6, and needs to determine §,, only. In many problems, however,
the boundary conditions may state that not all the deformations at a specific joint are
zero. In this case, the analyst has to consider these joints as free joints and then delete
the rows and columns, which are corresponding to the known boundary conditions.
The members end actions can then be determined using Equation 5.6 and 5.7. When
using the free joints deformations expressed in the global coordinates, the members
end actions are determined from

(5.57)

A'. =S R.D +S'R.D. (5.58)

Example 5.2

Show the two methods of solving the plane frame shown in Figure 5.14 by the
stiffness matrix method.



Figure 5.14
Solution
Method 1

The overall stiffness relation is given by

Ayl |8, 8, ¢ ||D
Ay =81 83 8y;D;
A, 0 S3 8;3; [ Dy

where §,,, §,,, and 8, are
2

$i1=81
el 3

Sy =85+ 8y,

2
813 =83;

For simplicity, the above relations can be expressed as

[ A ] [511 S12 813 S1s Sis 836 0 0
Ay | 521 S22 S33 S24 825 S O 0
M, | 15355 S32 S33 S34 S35 S35 0 0
Agx | [541 Sa2 343 Sug 545 Sy S47 Sug
Ajy |=|551 Ss52 Ss3 Ssq Sss Ssg Ss7 Ssy
My, | |361 S62 S63 S64 Ses See Se7 Sen
Ay 0 0 0 gy Sg5 Sy5 Sq7 Spg
Asy 0 0 0 sgy Sgs Sgg Sg7 Sgs
My | [0 0 0 sy Sg5 Sgq Sgq Sgg

0

(

O U o U D O

@
[
—
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in which s is an element in the " row and the | column of the overall stiffness
matrnix.

The free unknown displacements and rotations include Dy, Day, 62, Dy, and 85, The
known zero displacements and rotations inciude D,,, Dyy, 6(, and Ds,. The known
actions are Aix, Azy, M2, and Ms,. The unknown reactions are Ajx, Ay, M1z, and Ay,
By rearranging the above relationship one obtains

Agx | [Sas S5 Si6 S47 549E54| S43 S43 Sag | [Py
3

Ady | |54 Sss Ss6 Ss7 Sso S5y Ss3 S43 Ssg||Dyy
1

Maz | |S61 Ses Ses Ss7 Se91S61 Se1 Sa3 Ses || 93
[}

Asc | S S35 576 577 5991 @ 0 0 Sy || Dy

Maz |=[s04 505 S0 s s 10 0 O || | 660

Al | [S14 515 S5 0 O isn 513 513 0 0

Aty | [S24 525 836 0 0 ;521 S22 523 O 0

Mlz S33 S35 S3 O O is“ §37 833 O 0

| Asy | 1584 Ses Sse 87 sgp! 0 0 s Sgg | O |

where the stiffness matrix is partitioned into §;,, 8, 8,,,, and §,,; as in equation

5.52. Now, equation 5.60 can be solved for the unknown free joints displacements
and rotations D, and the unknown reactions A, according to equations 5.54 and 5.55,

respectively.
Method 2

The boundary conditions are D, = 0, and D, = 0. The actions-deformations
relationship needed to soive the problem is

Ay |8y 81D,

Ajy] (83 83| D

After finding the above stiffness matrix, the 5™ row and $* column which are
corresponding to D3, = 0 should be deleted. The final relationship becomes
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2x | 184 B4 Sy Sy7 Sy Sy
2y | 853 Sss 336 Ss7 Ssg S3g 2y
22| 564 865 Se6 Sar Sas S0 || ©
v | [S73 875 S76 S77 Sy Sq9 || Dy
3y | S84+ S8s S8 Sg7 Sss Sgxo || O
32| LSos Sos Sog  Sgr Sog Sgo | 05

which can be solved for the unknown deformations,
5.5 NUMERICAL APPLICATIONS

In this section, it is assumed that the external actions are only applied on the
joints of the structure. Gther types of loadings will be considered in section 5.6.

5.5.1 Applications to Plane Trusses

The force-displacement relationships for member i of a plane truss can be
expressed in the local coordinates as follows:

Al =—ﬂ} D +[E—A} D' (5.61)
L 1 L L
: EA
A [ETA} D + [T} D (5.62)

in which A'ij and D"-i are, respectively, the axial force and displacement at joint i

along axis-x', A'jiand D'J.i are at joint j along axis-x' and [EA/L] is the stiffness

matrix for each of _S_']ji . §'ii~§'ji and Siii , which is of dimension 1x1.

In order to express Equation 5.61 and 5.62 in the x-y global coordinates shown in
Figure 515, the transformation matrices at jointsi and | should be determined.

Figure 5.15
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These matrices transform forces and displacements defined in x-y coordinates into
corresponding values defined in x'—y'coordinates  As were derived before, they are

obtained from

L
Bij— .
v, -)'j\ fxl-xj
L L
_N FAN o
- « s
\_,",J{}_,-\, i
L L ;
R. =

L |
._/.\J')l][xj'x,:!
oo b L

(5.63)

(5.64)

Since the axial force and displacement at the joint are only along x'-
coordinate, it 15 assumed, for the sake of simplicity, that there are also zero force and

displacement at the joint along y' coordinate. The relationship between A'ij and A j;

can thus be applied as follows

which leads to

sz 221

The relationship between A and A'.Ij can be established as follows:

(5.65)

(5.66)

(5.67)

It is obvious that Equations 5.66 and 5.67 still satisfy analogous orthogonality
relationshin although the transformation matrix is not a square matrix. Thus, from
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now on, the transformation matrix for plane truss members will be considered as

follows:
Xi-X; Yi-y,
&,{[ 3 JJ [ 3 JH (5.68)

The relationship between R;; and R; is given by

=2

R;=-Ry (5.69)

Equations 5.61 and 5.62 can be expressed as usual in the global coordinates as
follows:

T o) T o
A =Ry s Rj;D; +R;; Eij R; D, (5.70)
Aji =R} S, RyD+R} S R; D; (5.71)
where the dimension of each ofA”, D. D and A is2x% 1.

Example 5.3

Analzze the plane truss shown in Figure 5.16 using the stiffness matrix method. (EA
kN which is constant for all members).

Solution

The joints are numbered as shown in Figure 5.17. The coordinates of each joint with
respect to the chosen global coordinates are determined. The boundary conditions in
the plobal coordinates are D, = D, = D.  The final force-displacement matrix
relationship after applying the boundary conditions is

llOOKN
100 KN

S0m.

50m J

Figure 5.16
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(0,5) 3
2§ —3(5,5)

(0.0) {5,0)

[Az]_[&z 23“22}
A3 ] |S3; 833 D5

where the stiffness matrices 8,, and 8,, are obtained from

Figure 5.17

i

el 3 o4
Sy =8); + 83, +83,

ol el L4
S33 =833 + 833 + 853

Therefore, one has to determine the stiffness matrices
8}, 832.83,.84,.82,.83,.8,3.8;5,. in order to solve this problem.  The
calculations for each matrix are shown as follows:

S32=Rj) 81 Ry, [?][E_;\_][O 'I:[ETA][(; ?]

R

shoxh s [ o (s

-[2'—5- 3—0]_[-0 707 0.707]

542 52
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T s 0.707][ EA EA -0.5
$22=Ry 8% Ry = [0707]{ ][0707 0707} [ 07][ 0-5}

ol 3 o4 _ EA 957 -25
Therefore, S,, =83, +83, +8, _EB_S[- Y 9‘57}

R;; [5 03 0] [0.707 0.707]

542 542

0.707 EA\[0.5 05
s}, =R], s 0.707 0.707 '
33 3Ry = [0_707][7 }[ 707)= [707][0.5 o_s}

1+
73535 25 957

100 0
A-’-:[o] : A3:[-100]

Substituting these matrices into the final force-displacement stiffness matrix
relationship one obtains:

EA [957 2.5]



389

[ 100 (957 -25-707 0 |[Dy
|
|

0 _( EA] 25 957 0 0 1Dy

0 3535)1.707 0 957 25 |/Dy

| —100 | 0 0 25 957Dy

L

The solution for D, and D, is

Z10-6 }
[sz Dy, Dy, Dy | =107 [1288.68 336.638 1125296 663.343] m.

The members forces can thus be determined as follows:

22
EA D2y EA |FD3x-’

=|— |}l O — il 0 =-32677 kN
3 ; ]{D }r[ J[ ]‘_Dl"

D,
:O{EA_} [0.707 0_707]( 3% |2+ 46193 kN
707 | Dsy

T '
24 =55, R0+ 8, R;; D,

D,
- [E‘_ [-0.707 0.707]{02"}0:-95_2 KN
2y

The reactions at the supports can be determined in the global coordinates as follows:

A=A +A+A), . where
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0 0
Ap=RhA,=| [67321)= kN
-1 -67.327

Ap=RE A =07 s 193)=| P79
293 =3213 )13 0.707 - =

- -32.658

g

T 4
=R A 14 =0

This gives
-32.658

1= kN
-99 985

Similarly, at joint 4 one has

[

A=A +Ap+tAy . where

Ay =Rij A, =0

e
o _RT A 0.707 ® -67306)
SRS a9070 T 67306
. 0 0
Ap=RLAu=) |C132668)= kN

which gives
67.342
kN
199.985

It is obvious that A; +A, +A; + A, =0 which is used as a check of the
obtained solution. The member forces and reactions are shown in Figure 5.18,

A,

12.677

67.327 132.668 KN

PN
Nt

Figure 5.18
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5.5.2 Applications to Space Trusses

The force-displacement relationships for member §j in a space truss expressed
in the local coordinates are the same as Equation 5.61 and 5.62. The transformation
matrix, however, consists of the direction cosines of the local axis x' with respect to
the chosen three global cartesian axes x-y-z. With the same reasoning which enabled
driving Equations $.65 and 5.67, the transformation matrices for member ij in space

truss are
o X=X (YY) (%07
o ) I

Bj| = _B|_i (573)

The force-displacement relationship in the global coordinates are the same as
Equation 5.70 and 5.71

Example 5.4
The space truss shown in Figure 519 has three hinged supports at joints (1), (3), and

(4). Analyze the truss due to the applied loads and a vertical settlement at support (1}
of 0.1 cm downward (EA = 10° kN for all members).

Y 100KN

(6.8,3)

3
(8,01)

(5.0.4)

Figure 5.19
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Solution

The boundary conditions in the truss are D3 =0,D, =0,D; :O‘Dly =-0.01m, and

D,, =0. The force-displacement relationship which needs to be determined in order
to solve the problem is

A :§11 8y,
Ar] 1821 8»

- I e ol
Sii=811  85=85,+85 +8;,.

The calculations for these matrices are as follow:

0-6 0-8 0-3
2=

=[-0.5747 -0.7663 -02873]
1044 1044 1044

-05747 ] L,
s34 =R}, 82 R,, =|-0.7663 || ——[-05757  -0.7663  -0.2873]
SRR S TR T s (L1044

ga 3 [03303 04404 0165
=(_ 04404 05872 0.2202
1044, 101651 02202 00825

Eq 3[03303 04404 0.165]
sb=RT sl R, =l —"_||04404 05872 02202
512 =B2 35, By 3|35

01651 02202 00825

6-8 8-0 3-1
Ll ki

-[-02357 09428 0.2357]
8485 8485 8485

-0.2357

I _pT ol _ EA

8§35, =Ry §3, Ry;=| 0.9428 {mﬁo.zzﬂ 09428  0.2351]
02357

0.0555  -0222  -0.0555
:[_Ei"_\ 02222 08888 02222
8485, n0sss 02222 0.0555



[6-5 8-0 3"4J=[01231 09847 -01231]

=2 71g124 8124 8124
012317
4 T I _
$3, =R}, 83, R, =| 09847 [—}[0.1231 09847 -0.1231]
-0.1231
Ea 3| 00152 01212 -0.0152
=(—J 0.1212 0 9696 -0.1212
8124J1 00152 -0.1212 00152
-0.5747'|
S, =RL S R, = -07663 | £ [05747 07663  0.2873]
2127812 292 B2~ 7 0 - . .
02873
EA \[-03303  .04404  -0.165]
= ——1|.04404  -05872 -02202
104470 61651 -02202  -0.0825

-

Therefore, §,, :§|22 + 87 +§"2‘2 gives

EA\;’4‘005 3092 0740
85 =(— | 3092 28034 3236
007 g 740 3.236 | 631

AT =[+50 -100 0]

The substitution into the final force-displacement relationship gives

AL 31638 4128 | 581 -31638 -4218 -1581]
Ay 4218 S624 2109 -4218 5624 -2109
A, EAM 1581 2109 0790 1581  -2109 -079

S0, (100/]-31638 -4218 1581 4005 3092 0742
| -100 14218 -S624 -2109 3092 28034 3236
Lo 1S81 L2100 079 07M 3236 1631 |

which can be partitioned 1o give

50 -4218] 4005 3092 0.742]| D,
EA | f/EA\; o - ’
-100 f=| ——||-5624{(-0001)+ | =— 13092 28034 3236 D,
100 100 ¥

100,
-2.109] 10742 3236  1632| D,

The solution for the free displacements at joint 2 1s
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-0.001

o)

2x

D2y

o

2z
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DI=10*[73 -584 —4665|m
The member axial force is obtained as follows:
A, =87 R, Dy +8, Ry Dy =57.88 kN
A'yy =85 Ry, Dy =-52.655 kN

A'az =§'32 R,; D, =-98.127 kN

The reactions are obtained from

-0.5747 -33.2636]
A;=RT A}, =| -0.7663 | [57.88]=| - 44.353 | kN
- 02873 16628 |
-0.2357 -23.128]
Ay=R} A'y, =[-0.9428 |[-98.127]=| 92.514 | kN
- 2357 23.128 |
-0.1231 6.482
As=RT, A", =[-09847 |[-52655]=| 51.849| kN
+0.1231 -6.482

The equilibrium can be checked from
Aj+A;+A3+AL =0

The member forces are shown in Figure 5.20.

@

Figure 5.20
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5.53 Applications to Plane Frames

The stiffness matrices for member ij in a plane frame described in the local
coordinates have been given in Equation 5.9 and 5.10. These stiffness matrices relate
the end actions, forces and moments, with the end deformations, displacements and
rotations, along the local coordinatesx'—y'—z'. In order to transform the actions-

deformations relationship into global coordinates x-y-z, the following transformation
matrix is used:
cos(x'x) cos(x'y) cos(x'z)
R=|cos(y'x) cos(yy) cos(yz) (5.74)
cos(2'x) cos(z'y) cos(z'z)

Considering the global coordinates x-y-z shown in Figure 5.21, one may write
the transformation matrices at i and j for member ij as follows:

v
X
z
Figure 5.2
AT 75
o 37
0
=) )
y. -y, X.-X.
R =|- (- I 1) o
Biji ( 3 ) ( L ) {5.75)
0 0 1
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Coxgexg YV,
A 0
( [ ) L )
YiY,o BTN
Rj=-(—— () o (5.76)
0 0o

The actions-deformations relationships can be formulated in the global
coordinates according to Equations 5.70 and 5.7].

Example 5.5

Determine the bending moment, shear force, and axial force diagrams for the frame
shown in Figure 5.22 using the stiffness matrix method — approach Il. (EA = 10° kN,
El=10" kN.m%).

100 KN. m.
soun LY

_—

6.0m,

30m,

80m

Figure 5.22
Solution

The global coordinates are selected and the locations of the joints with respect to these
coordinates are determined as shown in Figure 5.23.

Y

ey

(0,0} (8,0}

Figure 5.23
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The boundary conditions in the global coordinates are D; = Dy = 0. Thus the
final actions-deformations relationsinp which is needed to solve the problem is

Ay S22 Sy Dﬂ
[5—3}_[&2 S5 bh . where

g2 4
833 =855+ 854
These matrices are determined as foliows:

To determine §E22 ;

i 0 0 1 0
{ 5 ) { )
9-0
Ry = -(Z5) 0 0:=-1 0 o0
9
0 0 o0 1
[EA )
—9— 0 0 N 0 0
12E1 -6 :
Sh=|0 — ﬂ:m’; 0 | 646 - 7.407
9 92 ;
-6El  4El L0 7407 44444
L 92 9

'ﬂ 648 0 7.407 |
5 |
$3 =R}, §% R, =10°| 0 b1 0

7407 0 44 444]

To determine §§27

0-8 9-3
RO

<
1
=
oo
=
f= 8
<

<
|

'
o
i}

|
=]
o
el

9-3 0-8
Ry = (-2 (22
Bn=0) &)

0 0 I 0 0 |
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4 0 o0
§3,=10° [0 24 -12
0 -12 80

3424 -0768 72
§§z=3§3 §'§2 323=105 -0768 2976 96
72 9.6 80

507 -0768 14.607
S,, =8}, +83,=10% |-0768 4087 96

14.607 96 124444

To determine §§3 :

[ 8-0 3-9
G ) 0 [os -06 o

3-9 8-0
Rqy =|-(— =%y o0|=(os 08 o
32 (]0) (10)

L 0 0 1 0 0 1
3424  -0.768 =72
§§3 = BgTz _S_'§3 Ry, =10° [-0.768 2976 -96

-72 -96 BO

To determine 5';3

0-0 3-0
—) (= o0
) o 1 o
3-0 0-0
Ry =|-(— —) o|=|-1 0 o0
Ry =|-( 3 )y 0
0 0 1 0 0 1
3.333 0 0
§3,=10% | 0 44444 - 66667
0  -66.667 133.333

44 444 0 66.667
4 — T 4 _ 5
S3;=Rj3; 833 Ry =10 0 3333 0
66.667 0 i33.333
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47.868 -0768  59.467
S,,=83;+ 83, =10%-0768 6309 -96
59.467 -96 213333

To determine §,,, one has

Sy;3=R}; S5 Ry =10° [0 24 -2
0 -12 40

3.424 0.768 12

S,,=8],=10% [ 0768 -2976 9.6
’ ~12 -96 40
+60 [ +50

-A—Z = 0 . A; =[-100
-100 0

The final actions-deformations relationship can thus be formed as follows:

60 (507 -0768 14607 -3.424 0768 72
0 -0.768 4,087 96 0768 -2976 9.7
-100|  |14607 96 124444 .72 -96 40 [92}
50 -3424 0768  -72 47868 -0768 59.467 || Dy
-100 0.768 -2976  -96 -0768 6309 -96
| 0 | | 72 9.6 40 59467 -9.6 213333

The solution is for D, and D, is obtained as

[g'{ Q}']=10‘5[6s.713 23395 -11.034 10785 -37.805 -6.010]

which are in meter and radian units.

The member end actions are determined as follows:

] !2 ]
AL =87 R D +8, Ry Dy

L1 0 0 0 1 0 25992 ] kN
=105 0 1646 -7407 (-1 0 O|D,=|-31373 |kN
0 -7407 22222 || 0 O | 263.760 | kKN.m.
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L} |1 1
A =85 Ry D+ 8, Ry Dy

1.111 0 0 o 1 0 25992 ] kN
=105 © 1.646 -7407 ||-1 0 0[D,=|-31373 | kN
0 -7407 44444 || 0 0 | 18.562 | kN.m.
L] l2 1
Ay =8T7R4;3 D+ 8 Ry Dy
3333 0 0 0 1 0 -126.004 | kN
=10°| 0 44444 -66667 (-1 0 O[Dy=|-78.660 | kN
0 -66667 66667 || 0 0 1 318.335 | KN.m.
| — 14
A3, =833 Ry Dy
3333 0 0 -37.805] [-126.004] kN
=| 0 44444 -66.667 ||—10.785|=|-78.660 | kN
0 -66667 133333 ||-6.01 -8233 | kKN.m.
2 _ l3 Ll
Ay =8 Ry3 Dy + §')3 Ry, Dy
4 0 o0 7[-40933] [4 o0 0 ][31311] [-38488 | kN
=|0 24 -12 ||-59944| +|0 24 -12 ||-23.773|=| 3.6074 | kN
0-12 80 ||-11.034] |0o-12 40 ||-601 -118.516 | KN.m.

] _— 2 i
A3, =85; Ry Dy + 85, Ry Dy

4 0 0 3311 4 0 0 -40.933 -38.486 | kN
=024 -12 -23.773 | +|0 24 -12 -5994 [=| 3.608 | kN
0-12 80 ||-6.01 0-12 40 -11.034 82.444 | kKN.m.

The axial force, shear force and bending moment diagrams are shown in Figure 5.24.

In some types of frames, the axial deformations can be neglected. In this case,
the stiffness matrices in the local coordinates are given by Equations 5.11 and 5.12.
The stiffness coefficients in these matrices represent shear force along axis y' and
bending moment about axisz'. In order to transform these matrices into the global
coordinates shown in Figure 525, the following relations are established:

] cos(x'x) cos(x'y) cos(x'z)| [ A,
A =|cos(y'x) <cos(yy) cos(yz)| | A

Y bor y

M | leos@o @y cos@Dl| M,

Zg
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26
SN J8.488 KN o8N
. +
= =
26 126 n.3I7300 7.6
AFOD S.F.D
82.44 08
263.7§ 118.335
8MD
Figure 5.24
Y

Figure 5.25

which leads to

A'jj=-Biinj , where

_[cos(y’x) cos(y'y) WS(YZ)}

D7 lcos(zx)  cos(Zy)  cos(z'z)
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(5.77)

The orthogonality properties to the above transformation matrix is analogous to if
one considers the end actions and deformations are vectors each of dimension (3 x 1).
One can also solve these kinds of frames in the usual manner but assuming EA is very

large value.

Example 5.6

Determine the axial force, shear force and bending moment diagrams for the frame of

Figure 5.23 (Example 5.5) neglecting the axial deformations, (EI = 107 kN.m?).

Solution

Using the matrices calculated in example 5.5, the stiffness matrices in the global

coordinates are determined as follows:
-1 0 0] w1 _yas| 1646 -7.407
321‘[ 0 0 1] » §pp =10 [—7_407 44 444

T 1646 O 7407
v W 105
7.407 0 44444

_ (o8 -08 0] .3 _..5/24 -12
323‘[0 0 1} > 8 =10 [—12 80]

0.864 1152 72
s}, =R 83, Ry =10% [1152 1536 96
72 96 %0

251 1152 14.607
S,, =85 + 83, =105 | 1152 1536 9.6
14607 9.6 124444

0864 1152 -72
$2,=R}, 83, Ry =10° | 1152 1536 -9.6
-72  -96 80

Tl 0 0] | e o5 | 4444 -66.667
534-[0 0 1] > 83;=10 [—66.667 133.333
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44 444 0 66.667
s}, =R, 8L Ry =108 0 0 0
66 667 4] 133333 1
45308 1.152 59 467

27 ot 5
8,,=83;+83;=10° | 1152 1536 -96
59467 -96 213.333

an[o.e 08 0} s 105 24 -12}

0 0 1 - 12 40
[-0864 -1us52 72

S,; =R} 8, Ry =10% [-1152 -1536 96
-72 -96 40 |

The final actions-deformations relationship can thus be formed as follows;

[ 60 ] [ 251 1152 14607  -0.864 -1.152 72 ]
0 1.152 1.536 96 -1.152 -1.536 9.6
~100|_, 5| 14607 96 124444 -72 -9.6 40 [Q,
50 -0.864 1152 .72 45.308 1152 59.467 || D,
-100 -1.152 -1 536 .96 1.152 1536 -9.6
| 0 | | 72 26 10 50.467 .96 213.333 |

The above matrix is singular, which does not give a unique solution. To
obtain a unique solution one specifies the boundary conditions due to neglecting the
axial deformations as Dy, = Di, = 0, and Dz, = Da,. Therefare, by eliminating the
second and fourth rows and columns. and expressing Da, as Dz, 6ne obtains

110 4609 7407 66667 |/ D, |
-100 |=10"[ 7407 12444 40 8,
] 66.667 40 213333 || o,

The solution for the deformations is

[Dyc 83 03]=103 [42215 -0671 -11934]

Therefore, D,and B, are expressed as

DI =10%[42215 0 -0671] . DI =t0[42215 o -11934]

The member end actions are obtained as usual, which provide the shear force and
bending moment at the end joint. The axial force in the members can be determined
from calculating the reactions, or applying static principles.
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A S ReD.+S2 Re D 1.647 -7.407 |[-42215] [-1.983 | kN
T - 1 + 1 = =
SRTER2AZITEUTRE g 407 22222 || - 0671 16.357 | kN.m

n . 1647 -7407 |[-42215
A =8 Ry Dy+ §21512911

[ 1983 kN
- 7.407 44.444 -0.671

| 1.446 |kN.m.

Ay =83, Ry3Dy+8, Ry Dy =
Tagp T4 T T4 T 243 DM 2 {—66667 66.667 || ~1.1934| | 201874 |kN.m

-108.06

44444 —66.667“ 42215] 410806:| kN
_lzzsls}kN.m.

44.444 ~-66.667 [—4.2215
| -66667 133333] 11934

| [-25339 +( 24 —12][ 25329 ] [ 22373 ]kN
| [-0.671 =12 40 |-1.1934 | |-101.44 |kN.m.
A}y =83;R;; Dy +85, Ry Dy
_| 24 -i12][ 25339 [24 -12][-2.5329 | [ 22373 ]kN
-1z 80| [-1.1934] |-12 40 || -0671 | |-122312|kN.m.

The end actions and corresponding diagrams are given in Figure 5.26.
Comparing these results with Figure 5.24, one observes the significance of neglecting
the axial deformations in some frame structures,

554 Applications to Beams

Beams can be treated like plane frames if axial deformations are taken into
consideration. However, when axial deformations are ignored, we deal with the
transverse displacement and rotation at every joint. In this case, the stiffness matrices
are as given by Equations 5.11 and 5.12, and the transformation matrices using the
global coordinates shown in Figure 5.27 are

Bji ={cos ¥'y) cos(y‘z)} :{l 0} (5.78)
cos(z'y) cos(z'z) 0 1

R cos(y'y) cos(y'z) _ -1 0 (5.79)

= cos(z'y}) cos(z'z} o 1 '

Example 5.7

Determine the shear force and bending moment diagrams for the beam shown in
Figure 5.28 (EI = 10° kN.m?).
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(-'I.M

144 /n'
. 1983 /a_rnm
“~
ﬂJ‘_/ Qi,;,
—=)
W08.06
1.983 06| 20187KNm —
Lwase
7148 KN 171.48 KN
AF. D
"y
@
7> 1108 06 KN
o+
1.98 K0
S.F.D. B.M.0.
Figure 526
¥
iy
] ]!
|
X
z
Figure 5.27
KN, m LOKN.m. | SOKN
{1 N I 1
i TET e T ) oKNm
60m. 40 m. ' 20m. l
T T | T

Figure 5.28



406

Solution
Global coordinates are selected as shown in Figure 5.29. The actions at joint 4 can be

transmitted to joint 3, but in this case we shall not obtain the deformations of joint 4.
To obtain the deformations at joint 4 it is necessary to consider joint 4 as a free joint.

21 2 El 3 El 4 - X

Figure 5.29

The boundary conditions are D =0, Dz)- =0. The final actions-deformations relation

which needs to be determined to solve this problem is

Ayl 822 Sy 0 D,
A3 [=|83; 833 Sy | |Dy| . where
Ay 0 S84 84 Dy

1 3
S, =85 +5y,
2 ot
S43=833+85;
3
S44=84

These matrices can be determined as follows:

333 13.333 0 1

1875 -3.75 -1 0 3 T o 1.875 3.75
5'3 } Ry, { J .83, =R; 83, Ry, =105[

0

1.111  -3.333 1 0
il 05 ) _ el _pT |
§5, =10 [ } . R2|_|: }a§22—R215221—‘ =5
[ 375 10

T a2 s[1875 -375] —uT s[1.875 3.75
=R3; §'33 Ry, =10 [_3.75 10 | ¢ S23=Rpn S8Ry =100 4 o
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3 _oT o3 5| 15 -15 _ 4 _ T oé 5|15 15
844 =Ry3 8%, Ry3 =10 [45 20.’ .+ S33=R3 85, Ry, =10 [15 20

s. =RLs. Ry =105 1
Sy, =Ry 33 Ry 15 10

Substituting into the final actions-deformations relation, one obtains

[Ray | (2986 0417 -1875 375 0 0] 0 |
30 0417 23333 -375 5 0 o 8
Ray |_ os|-1875 -375 16875 1125 -15 15| 0
- 40 3.75 S 1125 30 -15 10| 6y
- 50 0 0 -15 .15 I5 -15)| Dy,
=10 0 0 15 10 -15 20]| 84

which can be reduced to

30 23333 5 o o |8,
40| sp S 30 <15 10 1] 8y
-50 0 -15 15 15| Dy,
-10 0 10 -15 20]| 8,

The solution gives

[e2 8, Dy, 94]=10-5[5_04 -1752 -50373 -29.52] (meter and radian units)

The member end actions are determined as follows:

o, | t111 -333370 0 ] [-16798] kN
A =S RpD+ 8, Ry Dy = =

-3333 6667|]504] | 33599 | kN.m.

o o8l RoDas. Rop o] T -333 ][0 ~16798 ] kN
= -+ = =

S27En == T2 RTI 4333 13333 ([ 5.04 67.198 | kN.m.

[ -l '
A')3 =85 Ry3 Dy + 8, Ry D,

_[1.875 =375 0 L [1875 -3.75 0 |_[4687] kN
“1-375 10 ||5.04 -375 5§ ~1752| |-372] kNm.
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[} I2 ]
A32=§3JB3293+§32323 D,
_ 1.875 -3.75 0 . 1.875 -3.75 o 46.8 kN
-375 10 -17.52 -375 5 5.04| | -150( kKN.m.
] l4 L)
A3y =833 Ry D3 +8'5, Ry Dy
s -15 0 15 -15 -50373 -501 kN
= + - =
—=15 20| -17.52 -15 10 -26.52 110 | kN.m.
A'43 =§'34 B_43 24 + §'43 BM D.3
15 —~15|1-50373 15 =15 0 -50| kN
= + =
-15 20} |-29.52 -15 10| |-17.52 ~10| kN.m.

The bending moment and shear force diagrams are shown in Figure 5.30,

33595 KN.m. 672 312 150 no 10
2w (; 2 (G =)
o] A -t
16798 KN 16.798 46.8 46,8 50 50
S0 SOKN
6.8 , +\
S.F.D. AL T [T
46.8 — “8.6KN

150KN.m.
MM
B.M.D. 33£m S H ™ 10

x| P

67.2 KN.m.

Figure 5.30
5.5.5 Applications to Grids

Stiffness matrices for grid members defined in the local coordinates were
presented in Equations 5.13 and 5.14. These matrices relate the end actions

M’ ,M'y and A'; with the corresponding deformations 0’y ,8'y ,and D', In order

to transform the action-deformations relationships into the global coordinates x-y-z
shown in Figure 5.31, one has to establish the transformation matrices as follows:
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[ X% YiYi 1
cos(x'x) cos(x'y) cos(x'z) { L Y« L ) 0
, . . LS IRA T
R =| cos(y'x) cos(y'x} cos(y'z)| = —¢( L )y ( T ) 0| (5.80)
cos{(zx} cos(zy} cos(z'z) 0 0 1

which is similar to the transformation matrix in plane frames.

Figure 531
Example 5.8

Determine the end actions and deformations for the grid shown in Figure 5.32 (EI, =
10°kN.m*, Gl = 10° kN.m?).

/v

Figure 5.32
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Soluation

The boundary conditions are D; = D3 =0. The final actions-deformations relation
which need to be determined to solve the problem is

_ I o3
Ay =Sy Dy ; where 8, =83, +83

The calculations for these matrices are shown below:

02 0 © 08 -06 0
sl =100 8 24 . Ryy=106 08 0
=22 21

0 24 096 0 0 1

3008 3.744 144
S}, =R], 8", Ry =10% [3.744 5192 192
144 192 096

08 06 O
3 _ el . _
s, =8, ;. R,=|-06 08 0
.0 0 |

3.008 -3744 -1.44

83, =RL, 83, Ryy=10° |-3744 5192 192
144 192 0.96

6016 0 0
S, =S5+ 83 =105| 0 10384 384
0 384 192

AT=[0 o -100]
Solving for I, one obtains

DI=10%fo 73964 -200.012] (meter,radian units)

The member end actions are determined from

(02 0 0 - 44378 —8.8756| kN
1 ll 3 —_— —
| 0 2.4 0.96]|-200.012 -50 kN.m.
(02 0 0 44378 887567 kN
1 13 1 — —
A, =53, Ry Dy +8, Ry Dy=[ 0 8 24 59.171 |=|-6.551 kN
| 0 2.4 096 -200012] |-50 kN.m.
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-02 0 0 +8.8756 | kN
A, =8} R, D +8,RyDy=| 0 -4 -24 | Ry D;=|243.345 kN
0 -24 -096 50 kN.m.
44378 -8 8756 kN
Ay = §'§3 Ry D3 +8'5, Ry3 Dy =85, 59171 (=] 243345 KN
~200.012 50 KN.m.

The internal actions in the grid members are shown in Figure 5.33.

Figure 5.33

55.6 Applications to Space Frames

The stiffness matrices for member ij in a space frame defined in the local
coordinates were given in Equations 5.1 and 5.2, These matrices relate the end
actions (A'y Ay, A'y, M My M) 1o the end deformations (D', , D'y, D'y,
8y .0 ,0',) which are applied in the directions of the principal axes of the cross
section. Therefore, in the process of transformation into the global coordinates, one
first has to define the directions of the local coordinates y'and z', since only x' axis

can be located using the coordinates of the joints with respect to the chosen global
coordinates. The next step is to transfer the local axes y'and z' into the cross section

principal axes if they are not coincident.

The direction cosines of the local axis x' are determined from the coordinates
of the two joints i and j of the member ij with respect to the global axes x-y-z as
follows:

X.-X. yj'yi z2.-2

_ |
Com=t— = (5.81)
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in which L is the Tasath from i to .

In order to determine the directions of other local axes y'and z', it is assumed
that y* is perpendicular to the plane of x'z. Thus, y' can be obtained from

i J ok ,
1o o0 1 =-[ﬂ] g+[—) i (582

PO N S e
YiT“p. €%/~
r it my ny

where Dj; is obtained from

Dj = (mji)2 +(‘?ji)2 (5.83)

Now, the axis z'can be determined from

ik,
. :.[ “] ,[m] j+D. k (584)
ji ji ©

—ji=111>(zji= f,ji m; N 3 D ji =
my ot
Dy Dy

The transformation from the local coordinates x'-y'-z'to the global

coordinates x-y-z can thus be done using the following transformation matrix:

) m n
R= (%J (é] 0 (5.85)

-5 5) e

One may, however, face a problem when the value of D is zero. This means
that the axis x’ is parallel to z axis. In this case, the transformation matrix is usually

taken, according to Figure 5.34, as follows:

0 0 0 0 -1
R;=| 0 10| : Ry=[0-1 0 (5.86)
100 ‘1 0 0

Therefore, in order to transform actions or deformations from Ilocal
coordinates into global coordinates, the transformation matrix for member ij in space

frames is given by



¥
; /
y
L v‘
F
/ j
x\
Figure 5.34
eji m;i ni 0 0
m ¢
_(B)J1 _(B)Jl 0 0
In mn
_(S)j', *(F)JI Dj,‘ 0 0
0 0 0 Hji mjj
m ¢
0 0 0 N(E)J' _(E)Jl
fn mn
0 0 0 _(E)ji _(F)ﬁ

J

ji
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(5.87)

After the determination of the directions of the local axes x'-y'-z', one must

check the orientation of the cross section principal axes with respect to these local
axes. In case of any deviation between y —z'axis and the principal axes, one must

modify the actions-deformations relations of Equations 5.1 and 5.2 to be defined in
the directions of the determined local axes x'-y'-z'. Suppose that, in general, the

axes y'and z'are oriented with an angle P with respect to the principal axes
y'p and z'pas shown in Figure 5.35. In order to transform the end actions or end

deformations from x‘P-y'p-z'

matnx is used:

p

axes into x'-y'-z' axes, the following transformation
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[cos(x', x') 0 0 0 0 0
0 cos (y'p y') cos (y'p z") 0 0 0
O ] L] ] ]
R - cos(zpy) cos(zpz) 0 0 0
=Jip 0 0 0 cos (x'p x') 0 0
0 0 0 0 cos(y"J y') cos (y'p z')
0 0 0 0 cos (z'p y') cos (z'p z')
(5.88)

For the orientation of angle B shown in Figure 5.35, Equation 5.88 becomes

(1 0 0 0 © 0 |
0 cosf sinPB O 0 0
Y4 0 -sinf cosB O 0 0
Ziip = 0 0 [ o 0 (5.89)
0 0 0 0 cosPp sinf
0 0 0 0 -sinB cosp]

.
Np 3 Xe

Figure 5.35

Thus, the actions-deformations relationship for member ij in the local coordinates is
given by

L= T ! ! T ¢ r
Ai.l'_(Bi.“'-‘ Sup --—Up)D Rup §ijp le)DJI (5.90)

in which S'flp and S' are the stiffness matrices defined in Equations 5.1 and 5.2.

Example 5.9

Analyze the space frame shown in Figure 5.36 considering that EA = 8000 kN, El, =
EI, = 2000 kN.m?; and GJ; = 200 kN.m’ for all members. Consider the angle B = 0°.
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@

(-10,0,0)

(0,-10,0)
JL'@

Figure 536

The boundary conditions are D;=0D,=0D, =D, =0 The actions-
deformations relationship which needs to be determined in order to solve this problem
is

A S D,

A,

1N

2 3D

where the rows and columns numbers 7, 8, and 9 shall be deleted, due to the boundary
conditions at joimt 2; and

2 o
S, =SH+81+8), . Sy,=Si, . Ry,=l

The calculations for the stiffness matrices follows:

0+10
=" '+ ™20 . np=0 D,,=L0
10000 0]
010000
001000
Bi=l6001 00/}
000010
100000 1]
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0
24

(300

0 -120

120
0

0

24
0

800

120 0

0
-120

80O

0

0

one has

I

22

For §

0]

0
0 0

0
-1

0
0

21~

-]

0

800 O

120

24

-120 0O
0

0
20

-120 0

800

0
120

800

For §f10ne has

000

0

1

0
0

1

0 000
00 000

000 001

000 010

00 0-100

j

o O QO

0 -9375 0
375 0

0 0
2000 0

0 500

0 0

0

0
1000

0

0

0

95.75
0
975
0
0

0

0

0
-93.75

0

135

R

j10ne has

For S4
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8,4=0  m,;=0 ; n, =0 D,, =I
[0 + 0 0 O 0]
-1 0 0 ¢ 0 0
0 01 0 00
Riu=| o o 0 0 1 0
0 0 0 -1 0 0
(0 00 0 0 1]

{36 0 0 0 0 180
0 800 0 0 0 0
0 0 24 -120 0 O
0 0 -120 80 0 0
0 0 0 0 S0 O
180 0 0O 0 0 1200]

[-800 © 0 0 0o 0 ]

0 -24 0 0 0 -120
T o 0 0 24 0 120 0
8,,=Rp; §,, Ry, o 0 0 -30 0 0
0 0 -120 0 400 O

0 120 0 0 0 400 |

The final actions-deformations relationship after deleting the rows and columns
numbers 7, 8. and 9 is

[0 ] [85943 0 0 0 -9375 180 0 O 0 ] glx
10 0 91775 © 37 0 -120 0 0 -1201| "1y

10 0 0 1048 -120 120 0 0 120 0 ||Dy

-100 0 375 -120 2820 O 0 -20 0 0 ||9«
20 |=(-93.750 0 120 0 1350 0 0 400 O |8

100 180 -120 O 0 0 2050 0 O 400 | 86

0 0 0 0 -20 0 0 20 0 0 A

0 0 0 120 O 400 O 0 80 0 [|g2

0o ]| o 120 0 0 0 400 0 O 800 ] 92y
z

The solution for the unknown deformations is

[Du D, D,, 0, 8,8,8,8 922]:[-0.0028 00314 0.0041 -0.0397 0.017
0.0553 -0.0397 -0.0091 -0.023]

The reactions at supports are determined as follows:



418

Ay =8 Do+ S, D =[224 312 -1.046 0 0 0T
Ay =SYyDy+ S8, D =[1.66 11.94 -4.1 -27.925 4512 2.765]T

4+ 84Dy =[-9.85 -2512 -488 -16.37 -0.85 32.675]"

[~
&
—

il
[lr2]
F- —
Iy
el

The members internal actions can be determined as usual from substituting into the
actions-deformations relationships in local coordinates of each member.

5.6 EQUIVALENT JOINT ACTIONS

In practice, the structure is not only subjected to joint loads, but also to direct
member loading, initial strains, settlements in supports, or rise in temperature. In
order to analyze the structure due to these actions, it is necessary to transfer their
effect to equivalent joint actions. This section shows how to determine the equivalent
joint actions due to each kind of loading,

5.6.1 Equivalent Joint Actions due to Direct Loading

This type of loading was treated in Chapter 3, section 3.8.3. From Maxwell’s
or Betti’s theorems one decomposes the member loading into fixed end actions and
equivalent joint actions. The fixed end actions for a particular member are equal in
magnitude and opposite in directions to the equivalent joint actions, as illustrated in
Figure 5.37.

P2 1P2
' AFn| AF23 AF32 Az | azd A32
— = = -+
[ 3
40 OMRTS Az
Figure 5.37

At joint 2, for example, the equivalent joint actions are the sum of the
equivalent joint actions of the members connected to this joint. These actions are
written as

AS =AS, +AS; (5.91)
Meanwhile, the equivalent joint actions for member ij are obtained from

Af=-Ap (5.92)
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Since the fixed end actions, QFij , are determined in the member coordinates, it

is then necessary to transform these actions to the global coordinates. The
relationship between fixed end actions in the local coordinates, A'Fij , and those in the

global coordinates, Ag;, is given by
A'g; =Ry AF;j (5.93)

Therefore, for a joint i which is connecting member ij, ik and i£, the equivalent
joint actions are calculated as follows:
AS =A%+ A% +AY
== AFij - AFix - AFi
T ot T o T 4
=‘!ij Apij -Ryy Aﬁk -RisA Fi¢ (5.94)

It is obvious from Figure 5.37 that the final end actions in a member are
obtained from the superposition with the fixed end actions as follows:

A.ij I §lfl R D; + Sij R; _gj + AlFij (5.95)

. nj X1 '
A% =85 B Di +8';; Ry D + A'gy (5.96)

5.6.2 Equivalent Joint Actions due to Supports Deformations

It has been pointed out in section 5.4.2 that in case of supports settlements or
rotations, one may substitute these deformations into the boundary conditions.
Another method presented here is to replace the supports deformations by equivalent
joint actions using Betti’s law.

The frame shown in Figure 5.38, for example, has deformations at support 4.
In order to determine the equivalent joint actions, the frame is made to be
kinematically determinate by fixing all joints. The fixed end actiogs due to support
deformations are determined from the actions-deformations relationships for the
members affected by the deformations. The fixed end actions in members 2-4 and 34
are calculated as follows:

A'py=8h Ry Dy+8,, Ry D, =8, Ry D,

Apy =8, Ry Dy +81, Ry D =87, Ry, D,

Ak =S4 Ry Dy +8', Ry D, =S, Ry D, (5.9M
Ar =S Ry Dy +8 R Dy =S R D,

Once all fixed end actions have been determined, as in Equations 5.97, the
equivalent joint actions in the giobal coordinates are calculsted as was shown in
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>,

e - Ay

X
Xa

Figure 5.38

Equation 5.94. After performing the stiffness analysis, the members end actions are
determined from Equations 5.95 and 5.96.

5.6.3 Equivalent Joint Actions due to Temperature Changes

Temperature changes could cause detrimental effects in the structures,
especially in hot environment where air conditioning is used inside the buildings. In
order to determine the equivalent joint actions due to these temperature changes, one
proceeds as in the previous sections by keeping the structure kinematically
determinate, as shown in Figure 539. The fixed end actions for any member
subjected to temperature changes are then determined as illustrated next.

Considering, in general, member ij in the plane frame, the fixed end actions
are determined as shown in Figure 5.40 from the deformations at the released support.

) 1 Q @ N Q@ ) )
n T2 kil — T T h +
@ A]e A:
Figure 5.39

or
M ’\”Fii T—
/,_\ Ty 3 b

A b AR a — [ Dy
Fi 1 12 - ! o Y

| A

FIZED MEMBER ' RELEASED MEMBER

s

Figure 5.40
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These deformations are calculated by considering an infinitesimal element d¢ of
member ij as shown in Figure 5.41, and integrating along the member length.

Figure 5.41

The deformations of the element df due to temperature change T, on top
surface and Tz on bottom surface are

!
dx = TI*-;TZWC”

N 2 /
ISTa
dy=do, I
V2
T -TyO
d6=-a Ti-To g (5.98)
« h

The deformation at joint j can be calculated as follows:

L . \
T -T
D'\:Idx:a‘—'?—z\L
] T

/

L (T, -T
D'\.:jdeﬂ:-a" 2]y
- 2 2h

L} \

L T -T,
B =[do =-a| 11— 2 |L (5.99)
" . h

The fixed end actions for plane frame members are determined from Equations 5.1
and 5 2 by substituting for D', . D', . and @', of Eq. 599 as follows:
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[ Tem [ 1 - T, +T, )]
EA o o o] |B2 o o |[-D,] |-aEA| L2
L L x 2

Apo| o 1L CELN D LZED 6EL) 0
H L3 LI L3 L?. y
o B g | o B Ell g || _qr-12
! ICIN A | IR L h )|
(5.100)
T¢ [ T, +T, ]
EA v o D] ~aEA[-L1 22
L X 2
. _| . 12EI -6BI|| _, |  _
Ag;=| 0 FEEETE -D'y [+0= 0 (5.101)
- T, +T
-SEL 2E1 || g o El| 12
IS C A h

For beams or plane frames, where axial deformations are neglected, the fixed
end actions due temperature change become

0 0

h

For truss members, where the axial deformations are only considered, the
fixed end actions for member ij are

Apj=-aT(EA) | A'g;=-aT(EA) (5.103)

In case of grids, the fixed end actions due temperature change are
0 1
A’y = A'Fij = 0 (5.104)

T, -T
vaE[[ ! 1}131
h ¥

In case of space frames, if member ij is subjected to the temperature change
shown in Figure 5.42, the fixed end actions about the principal axes are obtained from
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A Fijp =

A'kip =

Figure 5.42

(—aEA{T,+T, + T, +T,)V4]

0
0
0
T.-T
3 4
aEl_‘_( 5 }
-T
| 2
-—aEl ( b }

[~ EA(T, + T, +T, +T))4]
0
0
0

T,-T
J 4
“f g

T, -T
o El, (12

)

L h

(5.105)

(5.106)

To determine the fixed end actions in the local coordinates, one uses the foliowing

transformation:

[ — T [
é_ T B'JP A Gijp

(5.107)

After determining the fixed end actions in the local coordinates, one can
determine the equivalent joint actions in the global coordinates as was shown in

section 5.6.1.
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5.6.4 Equivalent Joint Actions due to Initial Strains

On many occasions during construction, the construction engineer finds out
that there are members which are little shorter or little longer than the required length.
Longer members can be shortened to meet the specifications. However, short
members could cause waste of materials if they are replaced by other fitted members.
Sometimes one can manage the connection of short members in the structure.
However, it is necessary to check if the stresses developed due to the initial strains
caused by these members are within the acceptable limits or not.

A
x b AFi ai j

-t
]

Figure 5.43
The equivalent joint actions due to initial strains can be determined from the
fixed end actions. If member ij in the structure shown in Figure 5.43 is short A in

length at j, then the fixed end actions can be calculated from the actions-deformations
relationship as follows;

T
—s'J Dy +8, D [[ESA] 0 o] (5.108)

=i = ij

T
EA
' - 1 B t
AF;; § D +8. Dp [(_L—A] 0 0} (5.109)
The equivalent joint actions are determined as usua} using Equation 5.95.

5.6.5 Numerical Applications

In this section various numerical examples are given, most of which were
solved previously by other methods.

Example 5.10
Determine the member forces in the truss shown in Figure 5.44 due to the applied

loads and a vertical settlement at joint 5 of 0.01 m downward. EA = 10° kN, for all
members.
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v @ @
<R
S‘Dm.i
q._®J ® ® KN X
b
l 200 KN
5.0m, 5.0m,
Figure 5.44
Solution

The boundary conditions are D, =0, DJx =0, D5y =-0.01lm However, one may

replace Ds, by equivalent joint actions

~ The action-displacement relation for this structure using D, =0.

Ay | (822 Sy Sy Sus || By
Ay | |82 83 S5 0 || Dy
Ayl [Ss2 S Sy 845Dy
As] (S5 0 8§54 Sy Ds

in which the rows and columns corresponding to D, and Dsy, numbers 3 and 8, will
be deleted.

To determine S,, one has

ol 3 4 s
85, =8;,+83, + 83, + 83,

R,, =[0.707 0707] ;, sl = L

2y =0 - B R ]
0.707 0.707

S32=RJ, 85, Ry, = 10°

=2 =an=En T 0.707 0.707

10%
Ry=[1 o . §'3z=[T]



i T o _ 2.0
5.22"323 §22323‘]0 [0 0]

[ R Sk
R., =[-0707 0707] . S§% -
24 22 707

4 _pT o a8l 0707 -0.707
522 =Ray 85 By =10 [-0.707 0.707

. 10%
Ry;=[0 1] ; 532:[ }

5
5 T o 0
83, =R} 8, Rye =10 [0 2}
Therefore S,, is given by

S5, +Szz +Szz+ 522—10’ [3‘4]4

To determine 8., one has

2 +4
S;;=85;+ 833

)
2 T @ 51>
§33=Bzz§§3532:]03[0 0
|
s R, 8% Ry =100 ]
533 =R33 85, Ry = 0 2
i

Therefore, 8, is given by

0.707 -0.707
-0.707 0.707

0 3.414

426



Jo 0]
3 T o3
Sis =Ry 8, Ryy=10°
\_O 2_.
(2 0]
S34=R1; 83, Rys=10
44 LLB N 70 0~

Therefore, §,, 15 given by

2707 -0.707
Su _su+s44+s“_105{ }

-0.707 2.707

To determine S, one has

Therefore, 855 is given by

Sys =8k + 84 +8k _105{ }

To determine §,,,5,,.8,,.8,; and 8, one has

T e _1as[-0.707  -0.707
8, =R 85 Ry =10 [-0.707 -0.707

12}

-2 0

T @2 5

=Ry 85, R33 =10
23 - 2"13973 232 [0 0]

_ s[-0707 0707
§24=B-24§24B.42=10

0.707 -0.707

T o s 0 0
§25=525§25352=10 0 2

427
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K| 0
T o
S,;, =R}, 85, Ryy =10 ]

J-2 0
T o
845=Rys 85 Ry =10° }

To determine the equivalent joint loading due to settlement at joint 5 of the truss, only
member 2-5 is affected by the settlement. The fixed end actions in this member are
determined as follows:

) & |2 t
A'psy =8'5s Ry Ds +8's, Rys Dy

z(l‘;(’ ] b - 1]{_ ;011 = 2000 kN

A'gys=8'5 Rsy D5 +8'5, Rys Dy =2000 kN

Therefore, the equivalent joint loading due to the settlement are

e _ T .. _ |0 | o
A35=-Ras Apys "m 2000= [-2000}

e _ T ' _ 0 _ 0
A5 =-Rs A'psy _-[—l} 2000= [2000}

The force-displacement relationship is thus obtained as

0 (3414 0 -2 0 -0707 0707 0 07[D,,]
= 2000 0 3414 0 0 0707 -0707 0 -2|/D,
Ry -2 0 2 0 0 o o of o

0 _08| O o 0 2 0 -2 0 0 |IDy
80 ~0707 0707 0 0 2707 -0707 -2 0 ||D,,
~200 0.707 -0707 0 -2 -0.707 2707 0 0 ||D,

0 0 0o 0 o -2 0 4 0| D

| Rsy +2000] o -2 0 0 0 c o0 2] 0 |

The final relation after deleting the third and eighth rows and columns becomes
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0 [ 3.414 0

Ul

-0.707 0.707 O]

0 2x

- 2000 0 3414 0 0707 -0707 O D2y

o —10° 0 0 2 0 -2 0 Iy

8O -0.707 0707 0 2707 -0707 -2 D4.\'

- 200 0.707 -0707 -2 -0707 2707 O D4y
| © J | O 0 o -2 0 4 | _sz ]

The solution for this equation is

[D2x Dzy D3y Dyx Dyy D5x]=10'5 [307.09 -892.91 -160298
-120 -1602.88 -60] m
The member end actions are determined as follows:
2 2 108

—qt -
Ay =83, Ry Dy +0=-58581 kN

[l - 2 ' ]
552—_555'225+§52525[—)2+AF32
106 D 108
=[_5_. [0 -1][ 5\]+(——J[0 I]D; +2000=214 2kN

[T |
Ay =8 Ry Ds+8, Rys Dy
105 D 0
:[ J[I 0]{ 5‘}+{1 J[l O]Q4 =-120kN
0 5
A, =83 Ry D, +S,, Ry D, =28291 kN
1 13 '
Ay =85, Ry Dy +8,, Ry Dy =-614.18 kN

1] |4 )
Ay =S5 Ry D3 +5), Ry3 D=0 kN

The member forces are shown in Figure 5.45.
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@ §1419kN O
% 247 282.9
K>, d?
1
Wl 20 o7 o2 N
(&)
Figure 5.45

Example 5.11

Determine the member forces in the truss shown in Figure 5.46 due to the applied
load and a rise in temperature for member 3-4 and 4-5 of 20°¢ (EA = 2 x 10° kN for
all members, o = 10"/°c).

Solution

The boundary conditions are D, = 0, D, = 0, and D, = 0. The force-displacement
relation which needs to be determine is

Ayl (St Si2 O Sy || Dy
Ay | {321 S» Sy Sy || D
A; 0 83 S35 Sy ||Dy
Ayl [S41 S Sy S84y lDy
v
11zonn
5
+ «
40m
1 2 e
3.0m, som. |
I |
Figure 5.46

The matrix §,, is obtained as follows:
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=[- ][E_A -1 01:105[&667 o}
0|l 3 0 0

s _[-06][EA _ias[1444 192
§“'[-o,s][T]['0'6 ~0.8]=10 [1‘92 2.56]

s _[OI[EAT _;1_ins[0 ©

Sy = 1][ 4 ][0 N=10%4 &
8107 192

S, =8 +8 +83 =10}

UG & 192 756

The matrix S, is obtained from

_el 3 4 5
S;; =83 +87; +8;, +83

gl _jo5 [6667 ©
522= o o

3_-13_ _56,6670
322 _[0][ 3 J[ b 0]=10 [ 0 o]
s 0 E as 0 0

§“_[-1 ][ 4 }[0 =10 [0 5]

0.6 144 192
$3, = [Eﬁ}[o_s -08]=10°
-08] 5 192 256

Therefore, one has

_ol gl it 165 _1nS
S)2 =82, +83; +83; +8 =10 [

14774 -192
-192 756

The matrix S, is obtained from

el ol
833 =833 +83;
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. [6667 0
s34, =10°
=33 { 0 0}

06 | 1.44 -1.92
sd = [E—A} (06 -0.8]=10°
085 192 256

S sk ugh 3| 81967 192
= + = "
3753 T 192 256

The calculations for § ;, are

el 2 el LS
8,784 +84, +83; +8,

o s 2] o G0 0] [ 12
=4 192 2356l 7 TR T U o os| M T 102 236
1IlEA < 6.667 0
5 5
sS,= HERIN o]=10f
MM[ 1 {0 0}
) (9547 o
S,, =S', +82, +83, +83, =107
244 TE44 T2 T 24 Ty 0 1012

Calculations of §),,8,1,8,,,835and §, are as follows:

S RIS . R. =10} -6667 0
212 T 222 221 T

0 0

T S[-6667 0
8;3=R3385; Ry, =10 o 0

T o 5 -1.44 192
§34 =B34 §34 B_u =107

192 -256
-1.44 -192

S =RT Sl | R :105
214 TR 2y By T [_1_92 2_56:\

The equivalent joint actions due to temperature change are obtained for members 3-4
and 4-5 as follows:
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' ' _ -~ I .3 _ )
Alps, = A'pys =-FAG T =-(2x109)(1077) (20) =00 kN
A'pys = Ay, =400 kN

T o .
Ai =-EJS A Fi5 Ri;A F43
M a00y - || -a00) 160° kN
= - -4 - - =, ' -
0 0.8 320
At —.RT A 0.61(400)"340 N
SITTEHER T og] " 320

Therefore, the total loads at joint 4 are
o " [160] [l60
A= = kN
200

*
-120, 320
The final force-displacement relationship becomes

[ R,  [8107 192 -667 0 0 0 -144 -192] 0 ]
0 192 75 0 0 0 0 -192 -256| Dy,
0 -667 0 14774 -192 -667 0 0 0 | Dy
0 105 0 0  -192 75 0 0 0 -5 |Dy
240 0 0 -667 0 8107 -192 -144 192 |D;,

R, —320 0 0 0 0  -192 756 192 -256( O

160 -144 2192 0 0 -144 192 9547 0 Dy
| 200 | -1.92 -256 0 -5 192 -256 0 1012 Dy,

By deleting the first and sixth rows and columns where the boundary conditions are
zero, one obtains

The solution is

[0 ] (786 0 0 0 -192 -256][Dyy
0 14774 -192 -6667 0 0 | Da

0| 5| 0 192 7% o o .5 Dy

240 0 -6667 0 8107 -144 192 | Dsy
160 4192 0 0 -144 9547 0 |[Dy
200 -256 0 -5 192 0 10.12][Dyy |




— 105
tly Dax Doy D3y Dy Dy | = 105 [15807 25175 23715 48.959
27323 26.190] m.

The member end actions are calculated as follows:

0 25.175
{E][_l 0l x10° +[EA}[1 0] x10°5 =168 kN
3 15.807 3 23.175

A'); =83, Ry; Dy +8'5; Ryy Dy =158 kN
A}, =83, Ry Dy +8', Ry Dy =125 kN
A'y5 =83, Rys Dy +8'5 Ry D =-15.4 kN
Ay = 5'33 Ry R3+83, Rz Dy + Ay,

[EA][oa -08] D, +[Eﬂ [-0.6 08] D +(-400)=-2643 kN

[E;\][l 0] B,y +0+(-400)=-218 kN

The member forces are displayed in Figure 5.47.

(5) 8 “
s88
n 264.3K0
i 15.4
m 168 @ 158 *)

Figure 5.47
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Figure 548
Example 5.12

Neglecting thé axial and shear deformations, determine the bending moment and
shear force diagrams for the beam shown in Figure 5.48 due to the applied loads, a
rotation at support (1) of 0.002 rad, and a rise in temperature for member (2)~(3).
(E1=10* kN.m?, @ = 10°/°c).

Solution

The rotation of support | is replaced by equivalent joint actions. The boundary
conditions are D, =0, D, =0 and D, = 0. The actions-deformations relation which

needs to be determined is

o el
Aj| [83 S35 Dy

To determine §,, one has ~ §,, =§'22 + 532
10 gl jgt] 096 -24
“H0 0 nUT 24 8
09 -24
s}, =RJ, s34 R,, =10°
222 =821 32 Ry 24 g
- -1 0 W3 il
BIJ‘[O ]] §:z;z=§22

096 24
s3. -rI,s3 R,, =10%
222 " R23222 223 24 8

1.92 0
Therefore, §,, =§ln + §32 =10* l: o 16}

To determine S5, and S,; 0ne has



_el _e? _yn4l 056 -24
S33 =833 =833 =10 [,2_4 3

s RS Re. -10% -1 0][09s -24] (1 0_104 -0.96
B33 TR232 23 832 0 11]-2.4 8 0 ] -24

The fixed end actions due to loading in member (1)-(2) are

R 28] RN 25 kN
SF2 03050 kNm, 0 TP J3215] kNm.

The fixed end actions due to rotation of support (1) are

_25T T.48] kN =00 r.a8] kN
N S = R
=F12 - F21 - -

4EB | 6ol knm. iLle 80 | kN.m

The fixed end actions due to temperature change in member {2)—(3) are

0] kN 0 kN
= v Alpp =

A'gyy= El T,-T,
Te h 50 | KN.m. [-50] kN.m.

0

The total equivalent joint actions are obtained as follows:

e T 1 T I
Ay =Ry A'py "Ry A'pys

o e P Y R e

e T . -1 oo 0] kN
Ay=-BpAm=-|, | 50| |so| kN.m

Therefore, the total actions at joint 3 are
0 -20| [-20]| kN

AB 3 + =
50| |-20 30 kN.m.

Substitute into the actions-deformations relationship, one has

436
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234R,, 192 0 -096 24|[0
~98.75 J 0 e -2a allle,
~20+Ry, " |.096 -24 096 -24| 0

30 24 4 -24 8 |8

By deleting the first and third rows and columns, one finally obtains
—08.75 16 41|18
=10 :
30 4 8|8,
The solutionis 6, =-8.125x107 rad . 8, =7.8125x10"" rad

The member end actions are obtained as follows:

I
=
+

1]
O
B O
&
.
L
&
| I
| pemm—|
D
— o

o ][ -25 ] [-48]_[-535] kN
-8125] | +31.25] |160 ] [158.75] kN.m.
096 -24][1 o) o | T -25 -487] [ -35 ] kN
= it + =
-24 4 J[0 1][-8128! {-3125] |80 | [-16.25] KN.m.

096 -24]7-1 o] o© 09 -24)171 o o 0
={-2_4 8 Ho J{-B.DS}L[QA 4 Ho IJL_SMS}[SO]
0751 kN
=Ii]6.25:l kN.m

L .2 ~ T075] kN
Ay =85 Ry Dy +85 Ry Dy #8501 i

The bending moment and shear force diagrams can be plotted as shown in Figure
5.49.

Example 5.13
Determine the bending moment, shear force, and axial force diagrams for the plane

structure shown in Figure 5.50 due to: (a) The applied loads only (b) Member 1-3 is
) cm short (EA = 0.5 x 10° kN, El = 10° kN.m%)
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Solution
The boundary conditions are D, = 0 and D, = 0. The actions-deformations

relationship which needs to be determined is

{Az}Fzz §23} [92}
Aj] |S32 83 ]{Ds
The determination of §8,, is obtained as follows:

el 3
Sy =83 + 83
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100 3125 0 0
Ry =(0 1 0] ; §5,=10 0 04687 -1875
00 I 0 -1875 10

0 1 0! 1.667 0 0
Ry=|-1 0 of ; g3 =10" 0o 05556 -1667
0 01 0 -1.667  6.667
05556 0  1.667
—532 =B--2r3 §';2 R;;=10'" 0 1667 0

1.667 0O 6.667

3 6806 0 | 667
S, =8h + 83, =10% 0 21357 -1.875
1667 -1875 16.667
The determination of §;; and S, are obtained as follows:

) 2
S33=833+53;

R; =[08 -06] §'§3{%]=[5000]

032 -0.24.
sl.=RT s! R, =10* !
=R oEER S 024 0.8/
0.5556 0 -1.667
§§3 = R;rz _5_§; Ry; = 10* 0 1.667 0
-1.667 0 6.667
[-0.5556 0 -1667
S5 :5}2 S, Ry = 10? 0 -1.667 o
1 667 0 3.333|

| 08756 -0.24 -1667]
833 =83+ 83 =10%|-024 1847 0 |
-1.667 0 6667 |



The actions-deformations relation is thus obtained as

(A, ] [ 36806 0 1.667 -0.5556
A2y 0 2 1357 -187S 0
Moz |_ge| 1067 1875 1667 -1.667
A3x -0.5556 0 -1.667 0.8756
A3s’ 0 -1.667 0 -0.24
M., | | 1667 0 3333 -1.667

Part {a)
The equivalent joint actions
obtained as follows:
0 4]
A'gp=| —40 | kN A'eyy 40 | kN
|53333] kN.m |~ 53333 [ kN.m.
0 0
A'gyy= | +060| kN A'pyy =(-60| kN
-90] kN.m 90 | kN.m.
60 kN
¢ _ T \ T \ o .
AP_"R;NAF'J['BZ“\AFQ}— 4 kN
143 333 | kN.m
[ 60 ] kN
_ T ! .
A§=-R3y A'pqy =1 0 | kN
90| kN.m

0

-1.667

0

-0.24

1.847
0

1.667
0

3333

-1.667
0

6.667 |
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due to loading in members 1-2 and 2-3 are

The final actions-deformations relationship after deleting the fifth rows and columns

becomes
60 36806
- 40 0 2
143333 (=101 1667 -1
60 -0.5556
-90 | 667

The solution is

0

1357

875
0
0

| 667 -0.555
-1 875 0

16667 -1.667
-1.667 0.875
3333 -1.667

1.667

0

3333
-1.667 || D3,
6.667

D2x
Dy,
8,

83
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_1a-3
[DZx Dz_v 92 DJ_\_ B} =10°7[2596 -3.439 17419 121235 1.614]
The member end actions are obtained as follows:

[ g2 ' '

A =STR, D +8, Ry Dy + Ay,
81.22 0 81.221 kN
=|-34.24(+| -40 |=|-7424| KN

93 45 -53.33 ]4»6,8_'I kN.m.

-5.76 0 -5.76 kN
=| 2122{+| 60 |=! 8122| kN
-37.12 -90 -127.12] kN.m.

-5.76 0 -573 7 kN
={ 2123/+|-60(=| -3877 1 kN
-90 90 0 | kNm.

1 - ll ] -
A'3 =833 Ry Dy +§4, Ry D, =485 kN

The axial force, shear force, and bending moment diagrams can now be plotted as
shown in Figure 551

Lilr3 74.24 K0

+

5.76

il

8.7

A.F.D. S5.F D B.M.D.

Figure 5.51
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The equivalent joint actions due to initial strain due to shortening are obtained as

follows:

' | EA
AFU =A Fi1 _!:]—0(0.0]):,2[50] kN

e rT A 08 0 -40] kN
SITTENERITT 46 “130 | kN

The total loading at joint (3) is

-40] [607 [207 kN
As=| 30+ 0 |=| 30 | kN
0] |-90] [-90! kN.m.

The left hand side of the actions-deformations relationship in part (a) becomes

[g A;]:[éo -40 143333 20 -90]

The solution for the unknown deformations is

[D2N Dy, 8, Dy 63]:10'4 (2331 -8.71 11,41 2233 -19.45]

The member end actions are obtained from

AL =8 Ry Dy +AY,
[ 72 84 0 r 7284 7 kN
=[-2548 |+|-40 =[-6548 kN
73.3 §3.33 | | 12671 | kNm.

r 7284 0 [72_34 kN
=1-2548 |+| 40 = 1452 | kN
13043 -53.33 7710 ] kN.m.
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Ay =83 Ry D, +8) Ry Dy + Ay,

1452 0 0 -14527 kN
=|-3196|+| 4482 |+| 60 |=| 72868 | kN
1149 [-10205| |-90| [-7715| KNm
' _ gl ' )
A'3; =853 Ry D3 +85 Ry Dy +A'
0 -14.52 0 (-14,52 kN
=| 4482 1+ -3196|+ -60|=| -47.14| kN
-166.88 | | 76.87 90 L 0 kN.m
] _ el ] '
A3 =833 Ry Dy + 8 Ri3 Dy + Al

8.832 50 58932 | kN
=1 0 |+ 0= 0 kN
0 0 0 kN m.

The axial force, shear force, and bending moment diagrams can be plotted as shown
in Figure 5.52.

1% 52

1452 7286

4716 KN

58.92 KN

AFD SFO B.M. D

Figure 5.52
Example 5.14
Determine the axial force, shear force, and bending moment diagrams for the plane

frame shown in Figure 5.53 due to the applied loads and a rise in temperature of
member (2)~(3). (El=10"kN.m? a = 10"/°c, EA = 10° kN).
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Solution

The boundary conditions are D; = 0 and Dy, = Day = 0. The actions-deformations
relationship which needs to be determined is

Ay} 18 8y 0 )IDy

3 (=|832 833 834 D3

b >
s

[—]

7]

b4 Sy 84401 Dy

To determine S,, one has §,, = §52 + §322

010 1.667 0 0
Ry =[-1 0 0| . 8L,=10" 0 0555 -1667
0 0 1 0 -1.667  6.667

05556 0 1667
sl =R], 8%, Ry =10%| 0 1667 0
1667 0 6.667

-1 00 1.667 0 0
Ry;= -1ool 5 83,=104 0 01389 -0833
0 1 0 -0833 6667
1667 0 0

3 _gT ¢3 _104
S3,=R1; 83, Ry3=10%) 0 01389 0833
0 0833 6.667
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2222 0 1.067

1 ,q3 104
$,, =84 +83;,=10%| 0 1805 03833
1667 0844 13333

The determination of §;, one has 835 = 5_%3 + _S_§3

1667 0 0
si;=RL, §2 Ry, =10% 0 01389 -0833
0 -0833 6667

o1 0

4 T g4 _el

Ry, =|-1 0 0f; S33=Ryy §3; R3; =83
0 0 1

2222 0 1667
Sy, =83, +85=10*| 0 1805 -0.8333
1667 -0.833 13333

To determine §,,,8,;,8,,,0ne has

0.5556 0 -1.667

Sy =83y =R5 8} Ry =10Y 0 1667 0
-1.667 0 6.667

1667 0 0

T ' —_ 4
S;3= R138,, Ry =101 0 -0.1389 08333
0 -08333 3333

-0.5556 0 1.66

-nl < —104
Si4=RJ, 8, R,;=10" 0  -1667 0
-1.667 0 333

The equivalent joint actions due to direct loading are obtained from the fixed end
actions as follows:

o 0

A'F23= ~15| kN | _A_'Fn: 15 kN
30 |kN.m. -30| kN.m.
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0 0
e _ T I — . _ T ] _
ASy=-Ryy Ay = |=15] A =-Ryy A'pyy =) ~15| kN
30 30 | kN.m.

The equivalerit joint actions due to temperature change are

Tl +T2
—a(2EA) ~60 | kN ~60 ] kN
;A-'F?.B = 0 = 0 kN | AIFJZ = 0 kN
T —
wa(gE[)( ! Tz} -66.67 | kN.m. -66.67 | kN.m.
—-60 | kN + 60 kN
AS3=-Ry; Apys=l 0 | kKN o A =-Rj, Alg,s=] 0 kN
66.67 |[kKN.m. -66.67| kN.m.

The total joint loads are obtained from adding the joint loading to the equivalent joint
loading as follows:

36 0 -60] [-24] kN
Ay=(0|+|=15[+ 0 |=| =15 | kN

| 0] [-30] |66.7] {3667 kN.m.

[0 0 60 60 kN
Ay={0+ ) =15(+] O |=[| -15 kN

|0 30| |-66.67] |-3667] kNm.

The final actions-deformations relationship, after deleting the rows and columns
corresponding to Dy and D, is

[ -24 ] (2222 0 1667 -1.667 0 0 o ][o,,]
-15 0 185 083 0 -01389 08333 0 |[{D,
36.67 1667 08333 13333 0  -08333 3333 0 || 6,
60 (=10'|-1.667 0 0 222 0 1.667  1.667 || Dy,
-15 0 -01389 -08333 0 1805 -08333 0 |[)Dy
-36.67 0 0.8333 3333 1667 -0.833 13333 3.333 83

| 0| | o 0 0 1667 0 3333 6.667) 9, |

The solution for the unknown deformations is



447
[sz Dy, 8, D;, Dy, 8 eJ:m" [66.36 -3.09 -3.78 99.1 -14.9 -9.98 -19.78
The members end actions are obtained, using Q} =10*[0 0 -19.78]
A, =87 Ri; D +8, Ry Dy =[-5.17 -30.55 97.97)7
A% =85, Ry Dy +8,, Ry, By =[-5.17 -30.55 85.35)T
A =83, Ry Dy +85, Ajy Dy + A’y =[-5.44 -5.17 -8535)T
A5, =82 Ry D3 +8'3, Ryy Dy +A'p,, =[-5.44 24.83 -32.69]T
AL =SV Ry Dy +8';, Ry3 Dy =[-24.83 -544 +32.69]7

A'3=5,3Ryy Dy +87, Ry D, =[-2483 -544 0T

The axial force, shear force, and bending moment diagrams can now be plotted as
shown in Figure 5.54,

w58 Sar
T = T SN
= 5.44 -
-
- _ + 24. 83
=
SITKN U JM KN
A F D S Eo
g533 _ =] 267 Knm
— -
nye JP’ — -+
é 2l
A
91.67
B W D

Figure 5.54
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Example 5.15

Determine the axial force, shear force, and bending moment diagrams for the frame of
example 5.14, neglecting the axial deformations.

Solution

The boundary conditions become D, =0, Dz_v =0,‘D3y =0,D,, =0, D4y =0, and
D,, =D,,. The members stiffness matrices in case of neglecting axial deformations

become of dimensions 2 x 2. The stiffness matrices in global coordinates are
determined as follows:

- I 3
To determine 85, one has 8, =8, +83,

-1 0 0 | 1 05556 -1.667
B21 = ; §'22 =10
0 0 1 -1.667 6.667

0.5556 0 1.667

I _oT wl _ind
S$3; =Ry §'5, Ry =10 0 0 0
1.667 ] 6.667
0 -1 0O 3 3 0.1380 -0.883
Ry = v 85, =10
0 0 1 -0.883 6.667
0 0 0

$3,=R1; 83, Ryy=10"1 0 01380 03833
0 0833 6667

0.5556 0 1667
S,,=S8% +83;=10| 0 01389 08333
1.667 0833 13333

To determine S44 one has

-1 00 4 .4 05556 -1667
Ry = . 83;=10
Lo 01 . -1.667 6667

0.5556 0 1.667
4 _oT o _(o?
S33 =Ry 8533 Ry, =107 0 0 0
1.667 0 6.667
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oo o G2 _joi[ 01389 0883
Ba=lo o 1] © 7% osss  ese
0 0 0

$2, =R}, 8, R;, =10*/0 0.1389 -0.833
0 -0833 6.667

[0 555 0 1.667
01389 -0.833

= 833+ 83; =10
1667 -0833 13.333

L17,]
w
o}

To determine S,,.5,;, 8, one has

{05556 0 -1.667
—_ 3 _ T J _ _jl‘
§44‘§44—B41§4434340j 0 0 0
{- | 667 0 6.667
o . .
521:511 S'L E;E:IO4 0 -01380 08333
|0 -08333 3333
105556 0 l,ésw
_nT e _ Kl
§34_R34§3RB43'|0 0 0 0 ’
_-I.667 0 3333 |

The equivalent joint actions have been determined in the previous example.
However, the axial force due to temperature change should be neglected. Therefore
one has

[36 0 0 36 kN
Ay =0 [+-15t+] 0 |=[ -18 kN
K {.30 66.67 | |36.667| kNm
[0 0 W 0 W [ 0 1 kN
Ay =|0[+[-15 +| 0 = I8 KN
0 30_' _-66_67_ _-3() ()()74 kN m

The actions-deformations relationship is



36
-15
36.667

—-15
-36.667

=104

(0.5556 0 1667 0 0 0 0 1Dy,
0 0389 08333 0 -0138 08333 0 [|D,,
1.667 08333 13333 0 -08333 3333 0 || 6,
0 0 0 05556 0 1.667 1.667 || Dy,
0 -01389-08333 0 01389 -08333 0 |/D,
0 083333 3333 1667 —08333 13333 3333|| 8,
| o 0 0 1667 0 3333 6667] 8, |

Since Dz, = Dy, D2y = 0 and D3, = 0, one obtains the final relation by deleting the
rows and columns corresponding to Dy, = 0 and Dsy = 0, and adding the first and
fourth rows and columns. Therefore, one obtains

36 LIl 1667 1.667 1.667][Dyy
36667 | ([1667 13333 333 0 | 8
~36.667 1.667 3333 13333 3333 6,

0 1667 0 3333 6667] 8,

The solution is obtained as

-4 ) AN
[D,. 8, 8, 0,]=107"[70623 -4345 -6.948 -14.1855]
The deformations can thus be expressed as

_1pe4
[sz Dy, 6, Dy, Dy, 8 94]_10 [70.623 0 -4.343 70.623 0 -6.948 -14.1855]

The member end actions which represent the shear force and bending moment are
obtained as follows:

§2 R.. D;+S ., R, D | -3 KN
A' =g + ' =
212720 S =T E1 =0 =2 Lo3.253 kN.m
| D S R. D ( .32 kN
A, =S R +8 =
AT By HE2 TR By A _88.77 KN.m
B | -5507] kN
A'y3=87; Ry; Dy +8'; Ry Dyt Algyy = -88.77| kN.m.
) s R D 24417 kN
Al =S R + 8§ + '
2327233 232 S37T=32 20 =27 SFR T 4403 kN.m.
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A st R,, D;+S., R,, D » N

3 ' + 8§ =

£347233 234 T3 TR T3 S T o030 KNm

. S R DusS? R. D {-4 kN
to=8 +8' =

Day=y3 By B3 T2y By 2 ‘L 0| kN.m.

The bending moment and shear force diagrams can now be plotted as shown in Figure
5.55. The axial force diagram can be determined using statics principles.
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=
-
S SAKN 2441KN
AFD
Figure 5.55

57 SPECIAL PROBLEMS

In this section, the application of the stiffness matrix method for special
problems is shown. The problems considered in this section include: members with
moment releases, inclined supports, elastic supports, nonprismatic members, series
connected members, and shear deformation effect.

5.7.1 Members with Moment Releases

In the presence of a hinge at a joint, one has to modify the stiffness matrices of
the members connected with this joint. For example, if member ij of a plane frame is
hinged at j, the stiffness matrices in the local ¢oordinates can be determined by the
unit displacement method according to Figure 5.56 and 5.57 as follows:



0= _/,..——f{ - 8:1
A 4 {-*%(1—«———{' Sl L IDH‘A Y,
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Figure 5.56
ot (.hl i
EA A . L4 i WU i
O L iii& ' - N f
t Lo 131—:[ ® e 3E1 l
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Figure 5.57
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2 L3 Lz L L3 L2
0 -3El 3EA 0 0 0
i L2 L | i
B, B
L L
§".’i = 0 3_? 0 ; §'9i = 0 3—E3'I t] (5.111)
Al L ] L
0 0 0 0 %ZEI 0

in which the superscript o is used to indicate a moment release exists in member ij,
and the elements of matrix §‘“l-’j' indicate that the moment release is at joint j.

For other types of structures, one has to state the kind of releases. In grids, for
example, the moment releases could be the moment M', orM'y . In space frames, the

moment releases could be M’y ,M', orM',. In any case, the stiffness matrices can

be found by the unit displacement method as has been done for the member of the
plane frame above. Sometimes one faces a moment release at the support. In this
case one has the choice either to include the moment release in the boundary
conditions, or to modify the stiffness matrices of the members connected with this
joint. When a joint with a moment release is connecting two members, one may
attribute the joint to any member, or to both members. Whenever a moment release is
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taken into consideration, one has to use the fixed end actions and equivalent joint
actions considering the presence of the moment release in the member.

5.7.2 Inclined Supports

Sometimes the supports of the structure are built on inclined surfaces, and,
therefore, the determination of the reactions becomes easier when dealing with the
supports local coordinates. In other words, the anaiyst may find it is beneficial to
describe the reactions in the suppont local coordinates and not in the global
coordinates. For example, the plane frame shown in Figure 5.58 has an inclined roller
at joint (1). Therefore, one may state that Dy, = 0 in the support local coordinates.
One, thus, reduces the dimensions of the stiffness matrix when using the support local
coordinates. In order to transform part of the actions-deformations relationship into
the support local coordinates, one has to determine the transformation matrix between
the support coordinates and the global coordinates. The actions-deformations
relationship for the plane frame of Figure 5 58 is described in global coordinates by

Figure 5.58
Ay {’§|| 5, 0 9 D,
Ay [Sa 8, S;» 0 ]ID, (5.112)
Az 10 S5 Sy 85, | Dy .
|
Ay 10 0 S Sy, Dy

The boundary conditions are Di,« = 0 in the support local coordinates and D,=0
in global coordinates. Therefore, one has to transform A, and D, into the supports

local coordinates.  The actions at joint (1) expressed in the support local coordinates
which are denoted by A . are related to the global coordinates by

cos(xsx) cos(xsy) cos(xsz)
A= cos{y x) cos(ysy) cos(ysz) A =Ri(A (5113)
0 0 |
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Similarly, the relationship between the deformations at joint (1) in the support
local coordinates and the global coordinates is

Dy =R, D, (5.114)

In order to replace A, and D, in Equations 5.112 by A and D, respectively,
one uses Equations 5.113 and 5.114 and therefore, Equation 5.112 becomes

(A | (R St (R §12) 0 01Dy}
Ayl | Sa S3» Sy 0 [IDy
Ay | 0 833 S35 83Dy
Ayl L0 0 Sy3 S44 ][ Dy]

or

- r = -
As] RS R (RS 0 o |[Dy

A, (S3; Rig) s Sy 0 (1D

| G2 Rig Si2 1 0 (5.115)
A, 0 Si; S33 Sy (| D
[As] | 0 0 843 844l 04 ]

in which Dy = 0. Notice that one may also consider member (1)-(2) having a
moment release at joint (1). In this case, §y,is calculated as was illustrated in section
5.7.1.

After the determination of the free deformations, the members’ end actions are

calculated as usual. However, for members with inclined supports, the deformations
in the support local coordinates or in the global coordinates can be used as follows:

R ,
A% =85 R D + 85 Ry D; (5.116)

A% =8% Ry RLD; +8, (.117)

in which Equation 5.114 has been used.

Therefore, from Equation 5.115 it is understood that in order to modify certain
actions and deformations at support (i) into the support local coordinates, one has to
premultiply the corresponding rows by the transformation matrix R;, and post

multiply the corresponding columns by _Bi];
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573 Elastic Supports

The deformations of some supports in the structure depend on the magnitude
of their reactions. If the relationship between the reactions and the comresponding
deformations is linear, the support is called a linear elastic support. Linear elastic
supports exist in many structures, especially those which are supported on sandy soil,
or springs. When the reactions-deformations relationship is nonlinear, ong may
idealize such a relation by a bilinear relation, such as shown in Figure 5.59.

3 REACTION REACTION

/,,
/
'
/

DEFLECYION DEFLECTION
ELASTIC SUPPORT INELASTIC SUPPORT
Figure 5.59

In the presence of an elastic suppon, the support is considered as a member
connected with another joint. The joint stiffness matrix is found as usual by summing
up all direct stiffness matrices at the support. For example, if the support at joint (1)
in the plane frame shown in Figure 5.60 is idealized by the three springs in the
horizontal, vertical, and rotational directions, the stiffness matrix 8,, is obtained as

follows:

S, =871 +S], + 8}, +8], + S, (5.118)

Figure 5.60

According to the global coordinates shown in Figure 5.60, the stiffness
matrices, §]‘1,_S_f| and §'lslare, respectively, given by:
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0O 0 0
Sfi=j0 K, 0 (5.119)
0 0 0
LA
Si =l 0 0 0 (5.120)
0 0 0
00 0
sé=lo o 0 (5.121)
0o 0 K,

The analysis is continued as usval, but the deformations at joint (1) are
considered as unknowns.

Example 5.16
Determine the bending moment and shear force diagrams for the plane frame shown

in Figure 5.61, in which joint (1) is an elastic support and joint (2) is a hinge. (EA =
30000 kN, El = 30000 kN.m’, K, = K, = 0.36 kN/em, Ko = 50 kN.nvrad).

Solution

The boundary conditions are D, =0. The moment release at joint (2} can be

attributed to member (2)-{1) or (2}-(3) or to both members. The actions-
deformations relationship, considering the boundary conditions, is

[AI}FH 512}{91}
Ay | ISy Sy || D

'}
20KN
mr YE
3.0m.
10 KN
——iy
Ih?-Orn
M g~ Ko ;
P R
=|L 40m. L£.0m. |

Figure 5.61
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A solution considering the hinge is common between members (2)-(1} and (2)~(3) is
given. The matrix §;, in the global coordinates is obtained as follows:

36 0 0 0 -1 0 5 0 0
- . 02 _ 103
Sis=[0 36 0| ; Ry=[1 0 o0f; §M¥=10"0 04167 -25
0 0 50 0 0 1 0 -25 15
2 T o2
Sii =Rjz ST R,
04527 0 -25
S;, = St +8,,, =10°| O 5.036 0
-2.5 0 15.05

The matrices §,, and §,, are obtained as follows:

0 l -1 0 0
BZ[ =-1 0 ' Bz3 = 0 -1 0
0 0 1 0 I
5 0 0 375 0 0
ool — 3 . w0l — 3
§9,=10° [0 04167 0| . 8% =10 0 0.1758 0
0 0 0 0 0 0
4.1667 0 0
S, =85 +85 =10 o 51758 0O
0 0 0
5 0 0
— T 10 . ' — 3
S$;=R; S, Ry, o SPH=10°| 0 04167 O

0 ~25 0



458

-0.4167 0 0
- 1n3
§,=10 0 -5 0
25 0 0
10 KN 0HN

'L l 2 2 1)

v | A AN i S

[ 3.0m. L} 10m. L ‘ 4Om. | 4Om [

- | t— T — T

Figure 5.62

The equivalent joint actions are obtained as follows:

The fixed end actions are determined for members (1)-(2) and (2)-(3) as shown in
Figure 5.62. They are given by

0 0
10 . . 1 —

A'%, =|-6875| , AT, =|3.125
| 11.25 0
A i} ]

0 0
_A_'gn =|-6.25 : 5'232 =113.75
L 0 -30 |

The equivalent joint actions at joints (1) and (2} are obtained from

B

T 4
f=-R[, A2, =[6875 0 -11.25]"

e _ T ' T W0 [ T
A3 =-Ry A%y -Ro3 Ay =[3.125 625 0]

The final actions-deformations relationship is obtained as

[ 6.875 W (04527 0 -25 -04167 0 0][Dy, 1

0 0 506 0 0 -5 0| D)y
-112 103 =25 0 1505 2.5 0 0|l 6,
3.125 -04167 0 25 41667 0 0|/D,,
~6.25 0 -5 0 0 51758 0Dy,
o | |0 0 0 0 0 0j| 8, |
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The solution is
—10-3
th Dly 8, D,, Dz_\- ]_10 [133.84 -2933 2125 138 -2954]

The value of 6, is undefined since the hinge at joint (2) was attributed to both
members, (2)-(1) and (2)-(3).

The member end actions are calculated as follows:

T
3= SR, D, + 89 Ry Dy + A, = [-1.05 -4.875 -0.75]

T
T

=8P Ry Dy + A2, =[-525 -1.056 0]

=83 Ry Dy+ AS,, =[-525 18944 -71.48)7

The bending moment and shear force diagrams can be plotted as shown in Figure
563

15.375 KNm. . I 5125KN d WL KN

ars B.M. 0. 4.875 S.F D

Figuee 5.63

A solution considering the hinge at joint (2) belongs only to member (2)(1) is given
below:

04527 0 -25
S, =8 +8,,,=10°| 0 503 0
25 0 1505



375 0 0

; 8%,=100/ 0 0703  -2815

0] -0.8125 15
0 0
0.703 2815
2.8125 15
0 0
5.703 2.815
28125 L5
0 0
-5 0
0 0

lzonu

12 A

i | *

| 4om | L40m L

T T L
Figure 5.64
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The fixed end actions in this case are obtained according to Figure 5.64 as

0 0 0
3.75
I _nT o3 _
83, =R33 83, Ry =103 | 0
0
41667
|, o3
S, =83+ §3,=10°| 0
0
-0.4167
R 103
S;; =R, §); Ry =10 0
25
10 KN
) | 2
" I A
30m‘rL i0m. |
follows:

A%y, =[0 -6875 11.25)T

A%, =[0 3125 o

' - T
A'pyy=[0 10 20]

| _ T
A'py,=[0 10 -20]

The equivalent joint actions are, therefore, given oy

A$=-R A%, =[6875 0 -11.25]
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AS=-R} A%y -RY Ay =325 -10 -20]7

The free deformations are obtained from the solution of the final actions-deformations
relation which is given by

[ 6.875 ] [ 04527 0 -25  -0.4167 0 0 ]| Dy
0 0 503 0 0 -5 0 D,
-1125) | -23 0 15.05 2.5 0 0 9,
si2s |0 |-04167 0 25 4167 0 o | /b,
-10 0 -5 0 0 5703 2.8125|| Dy,

| -20 | .0 0 0 0 28125 15 || 6,

The solution is given by

[DlN D), 8 Dy D, 6,[=107(13384 -2933 21.25 138 -29.56 4.21]

v

It is obvious that this method has provided a value for 8; which represents a relative
angle of rotation at joint (2).

The member end actions are obtained as follows:

[l — a2
A"y =8

|=
=

|+ Ry Dy + AR, =[-1.05 -4875 -0.75]T

0
12 Fl12

Ay =85 Ry Dy 8%, Ryp By + AR, =(-105 5125 0]
Ay =§gz Ry;; Dy +A'py;=[-525 -1056 o]T

1 _ol R _ T
Ay =85, Ryy Dy + Ay, =[-525 18944 -71.48]

The shear force and bending moment diagrams are the same as obtained previously.
Example 5.17

Determine the shear force and bending moment diagrams for the frame shown in
Figure 5.65 (E1 = 10° kN.m* EA = 10°kN).

Solution

The degree of freedom for the frame is six. However, if the modified stiffness matrix
for members with hinges are used, the number of the unknowns can be reduced to
only four. The actions-deformations relationship which needs to be determined and
considering the boundary condition D, =0 is




Y (2) KN/ m 13)
S I S U 2D B A A o o |

8.0m ‘

Figure 5.65

[Al]=[§ll §12:H:l—)l:|
Ay | |83 Sp D,

where the stiffness matrices are calculated as follows:

.08 -06 0 20 0 0
Rp=[06 -08 of ; §%=10'l0 024 0
0 0o 1 o 0 0

12.8864 94848 0
S, =8} =R, 851 R, =10} 9.4848 73536 0
0 o 0

-12.8864  -9.4848  -0.72
Si= RL S5, R,y =107|-94848 73536 096
0 0 0

20 0 ¢
o]l - T IL} . wl _ 4
§22' R21§22 Ry §22"10 6 024 -12
0 -12 6
128864 94848 -0.72

§35 =10%| 9.4848 73536 -0.96
072 -09 6

3.0m.
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-1 0 0 12.5 0
— . W) _nd
Ry = -1 . 8% =10° 0 0.05859
0o 1 0  -0.46875
12.5 0 0
$3=10*| 0 005859  0.46875
0 046875 375

Therefore, §,; is given by

0
-0.46875
375

253864  9.4848 0.72
8,5, =83 +833 =10%| 94848 741219 -0.49125
0.72 -0.49125 9.75

m J'KN (314\15 1( KN.m 1RNI M
& | (2) 1
12,5 | S.St

1__25m. 4__2,75".,_"1__ _j L 8.0m. L

Figure 5.66

According to Figure 5.66, the fixed end actions are obtained as follows:

[ o 0
10 - ' —
A%, =(-25] . AR, =|5S
| 0 -15
[ 0 0
ARy =[-10) | ARy, =6
16 0

The equivalent joint actions are obtained from

463
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A§=-R3 A, =[0 -6 0

The actions-deformations relationship is, therefore,

[1.5+R ] [12.8864 94848 0 -12.8864 -94848 -072 |[D

-2+Ryy 04848 73536 0 -9.4848 -7.3536  0.96 1y

0 0 o 0 0 0 0 8,
=10*

33 -12.8864 -9.4848 0 253864 94848 072 || Dy,

14.4 -9.4848 -73536 0 9.4848 741219 -049125)IDy,

-85 | | -072 09 0 072 -049125 975 || 6, |

Li+ order to replace A, by A|;and D, by Dy, the following transformation matrix is
used:

cos® -sin® 0 08944 -04472 0
Ry =|sin® cosB 0|=|04472 08944 0
0 0 ] 0 0 |

A]S=515A1=[3;236 Ry -1118) OF

DIS [Dlxs 0 GIIT

It
I=

1s D

i

The matrices §,,,8,,.8,; are transformed into the local coordinates of support (1) as
follows:

410169 79035 0
—10%[7.9035 160469 0

0 0 0
S_lgzﬂls 8>
-7.2830 -5.1946 -1.0732
=10%!-14246 -108186 0.5366
0 0 0
& T
$21= 83 Ry

The actions-deformations relationship becomes



[ 2236 ] 419169 79035 0 -72839 -51946 -1.0732
(R s —1118) 79035 160469 0 -14246 -108186 05366
0 1o 0 0 6 0 0 0
33 -72839 -14246 0 253864 94848 072
-14.4 -5.1946 -108186 0 9.4848 741219 -049125
L -85 | [-10732 05366 0 072 -0.49125 975

By deleting the second and third rows and columns, the solution is obtained as
[D,xs Dy Dy el]= 1077 [-2566 08992 .21.389 -4.841]

The member end actions are obtained as follows:

=S7T Ry Rj; Dig + S, Ry By - A,
2295 [-243388] | 0 ~ [-12888] kN
=|-5508[+| 15713 |+|-25 =" -6436 | kN
0 0 0, _ o
] _ ol ' '
A =S Ry Dy + 83 Ry Dy + A,
200 o 1f-12.1194] [20 o o0]f11.475] [ 0 -12.888] kN
=l 0 24-12([-176579|+| 0 024 0||-2205 +z 55 |=| 15633 kN
0-126 || -4841 | [0-12 0| 8 | [-75) | 12184 | kNm
1 —- l2 I 1
Ay =STI Ry D3+ 89 Ry Dy + ARy,
125 0 0 -0.8992] [o] [-11.24] kN
=| 0 005859 -0.46875|| 21.398 [+6(=| 9523 | kN
0 0 0 -4841 | |0 0 | kNm
' _Q0l 0
A’y =8 Ry Dy + A'py;
125 0 0 -0.8992] [ 0 11247 kN
= 0 005859 -0.46875 || 21.398 |+|-10 |=| -6.477 | kN

0 -046875 375 -4.841 16 -12.184 | kN.m.
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The axial force, shear force and bending moment diagrams can be plotted as shown in
Figure 5.67.

G.4TTKN
6.436
1563
5.F.0 B.M. 0
et T
. .26 KN
7
12.888 A _F. D
Figure 5.67
Example 5.18

Determine the shear force and bending moment diagrams for the beam shown in
Figure 5.68 (E1 = 10° kN.m%, & = 107/°%¢, K = 10 kN/cm).

J 5.0m,
1

e

Figure 5.68
Solution

The degree of freedom is four, which repreéentse A’BB'DBy and BC. However, if

the modified stiffness matrices are used for member AB and BC because of the hinges
at A and C, the unknowns are reduced to two, which are GB and DBy )

The actions-deformations relationship which needs to be determined is

Ap=Sgg Dp



where Dp =[DBy BB]T
Spe = S35 + SR8 +SBs

. 01 0
§ga=‘°4[ 0 }

0
JEI -3EI
) T A F ? . 0.13889 - 08333
S8e =Rpa SBg Rpa = =10
BB BB -3EL - 3E ~08333 5
L2 L
@ ‘G"E'I 011718 0.9375
S8 =Rfc $% Rpc = 8 82| i '
—ee TELEER T 6El  6El 09375 15
82 8
Therefore, Sgpis given by
oA oc ' 035607 0.1042
Spp = Sgg + S =10
01042 125
. 16KN.m v
20
0.6+ ~>5° KN (‘g P S — I‘Kﬂ%: T
aw ™. 15 t A
la.n KN 8.331 Twm GI
1 60 m. | N s.0m. |
-1 t T I
Figure 5.69

From Figures 5 69, the fixed end actions are obtained from
AI%BC = [' 10 6]T ' AI?‘BC :[6 O]T
] T . 1 e B
A%, p=[8333 off . AL, -[8333 soff

The equivalent joint actions are obtained from

467
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€ _ T 1] T 1Q
Ap =-Rpe A'ppe -Rpp A'rga

10| |-8333 -1.667 kN
ey | so || -66 | kNm,
The actions-deformations relationship is, thus, given by
-1.667 10 0.35607 0.1042 DyB
- 66 0.1042 12.5 ST
The solution is [D).B GB]=10'4 [-3.1442 -5.25379]

The members end actions are obtained as follows:

1 - QoA [1s]
A'ps =S'pg Rpa Dp +A'pgy

0.13889 -0.8333 (| -3.1442 -8.333 -4392| kN
= “+ =
—0.8333 5 -5.25379 50 26.351| kN.m.
t — C [l
A'pc =SB Rpc Dp +A'gpe
011718 -0.9375 3.1442 -10 -4 706 kN
— + =
—-0.9375 7.5 -5.25379 16 -26351 kN.m.

The shear force and bending moment diagrams are shown in Figure 5.70,
which are the same results as obtained previously in Chapters 3 and 4.

439

. eo T T e

B.M. D.

Figure 5.70
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5.7.4 Nonprismatic Members

The stiffness coefficients for nonprismatic members can, in general, be
determined using the integration procedure as explained in slope deflection equation
method. However, for general nonprismatic members, the integration procedure is
very lengthy and difficult. One way to simplify the analysis is using the column
analogy method as explained in Chapter 3. The analysis becomes much easier if the
nonprismatic member is considered to consist of several segments and each segment
is prismatic which has a constant cross section area and constant moment of inertia.
The nonprismatic member in this case is called a stepped member, as shown in Figure
4.71. One can determine the stiffness coefficients for a stepped member by either the
slope deflection equation method, column analogy method, flexibility method, or
stiffness matrix method.

In using the flexibility method, the flexibility matrix is determined at one end
of the nonprismatic member due to unit actions applied at this end. The inverse of the
flexibility matrix provides the direct stiffness matrix at the same end. The rest of the
stiffness matrices are determined from the equilibrium equations.

In using the stiffness method. one may consider the joint at each step of the
nonprismatic member as a free joint, and the solution is obtained as was previously
given in Section 5.4. However, one shall have a structural stiffness matrix of large
dimension if the nonprosmatic members consists of many segments. Another
approach is to analyze each nonprismatic member as an independent structure by the
stiffness matrix method in order to determine the stiffness matrices at the ends of the
member.

Consider, for example, the nonprismatic member ij shown in Figure 5.71. The
end joint } is kept fixed, and it is required to determine §iji' Treating the member as

an independent structure the actions-deformations relationship in the global
coordinates is given by

(AT s sy 0 0 e D]
AL IS 8§ 8, o0 0 D
Ay|=] 0 Sy §22 §2n 0 ||D, (5.122)
—A‘“ 0 Q §n2 §nn §nj D_n
Al e 0 0 S, SRILY.
Y
J 3  p—————————a—
h n 1 1 I

Figurc 5.71
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By applying the boundary conditions for D and zero actions at joints 1, 2, and

n, one has the following relationships:

Ai éi §.[| §il Q [_) Di
Al 1 IS S Sz oDy
Ayl ] @ 0 Sy Sp 85|22
én 0 0 0 S.nZ §nn D,
Aj =§jli b, +[Sil 0 9] [I—)l DZ gnr (5.123)
Q _S.h §11 §|2 (_) erl
O1=1 0 ID;+|Sy; Sy 8y, (I Dy (5.124)
Q Q (_) §nz §nn“_D-n
Therefore, one has
-1
D S;1 8§, 0 Sy |
Dy =-183; Sz 8y 0 |D; (5.125)
Qn Q _Snz §nn 9 i
S, S, 0 ' Ts
211 12 = L
1
Aj=18l-s) 0 0]js, S, Sy, 0 D (5.126)
9 §n2 §nn _(—)

p

Tt is obvious that the net matrix between brackets in equation 5.126 represents
§fi expressed in the global coordinates, which is the same as §iji in the local
coordinates. In order to determine the rest of the stiffness matrices, the equiltbrium

equations are used.
A
\ Mz Mz i Y .
Ax Ax
I i
Ay
| L

r r

Figure 5.72
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From Figure 5 72, the relationship between A;J- and A}, is determined as

1 0 0
. .
Aj=0 1 0 A;=E; Aj=E; §;Dy  (5127)
0 -L -1

This indicates that the matrix {E; §iji] 1s the 'same as the matrix §ji- In order

jj» One uses the following equalities:

to determine the matrices S 1‘1 and §

I = ’ “ ‘l '._
=Eji (8] Dy +8; Dy) (5.128)
Hence, one has
T_FE S
S,=E; § (5.129)
$,=8; (5.130)

Therefore, one obtains the stiffness matrix for the nonprismatic member ij in
the local coordinates. The stiffness analysis is then continued as usual.

If the nonprismatic member is subjected to direct loading, one has to
determine the fixed end actions A, and Ag;. They represent the reactions of
member ij which is fixed at i and j. Therefore, in Equation 5.122, when D, and D;are

zeros, and A, A, and A represent the equivalent joint actions at joints (1), (2), and

(n), determined for the prismatic segments (i)-(1), (1)-(2), (2)-(n), and (n)-(} as in
section 5.6, the fixed end actions in the global coordinates are obtained from:

-1

S S 0 AS
AT (ARl 0 0o s Sy1 Sy Sy | Az (5.131)
] —=Fj s v in
0 Sp2 Sma f.‘_:

The fixed end actions in the local coordinates, ;A_i:‘ij and A'Fji are then

determined using the transformation matrices.

It is obvious that if either of the joints (I) or (j) is a hinge, one may include the
moment release in the stiffness matrix of the nonprismatic member by considering the
release in the actions-deformations relationship of Equation 5.122. The same
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principle can be applied in determining the fixed end actions for a nonprismatic
member with a moment release.

In the previous analysis, one may separate the axial force and axial
displacement from the stiffness matrices. This will reduce the order of the stiffness
matrices to dimension of (2 x 2) for plane frames, instead of (3 x 3). The stiffness
coefficients corresponding to axial deformations are obtained from:

‘ 1
] —
S (L) = ——— (5.132)
[ 7 ]
E \\EA Jk
where k 15 the number of segments in the member.

Example 5.19

Determine the axial force, shear force, and be,nding2 moment diagrams for the frame
shown in Figure 5.73. (EA = 10’ Kip, EI1 = 10° K ft*).

0 KPS lwmps
N (2 (&) ben
= Et L
2€A EA
18 €l
€A
_"‘“_“)w:v- ‘
|
6 6 | & | s
1 y —
Figure 5.73

Solution

The boundary conditions are Dy =Dy =0. The actions-deformations relationship
which needs to be determined is

A;=S;;D, ; where, S, =§§2 +§%2

Therefore, S,,is obtained as follows:
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o 1 0] 05555 0 0
Ry ={-1 0 0 . 8$3=10" 0 20876  -18 5185
o 0 1 o0 S8 8188 12222 |
T20576 0 18.5185
! T gl 102 .
S22 =R385; Ry =107 0 0 3358 0
8sI8s 0 22222

To determine 522 for the nonprismatic member (2)- (3). first the element
S;z(l,l) is determined from
/ A
3 I o 3
= —— = — |0
(D 712 12 5 I8,
S o /
oy

Since the matrix 532 15 required, member (2)-(3) is considered fixed at joint
(3). The actions-deformations relationship for member (2)-(4) is

- -
,:—A—Z}={§éz §34 ‘ [—)2 ‘
Ayl Sy, §44_{94J

where, §,; = §34 + §34

Therefore, one has
1 -1
A =[§22 -8y 84 8y ]Dz
which means that
3 4 -1
$32=83; -8,, S84 Sy,

The calculations of these matrices follow

-1 0 20833 -12.5
BZJ = ' §‘22 = |01 ??
0 | -12.5 100
20833 1257
$3, =RJ, 83, Ryy =10 ” |
12.5 100

-20833 |25

T T o ;
S47= 834 =Ry, 8y, 3‘”:103[-125 100
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8§34 =10
-12.5 100 4.1667 333333

2 4] 20833 -125 3 4106944 41667
844 =10 :

2777 -8333 »
. Sy

4[0443  0.0277
-8.333 133333

S, =82, +83, =10%

TR 00277 0.00923
0.16 2.4036

I _gd -1 i3

87 =814 =8, 84y 84, =10 [ :(

2.4036 423067

020576 0  1.85185 00555 0 0

=gl I _1n3 3
§,,=Sh, + 83, =107} 0 00555 0 |+10'| 0 01602 24036
185185 0 22222 0 24036 42306

026137 0 | 85185
=103 o 0.2157  2.4036
1.85185 24036 645289

The fixed end actions for member (2)-(3) are determined according to
Figure 5.74 as follows:

30K 130»(
(2) {&) ji( 3}
l15K lYazm j1ex
45 u.n.((z) %=; —_ JFm.)as kAt
Figure 5.74

Fl

Asp| [872 8y 0| O

AS |=|S4; Sy
4

Asp 0 S3y S35 (L0

where AS =[-30 ofT

Therefore, D, is obtained from

D, =S, AS=10"[-13.2923 -0.8307]"
4=y A= -1 :

The fixed end actions are
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Ayp=S,, D, =[173078 124.616)"

Ayp=S;, D, =[12692 -69.2296]T

where A,pand Ajp represent the fixed end actions for Figure 5.74 (b). The
equivalent joint actions are obtained from

-17.3078 [+|5 -32.3078 | kN
Aj=-Ay-Apy = - =
124616, +45] |-169.6158 | kN.m
126921 T+18] [-27692 kN
A§=-A3p-Ap; = -1 =
| : 692296 - 45 114.2296 | kN.m.

where Ag,y and Ap;; are calculated from Figure 5.74 (a). Thus, the deformations at
joint {2) is obtained from

A3=8, D,
The solution s
D] =107[-5475  -235822 7.727]

For member (3)-{2), the local coordinates are the same as the global
coordinates at joint (3). Thus, the member end actions are obtained from

2
A3 =A3; =833 D3 +8,, Dy +Agyp

where Ap; 15 the fixed end actions using Figure 574 (a). This means that
Apy =-AS

Al =[3042 46898 -335272]
Similarly, for member (1)-(2) one determines the end actions from

2
Ap =S D +8,D; +App
=[-3.0422 13.101 -15.548]"

From the end actions at joints (1) and (3), the internal actions diagrams can be
plotted as shown in Figure 5.75.
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WK 30K 335.26 104K 2.04
l L R i 4+ HAIHIN|
Tas.asa K
3.04 )‘5'5“8 8 131K AF. D
131
131K
+ .
I - i
16.89
46.§98K
104 >:FD 15.548 KA.
Figure 5.75
Example 5.20

Determine the bending moment diagram for the frame shown in Figure 5.76. (EA =
10° Kips, EI = 10' K.f7).

30K 0K
L (D) (4) (3
I JEI €t
264 EA
TEE
I
{1) ~lexr \
J v . . v
§ 3 8 s
1 g t \ T

Figure 5.76
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Solution

The degree of freedom is four which represents three deformations at joint (2) and one
rotation at joint (3). However. one may disregard the rotation at joint (3) by
modifying the stiffness matrix of member (2)-(3). In this case, the actions-
deformations relationship is

el o3
83 =8;,+8y

sl,=102| 0 05555 0

20876 0 |8.5|35]
|
\
185185 0 22222 |

i0?

W(@")

sP =

To determine the rest of the element of matrix 535 . one has

[Al}: S S P—)l]
Ayl |8y Sy LDy

where S, =§fu + §3i

For A, =0 one has

g2 =103|'20333 -125]
ST 2s 00
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84 =Ri; 83 Ry
-1 0 3|-0.1736 &2.083|/-1 0 3 0.1736 2.083
= x 10 =10
0 1 -2.083 25 0o 1 2083 25

22569 -10.4167 0.72 0.06
§44=§i4+§gi=103[ ] , 8as=10" [ ]

-10.4167 125 0.06 0013
Therefore,
2.0833 12.5 -2.0833 125|[0.72 0.06 |[-2.0833 -12.5
93 =103 -10%,
125 100 125 50 {|0.06 0.013|| 125 50
_103[005213 125
- 1.25 30
. 0.05213 1.25
s =103
=32 [-2.5011 -60]
0.26125 0 1.85185
Sy, =8 +85 =10 0 0.10763 125
185185  1.25 52222
0K lwﬁ
(2) (&) (3
WAS
‘1‘K 15 10625K 9.375K
" ws/lNers |
1— \Gf AN
“5 35625 9.37%
d N5 ke |
oS
Figure 5.77

From Figure 5.77, the fixed end actions at joints 2 and 3 are determined trom

1

Axp| |82z Syy 04 O
AL |=842 Sy Si5 || Dy
. 1

A 0 83 S3|L 0
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where AS =[-35.625 22517, and Ap and Ay are the fixed end actions using
Figure 5.77 c. They can be determined as follows:

D, =S Ay=107[-27 -243)7

Ay =S, D, =[25875 216]"

o -0.1736 -2.0833 9.75] Kips
Ajp= 85, D, = D,=

0 0 0 | KA
AS = Ae. A -25.875] [15] [-40875] Kips
STOTRECER 916 | 45| | -261 | KA
-9.75] [9.375] [-19.125] Kips
Aez'A -AO = - =
=37 SSF TR { 0 }{OJ [ o | kf

where Ap,, and Apq, are the fixed end actions using Figure 5.77. Therefore, the
final actions-deformations relationship 1s

0
Ay =|-40875|=8,, D,
-261

The solution for D, is
D] =107 [-61.636 -480.7608 8.6954]
The member end actions are determined from.

2
A =8 D) +8,, Dy +Apy,

-0.2057 0 -1.85185(| - 61.636 -3.424 | Kip
= 0 -0.0555 0 -480.7608 |=| 26.682 | Kip
1.85185 0 1111 8.6954 -17.526 | Kip.fi.

since —Dl =g, and AFIZ =g.
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. _ @02 a )]
A3 =833 D3 +83 D, +Ags,

-0.0555 0 o[- 61.636 0 3.424 7 Kip
=| 0 -0.05213 0/|-480.7608 {+|19.125|=33.318| Kip
0 0 0 8.6954 0 o | Kips.

where A%, =-AS.

The axial force, shear force, and bending moment diagrams are shown in
Figure 5.78.

‘ BNAK
. T+ oo 425
LXK
3.425,
311.&7 Ko A.F. D
26.705 X
26.705 X
26.705K
+
79.63K0 .
1) _ 79.63 +
v MO0sKA  20654K#
s.F. D. B.M.D
3.425
17.47
Figure 5.78

575 Series Connected Members

When a structure consists of a set of mambers connected in series such that
each joint is connecting two members, the structure has a high degree of freedom.
Examples of these kinds of structures are given in Figure 5.79.

The analysis of these structures by the stiffness method is time consuming due
to the large dimension of the stiffness matrix. Since these structures, at most, have
three degree of static indeterminacy, and because of the lengthy integration if the
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Figure 5.79

flexibility method is used, one may combine the systematic analysis of the stiffness
method, and the small number of unknowns in the flexibility method. The resulting
method is called the mixed method.

Consider members i-j and j-k in the structure shown in Figure 5.80. The
actions-deformations relationships for member i-j are

K
Figure 5.80
Aj=S8i Dy+ S Dy (5.133)
From Equation 5.134 one obtains
D-- =§J‘J [ﬁp -s'.i. D;j
FnA FBSJIQ {5.135)

where F 1 is the flexibility matrix of member i-j in the local coordinates.
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The relation between A‘ii and A;j is obtained from the equilibrium principle,

using Figure 5.81, as follows:

M
Figure 5.81
L 0 0
Ay=0 1 0]A;
o -L -1
=Ej;i Aj; (5.136)

From Equations 5.135 and 5.136 one can obtain a relation between (_D'J.i ’A'ji )

and (Q'U ., A'.}as follows:

D. _ oo ! i . '
2 ||~ Fy 8 FE; f—).'i} (5.137)
A 0 1 E; |4y

[l
(-l 0 0. Lo 0
! EA . )
0 -1 L, 0 %I— 3];:—1
D | D'..
it { -LT oLz (5.138)
AL 6 0 1, 0 — — [|A" :
et L I . 2EL __EI_|[=1%
0" 0o o 0
0 0 0! 1 0
0 0 0ol 0 -L -1 |
The above relation is expressed as
L D‘--
= ji = ij
-Pl=g, |-t (5.139)
[Aﬁ "‘[Au}
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in which G;; is 2 matrix of dimenston 6x6 as given in Equation 5.138, for member i-j.

Similarly, for member j-k one has

Dn D"
) =G, — Kk (5.140)
Ay A

In order to relate [_D'}; EA'};]with [Q'?; EA?;] one has to transform

b}'} EA'}; into the coordinates of member jk at joint j. This can be done by
applying the compatibility and equilibrium conditions at joint j in the global
coordinates. The compatibility conditions at joint j in the global coordinates are

D}k =Dji (5141)
Thus, one has
v T pe
l—)Jk = Bjk BJ| jS (5-142)
The equilibrium conditions at joint j in the global coordinates give
Aj=Aj +Ay
Therefore, A ik and A' ik 2re obtained from
é_lk =A| -é.“ (5143)
Substituting from local coordinates equations, one obtains
[ T 4.
Ajk"Bjk Aj'Bjk BJIAJ] (5.144)
From Equations 5.142 and 5.144, one obtains
D' R, AT : 0 . 0
- Jk Dk 2 1 = —M) -
..._;-¢ 3 __J--7—1|_1--——-—__¥ ——'J_ +|-——-——- (5145)
Ay 0 D -Rj Rji||A5i] [Bx Aj
Substituting Equation 5.139 into Equation 5.145 one has
D D L
__‘_- :uJ QI.J ——|— +| =" (5146)
Ak A5l (R Ay

where Uj is given by
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T |
Ry R 0
y; ={:—_JB__TJ'_.E _____ ~ ,____r.:l (5.147)
t

By repeating Equations 5 146 for all members connecting joints 1, 2, 3, .4, j, j,
..n, one has at the last joint n the following relationship:

‘‘‘‘‘ =G nen Un )Gty -2 Ua2)G 02y, (no3) - ij( ]QJ‘

Ay

D.
_G_3|2 (QZ)QZ'll}_l}}
¢
G- l)([—Jn I)G(n 1).(n-2) ,. Z)G(n 2).(n-3)- 843 (_1)G32 [il— _____ ]

| Ry A,
0
+Q(n),(n—l) (!n-l)g(n-!)_(n-Z) (Qn-z)---_qm (Q-l)g.}_:'. [__"_;':l

R A
0
S S [
0
*Gmy.n-1) {R‘(“_‘D‘; ‘;(‘n‘ﬂ (5.148)

It is obvious the simplicity of programming Equation 5.148, Since both U and G
matrices are of dimension 6x6, the result of the multiplications is of dimension 6x6.
The final results of Equation 5.148 can be expressed as

G | G D C
N et L et | Bl R Y _—_1.] (5.149)
Gur ' G JlAL ] |G

The solution of Equation 5.149 is obtained by specifying the boundary
conditions, For all types of boundary conditions one always has six linear
simultaneous equations in six unknowns, which can easily be solved. For example, if
the structure is fixed at both ends one has Q‘n‘(n_n =I_)'l_2 =0. Thus, Equation 5.149

can be written as

0=G 1A'}, +C, (5.150)
Aven =Gun A +C (5.151)

Equation 5.150 is solved for A’} , and A’ is obtained from Equation 5.151.

n.(n-1)
By the determination of the reactions, one can determine the end actions and free
deformations at every joint by using Equation 5.146. The obtained results are in the
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members’ local coordinates, and they can easily be transformed into the global
coordinates.

The above approach is called the transfer matrix approach and can easily be used
to solve polygonal frames, arches, or circular structures. Whatever the number of
members in the series, the final equation 5.149 always provides six linear
simultaneous equations in six unknowns. In fact, using this approach to solve arches
or circular structures is the first application to the popular finite element method, and
can be realised from Figure 582

Figure 5 82

Example 5.21

Determine the bending moment diagram for the plane frame shown in Figure 5.83
(EI = 10° kN.m%, EA =5 x 10" kN).

B oun -
100K ™

() {4) -
6om.

) L (s) —Jr_

8.0m. 8.0m. J

1

Figure 5.83

Solution

If the stiffness method is used to solve this frame one has 9 degrees of freedom, while
the mixed method shall provide six equations in six unknowns. By the mixed method
one has



D' D
= =G6,,U,G6,;U,6G,,U,G [-—-,'—2-}+G- U,G. [ ------- }
[A ] Loy Uy 33y Yo e A, s Libys Ry A,

which can be evaluated as follows:

00 0 -08-06 0
Ry =|-1 0 0| ., R,=06 -08 0
0 01 0 0 I
[-06 08 0,0 0 0]
~08 -06 010 0 0
v.=|-o__¢ Lo 0 0
=270 0 0 0106 -08 0
0O 0 0i08 06 O
| o o 00 0o -1 |
-1 0 oni2x103 0 0
0 -1 6! 0 -36x107%-18x107°
G...l0 0 1 0 —18x107% —6x1073
L5 0 Bl B ittt [ I e b=
70 o ar 0 0
0 0 0! 0 1 0
o 0 o o -6 -1
08 06 0 .08 06 0
Ry, =|-06 08 0 . Ry, =|-06 -08 0

0 0 1 0 0 1
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~-028 096 0 O 0 0
-096 -028 0§ 0 0 0
V. =|--9-cooC 0 ___1; 0 .1 0 ____ 0
=371 o 0 01028 -096 0
0 0 0109 028 O
0 0 0! 0 0 -1 |
-1 0 0i2x107° 0 0
0 -1 100 0 -1667x10"* -5x107*
G 0 0 1, 0 -5xli07* ~10x107*
U2 -5 i st
' 0 0 0 | 0 0
0 0 0! © 1 0
|0 0 0: O -10 -1 |
08 -06 0 01 0
0 0 1 0 0 1
-06 08 0/0 0 0]
-08 -06 o} 0 0 0
U =l-0__ .1 0 __ 1,0 __| 0___ 0
=4 0 0 0,06 -08 O
0 0 0i08 06 0
| o 0 0!0 0 -1 |
(-1 0 ol2x10% o 0
0 -1 100 0 -167x10"% —5x10™*
Guaz|0_ 0 11 0 _-5x107 - 1074
2437570 00 1 0 0
]
0 0 0' 0 ] 0
L0 0 01 0 ~10 -1
Gss=G,,

Substituting, one obtains

1 0 -16, 0.0085
| 01-0.0173

1
i

0
0 0 ]J—0.002S6
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0.0173  0.00256 |
-00182 -0.00216
-000216 —-3.2x107*4

0 0
-1 0
0 -1
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-08 06 0|[507 [-100
Ry, Ay=|-06 -08 0 [-100(=]| 50
o 0 1]] o0 0

0
Gs, U, Qu[

} [0.06458 -0.2728 -0.0456 -100 -5 -200]
Ry A,

The final substitution provide the following matrix equation:

[1 0 -16 ! 0.0085 0.0173 0.00256 | [ 0.06458 ]
0 1 oé 00173 -00182 -000216 ~0.2728
{Ds} 0.0 1 1-00025 -000216 -32x107* [9] | 70-0456
Agl oo o3 - 0 0 ALl |-100
!
00 01 0 -1 0 -50
00 o] -l6 0 S |-200 |

{254}_ Gy G {212}{21}

Asy UG G LA C,

The boundary conditions are D's, = D',, =0. Thus, one has
=GiyA'L,+6 which gives

A", =-Gi 1 € =[25.21 1028 -1097]"

~ — T
A =Gy A, + €, =[-74.79 -60.28 214.33]

The reactions at joint 1 and 5 are shown in Figure 5.84.

The end actions at joints 2, 3, and 4 can be obtained by substituting into the
previous relations. The deformations and end actions at joint 2 in the local
coordinates of member 2-3 are given by

D7, =[-00012 000128 -00012]

AT =[-2335 14 5.71)
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1097 ( — =10 28 KN 60.280 —o 214.33 KNm.

25 11KN I?L,TSKN

Figure 5.84

The deformations and end actions at joint 3 in the local coordinates of member 3-4 are

D, Dy [0 |
[A. }QJ st[A. 1 Res A
Ay, Ay [Ryy A

DT, =[-0.0149 00036 729x107]

AT, =(-93.1 2366 -89.29]

The deformations and end actions at joint 4 in the local coordinates of member 4-5 are

D'} =[-0.00086 -0.00158 -0 0022)

ATs=[-7479 -6028 147.31]

The axial force, shear force, and bending moment diagrams can be drawn as shown in
Figure 5.85.

Example 5.22

Determine the reactions of the plane frame of Example 5.21 if the supports at joints 1
and 5 are hinged as shown in Figure 5 86,

Solution

The final equation from the previous example is
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09.3&93.1

/ et
*

-~
son{ 318 u.nq-;s.rs

- "N

10.97 y S
( 1026 KN 60.28 ) 763
—— -
' 1 25,21 KN %R
KN %.97
AFD.

#
23660
6028
-+
102 KN —
5. F D B MO
Figure 5.85
I 0 -16 0.0085 0.0(73 0.00256 | ( 0.06458 |
0 | 05—00173 -00i82 -0.00216 -0.2728
D', 0 0 1 1-000256 -000216 -32x10~" [ —0.0456
—_—— =} :— ——————————————————————————— —_—— i+
Algy 0 0 0 -} 0 ] A, ~100
]
00 01! 0 -1 0 -50
i
00 0! -1I6 0 -1 | -200 |

The boundary conditions are D‘]x = D'h, = M[I = 0and D'Sx = D'sy = M52 =1{.

Therefore, collecting the unknowns at joint 1 one obtains
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Figure 5.86

0] [-16 00085 00173] 6, | [0.06458
o|={ 0 -00173 -0018 ||A",|+|-02728
o] Lo -16 o Jlay,| | -200

The solution is obtained as

' ' T _ -3
8, Ay, Ay, 1T =[-7823x107 125 3.107]
Similarly, collecting the unknowns at joint 5 one obtains

8 | [1 -000256 -000216 | 6, | [00456] |-92.11x10" | red.
Alge =10 -1 0 Ay, [+] <100 |=]-112.5 kN
Ayg| [0 0 -1 Ay | L -50 | {-53.107 kN

The obtained reactions are shown in Figure 5.87.

SO KN

= )WOTEN 83107 ——

P n2.5xn

Figure 5.87
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5.7.6 Shear Deformation Effect

In all previous sections, the shear deformations have been neglected. This is
true in most one-dimensional structures where the member length is very large as
compared with its depth. 1In some situations, however, the member either sustains
heavy shear force or its depth is so deep that shear deformations have a significant
effect on the analysis. The shear deformation effect should be considered when the
span/depth ratio is less than 6, as can be realized from Figure 5.88, where p represents
the ratio between the total deformation which includes shear deformation and the
deformation due 1o bending only.

Figure 5 88

In order to include the shear effect in the stiffness matrix, one has to calculate
first the flexibility matrix considering shear deformations. For member ij, which is
fixed at i and free at j, as shown in Figure 5.89, the flexibility matrix has been
obtained in Chapter 2 as follows:
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i :
L 0 0 0 0
EA 3 2
L
0 (—=—+ L 0 0
GA, 3EI 2EL
L3 .12
0 0 Ly o Loy
_ GA,, 3EI 2E1_
P = YL (5.152)
V1o 0 0 0 0
G
2
0 0 L L
2EI, El,
2
0 L 0 o o =
i 2EL EL,

P
e
/A; Ax

Mz

_.'..-Ml

_‘l‘rt.dl_

Figure 5.89

For a rectangular cross section of width B and depth D one has

D2 2
L | Q; dy (5.153)
Apn 1> B
B/2 2
' d
' =j Q; Y (5.154)
Ay ILB

where Q, and Qy are the first moment of area of a section about the neutral axis.
Values of A, for some typical cross sections are given in Table 5.1.

The stiffness matrix §'ijj is obtained from the inverse of E‘}j. The stiffness

matrices §'i-i,§’ij.and Sji are then obtained from the equilibrium principles as

described in section 5.7.4. For example, in plane frame one has

AIij =Ej; _A_.ji =E; SL Q.J‘j = Sji —D'ji {5.155)



Table 5.1 Reduced Area for Shear

Section A,
R
ectangular s A
6
Solid circular r -9-A
10
Wide flange Y _ Ag
i i_, Y124
An = Aw
ly A

Also, one has

Example 5,23

1

‘j — 1 — T
§ii *Eij§ji "Eij§ij

A"j =§_'}'g Q'jj +§'ij L)'j; =_E.ij (§'ji .D'ij +‘S"§i.i D.'ji )
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(5.156)

(5.157)

(6.158)

(6.159)

Determine the stiffness matrices for a member made of a rectangular section of width
50 ¢cm and depth 150 c¢m in a plane frame considering shear deformations. Compare
the results with those of neglecting shear deformations (I, = 0.140625 m*, E = 2x10°
kN/m’, EA=0.75E, L = 6 m).

Solutioh

When neglecting shear deformation, one has

[EA

‘j — o a—
85 =8 =

0 0
25 0 0
12EI, -6El, G
3 5 =10") 0 1.5625 -4.6875
L L
—-6El? 4E1, 0 -46875 1875
1.2 L
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250 0
o _ 6
§,; =8, =10°] 0 15625 -4.6875
[0 -4.6875 1875

When considering shear deformations, one has

r )
g |
el 0 0 \ 0.04 0 0
EA .
_ L 3 12|
Fi=l 0 ( L =10%] 0 2667 064
i GA_ 3El 2El |
o L L 0 064 021333
I 2E1, EL, |
250003 0 0 ]
§=(Fy1' =100 0 1 339266  -4.01795 |
0 -401795 I6.74|69J
25.0003 0 0
i _ a _1nbh 2
SL=Ey§)=10°) 0 1339266 -401795
0 -401765 7366
250003 0 0
§, =85 =100 o0 1339266 -101766
0 -401795 7366 |
250003 0 0
J B g =100 33
§%=E;8; =100 0 1339206 -4.01765
0 -401765 16.7399 |

Comparing the stiffness matrices, one finds thar the elements which include shear
deformations have difTerent values than the case of neglecting shear deformations,
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Exercises
Use the stiffness matrix method, approach 11, to solve the following problems:

1. Determine the axial force, shear force and bending moment diagrams in Figure
1 due to;

(2) the applied loading only |
(b) member AC is short by | cm.

(EA =0.5x10° kN, E1 = 10° kN.m?)

gom. IL‘

-

Figure 1

2. Determine the member forces and the deformations for the loaded truss shown
in Figure 2 due to a rise in temperature for member ED and DC of 20°C (EA
= 2x10% kN for all members, o = 107/°¢ ).

—T_ E l!;OHN

40em,

1 :

I T»
_L 3.0m. ‘1, 3.0m.

1

Figure 2
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3 Determine the shear force and bending moment diagrams for the beam shown
in Figure 3 due to the applied loading, a nse in temperature for member 2-3,
and a rotation at support [ as shown. (El= 10° kN.m?, o = 10°%/°¢ ).

=000 2rad S50KN C
ﬁo J ° o6m. —\
) A J R
|
1

J 25m, l 15m.
i T

-—
bly
o
3

Figure 3

4 Determine the member forces in the truss shown in Figure 4 due to the loading
and a vertical settlement at joint 5 of 1 cm downward (EA = 10° kN for all

members).
4
Eﬂ[
m.
1 4
s v SKN
3

200N
Oom. J 5.0m |
1 1 Y

Figure 4

5. Determine the bending moment diagram for the beam shown in Figure 5.

A 150 KN B on KN c o}

Figure §

6. Determine the bending moment diagram for the beam shown in Figure 6 due
to the applied loading.

7. Analyze the space truss shown in Figure 7 due to the applied loads, using the
given global coordinates. (EA = constant).
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72KN

A
. c__p_ ® A | N
i ) F-N
i 2t ! | 3om 3.0m |
hd - —t
J 2.0m | 20m | 20m |
A f — 7 +
Figure 6
¥4
\ 3(6.3,0
{6,3,012 - (6.3,0) SOKN
] 5(6,0,00 _

6(3,0,1)

SOKN

Figure 7

Determine the reactions and bending moment diagram for the frame shown in
Figure 8. (A =6in’, I =144 in*, E = 30000 Ksi).

B
107
W7 K
)

'V X’ 45 ¢
o

J_m‘ltd Luilw‘

T ! r )

Figure 8



9.

10.

11

12.

13.
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Determine the member forces in the truss shown in Figure 9 due to the applied
loads and a downward settlement at A of 0.5 inch. (EA = 1000 Kips).

Y &w'&
L33

y (10,15 ,10)

Figure 9

Explain the possible approaches which can be used in analyzing a structure
subjected to settlement at the supports. Make your discussion applicable to
any simple structure.

Determine the member forces in the truss shown in Figure 10. (EA = constant
for all members).

Figure 10

Analyze the truss shown in Figure 11 using stiffness matrix approach II, and
approach 1. (EA = constant for all members).

The structure shown in Figure 12 can be analyzed either as a series of
connected members or by using the stiffness method approach Il. Determine
the bending moment diagram using any of the methods for the structure due to
a vczrtical settlement of 2 inches downward at C. (EA = 10° Kips, El = 10°
K.ft).
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A2

1
|

[N

1 17 I 12
T -

8 ¢
! , 2 ! 1,A T
I

Figure 12
14, Determine the axial force and bending moment diagrams for the frame shown

in Figure 13 due to the loading and rise in temperature (K, = K; = B0 Kipy/ft.,
K3 = 100 K.ft/rad, EA = 10° Kips, E1 = 10° K.f?, a = 10%/°F).

4+ =100
'V__‘i 2K 1, "t aw )

1
. 561 SRl iy
12
|

€K
K3
K2

18

——t

Figure 13

15.  Forthe frame shown in Figure 14, the fixed support at C is allowed to slide on
the plane x'~x'. Determine the reactions and draw the axial force, shear force
and bending moment diagrams for the frame. (EA = 10° kN, EI = 10° kN.m?),

16.  Determine the axial force, shear force and bending moment diagrams for the
frame shown in Figure 15. (EA = 3000 Kips, EI = 12000 K.ft%).
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o B

t “om j' 40 m.

Figure 14

AL

25K

5.

Figure 15

17.  Analyze the series connected structure shown in Figure 16 and draw the
internal actions diagrams. (EA = 5x 10° kN, EI = 10° kN.m’).

< SOAN ——+-

60m,

6.0m.

3.0m. 80m.

Figure 16



18.

19.

20,

21

22,

23.

Analyze the series connected structure shown in Figure 17 and draw the
bending moment diagram.

Figure 17
Analyze the structure of Problem 18 considering that support E is a hinge.
Determine the reactions for.the frame shown in Figure 18. The fixed support

B is allowed to slide on an inclined plane as shown. (EA = 10° kN, EI = 10°
kN.m?).

Figure 18

Determine the reactions for the frame shown in Figure 19.

Determine the axial force, shear force and bending moment diagrams for the
frame shown in Figure 20 considering the moment releases at supports A and
C. (EA=3000Kips, El = 4.32 x 10° K./%).

Determine the bending moment diagram for the frame shown in Figure 21.
(EA = 30000 Kips, EI = 30000 K %, K, = K, = 3 Kip/in., Kq = 50 K ft/rad).
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4
|
1>
—

Figure 19

5 2R/ 1L, c
| e R R P N R A . |

A =W T

1A "3
A
’ |
1] .
o T T
Figure 20
5 j 2o c
32.0m
SO KN
10m.
-

ADm. Ll m,

Figure 21

24.  Determine the shear force and bending moment diagrams for the frame shown
in Figure 22 neglecting axial deformations. (EI = 10° kN.m?),
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B ch
3
10K e
L] [1
LY |
S
LMY , |
i 4
Figure 22

25, Determlne the internal forces in the grid shown in Figure 23. (Jx = 110 in*, I,
=400 in*, G = 10,000 Ksi, E = 30000 Ksi).

‘o

Figure 23

26.  Analyze the space frame shown in Figure 24 considering that the angle B =
0°. (Jy=50in%, I, = 100 in*, I, = 1000 in*, A = 10 in®, G = 10000 Ksi, E =

30000 Ksi).
F___v/ZOOOK in,
XO0in
_l__ ,J/

Figure 24
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27. Analyze the floor system shown in Figure 25. (I, =L, =1 m?, G = 0.4x10°
kN.m2 E = 10°kN.m").

Figure 25

28.  Analyze the frame shown in Figure 26 and determine its bending moment
diagram.

SOKN/m.
=TT _—1—| 100 KN 25 KN/m.
-+
10m 159 N.m. Az0.3m?
- ( 1z0.04m
LOm
*_noxu
| Az 0.42me A z0.42 I
!z006m® 12004
10m.
L [ l A
30m. 1.5m. 1.5m. l
— -t hd A
Figure 26

29, Compute all members internal actions for the structure shown in Figure 27 and
draw the bending moment diagram. (E = 30000 Ksi, A =5 in?, I = 50 in*).

30.  Determine the axial force, shear force and bending moment diagrams for the
frame shown in Figure 28, neglecting axial deformations.
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Figure 27

Figure 28

31.  Determine the axial force, shear force and bending moment diaigrams for the
frame shown in Figure 29. (EA =30000 Kips, EI = 100000 K.in®)

10K
Ay 1K/t B Lo

Figure 29

32.  Determine the internal actions for the grid shown in Figure 30. (GI, = 500
Ksi, El, = 3000 Ksi).
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¥
0K
1K/ 1t |

L X
20 |
—
Figure 30
33, Determine the degrees of static indeterminacy and degrees of freedom for the
structures shown in Figure 3|

i ]
1 r

\ﬂ“
S

L 11 : |

Figure 31

34, Determine the reactions in the grid shown in Figure 32. (GJ, = 600 Ksi, El, =

1200 Ksi).
A/ 14 B 1’ A C

7~ o A

e X

Figure 32
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3s. Analyze the space truss shown in Figure 33. (EA = constant).

Y fuN /sm
4 e JO KN
£0,10,0) 110,10, 0)
‘ (10,0,0)
10,0, X
/2
Figure 33

36.  Determine the axial force and bending moment diagrams for the frame shown
in Figure 34. (EA = 2000 K, E1 = 10000 K_ft),

-4 30
A
Ay
12
124
_JL__ o | B sk
Ta 21,24
7] ! 1
- A
€
g 4 J
—
Figure 34

37.  Analyze the frame shown in Figure 35 and draw the bending moment diagram.
(EA = 2000 Kips, El = 10000 K ft).
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CHAPTER 6 ADDITIONAL TOPICS
e

6.1 INTRODUCTION

This chapter presents some topics of interest to the structural engineers. First,
en introduction to the finite element method is given as an outcome of the stiffness
matrix method approach Il of Chapter 5. Second, the influence lines of statically
indeterminate structures are presented.  Finally, some examples are given utilizing the
computer softwares to verify some of the examples presented in this book.

62 ANINTRODUCTION TO THE FINITE ELEMENT METHOD

The finite element method is a tool to solve one-dimensional, two-
dimensional, and three-dimensional structures with approximation instead of solving
complicated partial differential equations. The structure is discretized into a set of
elements joined together at some points called nodes or nodal points. These nodes are
similar 10 the joints in the one-dimensional structures which were investigated in the
previous chapters. The nodes could be the common comers betweefi the elements, or
chosen between the boundaries of the elements, as shown in Figure 6.1. The
similarity in the concept between one-dimensional skeleton structures and two- or
three-dimensional structures, in terms of discretization is also shown in Figure 6.1.

A AV A A
el 777,

b AT
GRID STRUCTURE TRUSS STRUCTURE
ARCH STRACTURE
SOLID STRAUCTURE SHELL STRUCTURE

Figure 6.1
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It is obvious that in one-dimensional structures the element is a one-
dimensional member, as was analyzed in Chapters 3, 4, and 5. In two-dimensional
structures, the element is a two-dimensional plate or shell element. The three-
dimensional element could be a cube, prism, or a tetrahedron, either with straight
sides or curved sides, as shown in Figure 6.2

< 0O o =

TWO DIMENSIONAL ELEMENTS

A=

THREE OIMENSIONAL ELEMENTS

Figure 6.2

The solution of the finite element method is almost the same as the direct
stiffness matrix method presented in Chapter 5. Once the elements’ stiffness matrices
are found, these matrices are augmented according to the compatibility and
equilibrium conditions at every node. The free nodal displacements can be
determined after specifying the boundary conditions at the boundary nodes.
However, what interesis the analyst in two-dimensional and three-dimensional
structures is the stresses and strains not forces and displacements. Therefore, it is
necessary to relate the strains at a point within the element with the nodel
displacements.

6.2.1 The Relationship Between Strains and Nodal Displacements

The displacements d at any point of coordinates (x,y) in a plane element can
be related to the nodal displacement D, by

d=ND, 6.1)

where the elements of matrix N are function of the location of the point {x,y).

An easy approach to determine matrix N is to express d in terms of some
displacement functions P and weighting parameters q, as follows:

d=Pa (6.2)
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The elements of P differ from one finite element 1o another. The dimension of
the weighting parameters @ is preferably equal the number of the nodal displacements
of the finite element.

Equation 6 2 can, be applied at every node in the element to obtain

r T ]
Dcl !PF‘
: I
D | =1P"| ax=Cyay (6.3)
j :
LDC" k r_P:-lr_k

which indicates that the nodal displacements D, for the finite element number k,
which have nodes, |, ..., i, ..., n, are related to the parameters o by the matrix G,
whose elements depend on the locations of the nodes 1, ..., i, ., n, in the global
coordinates. For proper choice of global coordinates and the elements, one can relate
d to D, for any element using Equations 6 2 to 6.3 as follows:

-1
ay =€, Dy (6.4)
-1
d=PC" D, {6.5)
Thus N for any element is obtained from
N=pC" (6.6)

The inverse of matrix € exists when choosing appropriate displacement
functions for each specific element For the present introduction we shall deal only
with plate elements.

Example 6.1

Show how to determine N for the tnangular membrane element shown in Figure 6.3.
Solution

Any point of coordinates {x,y) within the element is subjected to the displacement u in

the x-direction and displacement v in the y-direction of the global coordinates.
Therefore, the nodal displacements at i, j. and k are given by

T _
Qc "Li vi uj VJ Uy vk]

The weighting parameters ¢ are chosen 10 be 6 « | as follows:
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Figure 6.3

=l ]
Qe =1 oy %y &y O O

The displacement functions which reiate d to ¢ are chosen to be in the form

1 x y 0 0 0
0 0 0 1 x y

Substituting into Equation 6.3 one has

_I.lir1 1 X; ¥i 0 0 O‘I.al—’
Yi 0 0 0 1 Xi Yi o
UJ' 1 Xj y_l 0 0 0 (0]
Vj ¢ 0 0! Xj }’J oy

Uy 1 Xk ¥k 000 s
\_Vk_ LO 0 0 lxk yk_‘ \_O‘.(,J

Thus, the matrix N is determined from the following equation:

U x, vy, 0 0 o'

N—[l x yOOOJ_]x. y; 0 0 0
T ]0 0 0 1 x y

b xy ye 00 0
0 0 0 1 xp yy]

L

The relationships between strains and displacements can be obtained using
Figure 6.4 which can be generalized into y-z and z-x planes as follows:



Y.
dyea dy
dy
v
Figure 6 4
_Adx_u+ d:tc-u_ém_l
X dx dx &x
oV
Ey—-(_;;
ow
82:5;
oy
Y xy Y\\='a7+a
u ow
szzyuz_az_"‘gx—
_ v Ow
T

where w is the displacement in z-direction.
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(6.7

Since the displacements d are related to the nodal displacements D, it is
possible to relate the strains g to the nodal displacements D,. Such a relationship is

expressed in general by
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- :
— 0 0
X
OiO
3y
00i
e=| o 5 O|ND.=BD, (6.8)
= 0
By ox
»
2 45 2
oz X
o &2
" Ta oy

Example 6.2

Show how to determine matrix B for the triangular membrane element considered in
Example 6.1.

Solution

The strains of interest in the membrane elements are ax,ey,and Ty since w = 0.

One thus has

- .
& Loy
e, | | P
. (‘}V (Pf u
E, |=|— = 0 —_
Yy & H
ol laal e 4
Loy & | &y %

But d is given by
U]_ N
d= VJ‘“BQ D.=ND,

The strains g are thus obtained from

€, o 1 0 0
e, |=|0 0 o 1iC'p,
Yy 0 1 0 1 ¢

The matrix B, is therefore, given by the following equation:
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N x, v, 0 0
- 0 0 0 i LY
61 0 0 0 0 |y v vy 0 0 0
B=l0 0 DOOIJ:OOJ 0 1 ox oy
¢ o I 0 | 0 3 3
I x, y, 0 0 0
__0 0 0 Ioxy Vi
6.2.2 Stresses and Strains Relationships

For a general infinitesimal element dv = dx dy dz, the stresses corresponding
to the strains of Equation 6.7 are given as

b
8 =P, 0,0, 1,1, T, (6.9)
where 6.4, and S, indicate normal stresses and T 1y, and rh,indicate shear

stresses as shownn Figure 6 5 Forthe linear elastic materials of our interest, the
stress-strain relationships are

|
Ey —E
- | )
€, s g, -va, -vo,
E7=—!‘(0' -Vg, - VvQ )
. E zZ LY ¥
_
Y
Yvr = G
P
77_‘ —’E' (610)
Y
ay
tyz = tay
tzy — "x
rzx tx2
Fd
Oz
x

Figure 6.5
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where E is the modulus of elasticity; G is the shearing modulus; and v is the Poisson’s
ratio. The shearing modulus is related to the modulus of elasticity by

G=—F
2(1+v)

(6.11)

Expressing the stresses g in terms of strains £ one has, in a general expression, the
following equation:

a=K(e-g,)+0, (6.12)

in which g, represents initial strains, g, represents initial stresses, and K is given by

- -
1 XY 9 0 0
l-v 1w
Vo1 X o 0 0
1-v 1-v
o BTS00
-v v [-v
K=o |V i—2v (6.13)
(1+v)(1-2v)}{ 0 o0 0 Q
2(1-v)
0 0 0 1-2v
2(1-v)
o 0 o0 0 1-2v
| 2(k-v) |
6.2.3 Piane-Stress and Plane-Strain for Isotropic Materials

If the element under consideration is in x-y plane and subjected to plane-
stresses or plane-strains, the stresses and strains in this case are

QT:ij o, t_\_y] (6.14)

e’ =Lx e, 1.\},] (6.15)

In case of plane stresses, the element is subjected to o, = 0. In this case, the
stress-strain relationship is obtained from Equation 6.10 as follows:

0
10 || (6.16)

If the element is also subjected to a change in temperature T, the initial strains become
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§I=[¢T aT o] 6.17)

where a is the coefficient of thermal expansion.

In case of plane strains, the element strain €, is zero but 6 #0. In this case,
the stress-strain relationship is given by

v
Oy 1 v 0 £y
oy =_I_E(LL Vo 0 ey (6.18)
Q+v)(1-2v)[1-v
1-2v
t Y
o ] 20-v - 7

If the plain strains element is subjected to a change in temperature T, the initial strains
become

el =[1+v)aT (+v)aT 0] (6.19)

6.2.4 Element Stiffness Matrix

In order to determine the stiffness matrix of any element, the principle of
virtual work is applied. This principle, as presented in Chapter 2, staies that the work
done due to a virtual displacement is equal to the strain energy due to this virtual
displacement. This can be expressed as

5D; A = {8 ¢"g d(vol) (6.20)

vol.

where A, is the actions applied at the nodes of the element. Substituting Equations
6.8 and 6.12 into Equation 6.20, one has

8D; A.= [ 5D BT[K(e-g,)+3,]d (vob) (6.21)

vol.

Equation 6.21 can be written as

A==l [ _BTgl_id(vol)}ge- [BTKe d(vo)+ [BT g, d(voh)  (6.22)

vol, vol. vol,

It is obvious that the equivalent nodal actions due to initial strains and initial
stresses are, respectively, given by
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Ay, =+ [BTKe,d(vol) (6.23)
? vol.

Ay, =- J‘gT G, d(vol) (6.24)
¢ vol.

The relationship between nodal actions and nodal displacements is, in general,

A, =[ 8" EBd(vol)} D, (6.25)

vol.

From which it is obvious that the element stiffness matrix can be obtained from

s= [ BT KBd(vol) (6.26)
vol.

6.2.5 Equivalent Nodal Actions .

Equations 6.23 and 6.24 gave, respectively, the equivalent nodal actions due to
initial strains and initial stresses. In this section, the nodal actions due to distributed
forces will be found. In continum structures, the forces could be distributed within
the body of the structure or on its surface. We shall indicate the body forces by g
kN/m® and the surface forces by q kN/m?. The work done by these forces, due to

virtual nodal displacements & D, in an element, is given by

W= [6d"g d(vol) + [5d" q d(area) (6.27)

vol. surface

Substituting Equation 6.5 into Equation 6.27 one has

W= [6D; NTg d(vol) + [8 D NT g d(area) (6.28)

vol. surface

Equating Equation 6.28 with the strain energy due to virtual displacements,
one realizes that the equivalent nodal forces due to body and surface forces are,
respectively, given by

A, = [NTgd(vl (6.29)
bady vol. -

A = [NTq d(area) (6.30)
surface -
surface
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6.2.6 Example 6.3

Analyze the plate shown in Figure 6 6, considering plane stresses, E = 10" N.em’ and
v=0

Solution
For clear itlustration, the plate is divided into only two triangular elements as shown

in Figure 6.7. Element | has nodes number 1, 3 and 4. Element 2 has nodes number
1,2 and 4. The two elements are joined at nodes | and 4.

Figure 6.6

{1} (1) {2)

(0,0) (&) & }) (&) (&}

Figure 6.7

According to the coordinates of the nodes with respect to global x-y axes shown in
Figure 6.7, the matrices C; and C; are determined as

(1 ooooo} \ode
000100
110000

C = }node4
000110
101000 \node ]

n

0001 01]




524

110000}
000110
1000
0111
1000
0101

}node 4

L]
~
il

}node 2

o O O —

node ]
. }

The matrices By and B; are, respectively, obtained as

010000
B=(0 0000 1|C!

001010

101000 0 010-10
B,=|0-10001| . By,=0-10100

110110 1011 0 -1

The stress-strain relationship for the plane stresses problem with v = 0.0 is thus

v 0 1 0 0

K=——|v 1 0 (=Ej0 | 0
1- )
Voo]TV 0 0 05

The elements’ stiffness matrices are determined from

S)=[B{ KB, d(vol)

( node 3 node 4 nodcl]

_hod _ hod rode
3 1 -2 -1 -1 0 }node 3
| 3 o -1 -1 0

E (-2 0 2 0 0 0

=20 -1 - 0 1 | g tnoded
S 0 1 I

o -2 0 ¢ o 2
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S, =[B] KB, d(vol)

T node 4 node 2 nodc ! |
——— ——— —e,
1 0 -1 -1 0 1 tnode 4
0 2 0 -2 o o) tnode
El-1 0 31 22 -
“a0l-1 -2 13 o .| tnode2
0 0 -2 0 2 0
I 0 -1 -1 o 1| inodel
L |
The structure stiffness matrix is obtained by superposition to have
" node 1 nodc 2 node node 4 ]
p— — —_— —
3 0 200 - 0 1) ode!
3 - 0 -2 | o fno%
-2 -1 30 0 0 10
0 - 13 0 0 o .z |}node2
E
§=E
-1 0 0 0 301 22 -
-1 -2 0 0 13 o .p|inodel
0 1 -1 -2 00 3 0
1 o 0 -2 -1 -l 0 3J“°‘1"’4

The equivalent nodal forces are determined from
Al =t|0 -500 0 -500 0 0
N ad B ey
node 3 nodc4  nodcl

The boundary conditions are D, = D, =0. Therefore, the final stiffness relationship
15

0 30 w2 1]y
~500] E; v 3 0 -1y,

o | 42 o 3 oflu,
- 500 a1 0 3|y,

The solution is obtained as
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5 _QI,,]=10-4 [0 -1 0 -l]em
Now, the stresses at any point within any element can be determined as follows:
c=Ke=KBD,

o;=KB, [D.], =[0 1000 o]

Q

2=KB, [De]z =[0 1000 0]

where [D ] =104[0 -1 0 -1 0 o
D[} =10%0 -1 0 0 o 0

The results indicate that the elements are subjected to tensile stress oy = 1000 kKN/cm’.

6.2.7 Displacement Functions of Some Membrane Elements

It was pointed out, in the previous sections, that the displacement functions for
& triangular membrane element are given by

(6.31)

where the weighting parameters @ are chosen to be 6 parameters. Another element
used for membrane structures is shown in Figure 6.8. The triangle in this case has six
nodes. The weighting parameters @ are thus chosen to be 12 parameters. The
displacement functions in this case are chosen as follows:

,J (632)

P_l X y:r(2 xy y2 6 0 0 0 0 0
T 0 0 0 0 0 0 1 x y x2 xy y

One also may use a rectangular element with four nodes as shown in Figure
6.9. The displacement functions in this case could be bilinear as

(3 (&) (N

) (5} ' L_u

(2)
{1} (&) 0O} (2)

Figure 6.8 Figure 6.9
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1 X 0 0 0 0
y o (6.33)
o 0 O 0 1 X y xy

If the rectangular element has 8 nodes as shown in Figure 6.10, the
displacement functions in this case could be chosen as

P_[lxywy2w2y3w300000 0 o0 0}
0

000 0 0 0 0 lxyxyxzxzyx:‘x:‘y
(6.34)
) 4(2 )]
® t®
® ) @
Figure 6.10

6.2.8 Stiffness Matrix of Rectangular Plate Bending Element

The displacements of interest at any node of the rectangular plate element
shown in Figure 6.11 are given by

T ow; oW,
De; =[“’i 9 ‘eyi] = i o o (6.35)
The nodal displacements of the element are thus

() (J) &

'% i 4“')

Figure 6.11
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T T T T T
b, =[Qci .ch Dy D 12x1 (6.36)

The strains at any point {x,y) within the element consist of the curvatures and are
given by

_n2 a2 132
T { d*w Ocw 20 W} (637)

('}KZ (}yz— Oxéy

The corresponding stresses represent the bending and twisting moments. They are
expressed as

2 2 2 ~2 2
gTznt_(M+ _a_w} _(ﬁ w+v (/ ‘;J (-1+v) 0 wjl (6.38)
\

3 VL3 2
ox 27 \ Oy~ x ox Oy
where
D=—tt (6.39)
12(1-v?)
Thus, by using Equation 6.37, one can write Equation 6.38 as follows:
1 Y 0
c=D|v | 0 lg (6.40)
2

The displacement function is taken as follows:

P=[I x y x2 o xy y? x° xzy xy 2 y? XYy xy3] (6.41)

where the deflection w is expressed as
w=Pa (6.42)

Now, substituting Equation 6,42 into Equation 6.35 and 6.36 one obtains C.
The displacements at any node i are, for example,

in which x and y are coordinates of joint i which are substituted by xjand y;.
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The relation between £ and D, is obtained from Equation 6.37 and 6.41 as follows:

0 00 -2 0 0 -6x -2y 0 0 -6xy O
€=|0 0 0 0 0 -2 0 0 -2x -6y O —6xy|a (6.44)
0060 0 2 ©0 0 4x 4y O 6x 6y

Matrix B is obtained from the inverse of matrix C and Equation 6.44, as follows:

2 0 0 -6x -2y 0 0 -6xy O
0 0 -2 0 0 -2x -6y O ~6xy|C}
0 2 0 0 4x 4y 0 6x 6y

-
"
o o o
o o o
o o o

(6.45)
The element stiffness matrix can then be determined from Equation 6.26.
6.2.9 Elements for General Solids
The stress-strain relationships for general solids has been given in Equations
6.10 — 6.13. In this section, the displacement functions of some popular solid
elements are given.

Tetrahedra with Constant Strain

The element in this case has four nodes as shown in Figure 6.12. The
displacements at any point (x, y, z) are

gT=[u v w] {6.46)

The displacement function in this case is

I x y 2z 0 0 0 0 O 0 0 0
P=0 0 0O 0 1 x y z 0 o o0 © (6.47)
6 00 o0 0 60 0 0 1 X

Tetrahedra with Linear Strain

The number of nodes in each element is 10, as shown in Figure 6.13. The
displacement function is

l xy 2z xy yz = x2 y2 22 0 0
P=f000 0O 0 0 0 0 0 0 lsimilar ...... (6.48)
000 0 0 0 0 0 0 © .. Jsimilas|
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{5}

(6} (4

(N

(8}
(2}

(1)

Figure 6.12 Figure 6.13
which has a dimension of 3 x 30
Rectangular Solid

The number of nodes in this case is 8 as shown in Figure 6.14. The
displacement function is trilinear and given by

1 x ¥y z xy yz = xyz O 0 0
P={0 00 0 0 0 0 0 0 Isimilar|] ... (6.49)
co00 0 0O 0O 0 0 0 .. |similar|

which has a dimension of 3 x 24.

(7 14)
[
|
[
(s) | ts)
(Bl — — F—=din
’
Y /
/
4
. (1) (2)

Figure 6,14
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6.3 INFLUENCE LINES
6.3.1 Introduction

In the design of a structural element, the designer looks for the greatest
stresses applied on the element in order to provide sufficient strength to withstand the
maximum stresses. Structures subjected to static or stationary loading are easy to
design since the critical section can be found directly from the internal action
diagrams. However, for structures subjected to moving loads, as in bridges, it is
necessary to investigate the positions of the moving loads which result in maximum
stresses. Moreover, the positions of the moving loads which cause maximum normal
stresses could be different from those which cause maximum shearing stresses.
Instead of solving such problems by rigeorous analysis considering all possible
moving loads positions, the problem can greatly be simplified by studying a unit
moving load. The variation of a specific internal action at a certain section can be
plotted according to the position of the unit load. From these diagrams, which are
called influence lines, one can determine the position of the moving loads which
cause maximum stresses at a specific section.

6.3.2 Definition

The tnfluence line is a ditagram. its ordinate at any point along the structure,
gives the magnitude of a specific force function due to a unit load at that point.

For example, the influence line of the reaction R, of a simpie beam is shown in
Figure 6.15. The ordinate at any point along this diagram gives the reaction R, when a
unit load is applied at that point. For statically determinate structures, it is very easy
to construct the influence Jines, as will be illustrated by some numerical examples.
However, the construction of influence lines for statically indeterminate structures is
more involved.

A J T r’1 “'z lpn

B Yy .

e -y o
1.0 " ¥3 ¥Yn
b h
[\F@z\

10 IIITE P

1L Rq %

Figure 6.15

The process of determining the maximum internal action caused by the
moving loads comes after the construction of the influence lines. 1f a set of
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concentrated loads is moving afong the beam as shown in Figure 6.15, then for a
selected position, the reaction at A is obtained from

Ra=Pryy+Ppys+..+Py vy (6.50)

On the other hand, if the moving load is distributed as shown in Figure 6.15,
then the reaction for a certain load position wouid be

R, =] (Pdx)y (6.51)

For a uniformly distributed moving load, the reaction is the load intensity
times the occupied area from the influence line.

6.3.3 Examples for Statically Determinate Structures

In this section, numerical examples on the construction of influence lines for
statically determinate structures are given. These examples serve as bases for the next
section.
Example 6.4
Determine the influence lines of the reactions at A, B, and C for the beam shown in

Figure 6.16. From these influence [ines, determine the influence lines of the shearing
force and bending moment at the middle of span AB.

4 G 3 3 C
& N Fomene 2
. 10m i .
. LR : ! :
——o . 80 20m._ 40m.
t e e o

Figure 6.16
Solution

The influence lines of the reactions are determined by finding the reactions when a
unit load takes various positions on the beam. If, for example, the unit load is located
at A, the value of R, is unity. If the unit load is located at B, the value of R, is zero.

If the unit load is positioned at E, the value of R, is ('§}~ When the unit load is

positioned at C, the value of R, is zero. The influence lines of R, Ry, and R, are
shown in Figure 6.17.

The construction of the influence lines for the reactions eases the
determination of the influence lines for the internal actions. The shear force at section
D equal to R, if the unit load is moving between D and C, and equals to (~Ry) if the
unit load is moving between A and D. Similarly, the moment at D equals to (3R,) if
the unit load is moving between D and C, and equals to (3Ry) if the load is moving
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between A and D. The influence lines of A, and M, at section D are shown in Figure
6.18.

10
M T =——rm— 1.L. Ra

0.331 KN
' o 1.333KN
—+ L I.L. Rp
/\OK'N
+ J L. Re
Figure 6.17

I, AVD
el — i LL Mzg
W
/’, ~
///, \\\
w - S~ s0KNa
KNo
Figure 6.18
Example 6.5

Determine the influence lines for the shear force and bending moment at section s for
the simple span bridge shown in Figure 6.19.

C d stringer
| % E— i | i | R I Pt —l i | i
A[ F - c;o:: Girder
ke | Main  Girder P
‘ 6X2 - 12.0m.
+ _ _.

Figure 6.19
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Solution

This is a typical structural system for simple span bridges. The moving loads’ effects
are transmitted to the main girders through the stringers and cross girders. Therefore,
the influence of the unit load on the main girder is only through these cross girders.
The influence lines for shear force and bending moment are determined from the
influence lines of the reactions at A and B.

When the unit load is moving between d and B, A, = 2R,, and M, = 4R,. When the
unit load is moving between A and C, Ay = Ry, and My = 6Ry.  The influence lines
of Ay, and M, are as shown in Figure 6.20.

~~ 1.0KN
— < LLMg
W
——m
&0 -——""'--—- =~ —
KNm T~
=~ &0XNm
Figure 6.20

Example 6.6

Determine the influence lines for members 1-2, 3-5, 4-6, and 3-6 for the plane truss
shown in Figure 6.21.

, (2) () |3 (5) (8) (10)
? |
L
. _ | .
I3} Y s (s) (n. PAE )
A 8
__-;___ N sl +.

Figure 6.21
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Solution

The effect of the moving unit load is transmitted through the floor system to the truss
joints. If the unit load is moving along the lower chord of the truss, then its effect is
transmitted to joints 1,3, 5,7, and 9.

From the equilibrium of joint (1} it is obvious that the influence line of member 1-2 is
the same as R,. By studying the equilibrium of the part on the left hand side of
section s-s, it is obvious that when the unit load is moving along the right side of joint
s, one has

A.x3—5 =+ 2R (tension)
Avie="R, (compression)
A'U_‘S =~1414R_ (compression)

If the unit load is moving towards the left side of joint 3, the forces in the members
are

A'xj_s =+ 2R, (tension)
A‘_‘_‘_‘S =-3Ry {compression)
A.xJ-ﬁ =+1414 R {compression)

The influence lines can then be constructed as shown in Figure 6 22

Figue 622



536

6.3.4 Examples for Statically Indeterminate Structures

It was shown in the previous section that the influence line of any internal
action can easily be constructed after determining the influence lines of the reactions.
A similar process is used for statically indeterminate structures, except that the
reactions are usually statically indeterminate. In some other structures, internal
members could be statically indeterminate. Therefore, one first has to determine the
influence lines of the redundants in the statically indeterminate structures.

Example 6.7

Determine the influence lines of the reactions R,, Ry and R for the beam shown in
Figure 6.23.

A
&S €l €l
|

B8 C
AN, AN
10.0m. L 15.0m.
I . ‘i‘

Figure 6.23

Solution

If R, is considered as a redundant then the equation of consistent deformation in the
force method is

A10+Raf“=0 ; R_=

AlO
a
f.Il
where Ajg is the deflection at A due to the unit load at position x, and fi, is the
deflection at A due to the unit load at A. However, from the reciprocal theorem one

has Aqp is the same as fy. Therefore, one only needs to place a unit load at A and
calculate the deflections fy, at various locations along the primary structure.

The deflection at various locations along the beam can be calculated by any suitable
method. The conjugate beam method is perhaps the fastest method in this example.
The calculated deflection is given in Figure 6.24. The influence line of R, can now be
determined by dividing all deflections by fy; = 833.333/El

In order to determine the influence lines of Ry and R; one uses the equilibrium
conditions. When Ry is written in terms of R, one has

25-x 25

LTI Y
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Figure 6.24
Similarly, R 1s obtained as

x-10 10
R = + —
¢ 15 15 2

The influence lines of the reactions are shown in Figure 6.25.

o 6167 Q. 0133 007

1.L.Rq

0. 144 KN

Q415

L.L.Rg

Figure 6.25

Example 6.8

537

Determine the influence lines of Ry and the forces in members 3-5 and 5-6 in the truss
shown in Figure 6.26 (EA = 252000 kN for horizontal members, and EA = 126000

kN for diagonal members).
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Y '
L 8
8X6 = 48.0m. J
' -1
Figure 6.26

Solution
DSL=m+r-2{=31+4-2(17)=1
Select the reaction at B as the redundant. Calculating the deflection at the lower joints

due to a unit load at B, the influence line of R, can be constructed as shown in Figure
6.27.

Fxy{em.)
T y 0.03:
o1 0.08gg 00843
I.L. Rp
0.34
10KN 08 0Lg
Figure 6.27

In order to determine the influence lines for the forces in members 3-5 and 5-6, one
finds the vaiue of these forces in terms of the reactions, as follows:

For member 3-5 one has

Algqs =" % R, {if the load moves towards the right side of joint 4)
' *12R 36R if the load ds the left of joint 4
AN3_5—-—§ b s e (if the load moves towards the left of joint 4)

The relationships between R,, R., and R, are
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- R
R =.38-x Tp for 0<x<48
a 48 2
Rcz"x_'sz for 0<x<48
48

The influence lines of the members forces can thus be constructed as shown in Figure

6.28.
1.166 KN \T\ | | |
| l | | LLA’ss
SANEE

LLA'ny

= -
24KN M

Figure 6.28
64 STRUCTURAL ANALYSIS USING COMPUTER

The principles of matrix structural analysis presented in chapters 5 and 6 can
easily be programmed for computer use. Cne has to be familiar with the
programming language of communicating with the computer machine, the numerical
techniques needed to program matrix operations like addition, subtraction,
multiplication, inverse and the solution of linear simultaneous equations. At present,
the substantial skills in software techniques have resulted in many professional
structural analysis and/or design softwares able to solve complicated structural
analysis problems using personal computers. Programs like STAAD-II/ISDS,
SAPS0, ETAB among many others are characterized by easy use. In these programs,
the user introduces the data of geometry, members properties, boundary conditions,
applied loading. and the type of analysis or design required. It became possible by
these softwares to solve large scate problems for different cases of loading in very
short times. Most of the structural analysis programs have also excellent graphic
capabilities to enable the user to check out the input geometry and to provide plots of
deformations, internal actions, and stresses contours in the structure.
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In this section, some examples are solved using program STAAD-NI/ISDS to
show first the werification of the results which have previously been obtained
manually. Secondly, 1o show the effect of the current practice in assuming the
distribution of floors loading on the surrounding beams on the accuracy of the
structural analysis of skeleton structures.

Example 6.9

This example is the same as example 5.14 of chapter 5. The geometry of the structure
is shown by the computer plot of Figure 6.29. The input file is shown in Figure 6.30.
The shear force and bending moment diagrams are given in the computer plots of
Figures 6.31 and 6.32. It is obvious that the results are in close agreement with the
results of example 5.14.

Example 6.10

This example is the same as example 5.17. The inclined roller support can either be
introduced as an inclined link as shown in Figure 6.33, or by rotating the structure
_such that the new x-axis coincide with the rofling plane as shown in Figure 6.34. The
input files of both cases are shown in Figures 635 and 6.36, respectively. The shear
force and bending moment diagrams of both cases are, respectively, given in Figures
6.37 and 6.38. The results are the samme as obtained in example 5.17.

Example 6.11

This example is the same as example 5. 19. The geometry of the structure is shown in
Figure 6.39. The input file is given in Figure 6 40. The shear force and bending
moment diagrams are shown, respectively, in Figures 6.41 and 6.42 which are the
same as obtained in example 5.19.

Example 6.12

The space frame with a roof slab shown in Figure 6.43 can be analyzed by
distributing the slab weight on the surrounding girders using the attributed slab areas
as shown in Figure 6.44, In this case, the problem becomes a one dimensional
skeleton space frame. The input file of this problem is as shown in Figure 6.45. The
bending moment about z-axis is shown in Figure 6.46. The bending moment along
girder 1-2-3 is shown in Figure 6.47.

This structure can also be solved by discretizing the siab into finite elements as shown
in Figure 6.48. The input file is given in Figure 6.49. The bending moment about z-
axis is shown in Figure 6.50. The bending moment along the girder of nodes 1-2-3-4-
5-6-7 is shown in Figure 6.51.

By comparing Figures 6.46 and 6.50 cne finds out that in the second case, the girders
are subjected to torsional moment which was not discovered in the first case due to
neglecting the slab-girders interaction. Moreover, these are difference in the results of
the bending moment of the girder and columns.
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1. STAAD PLANE VERIFY EXAMPLE 5.14
2. UNITS METER KN
). JOINT COORDINATES
4. 1 0.00.0 ; 2 0.06.0 ; 3 12,06.0 ; 4 12.0 0.0
5. MEMBER IRCIDENCES
6. 1123
7. MEMBER PROPERTY
8. 1 3 PRIS BAX 100000.0 IZ 1060000.0
9. 2 PRIS YD 0.6 ZD 1.0 AX 200000.0 IZ 200000.0
10. CONSTANTS
11. E 1.0 ALL
12. ALPHA 0.00001
13. SUPPORTS
14. 1 FIXED ;: 4 PINNED
15. LOADING 1
16. JOINT LOAD
17. 2 FX 36.0
18. MEMBER LOAD
19, 2 UNIFORM GY -2.5
20, TEMPERATURE LOAD
21. 2 TEMP 30.0 20.0
22. PERFORM ANALYSIS
PROBLEM STATISTICS
NUMBER OF JOINTS/MEMBER+ELEMENTS/SUPPORTS = i/

ORIGINAL/FINAL BAND-WIDTH = 1/ 1

TOTAL PRIMARY LOAD CASES « 1, TOTAL DEGREES OF FREEDOM =
SIZE OF STIFFNESS MATRIX =

42 DOUBLE PREC. WORDS

TOTAL REQUIRED DISK SPACE = 12.01 MEGA-BYTES

PROCESSING ELEMENT STIFFNESS MATRIX. 23:
PROCESSING GLOBAL STIFFNESS MATRIX. 23:
PROCESSING TRIANGULAR FACTORIZATION. 23:
CALCULATING JOINT DISPLACEMENTS. 23
CALCULATING MEMBER FORCES. 23
23. PRINT ANALYSTS RESULTS

Figure 6.30
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STAAD PLANE VERIPY EXAMPLE 5.17
UNITS METER KN

JOINT OOORDINATES

10,00.0; 24.03.0; 312.03.0; 4 -1.0 -2.0
MEMBER INCDENCES

1112 ;223 ;314

MEMBER RELEASE

1 3 START MZ

MEMBER. PROPERTY

1 TO 3 PRIS AX 100000.0 IZ 1.0
CONSTANTS

E 2500000000.0 ALL

SUPPORTS

4 PINNED

3 PINNED

LOADING 1

MEMBER LOADING

2 UNIFORM GY -2.0

1 CONCENTRATED Y -8.0 2.5
PERFORM ANALYSIS

B e e
OCUVDJANERWNRFOOEIRU R WD

PROBLEM STATISTICS

NUMBER OF JOINTS/MEMBER+ELEMENTS/SUPPORTS = i/
ORIGINAL/FINAL BAND-WIDTH = 3 1

-
"
"
-
L]
*
*
*
*

k¥,

TOTAL PRIMARY LOAD CASES = 1, TOTAL DEGREES OF FREEDOM

SIZE QF STIFFNESS MATRIX =
TOTAL REQUIRED DISK SPACE = 12.01 MEGA-BYTES

PROCESSING ELEMENT STIFFNESS MATRIX. 23:
PROCESSING GLOBAL STIFFNESS MATRIX. 23:
PROCESSING TRIANGULAR FACTORIZATION. 23:
CALCULATING JOINT DISPLACEMENTS. 23:
CALCULATING MEMBER FORCES. 23:

21. FLOT BENDING FILES
22. PRINT ANALYSIS RESULTS

Figure 6.35
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UNITS METER KN

. JOINT COORDINATES
10.00.0; 24.0323.0; 3 12.03.0
. MEMBER INCDENCES

113 ;21213

PERPORM ROTATION Z 26.56

. MEMBER PROPERTY

1 2 PRIS AX 100000.0 IZ 1.0
10. CONSTANTS

11. E 2500000000.0 ALL

12. SUPPORTS

13. 1 FIXED BUT FX M2

14. 1 PINNED

15. LOADING 1

16. MEMBER LOADING

17. 2 UNIFORM Y -2.0

18. 1 CONCENTRATED Y -8.0 2.5
19. PERFORM ANALYSIS

[ RN WV P SN

w

PROBLEM STATISTICS
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ORIGINAL/FINAL BAND-WIDTH = 1/ 1
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30 DOUBLE PREC. WORDS

SIZE OF STIFFNESS MATRIX =
TOTAL REQUIRED DISK SPACE =~ 12.00 MEGA-BYTES

PROCESSING ELEMENT STIFFNESS MATRIX.
PROCESSING GLOBAL STIFFNESS MATRIX.
PROCESSING TRIANGULAR FACTORIZATION.
CALCULATING JOINT DISPLACEMENTS.
CALCULATING MEMBER FORCES.

20, PLOT BENDING FILES
21. PRINT ANALYSIS RESULTS

Figure 6.36

23:

23

23

-
L
L]
4
*
L
L]
*
L]

STAAD PLANE VERIFY EXAMPLE 5.17 FRAME WITH INCLINED ROLLER SUPPORT

2/

24:54

:24:54
23:

24 :54

:24:54
23:

24:54

546



I BATA:
o - At
LR i
- 1
-l []
[ 3] 2
| 1
[ TERNERE N
T e
Tuare *e

L T RARY L

CawLt omuit

57

AADPD-PLOT (REV 18.0a)

FLILE FRARE WITH WL (MED SOLLER SUPMIRE

ORI

[, 414 L]

wil B, 9%

FERCTWL e ti
L LRV 3
L 3
LR 2
L L
- 2
L 1
A 1238
umts LA
Tmxe .“e

LT Na v

mig e

STAADPOD-RLOT (M. Woa}

e

WOLT AT 3.1 7 Pl BV MG el

BATE

LL L]

Figure 6.37

547



IR Bata:
T M
Nd = L]
-
e 8
e 2

n e 1
g na
AL 4] 58
FLTid) B.&

KOMEWT W) LHe 1

4=

CONPAMY. WMALT

LA h
STAADPO-PLOT (PEV: 18.00)

oLit iR 8 i
PAILL: PRARE WITH IMCLANER ROLLEA SupPOdt

Ve T
LT
e b
- 2
we 9
me 2
L Ll 1
g ”ne
3
[T T X

NOsERD WP Le: |

Il AW
STAADPO-PLOT (REY 6.0}

BalE  mad 1} 1

TUIRE:  YEMIEY [Eaaslil 317 Flanp Bi1H InCL im0

Figure 6.38

548



549

1 L0L0 s |
[E— t2 4 2.
l 4 4
2 3 4
T { o
ATRNC I Bata |
L Y i
s N '
- 1
-- 0 | |
e H :
- - '
1EkEe 0
Thaxs e AL !
Zmixe LN]
i
i
|
i
-
[ J .
I E—
L
AR 1)
Compant  xumact STAADPOD-PLOT (REY 1B Oa) DAIE mAR 17 1996
TiTLF (Bl EXaamE 3 00

Figure 6 39



L1
LL ]
*
4+
++

XX XS R 2R SRR NSRS E R SRR 2R AR LA R 2 a )
L3
. STAAD - III
* Revision 18.0a
. Proprietary Program of
* RESEARCH EMGINEERS, Inc.
- Date= MAR B8, 1956
. Times 21:13:22
L]
XX EZ I T NAER ISR EZ AR A AR SR A SRS RS RN]
1. STAAD PLANE EXAMPLE 5.19
2. UNITS FEET XIPS
3. JOINT COORDINATES
4. 1 0.0 0.0 ; 2 5.0 18.0 ; 3 12.0 18.0 ; 4 24.0 1
5. MEMBER INCIDENCES
6. 112313
7. MEMBER PROPERTY
9. 13 PRIS AX 1.0 IZ 100.0
9. 2 PRIS AX 2.0 IZ 300.0
10. CONSTANTS
11. E 1000.0 ALL
12, SUPPORTS
13. 1 4 FIXED
14, LOAD 1

15. MEMBER LOAD

16. 2 CONCEN GY -30.0 6.0
17. 3 CONCEN GY -30.0 6.0
18, PERFORM ANALYSIS

PROBLEM STATISTICS

NUMBER OF JOINTS/MEMBER+ELEMENTS/SUPPORTS = 4/
ORIGINAL/FINAL BAND-WIDTH = 1/ 1

TOTAL PRIMARY LOAD CASES = 1, TOTAL DEGREES OF FREEDOM =

ke dd
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LA L X3

8.0

3/

SIZE OF STIFFNESS MATRIX = 36 DOUBLE PREC. WORDS

TOTAL REQUIRED DISK SPACE = 12.00 MEGA-BYTES

PROCESSING ELEMENT STIFFNESS MATRIX.
PROCESSING GLOBAL STIFFNESS MATRIX.
PROCESSING TRIANGULAR FACTORIZATION.
CALCULATING JOINT DISPLACEMENTS.
CALCULATING MEMBER FORCES,

19. PRINT ANALYSIS RESULTS

Figure 6.40
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1 0.0 0.00.036
4 §.00.013.0 ;5
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% 0.0 -5.0 0.0
10 6.0 -5.0 0.0
11 6.0 -5.0 6.0
12 0.0 -5.0 6.0
MEMBER INCIDENCES
1127, 881

9 1% ; 10 3 10 ;
MEMBER PROP

1 TO 8 PRIS YD 0.5
S TO 12 PRIS YD 0.
CONSTANT
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DEN 2450.0 ALL
SUPPORTS

9 TO 12 FIXED
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PROCESSING TRIANGULAR FACTORIZATION.
CALCULATING JOINT DISPLACEMENTS .
CALCULATING MEMBER FORCES.

6.
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Aunswers (o Exercises

Chapter 2

2. (a) 60355x10°m(d) (b) 306274 x10° m(4)

3
3. (a) ﬂ}‘— (b) -2.8336(4) (c) -0.70833PL*(4)

9. 0.00779m ()

10, 8p=2667x10%rad ., Ac=93867x10°m({)

Chapter 3
2 Elastic Centre at D
, = 4096/El . L = 2730.67/El . Iy = -2048/El
Ma =-166.4 kN.m . Mp = +3546kN.m - Mc = -54.13kN.m.
5. Ro = 2829kN(4) ; As = 02829cm( )

6. {(a) M= 4642kN.m (b) Mp=47695kN.m (c) Ma=-0.0766 kN.m
7 Fap = 22937kN . Mc = +12kNm

Fax= 145kKN(—>) . Mp = -87kNm

Ac = 00028 cm

8. X1 = Ra=943Kips ;, Ay = -028 ; £, = 003ft ; A= 1linch

10, Mg = 352582kNm ;| Mc = -4598.7kNm
1. x; =Ferp=-2/5%9kN . x; = R.= 23I87kN(hH
34.15x5 93.23x5
Ap = - ——— . A= -
10 EA 20 EA
Fe = 10kN ;. Fpc= 10Kn . Fcg=20kN
12 x; = Ray = -142kN(e-) . x3 = Ray = -0284kN({)
Am = 0.0045 ﬂ N Azo = 0.00225 ft
13.(a) As = 1.867in({) . Ac = L15in(d)
Re = 1.133kips(T) . Ra = 3.734Kips( 1)
() Mg = -644 K f . Mc = -2659K ft
14. Xy = Fm . Xy = F(‘.D
X3 = Reyx . x4 = Rey
Fap = 032kN . Fnc = 509kN
Fep = -064 kN R Fpe = -032kN etc...



16.

19.

24.

25,

27.

29,

30.

31.

32
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X1 = Ayep v X2 = Agep i X3 = Muep
Xe = Ay oXs = A i X6 = Mg
Elastic centre at 7.5 ft from AD.
A = 16/El 1 =252/E1 7 Mi= 1625+3.124y
M, = 785K ft ;. My = -29.28K ft
Xi = F];D = -8.536 Kips
A = 617 95EA . iy = T2.39/EA
Fap = -13.97 Kips . Fan = 6.03 Kips
xi = Re= 50kN («)
-1207.1 24.142
Ay = oy = . F = -30kN
10 EA 1 EA AR
Xy = Rn,\' = .6.653 Kips , Xy = ng = 0.54 KIpS
Mc = 4703 K.f T Ma = -1398Kfi
Mp = 5709 kN.m. o Mg = -1030.46 kN.m.

At elastic centre %X, =4.581 kN(¢-—>)} ; x3=0 ; x3=-259kN.m

I, = 268.19/El ; ly = 320/El

M, = +5613kN.m N Mp= -11.035 kN.m.

For x; =Fap i x2= Ry

A = -1866.67/E1 ) [f]*_l_ 146.88 288

S0 7| .B64/E] ' T EI| 288 3456

F,ug = 134 kN N F,.\g' = 10.33 kN 3 FCD = -1.34 kN
Fpe = +12.44 kN o Fae = -1555kN ; Fpe = -1722kN

Fap = +17.22kN

For X = F[),\' = Rl)_\' =-16495 kN
X3~ Ml) =_-169.695 kN.m

;. X2=Rpy,=46.726 kN

-286 13533 08 -0.08
A, =|-4867] , [f]=] 08 1.1067 -0.06
25 -0.08 -0.06 0.006

[f]—203 04167025 |x _-3.662 («)
TOEN| 025 1333 " {x,| [1943] (D

xp=Rp . xp=Rp, . M, =2535KA R, =2056KAf (1)
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34, X, :RB . x, =R¢
Rg = 0.768 Kips (1) | Rc =044Kips (1)
R, =0.12Kips(3) Rp =0.089Kips ()

35, x;=Rp=10285Kip(1) , x, =F; =-6.465Kips
= -3 - -3
Ayp = -22.4x10 . B,y =228x10

36.(a) K og =Kpa =0.447 , Cap=Cps =0.5928

(b) MFA.B: -199K.ft f MFBA =-26Kft

37. =2 <1e0El 1, =197 33/EI
El : !
M, = 222+023y
Mg = Mp=-578kNm  : M,y=Mr=142kNm
Mc = Mp=301kNm
40. Fap=0747kN . Fcp=-55kN . Ac=38.65EA
Ray = 6.25 kN . Rax=06kN ()

4]. M,=30125Kft ;, Mp=-6025K f
Re =30295Kips . B8.a=0 fremBM.D.

42. X1 =Fpp=1.65Kips , x2=Fac=4.128 Kips
Mgp=-15.62 K ft ., Mc=-1584K f
A]o=-0.8]778ﬁ . Azu=-1.3308ﬂ

43. Mp = -10.97 kN.m i Mce=-5197kN.m
Ma=-19.133 kN.m

44 Elastic center at A

I, = 369/El . 1= 1584/E) . Ly =378/El
M;=-2.496y +2.436 x
Mp =-14.976 kN.m . Mc=14256 kN.m
Mp=-17.28 kN.m
Chapter 4
1. Mas = 186553 kN.m Bp = -0.00603
Msa = 397.32kN.m Bc = 0003455
Mep = -20kN.m 8p = 00033569 Ap = 000676 m(T)
2 Map = 1476 kN.m ., My, = -2226kN
Mnc = -0.233kN.m , My = -2499kN.m
M]’)C = 2124 kN m . MI)E = 1124 kN,
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-68.65 kN.m
11292 kN.m
-265.47 kN.m

11.98 kN.m
12.56 kN.m
7.7 kN.m
18.28 kN.m

-27.9 kN.m
-10.77 kN.m
-44 65kN.m
12.53 kN.m
-22. 5kN.m

-18917kN.m
9.7 kN.m
6.2 kN.m
-0.415 kN.m

-81.67 kN.m
<9617 kN.m
-2.92 kN.m

3

k]

*

1

1

o

-21398 kN.m

-56.26 kN.m
2.72kN.m
1.36 kN.m
54 54 kN.m
-16.36 kN.m

0.446 El
0.5643 El

-6.25%10™ rad
209K ft

= 16.66 K.ft
= -4.68 K ft

]

19.090 kN.m
-5.187 kN.m

10000 X fi®
0.5 inch ({)

= <0.00844 rad

o

0.022544 rad
17 K. ft

)

v

¥

v

Mpa
Mcn

Mua
Mcp
Mec

Mpa
Mpe
\% 15
Mr"F
Mg

M.'\D
Mpe
Mne

M
Mcn
Mci:
Mg

Mliz‘\ =

= -]4292kN.m
= 26547 kN.m

i

nou

o

4974 kN.m
25.7kN.m
18.95 kN.m
22.5 kN.m

o

= 477kN.m
= 3.0l kN.m
-8.92 kN.m

i

It

51.44 kN.m
4473 kN.m

It

]

= B I18kNm

= (.593

0.59276

81 = 3.125x10" rad

= 729K ft
= 21.35K ft

= 11.04 kN.m
5.187 kN.m

[}

-43. 13 K.ft

-12.56 kN.m
-10.58 kN.m
-2533 kN.m

-21.84 kN.m

-126.1 kN.m
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-218.85 kN.m , Mgr= 119.75 kN.m



19, Bg = _6.365/E] Bc = 4.52/El A
Map = 9316kNm | Mpy = -9947kNm | Mcn =
Mpe = 9.07kN.m
20. Miap = 986K 1f | Mis = -4646 K.t
Mcp = 3671 K ft
21.  Unknowns O, Oc. B¢, Bp., Bc, Ac, Ar
Conditions Mg=Mg=Mc=Mp=Mg=0
Hac + Hep + Hiig =0
Han + Hig * Hug = 0
22. Oc=0 . Bp=0 . A =T20/El
MAC =30 R MFD =-30 . MCD =0
23.(a) Mras = -23.41 K
() Sa = 0447EI . Cas = 0.592
26. Mesa = -18.1 kN.m s Meag = 181 kN.m
Sa = 16824 kN.m . Cap = 0.6238
Mg = 1377 kN m Mas = -2497kN.m
27 Masas = -1036 kN.m Mpy = <6573 kN.m
Mpc = 6573 kN'm
28 An.r_' = -43.78 kN N An(- = 2621 kN ADA
AAC = -8.78 kN
29. Mag = 21.48 kN.m , Mpa = 3435kNm |
MCB = 491 kN m
Chapter S
0.012 0.0026 |
1. @ Dc=| 0 |, Dp=|-000034
0.00016 0.00174

Ahp =[812 -7424 1469]
ATc=[573812-127.25} |

A'hc = 48.48 kN

fhy A'Lc = 58.93 kN

AT, =[812 576 127.1]
Al =[-573-38.770]

= 18.17/El

-11.33 kN.m

0

565

Mpc= 1564 kN.m
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D 0.152x107 br =103 b =103 %27
=0, x m ., = s =
Ay B 0237 D 0.262

Dcx =107 x0.489m
Aap =168kN | Ap=988KkN , Aup =-79kN , Ape =158kN
App =12.5kN | Age =15.4kN

L[3071 S[-12 "
D, =10 . Dy=10?) | Dy =-16x10m

-8.93 -
_4 L} _ 1 _ » _

Dy =-6x107%m , A}, =-5858kN | A =-120kN , A, =214.2kN
Ag, =-120kN | A, =2820kN , A, =-61418kN

; [-68.38 1 [-1159
Dy=— v Dy=—- ., B, =83.63/El

El{-48.95 E1]-10.59
Map = 1649 kN.m
A,;=4945kN | A} =0 . Ays=-5512kN
A, =244kN | A =956kN , A=0
Apg=356kN | A, =552kN | A34=7.85kN
Ay =-9.56kN , A5 =4345kN | A =-105.6kN

[ -5.8 418 -1.54
App=|-845| . A,y =|154 . Ay =| 418

| 79.04 18.71 -18.7

[-11.54 63.7
Ap=| -58 | . D,=10"|-8168

| 416 339

2256

, A5 =686kN , A'y; =-3.448kN
_Qz= -1.785
, Algg=-15kN

3.176
A'AB = -19.51 kN s A'BC = .13 kN , A'CD = 12.74 kN
A'pr = -1802kN | A'y = -1836kN , A'gs = -6.34kN

o[ -8256 o[ -867
=C 7] 263,81 =P 993



12.

15.

16.

17.

18.

19.

20.

21.

1353 -0353 -1 0!

G EA[-0353 1353 0 0!
SLp -0 0o
l 0 0 0 I

Alg=|442 076 -6.09]

[-0.13 ‘
Dg=(-0353| , D¢ =-0853
8
3‘75} [-1238 109.537
. ) |
Dg=|-152| . Axg= 9127 -ACB=‘ 14|
10232, 21933 145357
[ -255 .75 59] -75.79
Aap=| 1028 | . Agc=1-6028 . Agp= -6028
~1097) 121433 121433
-25.52 (244
Ap=| -22 Ag=i 22
188.14 120027
-35.26 f-1a.72
AA.B= -24 77 AED—- 24»77
307.2
-81.26 0 ~65
Do=| 0 |, Dg=|{-325|. D¢c=| 0
~12.19 ~1219 0
~3519 ~3519 0
A'ap = 0 A'CB = 0 A‘DI?. =l 998
0 152 ~16.76
~54.75 ~3.04 3.04
Dp=-23582| ., A'xg=| 131 |, A'cg=| 4690
7727 1555 -335.26

567



22,

23,

24.

25,

568

3.829 2.08 0
D' se =107 0 Dp =10"*] -24 Dr~=10"%{ 0
Dag » Dp - » Bc
-1977x1073 0.1265 0.437
-12.871 ~12.87 1124
Aap=| -64 | . Aga=| 159 | . Ayy=| ~648 |
0 J 12.12 ~12.17
—1124]
A'}zz 952
O o
0 0 0
Dg=10" 0 A'ap =|-187] . A'pc=|-178
-0.378 249 62.7
Atg=lo 22 0]
0.134 0.0014
D, = - 00293 Dg =, - 00295
0.0213 0
-1.05 -1 051 -5.25
Aag=|-4875| . Apa- 5.1251 ,  A'ge =|-1.056
-0.75 0 | 0,
-5.25
Acp=| 18.94
-71.48
~6.98 - 6:54
Dg=10" | -0.134 D =107 | -0.09
~96 58 -026.52
42.65 47.65
AAB_ *2325 A_CB‘—' 19676
2.68 2.086



29.

3L

35,

36.

37

2922
539
~12469

A3 =

0.0389
D; =|~0.0703
- 0.042

- 28517

Alap =| -1255
3197

-5128
A'pc =| 20.84
-319.08

—-4.03
-2.2]
20.14

A'ag =

5.1317
D'g =|0.0442
Al

DA~

A'ap=|~135

569

~105.4
, Aly3=| 37.18 , A'j3=889K
122765
0.0389
Ds = -495
1-0.125
~28.517
. A'gs =| 2744
~180.519
-51.28 -0.019 ]
, A'cg =| 20.84 | , Dp =|-0.0965
-202.1 -0.0146 |
-4.03 -1.951
N A—‘CB:’ 2,2 A —A-‘DAz 0
-20.14 ~15.03 ]
325 0.516
. App=|-846 Dp=| -01726
3937 -0.00163
{—3,65 0.0328
AICBZ} 044 -QB: -0.086
| - 6.448 0.0036
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Index

Actions 59, 60

Answers to problems 561
Arches B2 485

Assembled stiffness 346,376
Axial force diagram 30

Balance moment 293

Beams 17,94, 127,201, 221, 260,369
Bending moment 30

Betti’s theorem 58, 59

Boundary conditions 13, 380

Bracing 121

Bndge 531, 533

Cantilever 94

Carry over factor 294

Carry over moment 294
Castigliano’s theorems 50, 125, 320
Centroid 165

Column analogy 165

Compatibility conditions 13, 256, 376
Complementary energy 23
Complementary work 21

Computer applications 539-557
Conjugate beam 65

Connectivity matrix 323

Consistent deformation method 88
Continuous beams 135

Coordinate transformation 370

Dead load 531

Deflection 102

Deformations 59, 60
Deformations-Actions relationship 60
Degrees of Freedom 253

Degrees of kinematic indeterminacy 253
Degrees of static indeterminacy 75
Design process 3

Determinate 14

Direction cosines 371

Discrete elements 4, 514
Displacements by supports 99, 206
Distribution factor 258

Distributed moment 257

Domes 3

Elastic center 149

Elastic curve 63

Elastic spring 98, 455

Elastic support 455

Elastic weight 65

Elasticity equations 519
End-actions 59, 60

End-forces 59, 60

Energy methods 50, 125
Equation of three moments 135
Equilibrium conditions 12
Equilibrium matrix 220
Equilibrium method 8, 75
Equivalent joint loads 195, 418
External work 21, 67

Finite element method 513

Fixed end forces 197, 198, 199

Fixed end moments 197, 198, 199

Fixed supports 14

Flexibility coefficients 59, 194, 220
Flexibility matrix 194, 220

Flexibility method 191, 218

Force method 191,218
Force-deformation relationship 60, 365
Frame structures 4, 78, 103, 128, 208, 265

Girder 534
Grids 369, 408

Hinged support 14

Inclined support 453
Inflection point 67
Indeterminacy 75
Indeterminate structures 75
Influence lines 531
Integration 24, 50

Internal forces 14, 60
Isoparametric element 526
Isotropic material 520

Kinematic indeterminacy 253



Lack of fit 424
Linearity 12
Live load 531

Material nonlinearity 11

Matrix formulations 191, 215, 322, 346
Matrix methods 191, 215, 322, 346, 365
Maximum moment 34

Maxwell’s reciprocal theorem 58
Membrane element 526

Modulus of elasticity 12

Moment area theorems 63

Moment distribution method 292
Moving loads 531

Muller-Breslau’s principle 531

Nodal forces 522
Nodes 513

Nonlinear materials 11
Nonlinear spring 455

Orthotropic material 519

Pin connected truss 14

Pin connected member 113, 118
Pin supports 14

Plane strain 520

Plane stress 520

Plate 527

Portal frame 21, 103, 256
Potential energy 21

Primary structure 75
Principle of super position 12
Principle of virtual work 36

Reactions 14

Rectangular element 527, 529
Redundant 75-86

Releases 75-86

Roller supports 14

Settlement 67, 100, 110

Shape factor 27

Shear deformation 492

Shear force 26

Shear force diagram 30

Shells 4

Sidesway 260, 302

Sign conventions 30, 260, 365
Simultaneous equations 218, 322
Slope deflection equation 256

572

Space frame 84, 411

Space truss 77, 391

Stability 75

Static equilibrium 12

Statically determinate 14

Statically indeterminate 75

Stiffness coefficients 60, 322, 346, 365
Stiffness matrix 60, 322, 344, 365
Strain energy 23, 24

Strain 519

Stress 519

Stringer 534

Structural analysis 3

Structures 4

Superposition principle 12, 201, 220, 325
Support settlements 67

Surface loads 521

Sway 256, 302

Symmetry 12°

Temperature effect 27, 95
Tension members 230

Three moment equation 135
Torsion 24, 369, 365
Transformation 370
Triangular finite element 514
Trusses 14, 75, 77, 103, 131

Unit displacement method 37
Unit load method 39

Virtual displacement 37
Virtual load 39
Virtual work 36

Work 21





