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Abstract :

Explicit expressions in tefm of ket and bra tablean operators for-
med from symmetrisers and antisymmetrisers 2nd tableaa permuta.
tions are given for the Young operators for the representations [n-1,1]
and [ 2 1m1] of the symmetric group S, in standard orthogonal form.

1. Introduction :

Jahn (1960) gave the young operators of S, as linear combinations

of two-sided products of Young operators of Sz-; with the particular
transposition P,.-;. To reach an explicit expression a long chaln of
calculations is required, It is the aim of the present. paper to simplify
the young operatorexpansions for the two representations [n.1,1] and
[2' 117 of 8. in standard orthogonal from. A complete set of young
operators for the two particular representations is explicity constructed
and tabulated.
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(2)
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2. Young operators: notation and properties

-

2 f . )
The {(n-1)" Young operators °2b=(a’b-“ 2,3,..0,0) for the representaticom

[}-l,f] of Sn in gtandard orthogonal form are required to satisfy

n I 4]
o, 0%, = 8. 00y Ce. @)

L n 2 .4 n
Pa’m_l O (1/7a) 0, + {{a™-1} ,fa}oaﬂ,b , ae s (2.2)

]

ARUPIPRIPIN C %)

OB, By Ly = (1) O + (@PDinei

Here the numerical labels a, b are abbreviations for the standartd

tableau labesls

| [P SR t,2 ... a~1 @+l ,.. 1~} m
A = . = . i . o« -« (2.8)
| R S 12 ..0Db71brl L. n-1n
Bn-b =b‘ | s = . - (2,5)
uhere, following thé author's notation (El-Sharkaway 1875}, aort

is used to dénote the omission of a or b from 2...n. The coefficient
\/a occeurs in (2.2) end V/b in (2.3) beczuse the Young exial distance
from a+l to a in An\is +a and froo b+l to B in B is +b,

The (n-!)z Young operators Og*b* {a,b = 2,3,.,4.,n} for the
representarion [iln-?] of 5n teken In stindard orthogonsl form 2To

required to sarisfy

0I.'l

2 n
P, gt Ooaps = ~C1/@000p + {(a 48100, e s - (208)

P - - n 2_vh gt
0wy Pb,h*i {lfb)oﬂﬁb* + {(b°-1) }b}oa*b+lﬁ .o a e (T
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Here the starred numerical labels a%, b* are dbbreviations for .

the standard tableau labels -

A = Jax...d...n = 1afZe..a-1 a+le..oel 0, . e (2.8)
BX = Ibx...b...n » [bAZ...b=1 bel,..o-l n , c o . (2.9)
where, using again the author's cotatien (El-Sharkaway 1975)

the abbreviaticns

la Ib
lak.,.a.c.n = , Ib¥eub...n = . .o ¢ £2.10)
a—-1 b=1
a+] b+l
1 -

.are erployed to si:l;plify the printing. The coefficiencs -(1/a).
.znd ={1/b) eccur in (2.6} and (2.7) because the Younpg axial distance

£from a+i" to 2 in (2.10) is -a and the distanece Erom b+] to b is -b.

3. Symmetrisers and antisymmetrisers: properties

Sand .Eare used to dencte symmetrisers and antisymmetrisers defined

by

= (I/a) T p e (301
St alln! P in §_

-~

A = (I/al) P 0P e, (-1)P pariey of P.
e alln! P ig § - :
n ... (3.2)

is the Young operater for the totally symmetric representecion

S

[n] of sn and iz totzlly symretric f.e.

l.-l

8 Fw§

1 Piﬂ Sn » - s o (3.3)

|.un-sl...n l...0
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ﬁl 0 is the Young operator for [I"J and satisfies

-1° PHI...n ='ﬁ’l.,.n -nf e =’ql...n‘ (-1)F parity of P, P in 3
| e £3.8)

It follows from ¢3.3) and {3.4) that

Sl...a S‘1...11. -Sl...nsl...a = SI...n »aLm, - e 3.3)

R‘t...a-'ql....n I'H!...nﬂl....a I=ﬂl...n » 250, - - - (3.6

these being special cases of a general relation {Jahn 1960 (3.(4}).

From

A

ﬂlasla = !(I-Pla) !(.I-rf“-laj =0 z Sla la R & O 5

follows

'&la S’I...n =ﬁla Slla SaI...n =S-| aTt S‘Iaj?la - S‘I..

and more penerally

Rl...a Siee ESI..-nHI. a =Hl

5. :Sr..:a’gl..

«.-nl

a=<n. « e (39

A basic property of the symmetzisers and antisymmerrisers,

following directly from the definitions (3.1), (3.2) is given by

P —

Sy, = WP #Fy weet By WMRES

44
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.ﬂ!._.ﬁ {(I—Pin-l’zn—...-Pn_l.n)ln} . ... 0301

4, Peduction of multiple symmetriser antisymmetriser products

We show that the following four relations hold:

G RS DALY mv20-aKA S, D G

N ¢ B
11 (Rlagl.-.a...h)(ﬂlasl...i._..b) n II’H':Hb-'”"l("[?las\l :

2an8.ob) (uxd <ad,

N C )
i) (5 AN A~ a2 DS B (@
C el (AL3)

PR

() (5;...;.:.bala)(gl...é...b‘aaj = b/{20-1)3(S; 2 (R (a< b 2.

R (X))

A rurzher set of four relations (used in connection wWith [Zln_z] may

be cbtained from the above,interchanging A by S and § by 2 rhroughout. -

Proof of (ii)

1t vill be suffic.':icnl‘:.to establish the second ;clatiun as
(i) Ic;llc-us from it (b = a} and (ii1i) and (iv) are a direct consequence’
of (i} and (ii). Relacion (ii) may be rewritten as .

A
-

(RS 2 "B /2O-DDA, S om0 LGS
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Putting (from (3.10))

TR Sl AL TPASTEL ST, AR LCD D I VA

= = = (ais),
commting S'z i...p Vith Rla' using (from (3.5))
S-Z...a...b glo..&---b FS-I.-.&...‘b 2 D (6.?)

writing ‘ela = {I.—PlaNZ, removing the comgon factor 2f(b-1)

there remaing

{(I-PIa)(I+PIZ+°"+P15+"'+Plb) - bI] RS e .m =0

NP (R
How
P P}J. = Palj C] Paj _Plgl G =2,.c058,0.0,b) e om (4_.9)
and (from (3.4))
Pla . ", .« (50)
There remains )
(I42 )+ 4 ,1,5+ .- .:rP 1
+I+P o F, P an¥enetr -bI) .+ v a 4.!!
) Hﬁl.,..a b " - (.10

or, chenging the overall sign,

j-zg...,.'.,...b(I_P'J'-P“j)R'aS"";‘-"" -0, N (3]

Now (from 3.11))



—_—0

Sﬂl - (I - P J = 'Paj)'&‘la T (j - 2,__0-;,;..-:_-_—_;‘3" -

R (N E

and {(from {3.9)) . *
RiasS.oab oAy S5 Sl T 0 (j = 2,0.ma20eeib)

RPN CRTY

Hence ralation {ii} has been established.

Clearly the further four relaticns used in connection with
F:Z"In-’z. ebtained from (4.1) to (4,4) by intet"changingﬂ.a.nds @a
S ¥

be established in a very similar manmer.

5, Bra end ket tgzhleau operators

= - a4 -

Bra and ket tableau operators (ﬂnl and |B ) are defined for

["'-I ' l] by

< i <J...a...n
)

and for E“n-ZJ by

<nn*:| - <{ ter i) *

- 20(a=1) (n=1)/ (an) } /2 5‘, &;aﬁ"l,,,a,,.,.
e (5D

;"'b"'“> = 2{(b—l)(n—])ﬂbn)]”2 S

..I-:...n' bgl...b

R &

1/2

Q?R- cedes .n] = 2{{a-1) (n-1}/(an)}

R

RS a
.. (5.3
]a l[ '“b"'“] )- Inm...b...n) = 20(b=1) (n=1}7 (o)} /2

"Ql e b .ngl-b (PR

- - - (5.&‘



<Aﬂl and |3n>' become equal wvhen a = b = n ¢ : -

¥i .
o= (i

= ) - |;:“>' 20=0/al5; RS

licin -
» e e (5.5)

.. . " *
and likewise with <An | and |Bn > :

G R R R R IR ST VAE SR
.':.-(S'.GJ

Ve may put n = a in these expressiens and ohtain

(Al = (la =a ) = llaa> = 2Wa0/abS, RS Lo

.. (5.7)

<A;| =<lu...;l = IA;> = [aw...a) = 2{(3—1)!&1}.}2'“‘;5;3;?

leesd

L ] (5-5)

these being tableau operators for the representations [a-l,!] and

EZiE_ZJ respectively of the symmerric group Sa.

&, "Diaponal" bracket and ket~bra tablesau eperators

Compound bracket and ket-bra tableau eperaters are defined as simple .
products‘uf the corresponding bra and ket opervators. Included in our
main theorem is the statement that the "diagonal" Young operator Oza .
for I:n—l,ﬂ is equal to the bracket tableau operator <An|An'}. and sim~

: =2y n is ] ax -
ilarly for [2177] 044« i8 equal to (Anign) . Thus from (5.1) = (5.4)

I...é...n>
a

[

a l...;...n
o, = (ada> =,



- a{(a-l)(n-l)f(an)} Si...:R.5

A S s 6D
. (A;IA;) = <1'£1'ta..a...n|lag—...i...n>
e By S O

Putting n=a in (6.1} and (6.2) and .using the reduction formula (4.3

arnd the analogous one with S and A interchanged, we find

ol =4 la> = (’ "a[ - >- 2((a- nza}S CASL s
=l =y = lﬂa>( s .. (6.3

a

0 = (5:111;) = {lax...a |la ..-.5) = 2((a—1)la}ﬁl._.éjiaﬁl. .

ara¥ vad

= (ax| = jax) = laz ™ < A% . .o . (6.8)

Here the equality of the ket-bra tableau operator IA )(A | with
the 'bra.r_kel; tableau eperater (A ]& > is a comsequence of {A | and
h\a) being equal and therefore commuting. The same apphes (14 t'he '
operators obtained by puttring -'1 =n {and A = ¥);:

B, = nlny =

{12 = 2t /mIS, RS
FCHERLRIENLIPAS N | .. (6,59
O g ™ (mjm) - <ln* calintea) = 20m-/0MYy G A 0

RIS SN LA YL : . (6.6)

In the general case <Anl and lAn> are neither equal nor commute |

and we must distinguish the ket-bra tableau operater IAn ><An[ Erom
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the bracket tableau operater <An[An> 0, We use

a tilde .~ to make the discinction and find

aa

R |An><'An| _ |;an> <;...é...n.| ‘

=D ED/GS L RS S

D e=07}S | o RS GRS S

-

- zf(n—l)!n}sl...:a...nﬁlasl...s...n ' ce (6.7)
using (4.1). Similarly, for [2]n-2_-|’
War = [825< A% = Jtane.atnd Caxoe il
" 2{{n.-lnn}"ql...;...ns‘laﬂ...;...n " e (6B

We tabulate some propertigs of the "diagonal" operators 023 and
B:la for [n-l.ﬂ . [(Siwmilariy resulcts hold for the operators of [21:\-2]

with appropriare stars introduged).
: 3 _ an ) -
(i) uaﬂ(An[ = Cala >a ) = LA lo,, = (Al . . . {6.9)

s n n
{ii) |An> 0, = 18> (An|An> = oa.al_an) - IAM\,. .. oa (610}

P n - =1L -
(1id) “\n> 0.a <A:1' ” IAn><An]An><An| = % 'O_aa = Za :

- e« (6.11)
(o) (a0 18 > = <o la > ¢alad =0l ot =0l ... (6.12)

Since 5:; has & simpler explicit expression than 0:3, we verify the

last relaticns in (6.9) and (6.10) frem which the rest follews. Wa

£ind
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Fls

(AN, = a0/ S, a6 2 RS G

% 2{{n~1}/n} N
sttt S, St A

e o 4619

raking use of (4.2) with b = n, Siamilarly

(%

aalAn> = 2{(u-N/n} x 2{(a—i)__(n-l)!(an)}!S"_snen}‘{a‘s’“;;"‘_ A

2D een S, s A8 il
e v (6.14)
using (4.4) with b = n.
These relaticns may be :;:Iﬁnaris_ed in the statecents that the ket]An
ja a left-hand eipenstate of O:a
and a right-hand eigenstate af 'd':a
whilse the
bra (ﬁfnl is a right-hand eigenstase of 023
and 3 left-hand Eigenstal:e of '6';a '
the gigenvalue being +1 in all cases., Yurther

0" and B are idempotents.
aa aa

1t {s clear that similar relations held for the starred operators

of [2i"7%.

n n
7. om " S Sl...n' on*n* ‘ﬁln _RI...n

Using (3.10)

Steeii ™ Stewen " Nl (P 0Py ee Py DS

B (!"r_‘)sl....t’l{'(“-l)I - (Plr_t+P2u+"'+Pn-,l.n)}S‘l_._..__r.l :

3

n las.l...i
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MANEERN vl (LD

QRS g gtk DS

In

How, for 2 < a < n-I,

* S Aim St
Hence

SI.-;; - S‘Iilun = 2(]:\‘])","u Sl.--'l:l.}eln-s‘l n.-tl‘.

n - .
= Onn . P )
by, (6.5).

Simijarly

\R[...[.‘l —"'&i...h c"‘!i....l:l‘:"I - (I-Pln-Pzn-"'_Pn—l )!n}ﬁl...l;

(”n)ﬂl ae .ﬁ{{n_ DI+ (Pln+P2n+' <o ,n) 133 .

(9 : §

(2!“)-91 .e _Iﬁ('s]n'* Sin+' "+S‘n-l,n)ﬁl o .r.l

n - e

= 20130}, <O R 270 s NN 213
by (6.6), since

tﬁ!...a...ﬁsan%...a...fa

“ Ay, F1aSen A, FeRLL S @ E BB,

.7

8. Ja 2<B | = 8,0, |ar)(rx]| =5, T, .
With
Ay = 20D S, . 8 - c . (BD)

<Bnl = 2{(h—1)rn—1')!'(hn)}isl.._s;qlbsl_“!;_”n . (8.2)

i
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we gee that Ian).< Bnl involves the product

qb';‘\lasl...ésl...ﬁleb . .. 8
How if a < b we have by (3.5) e
S aSiiSs o RS
so that '
Q,, (@ <b)= RS A =0 - . = (8.5)
by {(2.8). On the ather hand, if a > b:ue have
S']_-'é S].‘.].,:SI._.; ] " .(86)
so that
_Qah a>by =R, 85 AR,-0. - - 8D
again by (3.8). Thus
- _ =n
fa, >CB | =6 tA D<Al =6, 0.,

[}

8.y 2[(n—a)ln]ﬁ]” : S\laﬁ‘l....'a-...u . veas (B.B)

«A.eall

-

The proof that

. ~n
M:)(B;! = éab IA: ><*A;| " Eab oa*a*
= ﬂab 2{(n-1)/n] S&.a.é...ng%aja...é...n _' < . (897

follows im exactly the same way, with ﬂ-auds interchanged throughout

9, Tableau permutaticns

We denate the permutation which ‘converts, for [n-l.l], the standars

tableau

N =.l 2 oae a-1 a a+1 i n-2 n-1 “ v w (9.])
o 0




irts tha sranderd tableaw’

) i 2 .., a-f atl a+2 .. n"1n v e 8.

by ;

(§n;P|Nn) = eoe e (9.3

P

{a,a*)y ...,
and the invetrse permutation, converting Au ianro Hn by
e . o ad ’

(“dlplﬂn) " P(n,n—l,...,a) ! - .- (5.4)

L FERL -
The permutation which convercs

L.d..e l...a.. o
= A =
Bn b into & a

ray then be written as
{ADIP[BU) = {AniPan)(NnIPIBn)

= T, P
v2pa+l,eiaem)  (nyn=lyaa.,b)

. . . . (9.3)

This may be evaluated for the two cases a < b and a > b as follows

Ifa<hb Pta,a*l,...,n) “ P(a.a+l....,b) P(bpb+1!---’n)
~1
= P(a.a+l,...,b') P(n,n—l,...,b)
L] - L] (9!6)
so that
(anlpian)ﬂ s =Plaarl,e ) N 9 )
If a>b P(n,n-l,...,b) = P(n,n-l,.;.,a) P(a;a—l,...,b)
» -1 P
{a,atli,...,n) {a,a-1,...,b}
* * a (9-8)
so that
(An]P]Bn)a e = Pla,al,....5)" e e (2.9



It is eosy to varify this directly from the form the tableaux An,B“

have in the two.cases:

1 : .o - . N
s <b B el 2aceal@atio bol brli. m Ve o (9.10F
: n b
A = 12 ,..a=latla+? .,, b b*l... p « v (9.1
i a
(An|P]Bn) = Plaatl,....b)" | e (9.12)
s b B e 12 ...b-) b+l ,,. a=1 a a*rl ... n e« s (9.13)

n b

A =12 .ab10 wes @=2a~lat+l ... n . o - (9,14}
n a

(a_|piB) = P aaml,enn b)) ... (9.15)

n . . o _
10. O <An[(An|P|Bn)|Bn‘> implies Dan-<An|P(a',‘a+l....,n}'

- :
Onp * P(n,n-l,...,b)i3n> . -

i1

_ A n - .
Oaups = <A;!mniPIBn)’B:> implies Cpxnr = <“'s{ip(a,aﬂ.....lrl)'

TL

= &
01’1"‘]::"= P(n,n—l,...,b)!Bn >

Since from (6.5), {(6.7)

l“n ><an = 2{'(:1_]);“}&-.‘I:LRII‘IQI...I:I. -« - (10,0
"

IAn‘><An| = 2{(n_l”n}sl...é...anlaSI...5...n -+« (10.2)
|Bn><Bn| = Z{CH-!)!n}Sl...!;...n&]bglunﬁ.-.n e (10.3)

7ith the same coefficient 2{(n-1)/n} it follows

» .« (10.48)

-1
P(_e,a%!,....n)INn >_<Nn|P(a,a+l,...,u_) " ]An ><An|

or, equivalently,

e —— ——————
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-1
P(n,n-'l_,...,b)mn>(anp(n,n-l,...,h) = ]Bn ><Bn|" -« {10.5)

Ei'ol:e that the equality of the eeefficient 2 {a~1)/n in (10.1), {10.2),
(10'.3)' is needed for (IO.-ﬁJ, {10.5} to hold,since tr'ansfor_mation by P
ar by 1:'_I affects only the symmetriser and antisymearrisers: it is a
pitfall to expect the transformarion to change toeffic.ienl:a l].

It follows :
LRI SN S TP TR LI A N

= P(n,a+l,....n)[Hn><Nn| PE::,;H,...,n)}P(a,aH,.f.,n)

= |a < Anlp(a,ai-l,...,n) « e (10.6)
an><-NnI(Nn|P|Bn) = ]Nn><Nn[ P(n,n—I,...,_b)

= P(n,n—l....,b}|PE:1,n-.l,...,b)|N'n >R i, b

'P(n.n—l,...,n)lnn>_(3nl - ’ <+« 0.7
Using then the relation {from {6.5))

SIS I LIDEC I R CH . .. (10.8)

it follows {using the statemznt of the thearem to follow)}

o:u = <An!(An[P|Nn)INn> ¢ <AnIAn><Aniia,a+l_,...,n)=<An[P(a,a+L, aeyll)

- .

« « . (10,9}
. ¥
0:]: " <NnI(NnIP}Bn)|Bn> = P(n,n—l,...,b)iBn><BnIBn> = P(_n,n-l,....b}!Bn>
' . . . {10.10} v

The starred relations are established in an identical wmanner,

s

e et
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11, Stacement of theorem

For the representation l__n—l,l:l of Sn in standard orthogonal form the

'
Young operators are given by

n _ n _ .
O = <An[P{a,a+l,...,n)’ O = <AnI(An{PIBn)|Bn> »

no_
O = Pln,n-1,.0.,5) %27

(a,b=2,3,...,n), e {111

= 20(a-1) ta=1)/ (am) SRS i

<Anl - (Ell...é...n

... (11.2)
Iz, > = ;""b"‘n>' 20(b=)) (a=1)/ (bm) St b .anSi.L B
e UL

(Anlplnn) - P(a.eﬂ:ls---.n)P(n.n-l,...,b) = P(a,a+l,....b),(a<b)

--P(s,a-l,...,b), (a>b)* * ° ° (11.4)
For the representation [21%7%] of S_ in standard orthogonal form the

Young cperators are givean by

o T
oa*n* " (A;IP(ala"'ll-"sn)' o&*b* - <A;|(AnIPIBn)iB; > *

"3
Cpapr ™ Pranet,..., 0 IBa D> s

(a.b‘=2,3|-|u,n)’ P ] (1‘05)

w {lax...a...0] = 2{(a~1)(a~1)/(an)}

-’Q!...;S:la’q-l...a...n '

« 0o (11.6)
(3)

(wl _\([;...é...n]"
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. "
By = l[""b'“"] > = |lbr...t;...n> = 2{(u=1)(a=1){(bn)}

b
Ain S g

e oo (117D
These éxpressions satisfy the relations
n Tl 1
onb ocd ébc Oad ' - 0« (11.8)
n n n
akpk Oc*d* = abc Oa*d* » v e {01,9)
P, 0% = (1/a) 0% + {(aP-1ylsalo” (11.10)
a,atl “zb ab atl,b * v oo .
o - n 2.4 n !
0. Pb,b+1 (1/b) Oy * {(p°-1) ;’b}oa,b+I . N S U D
n n 2 4 n
Py a+1 Ogaps ™ =(1/a) 0_, .+ {(@"=D%/alo , 4 » ‘e (13.12)
o _ n 2_,1 n
Ogrpr Py bey = C1/B) O + TBOTDBI0 00 s+« 0 0 (11413

+]

- o n = n
12. Proof that 00, O atbx Ocxare ™ Sy Onugs)

n o n
cd ~ 6bc 0ad (and 0

We have zlready shown (8.8) that
!

s »><c | =6, [8 >8] Ce e (12.1)

It remains to show

T n L -

0, O, =9 . LT 12,2)
L.H.5. = (Anl(nnlplnn)lsn‘; (Bnlinnlplcn)lcn> c e . 02,0
RALS. = Cafa fric)]c coeoe (12,8

We have showm (6.7) that



— 35 —

|Bn><3n[ = 2{(a-0)/n} SI...E;...nJ?IbS...I;...n .o s (129

Hence with

4
<An| = 2{(a=1)(n-1}/(an)} ‘SI...A‘EIaS‘I...c.t...n « .. (12.8)
D a- 4 . .
lcn> = 2{e=D) (n=1}/(cn) } Sl...c...nﬁ_lcsl...c e (12,0
and taking, for simplicity, a <b <. ¢ ve have

LS. = 8{eD/a (e /)t S, e s L

* 1:(a.,a+l,...,b) Sl...t;...nﬁlbsl...5...np(b.b+l.....c)

St.ee St e

- . & (12.3)
= 8{(11-1)/11}2{ (a"‘)(c‘l)/(ac)};_fl. :

. 5 P(a,a"'l,...,b)

ES

*AS1. . B hibST B P, et LS L
e (12.9)

- “1) (em 4 ;
= &{{n=1}/n}{(a=1) (c=1}/Cac) } 5‘1_"& p(a,aﬂ,...,b)

* A, . 5.l Po,brt,.en ) Siaa.d e (2,10

Using {4.2) with a replaced by b and b by a,

RAS. « Gllo-D /oD e/t S, g 6

“Fla,arl,. o ,d) Dibubrt, e, S1o ot n RSt e
LI T ] (12.“)

o=t /al (e e/t G,

o2 Fla,arl, ... b)

§,  : = LM,

AbSibe . ofis Bo,be, ., e,
. « -ox (12,12



The proof is sidilar with the resrriction 2 ¢ b * ¢ ramoved, thus

{11.8) is proved and {11.9} by interchanging S and Ethroug‘hout.

0o 0 2,14 n n . - n
13, Pa,a+l Uan (”Ia}oal'l + {{a"~1} fa)0a+],ns Pa.a+'r0a*n* (”awa*b* +
2 o )
ta-nlrare?, |,
n - n 2_,,4 n n - n
0 ala as (tfayo  + {{a"=1} Ialon.aﬂ. Oprat Fa,aet ° (/a0 , . +

2 .4 0
{{a"-1} Ia}On*aH*

From (10.9) we have

n " o
Oan <An|P(a,e+1.a+2,....nJ <-An]Pa..u-l P(a+|,a+z....,n}

e U130
n
Onp,p = SO APy s PR 4 E 03
Hence K
agst Oy = 1/ oo, * {(az-n*/a}c:”.n SRR S E B

requirea {cancelling’the common cerm: P en the tight)

{at],a+2,.0.,B)
. s

LIty = O LA7, b ta2-ntsad REBR

Pa,a+!
. s {13.%)

Wieth, from (5.1},

i . .
() = i@t S LS L . L 0

we deduce, by some cancellation,

{(azhl)&"a} <(Ml)l:'.l " 2{(a-])(n-—l)f(an)} Sl...a;lﬁlaﬂs‘l...a;l...n

. 00 (13.6)
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and also, noting that Sz__.; -SI a1 is independent of a and a+l
2

Pa.aﬂ (Anipa.a*-l —.zt(a“l)(nf!)!(an)}! 'Yl.-.:;'q]-vls‘l...a;l...n ¢

« . (137
Heace, removing the common faetor 2{{a-l)(|:|—l)/(a.n)}l equaticn {13.4)

requires

i

Sl...éﬂlaﬂsl...a;-l...n - (”ajs;...E‘ﬂiasl...i...npa,a*-l

+S‘|...a;lﬁ.[a+]s‘|".a.;l.”n ., .- « . {13.8)

"

How from (7.3) with n = a wa hava

SI...& - S‘I...a;l " Zé(a-l))'a} S‘I...é"i'l:.us'l...é ' » s (13.9)
Hence it remains to show (multiplying through by a)

Z(ah”gl...aqlasl...éﬂla*‘lsl...a;l...n =S\I...;HIaS‘I...E...nPa,aH' (13.1%)
Cancelling the commom factor S » on the lefr, putting

2§, = 1=F, (a=DS

..,

A AT ATRL C PRNIDA VO

’ - e . (13.10)

and writing

ﬁ!asi...i...n Pa,a+l = pa,ai-lﬁ-la*-ls‘l...a;l...n -+ - (13402)

it remains to show

T Y TN I S TPNO L Yy O TS Payae®aetS) .. 281, n

e 3y Y

How, by (3.1),

SZ...é-@laHS‘I...a;l - aﬂla-ﬂ‘s‘Z....;-j-I...a;l...n -"Q'Iaﬂ-sl. ..a;l...n

e (13,18)

Futther :
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(I-P!a)PIrH{aHSI...a-;l...n = (I_P!a)Plr’qlaﬂPlrS] . ...a.:-l . |

o (I-P %! . - -
(I Pla”%ra*-ls‘l...aﬂ..'.n for T = 2,3,.00,2°0 .

e . £13,15)
The sipce
PlalqraHS‘I...a;l...n -quaﬂ PlaSl...a;l...n

-"Qq:aﬂ Sl...a;l...n * .+ (13.16)

it follows

(I-B Iyt g P e S1. . adt .. = O

and it temains to show that
([—P!a—Pa'a+llﬂla+]f;l_._a;l_..n =0 L, . (13N

or ﬂ.],a,a*‘lsl...a;i...n =0

or ﬁl.a.aﬂ-ﬁ.’:as:a Siiarte.w= 9> e - (12.18)

vhich is true and establishes the required resule.

The relation

S SR VA LA (CC LN T
n,a

na  a,a+) +1 -« (12.19)

is established in the same way with multiplication from the right.

The starred retaticms

2
Py ant Okgs =~V L+ 10t o2, L (320
o, , P = =(1/a)0%, , + {(a®=1)%7a}0® (13.21)
o*a* “g,atl nxak pta+lx " '
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are also established in a similar manmer (with : and interchanged
througbout, with the mious sign in froat of 1/a being required becauss

the fical relation is

'(I+Pla) ‘S‘Ia-*lﬂ'l...a;l...n =T l,a,a-"l S‘Ia+l"?l...a;l...n ‘

Y L ) (IJ.ZZ)

reducing to

Sl,a,a-l'l‘Sla'qla&h..a;l...n =0, e (132
which is true as before,
Multiplicacion of (13.3) on  the right by o7, leads to the
general retation (11.10). The ather general relaticus L1 = (11,.13)
w2y be established in the same way from the corresponding special cases

astablished above.
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