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ABSTRACT

The flow of a slightly rarefied electrically conducting gas between
two flat infinite plates and between two conceniric cylinders in relative
motion are considered. The slip velocity and temperature jump at the
boundaries are taken into account to investigate the effect of rarefa-
ction on the nature of the flow.,

NOTATIONS

H -— the magnetic field, u — the flow velocity , o — the electric con-
ductivity , —. the mass density , p — coefficient of viscosity , Pe —

the magmetic permeability , P — the pressure , T — the femperature ,
R — the gas constant , K — the therma] conductivity , h — thé en-
thalpy , R, Reynolds number Ro=uL/gp, w = & /¢, the ratio of

C

the two specific heats , D, — Prandfl number : P, = I_P + By —
%
Magnetic Reynold number » Rg — magnetic pressure number
e Hs
Ry = —_ , Hartmann number » = v Rz R. R,
pu*

INTRODUCTION

The flow between two infinite plates and hetween concentric
cylinders in relative tangential motion is called 2 Couette flow pro-
blem , actually , one of the motives for studying the Couette flow is
its usefulness in studying boundary layer flows. Although it is not

exactly analogous to a true boundary layer , it is sufficiently simiiar
and censiderably easier to solve,

In classical hydrodynamics a complefe integral to incompressible
Couette flow was obtained in (1,2). Tllingworth (3) obtained a nume-
rical solution for compressible plane and eylindrical Couette flows of
compressible gases. Shidlevsky (4) used Illingwerth results to obtain
approximate solutions for the problems in the slip regime.

(51)
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The MHD treatment of the problem started by Harimann and
Lazarus (5). They obtained the solution of plane incompressible MHD
Couette flow problems. Bleviss (6) treated the plane Couette flow
for the hypersonic motion of high temperature ionized air. Rama-
moorthy (7) obtained an approximate solution for the incompressible
cylindrical Couette flow problem. Arora and Gupta (8) found the
complete exact solution of that problem.

In this work we shall study the MHD flow of an incompressible
slightly rarefied gas. A small relative temperature hetween the two
surfaces is assumed, hence, the electrical conductivity and coefficient
of viscosity can be considered as counstants. We shall use slip bound-
ary conditions as obtained in (4).

THE PLANE FLOW

Consider the flow between two infinite plates.
The upper plate moves in the x-direction with constant welocity U ,
while the lower plate is fixed, the upper and lower plates are kept at
constant temperatures T, and T, respectively. The applied magne-
tic field is (O, H, , O) while the induced magmetic field will be as-
sumed to be (H , QO , O) and considered as a function .of y only. The
flow velocity is faken in the x:.direction and is considered as a func-
tion of y . 'The equations govering the flow may be written in the

form (9) ;
. 2

g.y- - - "'—"]'.—-' '—'d""H—' LN} l
o &5 T o (1)
dH Jal du -
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P = g R T -lc(s)

h = cpT

If we consider that the gas is slightly rarefied and that there are
complete energy and momentum accomodation between the surfaces of
the plates and the gas, then we can use the boundary conditions dec-
duced in (4) for the slip regime. These conditions may be written in
the form :
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at the lower plate 5y =~ d wa have :

uzqiﬁ:_%
2h(f~ 1) J 47

by, 1 ¥ 7 /% an
By _Bi ah(y- 1) B 47

and at the upper plate y = d we have :

[N { . 57 -—/E- du
V ap(y-1) © &5

b o_4 .2 X7 M an
By - 1" 3 oh d
o 2h(y- 1 % J
If we take u = ul, H-:HOH‘,P=§°U2p-‘,h=hoh
then the equaticns (1 ~ 6) will take the form
2 |
d~ u aut
— 5 == KR " ves(7)
ay 2 l:!'H e ay *
auw __ 1 &% 8
d .?" Rg d..Y 2 e
R
d oo H 2
gy ®rzEHD =0 | vee ()
~ 2 2, ~ RyR »
2L et I, g-.%.(*dﬂ_._)eéo .o s (10)
(X—l)pr Mo ay v dy
LY l -
P = B weafll
YM% B ( 7__)
h® = 7° -“_(_12__)
The boundary conditions may be written in thé form :
da dh’
f = =1 K — f=
u KI:I. dY » h ] + n dy.r Y H 0
at y‘: 2 . . .
u‘EI"'Kng; 'h-.ei-Kh—%h_f‘ s B'=0

Considering that K, and K, are of the order of Knudsen number ,
which is considered small in the slip regime and solving the system
(7 — 12) and applying the boundary conditions we get :
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u:;nho{y.@ (slnhd-l-n{}( coshol } + =
h 2( I-1)F ﬁ”2/2(51nh'1< ro( K cosh"(JSegcosh 2% =

w#:osh 24 y .*-:2%1{ sinh 2« + -——(l-y )+ls eas {14}
L R '
w -2 [ gl s ety ] s
pt = a’lME h' = ?é-é— 7 e o(16)

From (13) and Fig. (1) we notice that :

1) At any point in the lower half of the flow ( ¥ < 1) the velocity
increases with « , while the converse occurs in the upper half.

2) TFor ¥ > 1 the velocity value at any point in the rarefied case is
larger than that of the continuous medium, while the converse
oceurs for vy < 1.

From (14) and Fig. (2) we can see that :

1} At any point the temperature increases with the degree of rare-
faction and with « to a limiting value and then decreases. The
value of « corresponding to maximum temperature can be found
analyticaily.

2) Tor constant « , X, and K, the points of maximum temperature
can be found.

Also from (15) and Fig. (3) we can see that the magnitude of the in-
duced magmetic field decreases with « and with the degrees of rare-
faction (K, and K;). For large values of « the induced magnetic field
is nearly constant except at narrow layers near the boundaries.

THE CYLINDRICAL CASE

Here we shall consider the gas to be bounded by two coaxial cylin-
ders of radia and b ; b < a,

Using cylindrical coordinate system with the -z-axis taken to be
the axis of the cylinders and assuming :

1) The outer cylinder is rotating with a constant angular velocity @
and is kept at a constant temperature T,.

The inner cylinder is stationary with temperature T,.



2) The applied field H, == is radial, while the induced magnetic
T
field H is in the j-direction.
3) The unknowns v , H and h depend on r only.

4) The flow velocity v is in the » -direction.
Then the fasic MHD Navier-Stokes equations will be :

d
HoC % - &%) - ’a"/*e L iaem) cee (D)
ve Me dHo H2 L d Me 2 2‘1
? + T(Ho—_d? - 'i"" = "g_ E[p"‘ _é__.(HO + H ) -..(2)
1 a H H
;zﬁ[ﬁ@(%—ﬁ).l:—ﬂ»e( S + H, %) oo e (3)

+ f"é HO %% (I‘H) =0 t.c(ﬁ-}
P= $RT vas(5)
h = CDT N -00(6)

Solution : )

—

‘Lot rwr'asvar wiaa, h:hoh',p=gn.2a2p‘,_-

B ="§ H® . %hen we have the non-dimensidmal aystem
(dropping the primes ) 2
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5 g2 114 . any RgR [y =0 @Y
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...r

where 1" ig the noo~dimensional angular velocity .
Buoject o hor-dimensionzl medified boundary conditionsun
tha glip velocity  regime
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System (7 ~ 10) has the solutlon .
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and . B =\J‘;l\2 +* 1

From Maxwells equations the dimensionless eleetric field and current
dénsity are given by :

- . } .-B. C -
J.--r[c2r8+c3r_ *;ﬁ?ra) 2+ (20)
- L —1
Ez 2y = r +a.{21)
The analytical solution of the problem is represented by the equa-
m 5

tions (11-21). We restrict ourselves to the values : m, = +
100
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i0

—— of the paramenters, We observe

- ,M, =
2 5

NJ -

the following :

1)

2)

3)

4)

5)

As shown in table (1), we may see that :

a- At any point the magnitude of velocity is larger in the rarefied
case than that of the continuum case, except at points in the

region near to the outer plate.

b~ Near the inner cylinder, the magnitude of velocity increases with
B. The converse occurs near the outer cylinder.

e- The slip velocity at each plante increases with B.

From table (2) we may see that the temperature at any point near
the inmer plante i3 larger in the continuum case. The converse
happens near- the outer eylinder. For large values of B, rarefac-
tion tends to increase the temperature at any point,

From fable {3) we may see that .

a- The induced magnetic field increases with r to a maximum
value and then decreases,

b- Rarefaction tends to decrease the magnitude of the induced
magnetic field at any point.

¢~ At any point the induced magnetic field decreases as B
increases,

From table (1) we may see that :

a~ The magnitude of the induced electric field, in general, increa-
ses with r.

b- The magnitude of the induced electrie field decreases with
rarefaction.

¢- The magnitude of the induced electric field decreases with B.

From table () we may see that the magnitude of the current

density at any point decreases with the increase of rarefaction

and with the increase of B. We may also see that its magnitude

decreases with r to a minimum value and then increases,
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