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Hence the difference of pair of means were all significant beyond the .01
point except between the mean of the acquision of group (G) and geometry
(Ge) which was not significant at the point 0.05. Looking at tables (3), (6).
(8) we may conclude that geometry as a categorial structure was more
acquired than the non - cateforical structures : Linear space, topological
space. but less acquired than the non - categerical structures : Boolean
algebra & probability, whereas it was acquired as same as the non-categcrical
structure : group.

Therefore geometry developed axiomatically stands almost between
the non - categorical structures developed from basic material to applicable
theorems and the non - catigorieal shructures whose axioms developed by
rote learning and their theorems had no meaning to the student.
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education,» in A Howson : Development in mathematical education.
Cambridge university press, 1973.

2. W. Massey : «Algebraic Topology.» Harcourt & world, 1967.

3. K. Abe : «Curricula reforms and pupils activites». p. 75. Journal of
Japan Society of mathematical Education, special Issue 1971.

4. E. Begle & J. Wilson : «On evaluation of mathematical programs.»
Op. cit,, p. 22.

5. caa¥ly Dl cleab ) @ Geodl Lokl e » 0 ad Ak
¥t sl — L) Lme € L) Gl ppenally
. 1YY

6 claal M Ly olas 3 soa cglad o ogad ) sk Al
Ji L Uajl bl les Jade cleasiy sl
C 1A, Tl

N. Khedre «Developing 8 new approach of learning and teaching
mathematicss Proceedings of the coference on mathematics education
pre - university stage. Cairo 8 - 11 Dec. 1980.

- 18 —



- \o§ —

6.4 Comparisons between the acquistion of categorical and non - categerical
structures :

To compare the acquisition of categorical & non - categorical structures,
F-test followed by t-test were used. Table (7) shows a variance subdivided
into components of sets & F (these sets were the acquisition of the students
in the 6 structures : G, P, B, T, Ge (geometry) ).

Componets Variance F
Between sets ' 111.38 21.31
Within sets 525

Table ( 7))

F was found to be significant beyond the 01 point. Carring out t test
to each pair of means (of the acquistion of the different structures), beginning
with the smallest difference and working up to the pair for which we find
a significant difference. The results were shown in table (8).

Pair of structures t p
TL 14.1 < 01
L,Ge 18.87 < 01
G.Ge 42 > 05
P.Ge 9.93 < 01
B,Ge 2.87 < 01
G.B 238 < 01
G,P 9.33 < .01
P,B 822 < 01

Table 8 : Comparisons of acquisition means of different structures.

- 17 -
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6.3 : Discussion :

The non - categorical structures which were more acquired by students
were probability, Boolean algelora & group (P,B,G) but linear & topological
spaces (L.T) were less acquired (as table (6) shows their mean 9, respectively
6 1.7, 62, 60, 47, 43.759,). Looking at tables (5), (6) we can notice some
interesting comparisons between the acquisition of the structure and the
axiomatic process that would help in interpreting the above results.

The structures which were more acquired, their axioms were less
developed by rote learning (AX.7 for G, B, P : 20, 25, 259, while for
L, T : 75, 559, respectively - table (5) ), they were more developed by
abstracting properties from basic material (AX.6 for G, B, P : 50, 50, 55%,
respectively - table (5) ). However, having a background experience & basic
material did not guarantee in general developing out of them the axioms
by abstraction (AX.S, AX.6 for the linear space (L) were 669, 109,
respectively as shown in table (5) ).

It was found that 109, of the students confused the name of the
group structure with that of the field while 209, of them were confused
between the field and symetric field for Boolean algebra (from AX.2 for
B, G and data obtained) but non confused the name of the other structures.

Regarding deduction and interpretation stages it was found that students
gave illustraions and applications to the deduced theorems for group (G),
probability (P), and Boolean alegebra (B) more than for linear space (L),
Topological space (T) (see 1.1, 1.2, 1.3 for the various structures in table (5) ).

One may conclude that the non - categorical structures which were
more acquired were those structures whose axioms were developed from

basic material rather than by rote learning and their deduced theorems
were illustrated, interpreted and applied by studeats.

It was noticed that the illustrations of the theorems of G, B, P were
mostly from sets of numbers, sets & venn -diagram, where as thelr
applications respectively wefe in : relevant theorems in group theory and
number systems, sets and logic & relevant theorems in probability.

- 16 —
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Table ( 5 ) shows the percentage of the students who passed each
components of the model with respect to non - categorical structures.

Compement of Group Boolean Probability Linear Topological
the model G) algebra @ space space (T)
(B) @)
AX.1 159% 35% 259, 839, 819,
AX.2 609%, 509, 70% 85% 66%,
AX.3 709, 709, 709%, 859% 689,
‘AX 4 649%, 65% 76% 859, 609,
AX.S 75% 509, 60% 609, 5%
AX.6 509, 509, 559, 109, -
AX.7 209, 259, 259, 5% 559,
AX.8 - — - - -
D.1 80% 509, 809%, 90%, - 70%,
D.2 659, 309, 70% 20% 209%,
D3 50% 20%, 409, '10%, 159,
D4 159, 109, 109, - -
1.1 - 10% 35% - -
1.2 509, 309, 609, - -
1.3 209, 259, 259, 5% 5%
Table ( 5 )

Table ( 6 ) gives the mean 9, & S.D. of the students acquisition of
the different non - categorial structures.

Group Boolean Probability Linear Topological
G algemra ®) space  space (T)
B) (D)
Mean 9, 60 62 67.7 47 43.75
1291 9.86 9.23 12.6 9.35

S.D.

Table 6 : Acquisition of non - categorical structures.

—-—15 —



4. Various operations and their properties — Linear space.

— The intersection of two subspaces (of L
on : numbers, vectors and functions.

is a subspace of L).
— Equivalent conditions for a subspace.
— In the linear space (L.f,+,.)

- b 4
¥V EL, ¥t Ef, tvz 0 <>

..-uv
(t zo)v I vi=o0)
— Topological space-set -

(=t )b =z t (-n)=-td
topology.

A 1s Q.o”ma@.ﬂo A

- /7
A = AUA

— \ov —

A is closed if 1t contains

its limit points
@um - Dm\o-.cu NN va‘

a——

AUB =R UB.

(K

Table ( 4)
The basic material, axioms and theories reported by students in developing
non - categorical structures (G.B,P,L,T)
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Basic material

Axioms (of)

Basic theorems

1. Various operations and their properties
on : sets of numbers, vectors, geometric
transformation, matrics, sets functions.

| 2. Operations and their properties on
. M numbers sets & logical statements. Switch-
- ing circuits.

|

3. Uncertain events - Dice expriments.

Group.

Boolean algebra.
as Boolean algebra
of sets.

as Symmetric field.

Probability.

as a measure.
as a probability
function.

— The uniqueness of the identity element
— The uniqueness of the inverse element.
— The laws of right or left cancelling.
— The unique solution of the equations :

aox = b , yoa=b.

— aol = 1 & its dual
— aoa = a and its dual

- P() = o
~
- P(A) = 1-P(A)
= <
AJE R, = P(A) Sp(h,)

U;a!pmvnw;dvum;u n A

2

Eft >mvu2>1+ U;mv

-Pay N R0
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With respect to the basic material and developing the axioms from
them, it was found that 209, of the students (from AX.5 table 2) gave
geometrical objects as basic material in connection with Pasch axiom,
congruence of triangle axioms & continuity axiom. However a few of them
(just 5%) were able to develop these axioms from basic (concrete) material.

It is worth mentioning that some students (209,) gave historical survey
in introducing the axioms of incidence of affine plane geometry. While
359, of the students developed the axioms by rote learning.

As for deduction, it was found that 409, (from D.2) of the students
proved two basic theorems, & 359, proved one theorem. Hence most of the
students (759) preferred to arrive at the theorems formally. Very few of
them (59 from L.1) arrived at the theorems informally through concrete
material. All the proved or stated theorems were on axioms of incidence
betweeness, Pasch, but non were on axioms of congruence and continuity.
509, of the students referred to axioms they state before. This may show
that 359, learned the proof by heart.

Few of the students (229, from 1.3) table (2) gave meaning to the
theorems concerning incidence axioms, by listing some theorems that could
be derived from them, i.e. they mentioned their role in developing the
structure.

6.2 Development of non - categorical structures :

The results in table (4) showes the basic material, axioms and theorems
concerning the non - categorical structures group (G) Boolean algebra (B),
probability (P), linear space (L) & topological space (T), that were reported
by the students.

- 12 —
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Table ( 3 ) showes overall results. It contains the mean in terms of
percentage of the students acquisition of the categorical structure (Ge)
and S.D. '

Acquisition of geometry (Ge)

Mean in terms of percentage 59.649,

S.D. 12.6

Table 3 : Acquisition of the categorical structure (Ge).

6.2 : Discussion :

Although the acquistion of a categorical structure namely Fuclidean
Hilbert geometry was just good - as table (3) shows, but further study and
remarks of the results in tables (1), (2) yielded some further interesting
analysis of the axiomatic process developed by the students. For example
609, of the students knew that the structure has axioms as basis (from
AXJ3 in table (2) but only 409, states the axioms correctly (from AX.4
in table (2) ). Moreover 309 of the students gave the correct name of
the structure (from AX.2 of table (2) ), 209, of the students confused the
axioms of Hilbert with those of Euclid and 109, of the students confused the
axioms of Euclidean plane geometry of Hilbert with those of affine plane
geometry, but 409, did not have any idea about the axioms at all.

Regarding developing the axioms it was surprising to notice that
although no student had any chance to know Shibata’s method of historical
development of a categorical structure, it was found that some students
(149, of the students - from AX.8 table (2) ) used it in somewhat a naive
way. These students proved one theorem only. in proving the theorem they
used a procedure similar to that of Shibata, they tried to trace back the
derivations to previous theorems, for instance theorem 3 from theorem
2 and this from theorem 1 till they end at a certain generalization or
priniciple which they called it axiom. Hence this method may be regarded
as a natural mental activity.
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It was noticed that the students gave only few basic materials (concrete,
or familiar) in developing (abstracting) the axioms of Euclidean Hilbert

geometry.
Table ( 2 ) gives the percentage of the students who passed each

component (item) of the model of analysing the axiomatic process with

respect to (Ge).

Component of the model 9, of the students
AX.1 259,
AX.2 309,
AX3 609,
AX 4 409,
AX.S 209,
AX.6 5 9,
AX.7 359,
AX.8 (Sh.P) 149,
D.1 487,
D.2 409,
D3 50%
D4 359,
L1 59,
12 79
L3 32%

Table ( 2 )
— 10 —
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Axioms of congruence for segments (3 axioms).

Half lines, pencil Axioms of congruence for angles (5 axioms).
of lines. An axiom of congruence for triangles.
Some ways of Axiom of continnity.
measuring the length Cantor axiom.
of segments.
Table (1)

The basic material, axicms and theories reported by studeuts in developing

the categorical structure (Ge)
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Basic material

Axioms

Basic Theorems

Segments, interior
points triangles.

Axioms of incidence of Euclidean geometry
in space (8 axioms).

Axioms of incidence of affine plane geometry
(7 axioms).

Axioms of betweeness in plane Euclideau
geometry (8 axioms).

Pasch axiom.

There is a unique plane incident with
a point a and a line L not incident with a.
Every plane is incident with at least three
points.

There is a unique plane incident at least
with two intersecting lines.

Every point is incident at least with three

lines.
Every point is incident at most with three
lines.

On ecach line segment therc is at least
one interior point on it.

If a line cuts one side of a triangle, it
will cut either of the other two sides,
provided that Pasch axiom is satisfied
in the triangle.
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7. Tabulating the basic material, Axioms, basic theorems of each structure
given by the students.

8. Descriptive analysis was done using the model of analysis developed in
the study on each component (item) of it on developing : (1) categor-

ical structures, (2) non categorical structures.
9. Comparisons of the acquisition of the different structures were done.
10. Giving consideration to subsidery results arose from the data obtained

in the course of the study that appears to be of some significance in

interpreting the main results.

6. Results :
6.1 : Development of a categorical structure, namely Euclidean Hilbert
geometry (Ge).

The results in table (1) show the basic material, axioms and theorcms
reported by the students. The students gave sets of axioms concerning :
incidence relation in Euclidean space & in affine plane, betweeness relation

and Pasch axiom congruence for sements. angles and triangles,

continuity - cantor and Archimedean axiom.
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(Group (G), Boolean Algefra (B), probability (P) Linear space (L) and
topological space (T) were more acquired by the students.

5. Method :
5.1 Subjects :

Subjects of the study were students of the final year of Ain Shams

college of Education in mathematics. Complete data were obtained on 200
of the students. The study was conducted in the second semister 1981.

5.2. Procedures :

1.

The students were given a chance to revise their knowledge of the basic
structures studied already in college. Namely, group (G), topological
space (T), linear space, (L) probability (P). Boolean Algebra (B)
(as non - categorical structures) and Euclidean Hilbert geometry (Ge)

{as a categerical structure).

Written exams were administered on the basic structures to assess the
students in stating the axjoms, stating and proving two basic theorems.

of each structure.

The students were asked to write reports to show their approaches of
teaching these basic structures including their ways of deVeloping the
axioms to the pupils and in deducing the two basic theorems and in

giving the basic material (concrete) & illustrations they used.

Data from the answers of the exams gave measures of AX.1; AX.2,
AX3, AX4 & D.1, D2, D.3 D4, specified in the model of analysis.

Data obtained from evaluating the reports gave measures of AX.S,
AX.6, AX.7, AX8 & I1, 1.2, 13.

The acquisition of the structure was obtained from summation of the
scores on AX.1, AX 4, D.1, D2.

— 6 —
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(AX.5) : Having basic material (concrete) and experience.
(AX.6) : Developing the axioms by abstracting properties.
(AX.7) : Developing the axioms by rote learing.

(AX.8) : Using the historical development way in developing the axioms
especially for categorical structures.

D:
(D.1) : Stating two basic theorems of the structure.

(D.2) : Proving the two theorems.

(D.3) : Referring to the used axioms in proving the theorems.
(D.4) : Referring to axioms which are stated.
I:

(I.1) : Arriving at the theorems informally through appropriate materials
(I.2) : Giving illustrations to the theorems,

(@3) : Giving meaning to the theorems by interpretating them through
their functions or applications.

4. The purose of the study :

The purpose of the present study was twofold. First to analyse the
axiomatic process developed by the students with respect to its three
aspects, namely axiomatization, deduction & interpretation, through devel-
oping categorical and non - categorical structures from basic material to
formal theorems. Second, to investigate which structures : categorical
structure (Euclidean Hilbert Géometry (Ge) ) and non - categorical structures.

-5 =
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theorems by certain interpretation. We would then agree with Abe’s
ispects of the axiomatic method to be :

1. axiomatization 2. deduction 3. interpretation.
(b) Suitable material is needed to complete the three stages.

(¢) The method of the historical development of a categorical theory
may be thought of as informal way of approaching the thzory.

3. Model of amalysing the axiomatic process :

In constructing the model we took into consideration Shibata’s viewes
and our ideas resulted from previous studies (5,6). The model consisted of
three divisions to analyse the threc aspects of the axiomatic process :
axiomatisation (AX), deduction (D) and interpretation (I). These divisions
were supposed to give descriptive analysis of the three parameters (stages)
operating in the process in one respect and to show the acquisition of the
different structures by assigning some scores to the main components of
these divisions (items). The model was also supposed to be used for
categorical and non - cateforical theory.,

The model is shown below :
AX :
(AX.1) : Putting the undefined terms.

(AX.2) : Discriminating the basis of the structure, i.e. not ccafusing
the axioms of the structure with that of the others, by giving
the name of the structure correctly.

(AX.3) : Knowing that the structure has basis as axioms.
(AX.4) : Stating the axioms of the structure correctly.

— 4 —
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theories occuring in different branches from one viewpoint, attempt to
discover some similarity and abstract structure by axiomatising.
Secondly we deduce some useful theorems from axioms obtained.
Thirdly and finally, we apply these theorems to a concrete theory.

The categorical theory is developed in two different ways. (i), The
historical develoément, (ii) the modern development. One way is to
discover the essential basis, look for the foundation of the theory and
axiomatize it. For example in the world of numbers and figures, we
observe many properties and deduce some properties from these
previousely known. We examine the process of deduction and do some
reverse thinking, step by step, then we attempt to seek foundatios for
the theory. Lastly, we fix the essential basis, axioms. Examples of the
historical development of a categorical theory, Peano’s theory and that
of Euclid and Hilbert. The other way is as follows : First we break down
the theory into essential pieces, observe some similarity in different
theories, and abstract a common structure to obtain a non categorical
theory. Next we organize categorical theory. Example of this modem
development is the Euclidean plane as a two dimensional linear space
with an inner product. This modern development characterize modern
mathematics and is especially attractive to mathematicians, while the
historical development is a suitable way to understand the content
especially through geometry.

Starting with observations and experiments on eoncrete material helps
in developing the abstraction stage.

2-1 Notes :

Some remarks from Shibata’s views which helped indeveloping -the

model of analysis used in the present study are :

(a)

With respect to the stages of the non - categorical theory abstraction
deduction & application; the first is concerned with developing the
basis of the theory or rather the axioms. So it is preferable (as Abe did)
to call it axiomatization. The application stage needs much knowledge
in one or different fields. Therefore to analyse the basics of the
axiomatic method, it is sufficient to know some meaning of the deduced

-3 —
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topological space. Hence non - categorical theory is more abstract than
categorical theory. There are theories in modern mathematics on ever higher
level of abstraction (1), (2).

On the other hand, the axiomatic method is not only an indespensable
element of modern mathematics but is a mental activity. As Abe (3) pointed
out «the axiomatic process, if deprived of the extreme formalisation reveals
itself in its germ, in its psychological. geneology, as a natural process of
human thinking...there seems to exist what may be called the spontaneous
process of axiomatizations.

One of the objectives of mathematics instruction is to develop the
ability of the student to think in terms of postulations and logical structure
(4). Hence it is more important for students to understand the processes
of constructing mathematics, i.c the processes of axiomatization and
abstraction. (1).

However, the movement of modernization of school and college
mathematics in Egypt resulted in introducing modern topics in algebra,
topology, probability, analysis. Throughout the treament of these topics
the emphasis is on concepts, theorems rather than on the axiomatic method
that constructs them.

In fact some more problems concerning teaching and learning the
axiomatic method (process) were tackled in previous studies (1.5.6). Tt was
felt then that any reform must begin with the teacher himself. This provoked
the need of knowing how the prospective teacher perceives the axiomatic
method not a formal sort of evaluation for an end course in certain theories,
but to know how he develops the mathematical structures bv some analysis
developed in ‘view of Shibata’s ideas which we present in the next point.

2. Shibata’s view om the development of a mathesnatical structere
(theory) :

Shibata (1) discusses in general the development of categorical and
non - categorical theories in school mathematics, he mentions :

(a) The development of non - categorical theory goes in three stages;
abstraction, deduction, application. First we observe several concrete

-2 -
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AN ANALYSIS OF THE AXIOMATIC PROCESS DEVELOPED
BY PROSPECIIVE TEACHERS OF MATHEMATICS IN EGYPT.

Abstract

The purpose of the study was twofold. First to analyse the axiomatic
process (method) with respect to its three aspects; axiomatization, dedu-
ction & interpretation. Second to investigate which structures (categorical
or non categorical) were more acquired. The categorical structure taken was
Euclidean - Hilbert geometry (Ge), the non - categorical structures were ::
group (G), Boolean Algbra (B), probability (P), Linear space (L), topological
space (T).

The subjects of the study were 200 undergraduates of the final year in
mathematical education.

The results showed that the categorical structure (Ge) was more
acquired than (T), (L); and was less acquired than (B), P; but was
acquired as same as (G). It was found also that the non - categorical
structures (B,P,G) which were more acquired, their axioms were developed
from basic material rather than by rote learning, and their theories were more
illustrated, interpreted and applied by students than the non categorical
structures (T,L) which were less acquired.

1. Introduction :

Modern mathematics has been characterized by the axiomatic method
(process) in developing its theories (structures). Categorical and non -
categorival theories are two kinds of mathematics thus constructed (axiom-
atically). The former is an axiomatization of a few very explicite mathem:
atical objects (a substance, an entity) such as Euclidean geometry  and
theory of numbers (e. g integers, rational numbers, real numbers, complex
numbers), which is included in most school mathematics and begining
undergraduate courses. The latter is an abstraction of a structure (i.e by
isolating and studying certain properties common to several different.
concrete mathematical objects) such as group, ring, field. vector space.’

-1 -
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