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 
Ratio, Regression and Difference Estimation  

 

  1.7 












 










o b e i k a n d l . c o m



 

 

138 
 


 

  2.7 





 

iyi 
  

ixi 
Yy 
Xx 

Y YR = =
XX

yx 

ρyx 

Y Y
nn

yxyx
y xRR 



n

i
i=1
n

i
i=1

y
yR = =
xx

∑

∑
 

Ry 


R
yy = X = RX
x

 
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
RY 

 
R

yY = X = R X
x

 

  3.7R 




R



 

yx
 

Y YR = =
XX

 

 n
yxyx

yxRR
RR( )E R R≠

1993Cochran (1977)
1995

R 

   2 2 2
y x xy2

1- fVar(R) = [S + R S - 2RS ]
n X

 
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 
N

2
i

2 i=1
x

(X - X)
S =

N-1

∑ 

 
N

2
i

2 i=1
y

(Y - Y)
S =

N-1

∑
 

 
nf =
N

 

 
N

i i
i=1

xy

(Y - Y)(X - X)
S =

N-1

∑ 

var(R)R2
xS2

yS2
xyS

var(R) 
  22 2 2

y x xy2
1- fs (R) = [s + R s - 2R s ]
n x

 

 
n

2
i

2 i=1
x

(x - x)
s =

n-1

∑
 

 
n

2
i

2 i=1
y

(y - y)
s =

n-1

∑
 

 
n

i i
i=1

xy

(y - y)(x - x)
s =

n-1

∑
 
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  2s (R)var(R)
2s (R)

 



 
n n n22 2

i i i i
2 i=1 i=1 i=1

2

y + R x - 2R y x
1- fs (R) =

n-1n x

∑ ∑ ∑
 

1
20N=200

 
  


 

 
20

i
i=1

y = 174∑
20

i
i=1

x = 60∑20
2
i

i=1
y = 2094∑

20
2
i

i=1

x = 248∑20

1
697i i

i
x y

=

=∑ 

 1  2  3  4  5  6  7  8  9  10  


ix 

4  5  2  5  1  1  7  6  4  1  


iy 

8  10  8  15  2  3  18  15  20  4  

 11  12  13  41  15  16  17  81  19  20  


ix 

2  4  1  2  3  4  4  2  0  2  


iy 

6  14  3  7  8  10  12  4  0  7  
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 

 y 8.7R = = = 2.9
3x

 

 



 
n n n22 2

i i i i
2 i=1 i=1 i=1

2

y + R x - 2R y x
N- ns (R) =

n-1Nn x

∑ ∑ ∑
 

2

2

(200 - 20) 2094 + (2.9) (248) - 2(2.9)(697)= = 0.0361
20(3) (200)(19)

 

 
 

 2s(R ) = s (R ) = 0361 = 0.19 

 





s(R) 0.19CV(R) = = = 0.0655

2.9R
 

Xx 


YR =
X

 

R  


2
y

2

S1- fVar(R) =
nX

 

(1993)Cochran (1977)
(1995) 
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  4.7 
Y Y

 
 


Ry = RX 
 

 
RY = R X 

XXx
Ry

RYYY
Ry

RY 

2 2 2 2
y x xyR

1- fVar(y ) = X Var(R) = [S + R S - 2RS ]
n

 

 2 2 2 2 2
y x xyRR

1- fVar( Y ) = N Var(y ) = N [S + R S - 2RS ]
n

 

Ry
RY 

 
n n n22 2

i i i i
2 i=1 i=1 i=1

R

y + R x - 2R y x
(1 - f)s (y ) =

n n-1

∑ ∑ ∑
 

2 2 2
R Rs (Y ) = N s (y ) 

        
var(y)

Rvar(y ) 
Rvar(y ) var(y)≤ 
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 
2 2

xy x2RS R S≥ 
 

1 CV(x)
2 CV(y)

ρ ≥ 


yρ

 x  y 
(2) (1)X=650

Ryy
 
 

 
n n n22 2

i i i i
2 i=1 i=1 i=1

R

y + R x - 2R y x
(N- n)s (y ) =

Nn n-1

∑ ∑ ∑ 

2200 - 20 2094 + (2.9) (248) - 2(2.9)(697)= = 0.3247
20(200) 19

 

n

i
i=1

1 1y = y = (174) = 8.7
n 20∑ 

2 2
y

N- n 200 - 20 30.54s (y) = s = = 1.3743
Nn 200 20

 


 
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  5.7 



n


 R

 

1.5.7R 


R

d95% 
p( R- R < d) = 0.95 

n 
2 var(R ) = d 

2s (R)var(R)R2
xS2

yS2
xyS

 
2

2

Nsn >
ND+ s

 


22d XD =

4
2σ

n′
2σ 

 
n2 2

i i
i=1

1= (y - R x )
n -1

σ
′

′ ∑ 
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2σ̂2σX
x 

 2.5.7 


d
95% 

Rp( Y - y < d) = 0.95 
 

R2 Var(y ) = d 
 

2 X V ar(R ) = d 


d95% 
2

2
Nsn >

ND+ s
 


2dD =

4
X

2σ 

3.5.7 


R Y 
2

2

Nsn >
ND+ s

 
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 
2

2

dD =
4N

 

(3) (1) 
n = 20′N = 200X = 650

RYYd0.30.8100
 
2σ 

 
n2 2

i i
i=1

1 137.08= (y - R x ) = = 7.2147
n -1 19

σ
′

′ ∑ 

R 








2 2

2 2 2 22

200(7.2147) 27
200[(0.3) (3.25) / 4] 7.2147( / 4)

N Nn
ND N d X

σ σ

σ σ
= = = =

++ +

Y 









2 2

2 2 22

200(7.2147) 37
200[(0.8) / 4] 7.2147( / 4)

N Nn
ND N d

σ σ

σ σ
= = = =

++ +
 

Y 








2 2

2 2 2 22 2

200(7.2147) 74
200[(100) / 4(200) ] 7.2147( / 4)

N Nn
ND N d N

σ σ

σ σ
= = = =

++ + 

6.7 



o b e i k a n d l . c o m



 

 

148 
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




 

1.6.7  


 

-1 

 
K K

i
RS ii i

ii=1 i=1

yY = X = R X
x∑ ∑ 


iRiXi

i = 1, 2,…, KxiX



RSY

 


2K

2 2 2i
RS i yi i xi i xyi

i=1 i

NVar(Y ) = (1- f )[S + R S - 2R S ]
n∑ 

  
2K 22 2 2i

i ii yi xi xyiRS
i=1 i

Ns ( Y ) = (1- f )[s + R s - 2R s ]
n∑ 
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-2 






K

i i
st i=1

R K
st

ii
i=1

N y
YY = X = X
X N x

C

∑

∑
 


stY

stXyx
Xx 


RCYX




RSY
 


2K

2 2 2i
RC i yi xi xyi

i=1 i

NVar(Y ) = (1- f )[S + R S - 2R S ]
n∑ 

  
2K 22 2 2i

RC i yi xi xyi
i=1 i

Ns (Y ) = (1- f )[s + R s - 2R s ]
n∑ 


RSYi

i
i

YR =
X



YR =
X



 

2.6.7 

          
 
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1  


K K K

i i
Rs ii i iRS Ri

i iI=1 I=1 i=1

1 1 y yy = Y = X = W X = W y
N N x x∑ ∑ ∑ 

RSy 


RSRS 2

1var(y ) = Var(Y )
N

 

2 2
RSRS 2

1s (y ) = s (Y )
N

 

2  



K K

i ii i
i=1 i=1

RCRC K K

i ii i
i=1 i=1

N y W y
1 1y = Y = X = X
N N N x W x

∑ ∑

∑ ∑
 

RCy 


RCRC 2

1var(y ) = var(Y )
N

 

2 2
RCRC 2

1s (y ) = s (Y )
N

 

(4)YY



 
 iN 

iW in iy ix iX 2
yis 2

xis xyis 
1 700  0.2 40  50  32  21000  225  4  24  
2 1750  0.5 50  30  18.5 31500  64  2.25 8.4 
3 1050  0.3 40  20  7  8400  36  0.64 4.32 
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 
K K

i
RS ii i

ii=1 i=1

yY = X = R X = 107893
x∑ ∑ 






K

i i
st i=1

Rc K
st

ii
i=1

N y
Y 108500Y = X = X = (60900) = 106361

62125X N x

∑

∑
 

i(1- f ) = 1 
  

K 22 2 2i
RS i ii yi xi xyi

i=1 i

Ns (Y ) = (1- f )[s + R s - 2R s ] = 5026730
n∑ 

 2
RS RSs (Y ) = s (Y ) = 5026730 = 2242 

  
K 22 2 2i

i yi xi xyiRC
i=1 i

Ns ( Y ) = (1- f )[s + R s - 2R s ] = 5048091
n∑ 

 2
RC RCs(Y ) = s ( Y ) = 5048091 = 2247 

2 2
RSRS 2

1s (y ) = s (Y ) = 0.641
N

;  
3

iRS Ri
i=1

y = W y = 30.83∑ 

;  2 2
RCRC 2

1s (y ) = s (Y ) = 0.642
N

K

i i
i=1

RC K

ii
i=1

W y
y = X = 30.39

W x

∑

∑
 

y 
 


StY = 108500 

 
2

sts (Y ) = 7361025 



 
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 7.7 



  

dy = y + (X - x) 

XxX
yydy

Yyx
YX 


X

yx
y


 

dyY
dy 

2 2
y x xyd

1- fvar(y ) = (S + S - 2S )
n

 

n
2

i i
2 2 2 i=1

y x xyd

[(y - x ) - (y - x)]
1- f 1- fs (y ) = (s + s - 2s ) =

n n n-1

∑
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 (5):
18013320

ixiy
n = 10


 

 1  2  3  4  5  6  7  8  9  10  

iy 9  14  7  29  45  109  40  238  60  170  

ix 10  12  8  26  47  112  36  240  59  167  

 
y = 72.1; x = 71.7; X = 74 

dy = y + (X - x) = 72.1- (74 - 71.7) = 74.4 
n

2
i i

2 i=1
d

[(y - x ) - (y - x)]
1- fs (y ) = = 0.5928

n n-1

∑
 

 
d

d
d

s(y ) 0.5928CV(y ) = = = 0.013
74.4y

 

 


d dY = N y 


dY 

 2
d dvar(Y ) = N var(y ) 

2 2 2
d ds (Y ) = N s (y ) 
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8.7 



yx 

i i iy = + bx +α ε 
2(0, )iε σx

lryYβ
lry 

lry = y + (X - x)β 
1β =d lry = ylryY 

  2 2 21var( ) ( 2 )y x xylr
fy S S S

n
β β

−
= + − 

βlry 

2
xy

opt
x

S
S

β = 

lry 
2 21var( ) (1 )ylr

fy S
n

ρ
−

= − 

 
2

2
2 2

( )xy

x y

S
S S

ρ = 

2ρ 
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β
β

 

 

n n n

i i i i
i=1 i=1 i=1

n n
2 2
i i

i=1 i=1

n x y - x y
=

n x - [ x ]
β

∑ ∑ ∑

∑ ∑
 

ββ 
 ( )lry y X xβ= + − 


yx
iyx

x



lryY

Ry 


lry 

2 21 1( ) ( )
2 y xylr

f ns y s s
n n

β
− −

= −
−

 
 

 
   ( )lrlrY N y Y X Xβ= = + − 

 
2 2 2

lrlrs ( Y ) = N s (y ) 

o b e i k a n d l . c o m
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(6)(5)
lry

lrs(y )
y

dy
Ry 

 
 ( ) 72.1 0.9925(74 71.7) 74.383lry y X xβ= + − = + − = 

2 21 1( ) ( )
2

1 (10 /180) 9 [5981.48 (0.9925)(6020.59)] .642
10 8

y xylr
f ns y s s

n n
β− −

= −
−

−
= − =

  

 
   

y y = 72.10 s(y) = 23.767  

 
Ry = 74.41 Rs(y ) = 0.833  

 dy = 74.40 ds(y ) = 0.770  
 lry = 74.38 lrs(y ) = 0.801 


dyy

yx
dyy

 

2
xy

opt
x

S
S

β = 

 
 

1
2optβ > 

 

dvar(y ) < Var(y) 
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
dyy

dy
Ry

lry
y 


dy

Ry
dy


Ry 

1 1
2 2

R
β

+
< < 

βRβR
 

 yR =
x

 xy
2
x

s
=

s
β 

dyRy 


1 1
2 2

R
β

+
< < 

y
Y


dy

 

9.7 


 
1- 

i 
 ( )i ilri i iy y X xβ= + − 

o b e i k a n d l . c o m



 

 

158 
 


iβiiX

 


1 1
[ ( )]

K K

i ii ilrs lri i i
i i

y W y W y X xβ
= =

= = + −∑ ∑ 

 


lrs lrsY = N y 

lrsy 
 22 2 2 2

1 1

1var( ) ( ) ( 2 )
K K

i
i i yi xi xyirs lri i i

i i i

fy W Var y W S S S
n

β β
= =

−
= = + −∑ ∑ 

 
 22 2 2 2

1

1( ) ( 2 )
K

i
i yi xi xyirs i i

i i

fs y W s s s
n

β β
=

−
= + −∑ 

2- 
 

1
( ) [ ( )]

K

st i iilrc st i
i

y y X x W y X xβ β
=

= + − = + −∑ 

 
  lrc lrcY = N y 

lrcy 
2 2 2 2

1

1( ) ( 2 )
K

i
i yi xi xyilrc

i i

fVar y W S S S
n

β β
=

−
= + −∑ 

 
2

1

2 2

1

1

1

K
i

i xyi
i i
K

i
i xi

i i

fW S
n

fW S
n

β =

=

−

=
−

∑

∑
 
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β2
yiS2

xiSxyiS
β2

yis2
xisxyis 

1β =
 

stdst sty = y + (X - x ) 
 

K
2 2 2i
i yi xi xyidst

i=1 i

1- fVar(y ) = W (S + S - 2S )
n∑ 

o b e i k a n d l . c o m



 

 

160 
 

 

 
 
1         

n=12
N=200  

 1  2  3  4  5  6  7  8  9  10  11  12  

 200  170  450  300  600  550  1000  1200  150  220  250  320  

125  110  200  170  250  240  350  500  105  130  140  160  

 R 
 95%R 

2 
X = 455 

 


 
 

 
 yx

 
 

 
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 
 

16
1 

161 
 

3 
   100     x=12500

      10 
        

 

 1  2  3  4  5  6  7  8  9  10  

iy 55  42  46  39  71  61  58  57  58  67  

ix 56  47  48  40  78  59  52  58  55  67  

 
 

 yx
  

 
 

4 R
d=0.15 

5 


d=0.15 
6 5

 
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 1  2  3  4  5  

 120  140  160  130  180  

 100  105  110  115  120  

 R95%R 
 

90% 
7 10

         (x)
    (y)  

500 

 1  2  3  4  5  6  7  8  9  10  

(x) 20  15  22  30  40  35  25  32  42  24  

(y) 1100  1200  1300  1400  1600  1300  1250  1300  1650  1200  

         
R 

 
yx

 
 y

 
 

 

o b e i k a n d l . c o m
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8         2005
        25

      2001 670
     9 

      20012005 
 

 1  2  3  4  5  6  7  8  9  

2001  20  19  30  26  25  33  14  39  27  

2005  23  24  28  27  30  38  16  44  29  

     2005
95% 

 2005
95% 

 
200595% 

 
 

9 500500.000
5

 

x 30 12 15 25 35 

y 10 12 15 25 35 
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
90% 

 
10 





y

x
1X = 24500

1N = 120


2N = 1802X = 21200 

 ix  204  143  82  256  198          

 iy  210  160  75  280  190          

 ix  137  189  119  63  103  107  159  63  87  

 iy  150  200  125  60  110  100  180  25  90  

 
y x 

 
 

 
   

o b e i k a n d l . c o m
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 
1    (2001)     

 

2 (1994) 

3 (1981) 

4       (1981)    
 

5 –  .(1995)   
 
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 

 
 

Systematic Random Sample 
 
 

  1.8 

nN











50015000


 





k
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
k 

50015000
k

k = N/nk = 30
115000


1307
7

3160
7 + k = 377 + 2k = 67

 

2.8 



 

  1.2.8  


N

1Nk = N/n
1kii

kk

o b e i k a n d l . c o m
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i, i+ k, i+ 2k, ..., i+ (n-1)k
k

iyi 

 
k  L  i  L 2  1  

ky  L  iy  L  2y  1y  

2 ky  L  i+2ky  L  2+2ky  1+ky  
  M  M  M  M  M  

nky  L  i+(n-1) ky  L  2+(n-1) ky  1+(n-1) ky  

k=N/n
 k  

 
(1)N=11

n = 4k=11/4=3
(1,4,7,10)2,5.8,11(3,6,9)

3 

2.2.8 


N nk≠

1N
ii N≤i+ jk

i+ jk N≤j = 0,1, 2,…, (n-1)

o b e i k a n d l . c o m
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i+ jk- Ni+ jk > Nk
 

(2)N =11n = 4k = 3
 

 )4,7,10,2( (3,6,9,1) (2,5,8,11) (1,4,7,10) (9,1,4,7) 

(8,11,3,6)(7,10,2,5) (6,9,1,4) (5.8.11.3) (10.2.5.8) (11,3,6,9) 



n 

 3.8 
 

1 



 

2 
 

3 


 
4 

N 
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5 


 

 

1 
 

2 



 
3 

 

 4.8 




 

  1.4.8  


 

n

isy
i=1

1y = y
n ∑ 
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syy 
2 n

2 2 2
isy sy

i=1

N- n s 1s (y ) = ; s = (y - y )
N n n-1∑ 

NN- n
N



syy
syy

y
y 

   
2 2N- n S N- nVar(y) = = ( )

n N-1 n N
σ 

syy 
2

syVar(y ) = [1+ (n-1) ]
n

σ ρ 

ρ
Var(y)syVar(y ) 

ρ





ρ
ρ


syVar(y ) 

o b e i k a n d l . c o m
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syVar(y )


syVar(y )
2

sys (y )
2s (y) 

2.4.8 
N

 N
 NN

 


sy syY = N y 

 


2

2 2 2 2
sy sy

N- n ss (Y ) = N s (y ) = N
N n

 


 

 5.8 



 

 

o b e i k a n d l . c o m



 

 

176 
 

1.5.8 (Random Population) 




0ρ ≈
NsyVar(y ) Var(y)≈










 

2.5.8(Ordered Population) 





110





 
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
0ρ ≤

NρsyVar(y ) Var(y)≤





syVar(y ) 
2

2
sy

N- n ss (y ) =
N n

 


 

3.5.8 (Periodic  Population) 













 


ρ

( 0)ρ >

o b e i k a n d l . c o m
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
N0ρ >syVar(y ) > Var(y)


 













 





syy 

2
2

sy
N- n ss (y ) =

N n
 

6.8 


P 
iy 
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i1 = y 
i0 = y 

$
syp 

$
n

isy sy
i=1

1 ap = y = y =
n n∑ 

a
 

$
$ $ $ $

sy sy sy sy2
sy

p q p qN- ns (p ) = = (1- f)
N n-1 n-1

 

(1-f)N



$

syVar(p )
$Var(p)N 

= 0ρ
$p$

syp 

 7.8 




 
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1.7.8 

Y


d95% 

syP( Y - y < d) = 0.95 

n 

sy2 Var(y ) = d 

2Sρ



2Sρ







 
2

2

NSn
ND+ S

≥ 


2dD =

4
2S

 
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2.7.8 


Yd 
95%

n 
2

sy2 N V ar( y ) = d 

 
2

2

NSn
ND+ S

≥ 

2

2

dD =
4N

2S

 
(3):


2500


2s =100Y


d = 2 
 

 
2 2d (2)D = = = 1

4 4
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 
2 2

2 2

NS Ns (2500)(100)n = = 96.19
ND+ S ND+ s 2500 +100

≥ ≈ 

n = 97
 

3.7.8 




d
95% 

$
syP( P- p < d ) = 0.95 

 
$

sy2 V ar(p ) = d 

n 
 

NPQn
ND+ PQ

≥ 


2dD =

4
Q =1- PP


P=0.5

P=0.5
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
 

(4): 


P=500016


P3%d=0.03
P P=0.5 
 

 
2 2d (0.03)D = = = 0.000225

4 4
 

 
NPQ (5000)(0.5)(0.5)n ³ = = 909.01

ND+ PQ 5000(0.000225) + (0.5)(0.5)
 

n=910
P=0.5 

 8.8 


syy

syy


syy
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


N=250105
50

10 1- in - 50
51 1- in - 5 


Y

sn = 10syVar(y ) 


N = 960

1960n=60k=N/n=16
116


sn = 10

sk = n k′
k = 16k = 10(16) = 160′10

1160
sn =10

160k ′ =
106 
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101160
66,18, 6, 22, 50, 70,140,120, 90,155

1 
(1)10 

 


 

 
 

 
 

 
 

 
 

 
 

1  6  166  326  486  646  806  
2  18  178  338  498  658  818  
3  22  182  342  502  662  822  
4  50  210  370  530  690  850  
5  66  226  386  546  706  866  
6  70  230  390  550  710  870  
7  90  250  410  570  730  890  
8  120  280  440  600  760  920  
9  140  300  460  620  780  940  
10  155  315  475  635  795  955  

sn = 10
syVar(y )

k = 160′
1- in - kk = 16sk = kn = 160′ 

Y(1- in - k)  sn
 

sn

syw i
i=1s

1y = y
n ∑ 

iy   isi = 1, 2, ..., n
sywy 

sn
2

i syw
2 i=1

syw
s s

(y - y )
N- ns (y ) =

N n (n -1)

∑
 
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
Y 


sn

i
syw syw

i=1 s

yY = N y = N
n∑ 


sywY 

2 2 2
syw syws (Y ) = N s (y ) 

Scheaffer, Retal (1996)  

 
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 
 
1 







 
2 





 

3 
         

         
 1-in-50        90%

N=1800 

 
12.00  11.97  12.01  12.03  12.01  11.80  
11.91  11.98  12.03  11.98  12.00  11.83  
11.87  12.01  11.98  11.87  11.90  11.88  
12.05  11.87  11.91  11.93  11.94  11.89  
11.72  11.93  11.95  11.97  11.93  12.05  
11.85  11.98  11.87  12.05  12.02  12.04  
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4 
d=0.7

95% 
5 


6

 
6 11

      300  
 

 1  2  3  4  5  6  7  8  9  10  11  


 

110  50  202  60  90  304  240  92  160  220  20  

   
  95%

 
  

 
7 

1-in-300
4500


 
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30, 60, 20,15, 28,15, 24, 34,10, 50, 20, 25, 33, 48, 23 
  95%

 
  

95%
 

8 
±100095% 

9 N=4000
 P

d= 0.01595% 
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 

1 2001
 

2 1994 
3 1981 
4         1981   

 
5 ––1995

 
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 

 
 

Single – Stage Cluster Sample 
 
 

  1.9 








 

    



      




          
         

 
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
















 

  2.9 




 

 
N 
n

 
imii= 1, 2, …, N 
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19
5 

  
195 

N

i
i=1

M = m∑ 

M = M/N 
n

i
i=1

1m = m
n ∑ 

iyyi 

  1.2.9  

y ycs
 

n

i
i=1
n

i
i=1

y
y =

m
cs

∑

∑
 

ycs
 

n

i i cs
2 i=1

cs 2

(y - m y )
N- ns (y ) =

n-1N n M

∑
 

ycs
R

imix
ycs

Y
csVar(y )

R2
css (y )

n > 20
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1 2 nm = m = ... = m = m
 

(1)         
25415


95% 


 

i(y ) 


i(m ) 

 
(i) 


 

i(y ) 




i(m ) 

 
(i) 

49,000  10  14  96,000  8  1  
53,000  9  15  121,00  12  2  
50,000  3  16  42,000  4  3  
32,000  6  17  65,000  5  4  
22,000  5  18  52,000  6  5  
45,000  5  19  40,000  6  6  
37,000  4  20  75,000  7  7  
51,000  6  21  65,000  5  8  
30,000  8  22  45,000  8  9  
39,000  7  23  50,000  3  10  
47,000  3  24  85,000  2  11  
41,000  8  25  43,000  6  13  

      54,000  5  13  

 
n

i
i=1

cs n

i
i=1

y
1,329,000y = = = 8,801

151m

∑

∑
 
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 
n 25 25 2522 2 2

i i i i i ics cs
i=1 i=1 i=1 i=1

2

(y - m ycs) = y - 2y y m + y m

= 82,039,000,000 - 2(8,801)(8,403,000) + (8,801) (1,047)
=15,227,502,247

∑ ∑ ∑ ∑

M 

25

i
i=1

1 151m = m = = 6.04
n 25∑ 

n

i i cs
2 i=1

cs 2 2

(y - m y )
N- n (415 - 25) 15,227,502,247s (y ) = = = 653,785

n-1 (415)(25)(6.04) 24N n M

∑

 

css(y ) = 653,785 = 808.57 
 

95%Y 

/ 2cs csy z s(y )α± 

8,801 1.96(808.57); (7216.2, 10385.79)± 
  

 2.2.9 

 
1. M 


csmY 


csm csY = M y 

o b e i k a n d l . c o m



 

 

198 
 

 
2 2 2

csm css (Y ) = M s (y ) 
M 
(2)(1)

2.50090%
Y 


cscsmY = M y = 2500(80801) = 22002,500 

90%Y 

(2,2002,500  3,325,243)m  ; 
222,002,500 1.645 (2,500) (653,785)± 

2 M  




csmYM
cy 

n

ic
i=1

1y = y
n ∑ 

cy
Y 


N

cs ic
i=1

NY = N y = y
n ∑ 


csYY 




n
2

i c
2 2 2 2 i=1

cs cs

(y - y )
N- ns (Y ) = N s (y ) = N
Nn n-1

∑

o b e i k a n d l . c o m
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


csY


csmY
csY

1 2 nm , m ,…,m
csmY

 
(3)(1)

90% 
 


n

cs i
i=1

N 415Y = y = (1,328,000) = 22,061,400
n 25∑ 

N n n
2 2 2 2

i i ic
i=1 i=1 i=1

1 1(y - y ) = y - ( y ) = 82,039,000,000 - (1,329,000)
n 25

=11,389,360,000

∑ ∑ ∑ 

90%Y 
 2

cs cs/ 2Y z s (Y )α± 

2 415 - 25 11,389,360,00022,061, 400 1.645 (415)
415(25) 24

± 

22,061,400 2,883,619± 

  3.9  


1 2 nm = m = ... = m = m

641000

o b e i k a n d l . c o m
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30
N=1000n=30

1 2 30m = m = ... = m = 64M=mN=64000 


 

n

i n
i=1

ics n
i=1

i
i=1

y
1y = = y

nmm

∑
∑

∑
 

n
2

i cs
2 i=1

cs 2

(y - m y )
N- ns (y ) =

nNm n-1

∑
 

M=mN
 


n

cs ics
i=1

1Y = M y = M y
nm ∑ 

 
2 2 2

cs css (Y ) = M s (y ) 
(4)4000

   
 40010 

495%
Y 
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   
1  1  4  1  2  3  3  1  2  1  1  19  
2  2  1  1  4  1  3  2  2  3  1  20  
3  1  3  1  2  3  1  1  1  1  2  16  
4  1  3  2  1  5  1  2  3  1  1  20  

 
n

ics
i=1

1 19 + 20 +16 + 20y = y = 1.875
nm 4(10)∑ 

 
4 4 22 2 2

i ics cs
i=1 i=1

2 2 2 2 2 2

(y - m y ) = y - nm y

= (19) + (20) + (16) + (20) - 4(10) (1.875) =10.75

∑ ∑
 


n

2
i cs

2 i=1
cs 2 2

(y - m y )
N- n (400 - 4) 10.75s (y ) = = = 0.0089

nNm n-1 400(4)(10) 3

∑
 

95%Y 
2

/ 2cs csy z s (y )α± 

1.875 1.96 0.0089; (1.875 0.1849)m m 

  4.9  





 
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  1.4.9 


ncsy 

2
ccs 2

N- nVar(y ) = S
nNM

 

2
cS 

n
2 2
c i i cs

i=1

1s = (y - m y )
n-1 ∑ 

2
cS2

cs2
cSM




R2
cSM

 


 

cs2 V ar( y ) = d 

nd
Yd95% 

2
c

2
c

NSn
ND+ S

≥ 

2
cSM2

csm 
2d MD =
4

 
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(5)(1)
500 

 2
cS25

 
n

2 2
c i i cs

i=1

1s = (y - m y ) = 634,479,260
n-1∑ 

Mm = 6.04D 
22 2 2d m (500) (6.04)D = = = 2,280,100

4 4
 

2
c

2
c

Ns (415)(634,479,260)n = =167
ND+ s (415)(2,280,100) + 634,479,260

≥ 

 2.4.9  


 

1 M 
M

 
2
c

2
c

NSn
ND+ S

≥ 

2
cS2

cs
 

2

2

dD =
4N

 

o b e i k a n d l . c o m



 

 

204 
 

(6)1Y
M=2500d=1.000.00095% 

2
cs = 634,479,260 

2 2

2 2

d (1,000,000)D = = = 1,415,589.5
4 N 4(415)

 

2
c

2
c

Ns (415)(634,479,260)n ³ = = 213
ND+ s (1,451,589.5)(415) + 634,479,260

 

2 M 


csY 
  

2 2 2
cs t

N- ns (Y ) = N s
nN

 

 
n

2 2
t i c

i=1

1s = (y - y )
n-1∑ 


csY 

 2 2
cs t

N- nVar(Y ) = N S
nN

 

2
tS2

tsYd
 


cs)2 Var(Y = d 

 
2
t

2
t

NSn
ND+ S

≥ 
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2
tS2

ts
 

2

2

dD =
4N

 

(7)M1
d=1,000,000 

n
 

n
2 2
t i c

i=1

1 1s = (y - y ) = (11,389,360,000) = 474,556,667
n-1 24∑ 

2 2

2 2

d (1,000,000)D = = = 2,903,179
4 N 4(415)

 

2
t

2
t

NS (415)(474,556,667)n = =183
ND+ S (415)(2,903,179) + 474,556,667

≥ 

  5.9 




P
$

(cs)p 

$

n

i
i=1

(cs) n

i
i=1

a
p =

m

∑

∑
 
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iaiim
 

$
(cs)p

csyia
iy$

(cs)p 

$

$
n

2
i i cs

2 i=1
cs 2

(a - m p )
N- ns (p ) =

n-1nN M

∑
 

(8)(1)ia
i

 
1,7,4,3,0,4,3,3,1,3,2,4,1,4,5,2,3,1,2,3,2,4,4,3,3P

95%P 
 

$

n

i
i=1

(cs) n

i
i=1

a
72p = = = 0.477

151m

∑

∑
 

 
$ $ $

n n n n22 2 2
i i i i i ics cs cs

i=1 i=1 i=1 i=1

2

(a - m p ) = a - 2p a m + p m

= 262 - 2(0.477)(511) + (0.477) (1047) =12.729

∑ ∑ ∑ ∑
 

M 
n

i
i=1

1 151m = m = = 6.04
n 25∑ 

$2
cs 2

415 - 25 12.729s (p ) = = 0.00055
(415)(25)(6.04) 24
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95%P 

$ $2
/ 2cs csp z s (p )α± 

0.477 1.96 0.0055 ; 0.477 0.046m m 

   6.9 

P
Yd

95% 
$

cs2 Var(p ) = d 
n 

2
c

2
c

NSn
ND+ S

≥ 

 
22d MD =

4
 

2
cS 

$
n

2 2
c i ics

i=1

1s = (a - p m )
n-1 ∑ 

 
(9)8P

0.0495% 
2

cS 

$
n

2 2
c i ics

i=1

1 12.729s = (a - p m ) = = 0.53
n-1 24∑ 
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Mm = 6.04 
22 2 2d m (0.04) (6.04)D = = = 0.0146

4 4
 

2
c

2
c

Ns (415)(0.53)n = = 34
ND+ s (415)(0.0146) + 0.53

≥ 

  
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 
 

1        
  

        
        

         
        

1090
       

     95% 
Y 

 1  2  3  4  5  6  7  8  9  10  

 3  7  10  9  2  12  15  3  5  8  

 50  110  220  140  60  280  240  45  60  230  

2     95%
 

3       
  800

        
95% 

4 n

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         
d=2 

5           
   


70        

 
 2  5  8  10  

 10  12  5  17  


  95%       

 
6  


11

60
        




 
 1  2  3  4  5  6  7  8  9  10  11  


 

55  60  63  58  71  78  69  57  52  71  73  

 2210  2390  2430  2380  2761  3000  2780  2370  2000  2800  2900  
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7 
           

 
8 

d=4000
 

9 


180
n=25

 

2, 4, 0, 1, 0, 2, 4, 1, 3, 1, 2, 0, 1, 1, 2, 2, 4, 1, 0, 0, 3, 1, 2, 2, 1 

95% 
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 

1 2001
 

2 1994 
3 1981 
4 1981

 
5 ––1995

 
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 

 
 

Two – Stage Cluster Sample 
 

  1.10 













 









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

 














 











 
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 2.10 

 
N 
n 

iMi 
imi

 
N

i
i=1

M = M∑ 

M 
ijy jiy 

im

iji
j=1i

1y = y
m ∑i 

1.2.10  

Y
M

Y
 

n

ics 2 i
i=1

Ny = M y
Mn ∑ 

cs 2y 
2 2n

2 2b i i i
ics 2 2 2

i=1 i i

N- n s 1 M - m ss (y ) = + M
N M mn M nN M

∑ 
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 
imn

2 2 2 2
b i i iji cs 2

i=1 i=1i

1 1s = (M y - M y ) ; s = (y - y) ; i =1,2,…,n
n-1 m -1∑ ∑ 

cs 2yM2
is

i 

(1)        20



           
          


        

4
          

         


 

 
iM im ijy 

iy 2
is 

1  15  3  12 8 3   7.67 20.34 
2  15  3  15 10 1   8.67 50.34 
3  7  2  6 5    5.5 0.5 
4  20  4  20 7 4 1  8  70  

M=300  
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 
n

ics 2 i
i=1

N 20y = M y = (443.5) = 7.39
nM 4(400)∑ 

n
2 2
b i i cs 2

i=1

1s = (M y - M y ) = 2678.84
n-1 ∑ 

300M = = 15
20

 
2 2n

2 2b i i i
ics 2 2 2

i=1 i i

2 2

N- n s 1 M - m ss (y ) = M
N M mn M nN M

20 - 4 2678.84 9849.55= + = 2.928
20 4(15) 4(20) (15)

∑
 

  2.2.10  


cs2y

 


n

cs 2 ics 2 i
i=1

NY = M y = M y
n ∑ 


2 2n

2 2 2 i i i
cs 2 b i

i=1 i i

N- n N N M - m ss (Y ) = s + M
N n n M m∑ 

M
 

(2)
 

 


cs2 cs2Y = My = 300 (7.39) = 2217 
2 2

cs 2 cs 2s (Y ) = M s (y ) = 300 2.928 = 513.376 
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3.10 

M


Y

M
 


n

i

i=1

MM = N
n∑ 

MMcs 2y
 

n

i i
i=1

csR n

i
i=1

M y
y =

M

∑

∑
 

csRy 
2 2n

2 2t i i i
icsR 2 2

i=1 i i

N- n s 1 M - m ss (y ) = + M
N M mn M nN M

∑ 

 
imn

2 2 2 2 2
t i i iji csR i

i=1 j=1i

1 1s = M (y - y ) ; s = (y - y )
n-1 m -1∑ ∑ 

 csRyY
Mm

 
(3)M(1)

 
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 
n

i i
i=1

csR n

i
i=1

M y
443.6y = = = 7.78

57M

∑

∑

 

n

i
i=1

1 57m = M = =14.25
n 4∑ 

n
2 2 2
t i i csR

i=1

1 455.027s = M (y - y ) = =151.676
n-1 3∑ 

 
 

2
csR

csR
csR

s (y ) 0.0755CV(y ) = = = 0.035
7.78y

 

4.10 





ijy 

ij1= y ji 
ij0 = y 

MP
M $

ip
iP 

$

$
n

i i
i=1

csR n

i
i=1

M p
p =

M

∑

∑
 

 

2
csR 2 2

(20 - 4) 9849.55s (y ) = (151.676) + = 0.0755
20(4)(14.25) 4(20)(14.25)
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 

$
$ 2 n

2 2t i i ii
icsR 2 2

i=1 i i

N- n s 1 M - m p qs (p ) = + M
N M m -1n M nN M

∑ 

 

$ $
n

2 2 2
t i i csR

i=1

1s = M (p - p )
n-1 ∑ 

(4)(1)
$ $ $ $

1 2 3 4p = 0.4, p = 0.3, p = 0.25, p = 0.15
$

ipi=1,2,3,4i$
csRp

M 
 

$

$
n

i i
i=1

csR n

i
i=1

M p
125.25p = = = 0.267

57M

∑

∑
 

m = 14.25 

$ $
n

2 2 2
t i i csR

i=1

1 9.7846s = M (p - p ) = = 3.26
n-1 3∑ 

$2
csR 2 2

20 - 4 3.26 60.66s (p ) = + = 0.0069
20 4(14.25) 4(20) (14.25)

 

$ $2
csR csRs(p ) = s (p ) = 0.0069 = 0.083 
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5.10 


n

imi=1,2,…,n
nim







nim



imn 

1 2 NM = M = L = M = M
1 2 nm = m = ... = m = miMim

cs 2y
 

n

cs 2 i
i=1

1y = y
n ∑ 

2 2
b w

cs 2
S SVar(y ) = +
n nm

 

2
bS2

wS
nmcs 2Var(y )


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
1C2C

1 2C = nC + nmCmcs 2Var(y )
CC 

2
1 w

2
2 b

C Sm =
C S

 

m
n 

2 2
b w

cs 2
S SVar(y ) = +
n nm

 

 
1 2C = nC + nmC 

2
wS2

bS


2
wS 

n
2 2
w i

i=1

1s = s
n ∑ 

2
bS 

2n
2 2 w
b i cs 2

i=1

1 ss = (y -y ) -
n-1 m∑ 

(5)(1)M=15m=41y = 13.42y = 8.67
3y = 44y = 10.342

1s = 20.342
2s = 50.382

3s = 7
2

4s = 77.34nmcs 2Var(y ) = 21C = 92C = 1
C=250 
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 
4 4

2 2
w i cs 2 i

i=1 i=1

1 1s = s = 37.51; y = y = 7.67
4 4∑ ∑ 

24
2 2 w
b i cs 2

i=1

1 s 37.51s = (y -y ) - =15.41- = 6.03
3 4 4∑ 

2
1 w

2
2 b

C S (9) (7.67)m = = = 4
C S (1)(6.03)

 

cs 2y2cs 2Var(y ) = 2n
 

2 2
b w

cs 2
S S 37.51Var(y ) = + = 2 or 6.03 + = 2n
n 4n 4

 

 n = 8 
C=250n 

1 2C = nC + nmC or 250 = n+ 36n 
n = 7  
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 
 
1 

50
10%

 
 

    
1  52  5  12,11,12,10,13 
2  56  6  10,9,7,9,10,8 
3  60  6  6,5,7,5,4,6 
4  46  5  7,8,7,7,8 
5  49  5  10,11,15,12,11 
6  51  5  14,15,13,12,13 

 95% 
 

2 2500


 
3 20

          
         

          
       5 



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90%
 

 
 

 
 

1  4  9  1  
2  5  10  2  
3  7  15  3  
4  6  12  2  
5  3  6  1  

4 400
 

 
5          

         


300
95% 

    
1  18  3  1, 0, 2 
2  4  3  0, 3, 0 
3  9  3  1, 1, 2 
4  12  3  0, 1, 1 

6 
 

7     10.000    50
       

         
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     40  
 

 
iN in iy 2

is $
ip 

1 150  50  142  540  0.42  
2 250  50  154  482  0.38  
3 200  50  130  623  0.36  
4 180  50  165  508  0.32  

    95%
 
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 

1 2001
 

2 1994 
3 1981 
4 1981

 
5 ––1995

 
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 

 
 

Varying Probability Sampling  
 

111 








y







 
Sampling with Probability proportional to size 

 (PPS Sampling)PPS 



(PPS)
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








 

2.11 

N 
yii= 1, 2, …, N

iXi ip = X /XN

i
i=1

X = X∑

n
i i(y , p )ii= 1, 2, …, n

i iy /pi= 1, 2, …, n
ip = 1/N

 

Y
(PPS) 


n

PPS i i
i=1

1Y = y /p
n ∑ 

 


n
2

PPS i i i
i=1

1Var(Y ) = p (y /p - Y)
n ∑ 
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 

 
n

2 2
i i iPPS PPS

i=1

1s ( Y ) = p (y /p - Y )
n(n-1) ∑ 


 

PPSVar(Y ) Var(Y)≤
Singh and Chaudhary (1986) 

3.11  








 














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


jXj= 1, 2, …, N
jYj= 1, 2, …., NjX

j jY = kX
n

1 2 ny , y , ..., y1 2 nx , x , ..., x
X

)( 


n

j
PPS

j=1 j

yXY =
n x∑ 


PPSY

N

j
j=1

Y = Y∑

 

 ( ) ( )
N 2 2

j jPPS
j=1

XVar( Y ) = Y /X - Y /n
n ∑ 

j jY = kXY= kX


PPSVar(Y ) = 0Y=kx
X Y  




is
iπ
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i i(s , )π


Singh and Chaudhary (1986)


 

4.11R 

1 1 2 2 n n(y , x ), (y , x ), ..., (y , x )
jYjX 

N

j j j i
i=1

P(y ) = kX = X / x∑ 

N

i
i=1

X = x∑i iY = Xβ

x
y 

 
N N

j j j i j i
i=1 i=1

P(y ) = kX = X / x = Y / y∑ ∑ 

 


n n

PPS j j i i
j=1 i=1

1 XY = y /p = y /x
n n∑ ∑ 


PPSE( Y ) = Y

 PPSY 


n

1 i i
i=1

1R = y /x
n ∑ 
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
1R


PPSY


i iY = Xβ

 

YX
YX

YX


1 2 NX , X , ..., X 
1  

 
N

1 1 2 1 2 3 i
i=1

X , X + X , X + X + X , ..., X∑ 

Z1N

i
i=1

X = x∑
jX 

j-1 j

i i
i=1 i=1

X < Z  X  ≤∑ ∑ 



1 2 NX , X , ..., X 
 
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2  (Lahiri’s Method)  

jXj= 1, 2, …, N
maxX

(1, N)max(0, X )
jZjZ < XjX


maxX


Lahiri (1951) 

5.11 


Madow (1949) 


i

i j
j=1

T = X∑i= 1, 2, …, NjX

in

R 1kNTk =
n



R + jkj=0, 1, …, (n-1) 

(1) 10
50, 30, 45, 25, 40, 26, 24, 35, 28, 27
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3
 

 

N
N

T 330T = 330; k = = =110
n 3

 

111051
51, 161, 271


 k

NT /n 

Hartley and Rao (1962) 
 


n n

i i
HR

i=1 i=1i i

y yY = =
npπ∑ ∑ 





HRYHartley and Rao

HRY
 


N

2
i i i iHR

i=1

1Var( Y ) (y /p - Y) p [1- (n-1)p ]
n

≈ ∑ 

 
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 


n n N

j2 2 2i
i j jHR 2

i=1 j>i j i j

y1 ys ( Y ) = [1- n(p + p ) + p ] ( - )
n (n-1) p p′

′
∑∑ ∑ 

Hartley and Rao (1962) 

6.11 







im 
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 

 
 

Double Sampling   
 

112 


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x
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X
X
y


x

y
(Double Sampling) 
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


y
 

2.12 
 

iyi 

ixi
 

n′ 
n 

yx
x 

  yx     
ix = 0iy = 0

y 

N
n′x

nn′
yx 

 
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 
n

i
i=1
n

i
i=1

y
r =

x

∑

∑
 

 

x
 

n

x i
i=1

Nt̂ = x
n

′

′ ∑
 

xt̂ 
2 2

2 r
x

s n - n sˆVar(t ) N(N- n ) + N ( )
n n n

′
′≈

′ ′
 

2σy2
rσ

 
N

2 2
r i i

i=1

1= (y - Rx )
N-1

σ ∑ 

xR = /τ τ
xˆvar( )τ 

2 n
2 2 2

x i i
i=1

s n - nˆs ( ) N(N- n ) + N ( ) (y - rx )
n n n(n-1)

τ
′

′≈
′ ′ ∑ 

2sy 
 1:24020

100
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5


56
70


 
 

5

i
i=1
5

i
i=1

y
70r = = = 1.25
56x

∑

∑
 

n = 20′ 
n 20

x i i
i=1 i=1

N 100 100ˆ = x = x = (240) =1200
n 20 20

τ
′

′ ∑ ∑ 


 

r xˆ ˆ= r = 1.25(1200) = 1500τ τ 
1500 

3.12 


yxy=0
x=0xy
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nn′
yx 

xc′
ycC 

C =c n + cn′ ′ 
 Cr̂τ

 
2
r

2 2
r

n c= ( )
n c -

σ
σ σ

′
′

 

4.12 









i iW = N /N





x

y 
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n′
Nin′

ii= 1, 2, …, K
iWi

i
nw =
n
′
′



inin′
iy

i 
in

ii
i=1i

1y = y
n ∑ 

 
K

id i
i=1

y = w y∑ 

dy 

1

22 K
i(s )2i i i

d
i=1 i i

N- n n n - nvar(y ) = +E [( ) ( ) ]
N n n n n

σσ′ ′ ′
′ ′ ′∑ 

2σ
1

2
( )i sσ

i1s
dy 


2K K

2 2i i i i
id i d

i=1 i=1i

N-1 n -1 n -1 w s N- ns (y ) = ( - ) + w (y - y )
N n -1 N-1 n N(n -1)

′ ′
′ ′∑ ∑ 

i in /n′in = 0′
dy 

2K
2 i i i

d
i=1 i

N- n W nvar(y ) = + ( -1)
Nn n n

σ
σ

′ ′
′ ′∑ 
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Thompson (2002)
 

5.12 


Y
n′x

ny
xYyx 

lry = y +b(x - x)′ 
x′xxb

yx
lry

1/n1/n′
lry 

2 2 2 2 2
y y y

lr

S (1- ) S S
r( y ) + -

n n N
va

ρ ρ
≈

′
 

2
ySyρ
yx 
 1/n1/n′ 

2 2 2 2
yx y yx y2

lr

s s - s s
s ( y ) = + -

n n N′
 

 
n n

2 2 2 2
yx i i

i=1 i=1

1s = [ (y - y) -b (x -x) ]
n- 2 ∑ ∑ 
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 
n

2 2
y i

i=1

1s = (y - y)
n-1∑ 

1/n
 

2 2 22
y yx y2 2

yxlr n
2

i
i=1

s - s s1 (x -x)s ( y ) =s [ + ] + -
n n N(x - x)

′
′∑

 

Cochran (1977)(1995) 

6.12 











 








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





 


 

1 Y
 

2 Y 
3 Y 











 




 
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1 
 

2 
 

3 


 
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 
 

1 


44, 55, 

4, 16


566


 
2         

  5000      500
336164

11241
      

 
    

 $280 $160 41 

 $110 $60 112 

 
3 

87300 
87

2
i

i=1
(y - y) = 17283∑87

2
i

i=1

(x - x) = 3248∑
87

i i
i=1

(y - y)(x - x) = 5114∑ 

 

o b e i k a n d l . c o m



 

 

254 
 

 

1 –1995
 
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