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ABSTRACT

In the present peper, the unsteady motion of a weslkly
conducting, incompressible and visccous fluid due to non-
uniform rotation of an infinite flat disk, is corsidered,
The motion is subjected to a uniform external megnetic fi-
eld nmormal to the disc and parallel to the axis of roteti-
on, The equations of motion are wrltten assumirg low meg-
netic Reymnold's number i.e, The external megnetis field
is undisturbed during motion. ‘The general solution I8 le-.
termined by the aid of Green's function, end 18 oteirzd
in the form of & aystem of integral equations whicn can be
golved by guccesgive approxiﬁ;tion, "A gpecial case of f.ae
solution, which corresponds to uniform rotation of the di—-

sk, 18 deduced aend discusased.



INTROCCCTION

The fiow of wiscous, electricaelly coniu. ling ‘Loids
in the n=2ignpourhood of a roteting disk is of grza: prac-
ticel importance, particulerily in commection with rotary”’
magnetohydrodynamic machined. Similar problem in classi-
ce) hydrodynamics ia studied by many authors(l>. The ex-
ect golution of the équation of motiom of a wviseo s fluid
around a flet infinite disk whick rotates 2uzui +n egxis
" perpendicular to its plane with a uriform argnlay veiu:’-
Ty wasﬁstudied by Gochran(z), and the gteady state soinl-
ion was obtained by gimilarity. The moiionm due w4 & - ui-
eting disk in a fluid at rest, was &lso exanin. i Lo -

the trarsition of & threep~dimsnsional boundary Zvyor T2

(1)

n

turbnlence , Bnd it was proved that it bescomcs ..o

nt at large Reynold’'s numbsrs, ke > 31105.

In the presence of 8n external axial pagmetie rield,
the steady flow of an electrically conducting fluid was
gtudied due to the rotetion of en inlinite cylinder.(B)
Cther problems of steady motion of conducting fluids due
to rotating disks are described in nmany rererences(4’5).
Such problems sre related to magnetohydrodynemic ( MHD )
generators and MED vortex flow, and the solution was obt-

ained mainly by numerical methods,



In the present work, is congidered, the noﬁsunifdrm
rotation of en infinite thin disk through the origirm, ab-
out the z-axis, in an incompressible, viscous and electr-
ically comducting fluld. The fluld is assumed ‘{nitlelly
at rest, end is subjected to & uniform externsl magnatic
field mormal to the disk and parallel to the z-exis. '
Following the cylindricalnéoordinates (r,9,2), the case
considered is & fully three dimensional flow i.e. there -
exists three components of the velocity of flow V., ¥ o

r 2]
and v, . The fluid layer near the disk 1& carried by it
through friction and is thrown outw;;ds owing to the act-
ion of centrifugal forces, This is compensated by parti-

.cles which flow in an axisl direction towards the disk to

be in turn carried end ejected centrifugally.

FUNDALELTATL EQUATTONS

Denoting the three components of veloclty by
v, = uf{r,z,t) , vg = v(r,z,t) and v, = w({r,z,t}, and esa-
uming low magnetic Reynold's mumbar Rem<:l, the equetions

of motion in ecylindricel coordirnates are written in the

form(j’ﬁ);
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2 2
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2 ar T 2%
2 <r-Ho
m< = const = 5 and I-IO = constant external magnetic
c
field- f

The angular velocity of the rotation of the disk 13 a
given function of time w(t), so thet the initel and bound-

ary conditiones can be represented in the form;

u=v=w<s=0, at t =0
w=0,v=r wit), w=20 at z =0 ,..{2)
end u=ve=0. as 7z — O

It is required to obtain the solution of gystem of
equations (1), which satisfies the boundary and inltial
conditions (2). The solution is assumed in the form;

u = rf(z,t) , v =T glz,t) , v = 2¥(z,t) ,

P(z,t) ) .. {3)

1l

P

Substituting from {(3), the aystiem of equations {1) is

reduced to the form;

2 L
§Y %—% - g% -nl f o= 29’%£.+ 2 - g2,
gz
J,g.%g_g —n?g mopffr2re, ... (@)
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and



The system of equations (4) is solved with the foll-
owing boundary &nd iritiel conditions;
at t=0, f=g=¥=0 ,
0, £t=0, g=mw(),¥=0 seem - (5D

n

et =z

and ag 22— (J . £ =g= 0,

Introducing the new function P = £ + 1 & --» (6)

the two first equations of the system (4) are written in

the form; »
9T bl 20 _ F 2
J)E;Q'-TE - mF = 2V—Z-+F ' (7)
The function ¥ will be deduced from the relation;
z = g
w--§ taz--§ B (® az, ... (8)
o o

where,
Re(F) is the real part of tne function F.

Boundary and initial conditiona of the mew function F ere;
F=0 at t=0, and P =1w{t) at 2z =0,
while as 2 = (0 . P — zero cen {9)

The method of solution followed here, 18 degcribed by
Sharikadze and Megahed(s). The unsteady solution is obta-
iped by superposition, as the sum of two perts. The first
part is the solution of the homogeneous differential €qua-

tiom which satisfies the given boundary conditions and ze-
ro initial conditions, while the second pert is the solut-
ion of tThe given différentiel equation which corresponds

to homogeneous boundery conditions.



SOLUTICN OF THE PROBLEM

- The solution of the left~hand side of equation (7),

which satisfie the boundary conditions (9) ¢an be proved

to bes
% 2
1 T 2
F_D(Z,t) = 2 myy £ ?."(?) exp —[m - M (t-f)}
z 4T
-awa (10

(t-7)372 ‘

(6,7)

Introducing Green's function

G(z, 3 ,%) e exp [ .(_Z:'_Z% .t] .

21’77317- 4 v
t
72 2 [ 22 ] g 472
+ i exp (-7 ~ 0 T) ex |- =g 3’
0 47T VR(4--T)

eee o (A1)
which satisfies at 2# 7 equation (7) without the rTight-
hend side end tends to zero at =t = 0, and at 2z = 0, @ ,
the finel required solution P(z,t)} can be represented in
the form; " ©
F(z,t) = P (2,t) + S a7 g (2?2—,? + F2)G(z,?,t-r)d7(
° ° eee (12)
Differentiating equation (12) with respect to z, under the

sign of integraticn, we get;

_;_%=__+ S‘ ar E (2>p ;‘g 4% ... (3)



The systen of equationa (12) and (13) and be solved
to obtain the unlkmowns F, g% , hence the two functions b4
and g cen be determined, Equation (8) enables to obtain
y’ while the third equation of (4) is applied to determi-
ne P. The components of velocity ere deduced from f, £
andf’ as defined before,

The melhod of successgive approximation is epplied %o
golve the system (12) and (13). Denoting %Fz' = W, the re-
quired functions are reprirented in the form 91‘ the foll-
owing series;

a0 D o
P = Z ‘An Fpo ¥ = ):?\n“’n' yJZZ'An Yo

n=o
eee(14)
WNera
’>\ ig a parsmeter, Substitute from {14) into equ-
ations (8) , (12) and {13) , starting initially with;
z
P w°=—9;—g end W =- [ Re() =0,

2}

we obtain the recurrent formulae;

od n
Fasl = S a7 g Z: ( 2>.Un-m ‘ W * Pr-m Fm) G d_f—’
o 0 m=0
z
yJn-s-l =7 S Re (F_ ., )dz, .o+ (15)
o
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t I 0 20
.and Wn+l - S T S- Z (2?;n-m I""lru"' Fn-m Fm)%% d‘?
0 o .m=0
The function R, could be calculeted from {10) as a
pure. imaginary function with a real part equals gero, The
solution deduced in (14) and {15) can be proved to form e
syatem of convergent series within the conditions under

conagideration,

The first twe approximations of such solubion are de-

termined, Consider as e first epproximation;

F,=0 , ¥, =0i.e f°=(;’/a=0,

Therefore from (4) and (10), we get;
u=20 » w=0 ¥ P = Po(t)

2 o
= = z f) { - Z - 2(t"' } a4
T = £ R 272 A ewro

.. (16)
The last equations indicates %hat the first epproxim-
‘ation effects only the rotating motion of the fluid, while
the radial and axial componenta of the velocity ere zero,
If the disc rotates with uniform angular velocity i.e,.
w(?¥) =« = const., we get after integreting (16);
v.=-£2—r"‘-J {exp (- mz/{y ) erfc (—2— - m \'T)+'-'
2¥ut -

+ exp { mz/yy ) erfe (.’éyz;t:_+ mﬁ)], e+, (17)




. where, erfc =1- - S e T dn

V;F-

Equation (17) represents the distribution of t@!'tﬁ-
I )_“!“ = .
cnsverge component of the velocity of flow dué to g utitfs-

o]

ormly Totating infinite disk in the presence of“external -~

megnetic field. As m Yends to zero the cchespoﬁdiﬂg 5Q-

lution in clessicel hydrodynamics 1s obtained. o
v=rcd{ erfc z/Qm) ees (18)

Por the second approxixilation the following Tesuits

are obtained;

t o0 t tﬂ-.;‘aG
2 - : 2 26
F) = S ar K FSo6a¥, W = S ar E Fo £ 47,
o o o - 0

and the following expressions are deduced;

t

f1=g

o t o0 T
av {15 cay, yo=-{ av [ 55 a¥( ¢ .
o ) _ ) o o
411 the results obtalned in this work for the cese of
infinite diask, cen be spplied as well to the case of ¢lirc-
uler rotating disk of finite radius R, provided that the
radius is lerge compared tof? the thickness of the viacous
boundary leyer i.e. R 79 -
'Equation (16) which represents the ‘solution for the

velocity corresponding to the first epproximetion, allows

to calculaete the moment of the force of friction ellover &
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roteting disc o¢ finlte radius R. The moment of the force

of fiiction ie defined and calculated as follows;

R ov
2
- 2m, g T TT% [
0

M dr =

=0

e—mz(t- )

t
FRJ'Y’T”S (%_1_“12“)_;—;—&1‘ ees (19
p Yt-

il

It is evident from (16) and (19) that even in the fi-
r3t crnroximation the magnetic field hes an effect on the

velocit; distribution amd th2 frictional moment,

Substituting m = O in the obtained results, ths corr-
esponding results of clessical hydrodynamies are obtained,
without taking into conslderation the conductivity of the

fluid or the presence of externsl magnetic field,
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