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In this paper we deduce an interpolation formule for vector valued entire
functions of nucomplex veriables of exponentinsl types. This formula is vsed
to derive a sufficient condition for these functions to have compact tra;ecto;
ries, The r*sult leads to a generalization of Cartwright's theorem[a] for this

vlags of functjioms.

§1. I.troduction:

The vector valued furctiong are deilinsd on the fizid ag - plex wap L
C ~z = (zl, zz..,..zn), 2 = xk + iyk » B =1,2,3,...,0 -~ ta Banaeh S T
Lol F L(E{ v he tie space of such veector veiicod funciicns Lotisfyi -~
o T T
n

tie following fya cenditions

{1) They are entire functions of exponential types yy, 1, B3reo oy
reldiive to zl.zz,....zn Tespectively, where uk < W,k =1,2, .., , n.
(2) They are bounded functions on the n~dimensional Euclidean Space —~—
n
B v 85 11 F(zl,zz....,zn}e- E“lf%% o
then
i i 1
A = ® LI ] g a 1 2 n
(1} F(zl,zz,...,zn) = 12=o 1£= o izao 11,12,...,in z Ty wen 1z,
1 1 o B ST
I 7 '
(11} ]I F(zl.zz, e ,zn) llx < A exp k=1 (uk+ € 3 f_zkl

e J

where ¢ 1ls an arbitrary popitive number s A i8 @& conatant, Hp< 7 for all

= 1,%,.4. ,m;
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(iii) Sap “F(xl"z"""n)llx <

2. Generalizetion of Cartwright's Theorem.

. g e . E X , th
Theorem (1). If F(z1 Zy1 sz u1su3.---,un en
o +® + @
F(zl,zz....,zn)= m2= dm.m2=_m mr=a, L (2y,2g5,....2,) F(ml,mz,...,mn)
) 1 2 o W, Dy, B
i N 1'72 n
where
n
i o, + e T Zs -
1, (21'22""'=n) = (-nM m2+ +mn ! EEP'Tzl ain w(mi 4}
ml.mz...-..m':I =1 o o (a.-z )2
i1
W <’- mgx uk , B =1,2,...,0

Progf. This is Just & generaiization of the one variable expansion [4] .

Thecrem {(2) . Let F(zl.

[

zz,....zn) be a vector valued function defined oo

the n=-dimensional Euclidean space 8" to Banach space X with expansion,

2 + = + L (x 1) F (= - < )
F(xl'x2""'xn) = m“-4n o = Cem l'xZ"'Q' n ml' mz""’ m
1= 5= m = Dy By s By _
such :chat
{1y The set ¢ the pume: ical fune¢tjon L (xl'xz’""’xn) satisgfies the
D, ,- . .,0
2
condirion 1 a
+ = + o - T
c b ) z m L (xl,xz,...,xn) <M
= mm - = = - P
o, Z, =, LY o
(4 is a constant)
aad ,
(ii) If the set of points .
o
i= =, =, , = ) & R
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iz defined for all conbinations (ml,m,,',:..,mn.) -of spogitivé and negatjve imfegers,
and if the et F (= = ,..., = 3y of values of the fufiction F(x).X,,...,X )
ml mz ' m 1 2 n

n

at the set :is gompecs, then the function F(X .X,,..,%,),15 of cpmpact trajegtory.

2

Proof. For any arbitrary positive number.c., there gyists };fiq;Fe set, 35

points in Rn
. . r . FREuA |
- = (‘r’lx Tor oo v Yn)J“ r =1,2,..., 8; - e e

The set ~ geheiates & ¥iifi b ‘number of ‘divisions of “the set of poidts #43¢ 7

bt BT A L Toio=o T L WE Twtaltangt
£ = L i T
r
r=1 e R S R SN 1 -1

#_.n that for eny point ( ==l,== ..,otn)e:B we get
r

2" Vg P T
ty = - - r
7 {'z]:"gf e D) P(YI!Y;I -.-,Y:)Hx < E. . _ .
Conslder the following equality : *
LT R =
s ' ' Toe 7 Ity
. I S
F{x_ ,%x_,...,x = ' - R }
g X% T L Gy, {F(aml. £ OFOG. oS
=1 r ml, 2,...,111“ n
R L Mt L (Y]0 ove ¥R rene VT @
=1 - . . + +
r<i _‘Br LETL PR .m_n)
RTINS N S i - T gnsowTeogrd
For the last term in (1) we get
I P L e T, B Y. e A owide
2 r.r T
LBl (e vk, oo yX ) FUY Yy reiesY, JoS o T 30 7 pwoagmi
r=1 8 ml.;l:i."mn- Itta nt oL
. 1'72' """ g
oL e u B T T TR F R '-‘ L. Toom :
_ B r.r ¥ . " -
e irfl _..i(__]:.l,,_Ya, ""YT-‘-) g g ({1’:“2"3-&"":‘3!;? EIEE S L T &1
: r Ppelgeeeafy
LI » IR R Ty e
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Let
I b(xl,xz....,xn) = Gr (xl,_x

“ee ,xn)
Br-r'ml |-.m2| L "l.m"n.

.

From condition (1) of the theorem we get that the ammerical fuaction

Gn(xl,xz,...,xn) is bounded, and po it has 8 compact trsejectory.
Let 8
F(x ,Xx ,...,x }= I G (x .,x% ...x-)r(rr*rr..."rr) (2
s 172’ n l_=1r.'1‘2' **n 1' 72" *'n
It is elear that F'(xl.xz.....xn) is & polynamial in tho bounded numerical
functions Gr(xl.xz....,xn). *r=1,2,..., 8, and aoc tho vector valued fumct-

ion r,(:l.x e .xn) i of caompact trajectory .

2
From (1) aod (2) we have

F(xl'xs'-""xn) - ?s(xl.xg.....xn) =
s r t}
= I CHE S S E £ {CHPTPCID I PPt
rs1 & m,,D0,.,...,0 1 n
r 12 n

co e (xl.xz,...,:n)—Fs(xl.xz,...,xn)l|<eu_

-

Thus the trajectory of the vector valued function Fs(xl,x ...xn) is e ¥ net

3’
for the trajectory of the function F(xl,xz....,xn} , Bod av the trajectory of

the vector valusd function F(xl,x yees ,xn) ig compmet, Q.E.D.

2
Theorem (3). If F(zl.z .,zn)e Eu‘é?&z“ v ,8nd if the set

gt -

L]

[

~point * 45 compact, then the function P(xl,xs,...,xn) 18 of & compact trajectory.

(ml.nz. .en ,ln)] of values of “he functioen F(xl,x .. ,ln) at the lattice

Proof. From theorem (1), we have the expansion

* All combinEtions (nl,...,mn} of poaitive aml negative integers
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F

X . = o LN +- & ) ) ‘/ -
2(‘1"2"f"=n} =.-E.dn z= ;-- ;u-" .ijl.:ag.,,,:n) r(n¥}u=J,1:.nn)
: 1 R By ' 4 '
o .
where noH_+, . .40 #in w2, eino(m,-z4)
n i 1771
L “i'lz""’x Y= (1) . 2 n a3
. grere ey 1= 1" u (.1'31)
80 we havo - .
+ ®. +m: = an
E I . I L (xl,xz,....x ) =
-1.-. ESM 0 e l,nz,..,,nn
1 : "L
r® W + oo ain 2 gin I'-ll(n -2 ) .
- t L T : 1 4 )
-lf-umz_---wnnl:-- - fm]. 1rn w (l -2 } . ) ‘
te sin LEN uin_m(nl-:ljl + = sin £ linu_(l_-n--!n)= qL)“
= Newas - - Ty
e T (m~5)) " ¥ w(m -z ) @

Fron theorem (2) we gat the required Tesult .

" From the above we can genaralizs the Cartwright's theorem to be :

It r(zi.,zs.[...,zn) is & vector valued entirs function of n-vnrinble‘_"s

2,8, .zn' of expomential types i, Mgeeersl, Fepectively ,p < k

»1=1,2,..,,n, and if the set of its values at the llttica pcin.ts is cnlplct, N
- £

then the function F(x -33----" Y is of conplot tn:.aatory.

1

Fii
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