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Where :
y is a sealar,
x an n -dimensional vector,

Y a sqalar functionand X an n -dimensional vector function
having the following properties :

2Y (0,0) _ . 2Y(0.0)

Y(0,0)=0, ————— =0, 2Y(0,0) o,
a3y D x
2 3
X{0,0)=<0, -—¥(o.'.0_) =4, (0,0) -0
8y ox

A an n x n real constant matrix, and all the roots of the
characteristic equation

det(A—HE) = O (2)
have negatlive real parts.
In [1] it was proved that the following implicit equation
Ax + X(y,x) = 0O
can be solved explicitly with respect to x , the solution being in the
form

x = uf(y).



Now if we lot

x = uy) + =2 (3)

we obtain from (1) the following system of differential equations [1] :

v _ v} + Y¥v,z) ]
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where

®(0) = D(0) — 0, q0) =0 . Y*y,0) =0.and Z(y,0)=0.

In [1], it has been discussed the case where the function ¢ (y) = o
for any y ¢C , where C is a set of numbers with o as its limit point.
It has been proved that under certain conditions, the trivial solution
of the system (1) is stable. y—

For any y ¢ C , the system (4) has a solution
¥=c,z=0 ,» see [1].

Consequently from (3) the system (1) has the following solution
y=c¢ , x=u (). (b5)
Letting

y=¢ +a , x=uf) + ¥

in (1), we obtain the following system of differential equations :

de ot o, W ]
-1-11: Q(’ 1 P)
(6)
Y Av t6(eay), |
dt J

where
Qc,a,¥) = Y(ctx,ule)+¥F) — Y(c,ulc)),
Gle,a, V) = X(c+w,ule)+T") — X(e,u(e))-

In the following theorem we are going to discuss the stability of
the nonzero solution (5).
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Theorem -

i) If there exists a sequence of positive numbers v, ——— D 3uch
[—y..]
that @(y;)=0,i 1,2, ... co and simultuneously a sequence

of negative numbers y; ___, 0 such that ¢ (yi)=10,i=1,2,., =
= .
then the nonzero solution y = ¢, x == u{¢) is stable.
it) If a sequence of positive (negative) numbers ¥ —— 0
i=—>

exists such that @ (y) = 0,1 == 1,2, ... & and  O{y) > 0 for
y<0{(®(y)<0 for y>0) then the solution (5) of (1) is stable.

To prove this theorem, we need the following two lemmas which
had been proved in [1].
Lemma (1) :
There exists a monotonic function Pfy) [P¥) >0, Py} ——, 0
such that if Yo
v{x) = y? Py)
then for sufficiently small v cad 'x.

. dv av
= - - Ax - X(y,x)] <0,
¥ dt dx [

where v (x) is a quadratic form satisfying the equation

Lemma (2) :

There exists constants E>0 ., 23>0 , ¢>0 , a, >0
and a scalar function f (c, a, to) , where ¢, to are scalars and a is
an n-dimensional vector, such that :

1. the function f is defined for any ceC, fe] €¢ , 'a. < a,
and for all t,= (0, ),

2. 1 is continuous with respect to a and t, for any fixed ce C ,
;f(cvc‘ts)l € af,

4. for any solution of the system (6) with initial conditions :

tzlo,l{J‘:a,a:f(c,a,tn),flalf <€ a,



the following inequalities

2 (t) £ Ja) c_;\(t—i").

'}\(t—-to’l

iP(t)) < Elae
hold for all t > t, .
We turn now to the proof of the Theorem.
i) For the proof of the first part, we take arbitrary
e>0 ., £ <y

for this = we can find two numbers

e, >2e>0 , el |, e,
(7
cs < 0 » eeC , jeal=Z eo
such that the following inequalities hold
_l.; = max { ¢y ingi I < 5'2 » (3)
P(2¢) < s (9)

where P (y) is an increasing function such that if v(x) £ y2P(y)
wehave jix) < yB(y).

For the chosen numbers ¢, , and ¢, we take 8§ > 0 such that
the following inequalities hold
8 < Ygmin e, |eqf ], (10)
and
v(x(t) —u(c) ) < 4c? P2 ¢) for {|x{t) —ulc)fi< . (11)

We shall try to prove now that for every solution of system (1),
Tor which the initial data satisfy conditions :

|y(t) -+ ¢ 1 < &5 |[x(to) = (e} ff < (12)
the following inequalities
(13)
(14)

ly(t)—e¢]| < 2¢,
lx(t) -u(e)li<2ec.
hold for all y > ¢,

These two inequalities combined with (8) show that the nonzero
solution (b) is stable.
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On the contrary, suppose that, there exists a solution ¥ (t) , x (t)
of system (1) for which the initial data satisfy conditions (12), and
a number T > t,, such that for any 1= [1o.T) inequalities (13) and
(14) satisfied, save foratt = T where at least one of them turn into

an equality.

We prove first that for this solution the inequality

v(x(t)—u(c)) < 42P22c),--- (15)
holds for all te[1,,T].
According to (11) inequality (15) takes place for t = ¢, .
Suppose, that inequality (15) is broken first at

t=t*e(t,,T].
From inequality (13) and in virtue of the monotonie behaviour of the
function P (¥) , it follows that

v(x(1*)—u(ec)) > (y—c)2P (y—c),
and then from Lemma (1), it follows that

vix(1*)—u(c))<0.
This contradicts the definition of t*.
Therefore

v{z(t)—u(c)) <4c2P?(2¢c)
for all te[1,*T] , and consequently

Ix(t) —u(c)ll < 2¢P(2¢) < 2eforall tefy,,T]. (16)
Thus from the definition of T , it follows that

[y (t) —c| = 2¢c,
which means that

either ¢ (T) — ¢ = 2¢,
Of w(T)—c¢=—2c.
We shall prove that, these two possibilities are not true.

Consider the following function

Yy(t)=¢—c+ (e, x(t) — u{e)st) —(y(t) —e?
(17)
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where y (£) , x (t) is the chosen solution and the function f is defined
in Lemma (2).

Since from Lemma (1).
Hw(e) v <iglPleg),(j=1,2), - (18)
then we have from inequalities (7), (8), (9) and (18)
Ix(t)—u(e)l=zlx(t)—u(e)lf + flufe) ] + [ul{a) |l <

—— - - — T -
< 2e¢P(2c) 4 e P}t e P(e) < Tg ¢ < %o

for all tef[t,,T].
Thus, the functiony () is defined and continuous for all te[1,, T].

From inequalities (7) and (10) and from lemma (2) it follows that,
3

o --c+ e x(ta) —u(e),ty) > —c— |f] > 1€ 1 -
(19)
From the inequality [y(to) -cl < 8 < Ifg ¢,
it then follows that
(20)

Y (1) >0

By the same wauy, using (7), (9), (16), (18) and lemma (2) we can
prove, that

ey - e+ e . x(T}--n{e)},T) < ?—g—?,

and since y (T) — ¢ = 2 c then , it follows, that
Y(T) <o (21)

From (20) and (21) it follows that, there exists an instance v e { t4, T),
where y(t') =0,

le. y(t')—e=c;—c+fle,x{t')—u{c),t") (22)
Considering now the variables « (1) and ¥(t) , we have
& () =y () —e, (23)
v =x @ —u () (24)

From (22), it follows that, for t = ¢*



=x(t')—uey) =a say, (26) .
and
= £ (¢, a, t') (26)

As we have proved above, the following inequality

[ x® —ue)] < ~~c< 8
holds for all tz[t,,T].

Then from (26) it follows that | 7| < % , and from lemma (2),

we have

e () | llx () —ule) f<gg &

forall t =t
Now from (T}, {8) and (23) we have

byW—c. =lvO—eai+ate< c-[—c;-{-i‘cl( 2 ¢
for all t ~ t".
This inequality contradiets our assumption that

vy () —c=2¢ for t =T> t".
This proves that

y(T)—r-c.Z; 27

Similarly we can prove, that

y{T)—ec> —2, (28)
From (27) and (28) it follows that

fy(M —cl<2c
which proves the first part of the theorem.

ii) The second part can be proved on similar lines as the proofs of

Krasovesky’s theorem [3] 2nd the first part of this theorem.
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