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 

 
 

Estimation of the Population Size  
 

113 


N







 




 

2.13 






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


Nr
P= r / N

Nsp̂ =
n



s
n 

r r nN̂ = =
p̂ s

 

 
2

2
3

r n(n- s)ˆ ˆ ˆV(N) = s (N) = ; s > 0
s

 

 N̂N 
N(N- r)ˆE(N) = N+

nr
 

rnN(N- r)
nr


N̂N

NChapman (1952) 
1


r = 100


n = 50 

o b e i k a n d l . c o m
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s = 10


 
 

nr 100(50)N̂ = = = 500
s 10

 

 
2 2

2
3 3

r n(n- s) (100) 50(50 - 10)ˆ2 s (N ) = 2 = 2 = 282.84
s (10)

 

500
282.84 

3.13 



s

N 
r r nN̂ = =
p̂ s

 

sn
N̂ 

2
2

2

r n(n- s)ˆs (N) =
s (s+1)

 
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s > 0s


N̂N


N̂ 
2

s = 10
8010

n = 80
 

 
nr 100(80)N̂= = = 800
s 10

 

 
2 2

2
2 2

r n(n- s) (100) 80(80 - 5)ˆ2 s (N ) = 2 = 2 = 467.1
s (s+ 1) (10) (10 + 1)

 

800
467.1 

4.13 





n
s
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N
r

n
N= 10000r=50

n
s=10 
rn 

1rn
N 

N
1ˆV(N) /N

N
rn1rn

1p = r/N2p = n/NScheaffer et al. (2005) 
)1(ˆV(N) /N 

1p = r/N 
1.0  0.5  0.25  0.1  0.01  0.001  2p = n/N 
0 1000 3000 9000 99,000  999,000 0.001  
0 100 300 900 9,900 99,000 0.01 
0 10 30 90 990 9,000 0.1 
0 4 12 36 396 3,996 0.25 
0 2 6 18 198 1,998 0.5 
0 1 3 9 99 999 1.0  

31


 500700      
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1p = 0.252p = 0.1   rn 
N 

700
ˆV(N)11p = 0.25

2p = 0.1 
ˆV(N) = 30

N
 

N=700 
ˆV(N) = 700(30) = 21000 
ˆV(N) = 21000 =144.914 

 
ˆ2 V(N) = 2(144.914) = 289.828 

r
 

1r = p N = 0.25(700) = 175 
n 

1n = p N = 0.1(700) = 70 
rn 

ˆV(N)
2

2ˆV(N) /N
21p = r/N
2p = n/NScheaffer et al (2005) 
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)2(ˆV(N) /N 

1p = r/N 
1.0  0.5  0.25  0.1  0.01  0.001  2p = n/N 

0 550 750 900 990  999 0.001  
0 50  75 90 99    0.01 
0 5 7.5 9    0.1 
0 2 3     0.25 
0 1       0.5 
0      1.0 

5.13 





3

600200








 
A

n aA = Na


imiM
A 

N

i
i=1

M = m∑ 
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 
M=
A

λ 


λM = Aλim


 

n
aim

 
n

i
i=1

1m = m
n ∑ 

 
 

 


λ̂ 
2 n

2 2m
m i2 2

i=1

1 1 s 1ˆˆ ˆV( ) = V(m)= ; s = (m - m)
a a n n-1

λ ∑ 

ˆM̂ = Aλ
M̂ 


––

mˆ =
a

λ
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



imλM 

λ 
mˆ =
a

λ 

λ̂ 
ˆˆV̂( ) =

an
λ

λ 

M 
ˆM̂ = Aλ 

M̂ 

2
ˆˆ ˆV(M) = A

an
λ 

 4         
           


50

 16  
 

 0  1  2  3  4  5  

 13  8  12  10  5  2  
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 
 

50

i
i=1

m = 0(13) +1(8) + 2(12) + ...+ 5(2) = 92∑ 

 
50

2
i

i=1

m = 0(13) +1(8) + 4(12) +...+ 25(2) = 276∑ 

 
m 1 92ˆ = = ( ) = 0.11
a 16 50

λ 

λ̂ 
2 2
m

2 2

1 s 1 1 (92)ˆV̂( ) = = [276 - ] = 0.0017
a n (16) (50) 49 50

λ 

 

ˆˆ2 V( ) = 2 0.00017 = 0.026λ 


λ̂ 

ˆ 0.11ˆV̂( ) = = = 0.00014
an (16)(50)
λλ 

 
ˆˆ2 V( ) = 2 0.00014 = 0.023λ 
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


λ̂ˆV̂( )λ
m 

Scheaffer et al (2005) 
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 

 
1  
2 

 
3 

r=100



n=12027
N

 
4 





r = 60


18

18
80

 
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5 1003


15
210

 
6 

80



60

5
 

7 5


500410


 
8 




20
40

 
 
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 

 

 
Capture-Recapture Sampling  

 

114  











 











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
 























 


Cormack 

(1979)Otiset al. (1978)Pollock (1981, 1991)Pollocket al (1990)
Seber (1973, 1982, 1986, 1992)Seber (1973)



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Cowan and Malec (1986)
Freedman (1991)Sudman et al. (1988)Wolter (1986,1991) 

 
τ 
X

 
y 
x 

n


 

2.14 


X




y
x




 
x X=
y τ

 
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


 
x y=
X τ

 


 

yˆ = X
x

τ 

τ̂ 
2

3

Xy(X- x)(y- x)ˆs ( ) =
x

τ 

95% 
2ˆ ˆ2 ( )sτ τ± 




τ̂τ̂
 

(y+1)(X+1)= -1
x+1

τ% 

2
2

(X+1)(y+1)(X- x)(y- x)s ( ) =
(x+1) (x+ 2)

τ% 

o b e i k a n d l . c o m
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Seber (1982)95%
 

22 ( )sτ τ±% % 


Buckland (1980, 1984)


Seber(1973, 1982, 1986, 1992) 


2.13 

)1(X=300


y=200
x=50

95%
 

 

y 200ˆ = X = (300) =1,200
x 50

τ 

 

2
3 3

Xy(X- x)(y- x) 300(200)(300 - 50)(200 - 50)ˆs ( ) = = = 18,000
x 50

τ 
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95% 
2ˆ ˆ2 ( ) 1200 2 18000 (932, 1468)sτ τ± = ± = 

 
(y+1)(X+1) (200 +1)(300 +1)= -1 = -1 1185

x+1 50 +1
τ ≈% 

2
2 2

(X+1)(y+1)(X-x)(y-x) (300+1)(200+1)(300-50)(200-50)s ( )= = =16,774.5
(x+1) (x+2) (50+1) (50+2)

τ%

 

95% 
22 ( ) 1185.3 2 16774.5 (926,1444)sτ τ± = ± =% % 

3.14 


 

Multinomial Model  













o b e i k a n d l . c o m
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


Product Multinomials Model


Parameters









Maximum Likelihoodestimator (MLE) ˆ = Xy/xτ

 

Hypergeometric Model 


Xy


x


ˆ = Xy/xτ 
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Poisson Model 




τ 

Cormack 

(1979)Otis et al. (1978)Pollock (1981)Seber (1982, 1986,1992)
Pollock et al. (1990)Wolter (1986) 

4.14 

















τ̂ 



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






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 

n


iiy
ix
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iyn

i
i=1

y∑


n

i
i=1

x∑yx

iyix
X


 

n

i
i=1
n

i
i=1

y
y= X = X
xx

τ
∑

∑
) 

Ratioτ)
 

n
2 2 2

i i
i=1

X 1( ) =( ) (y -rx )
n(n-1)x

s τ ∑) 

yr =
x

100(1-a)%

 
2

/ 2 ( )t sατ τ±) ) 

α/2ttn-1
Seber (1982) 





τ) 
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)2(   382     
     


         

      
    


yx 

 1  2  3  4  5  6  7  8  

Y 33  13  1  45  21  82  14  0  
X 20  2  0  15  5  39  4  0  

95%
 

 
y 26.125r = = = 2.459

10.625x
 

 
y= X=r X= 2.459(382) 939
x

τ ≈) 

 
n

2 2 2
i i

i=1

(y -rx ) =[33 - 2.459(20)] + L +[0 - 0(2.459)] = 680.318∑ 
n

2 2 2 2
i i

i=1

X 1 382 1( ) =( ) (y -rx ) =( ) (680.318) =15,703.37
n(n-1) 10.625 8(7)x

s τ ∑)

95% 
2

/ 2 ( ) 939 2.365 15,703.37 (643,1235)t sατ τ± = ± =) ) 
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 
2

3 3

Xy(X- x)(y- x) 382(209)(382 -85)(209 -85)ˆ( ) = = = 4,789
x 85

s τ 







 

 








n
N


Seber (1982, pp.111-114)Wolter (1986)τ
 
y= X

x
τ( 

Wolter (1986) 
n

2 2 2 x
i i 3

i=1

X N- n X y(m - x)(y - x)( ) = ( ) (y - rx ) +
Nn(n-1)x x

s τ ∑( 


x

X=
N

µWolter (1986) 
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5.14 





 

yˆ =
p̂

τ 

xp̂ =
X


       

        
 

x
Xy 

2
ˆvar( ) ( )(1 )

1
y X X yp

X
τ

τ τ τ
−

= −
−

 

n
ix
i

 
xp =
X

′
% 


n

i
i=1

x = x′ ∑p% 
2

2 x
2

ss (p) =
nX

% 
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 
n

2 2
x i

i=1
s = (x - x) /(n-1)∑ 

31
 

 
x 50p̂ = = = 0.17
X 300

 

τ̂τ
 

2
2 2

ˆy 200 300 300 1200 - 200ˆs (p) = ( )(1 ) ( )(1- ) = 0.00035
ˆ ˆ ˆX 1 300 1200 1200 1200 -1

X X yτ
τ τ τ

−
− =

−

0.02 

Ahlo (1990)PollockandOtto(1983)
Burnham and Oberton(1969)Overton(1969)

 

1

ˆ/i i
i

z
τ

τ π
=

= ∑ 

iz = 1i
iz = 0ˆiπ

ˆiπ


Otiset al(1978)Pollock and 
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Otto(1983)Pollock et al. (1990)
 

6.14 

        



          

           
        

Jolly (1965)Seber(1965)
     Seber(1986)    


       

Seber(1982,1986,1992)     
 


log-inear

Cormack (1980, 1981, 1985,1989)Agresti(1990)


 
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 

 

 
Line Transect Sampling 

 
115 
















 







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


 







 
Gates (1979)

Bucklandet al. (1992)Burnham et al. (1980)Eberhardt(1978)Seber 

(1982, 1986, 1992)Ramsey al al. (1988) 

2.15 

1











 

 
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 
 

28
9 

289 
 

 
 
 
 
 
 
 
 
 
 
 




 

A 

iyi 

n
 

Τ 

D=T/A 

Burnham et al. (1980)
40

 

 

 1 :  
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
 

1.2.15(Narrow-Strip Method) 






 

L0w


02w02 w L0y
D

 

0

0

yD̂=
2w L

 

A
 

0

0

Ayˆ ˆT = AD =
2w L

 

0w
0y
0w
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


 
1

L=100y=18
 

0, 0, 1, 3, 7, 11, 11, 12, 15, 15, 18, 19, 21, 23, 28, 33, 34, 44 
210

5710
2032030


0w = 2002 w40

0y = 12
 

0

0

y 12D̂= = = 0.003
2w L 2(20)(100)

 

0.003  


 

1  
2  
3 


 
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Distance (meters) from Transect line

N
um
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r o
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0
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6
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8

<= 10 (10,20] (20,30] (30,40] (40,50] > 50

 
210

 

2.2.15Parametric Methods 


wL

D̂ = y/ 2Lw


g(x)
x


f(X)g(x)
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f(X)
 

ˆyf(0)D̂ =
2L

 

f(0)
 

w





 
1f(0) =
w

 

ww
ww 


yD̂ =

2L w
 

 wf(0) 


g(x)

(mle)
f(0)w

Ramsey(1979)
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Buckland(1985)Burnham et al. (1980)Qiunn and Gallucci(1980)
Pollock(1978)

 








 

g(x)=exp(-x/w)
w

mle
ww = x

Ramsey(1979) 
21

g(x)=exp(-x/w) 


w = x =16.39 


y 18D̂ = = = 0.0055

2(100)(16.39)2L w
 




Buckland (1985)Burnham et al. 
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(1980)Eberhardt (1978)



 
2

2

- xg(x) = exp
4w
π 

 
 

 

w 


y

2
i

i=1
w = x

2 y
π ∑ 

31
 

1 
y

2 2 2 2
i

i=1

1 1x = (0 + 0 +L+44 ) = 417.5
y 18∑ 

w 


y

2
i

i=1

3.1417w = x = (417.5) = 25.61
2 y 2
π  

 
 

∑ 

 


y 18D̂ = = = 0.0035

2(100)(25.6)2L w
 

3.2.15(Nonparametric Methods) 



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f Smoothing
f(x)x




Buckland(1985)Burnham et al. 

(1980)Johnson and Routledge (1985)
ˆD̂ = yf(0) / 2L 

f(0)(Kernel Method) 


Seber (1986)


Quang (1993) 

K(x)1 

( ) 1K x dx
∞

−∞

=∫ 

fx
 

y
j

j=1

x- x2f̂(x) = K( )
yh h∑ 

hjxj
jy

2
 
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f(0) 
y

j

j=1

x2f̂(0) = K( )
yh h∑ 

 
2

j- (1/ 2)(x /h)jx 1k( ) = e
h 2p

 

Silveran (1986)h 
-1/ 5h = 0.9a y 

a=min(s,Q/1.34)s
Q


 

 
ˆyf(0)D̂ =
2L

 

4
1 
11515/1.34=11.19

11.19s = 12.56
Silveran (1986) 

-1/ 5h = 0.9(11.19)(18) = 5.56 
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f(0)
 

2
j

y y
-(1/ 2)(x /h)j

j=1 j=1

x2 2 1f̂(0) = K( ) = e
yh h yh 2π∑ ∑ 

1f(0) 

2 2 2
j

y
-(1/2)(x /h) (-1/2)(0/5.65) (-1/2)(44/5.65)

j=1

2 1 2(0) = e = [e + L +e ]=0.0376
yh 2p 18(5. 2

ˆ
65) p

f ∑
 

f̂(0) 
ˆyf(0) 18(0.0376)D̂ = = = 0.0034
2L 2 (100)

 

f(0) (Fourier Series Method) 

f(0) 
m

k*
k=1

1ˆ ˆf(0) = + A
w ∑ 

*w
kÂ 

y
*

k i*
i=1

2Â = [ cos(k x /w ) ]
y w

π∑ 

m
f̂(0)Burnham et al. (1980)

m=1m 

m+1*

1 ˆ2 /(y+1) A
w

≥ 
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*w
Burnham et al. (1980)Crain et al. (1979)


13%

Burnham et al. (1981)Quang (1990) 
5f(0)

 
144

w* = 34
m=1

1Â17
 

1
2 1(3.1417)(0) 1(3.1417)(34)Â = [cos( ) + L + cos( )] = 0.0091

17(34) 34 34
 

f(0) 
m

k*
k=1

1 1ˆ ˆf(0) = + A = + 0.0091= 0.0385
w 34∑ 

 
ˆyf(0) 18(0.0385)D̂ = = = 0.0033
2L 2 (100)

 

3.15  



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
 


1

n
 




Burnham and 

Anderson (1976)Eberhardt(1978)Overton (1969)Seber(1982)






 

4.15 

n
B

3
n

0B
1 2 nv ,v , ..., vn

1 2 nv ,v , ..., v3
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 
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L
1 2 5v ,v , ..., v0

B 


L
1 2 nv ,v , ..., v0B

4
110B

1 2 11v ,v , ..., v0B 
 
 
 
 
 
 
 

 
 

35L


L
1 2 nv ,v , ..., v

0B4
110B
1 2 11v ,v , ..., v0B 

  منطقة الدراسة

0  B  
0   
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 

411L
 




iLThompson (2002) 

5.15 


n


n







L 

0 

 

0 

B 

 

 
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
vL(v)/A 


 

yD̂ =
2wL(v)

 

 wv  
   L(v)    

          
   D̂ D

Thompson (2002) 

iD̂in
 

n

p i
i=1

1ˆ ˆD = D
n ∑ 

D
iD̂

pD̂
iD̂ 

n
2 2

p i p
i=1

1ˆ ˆs (D ) = (y -D )
n(n-1) ∑ 
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 

 

 
Line Intercept Sampling 

 

116 







–
–

 





 


 

A 

iai 
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iyi
 

NN=161 
N

y i
i=1

= yτ ∑y 

yµy 
N

i
i=1

C = a /A∑N 

B 

L 

ivi
1 

iwi
1 

n 

m
 

D=N/A 

 

 
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2.16 

m
m


1

1 
N

y


N

i
i=1

= yτ ∑y

yD = /Aτki
iw1k
i 

i
i

wp =
B

 

iCk
m 

i

i
k

i C i

yx =
p∈

∑ 

 
 
 
 
 
 

 

 

L1 L2 L3 

wi 

vi 

0 B 
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13L
 

kx
τm

1 2 mx , x , ..., x–
–τ 

m

k
k=1

1ˆ = x
m

τ ∑ 

–
–

m
τ̂ 

2
2 xsˆs ( ) =

m
τ 

 
m

2 2
x k

k=1

1 ˆs = (x - )
m-1

τ∑ 

3.16 





L
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
[0, )π


Kaiser 

(1983) 

θi
 

i iP ( ) = L w ( ) /Aθ θ 
iw ( )θθ

θ
2 

i 
i ip = LC /A 

 

i iC = E[w ( )]θ 
iw (θ)θ 

τ


k 

i

i
k

i C i

yx ( ) =
P ( )

θ
θ∈

∑ 
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 

i

i
k

i C i

yx =
p∈

∑ 

kx (θ)kxτ 
m

τ 
m

p( ) k
k=1

1ˆ = x ( )
mθτ θ∑ 

 
m

p k
k=1

1ˆ = x
m

τ ∑ 

23L 
 

L2 

 

 

 

L1 
L3 

L3 

( )iw θ 

L2 
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
kx (θ)kx 

2 2
p( ) x( )ˆs ( ) = s /mθ θτ 

 
m

2 2
x( ) k p( )

k=1

1 ˆs = (x ( ) - )
m-1θ θθ τ∑ 

 
2 2

p xˆs ( ) = s /mτ 

 
m

2 2
x k p

k=1

1 ˆs = (x - )
m-1

τ∑ 

p(θ)τ̂ˆpτKimura and Lemberg (1981) 










Lucsa and Seber (1977)McDonald(1980) 
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4.16 











 

1.4.16 


Canfield (1941)


L 

n

i
i=1

ĉ = v /L∑ 

C
Lucas and Seber (1977)


 
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mL
 

kn

k i
i=1

ĉ = v /L, k =1, 2, ..., m∑ 

knk
m

1 2 mˆ ˆ ˆc , c , ..., c
C 

m

k
k=1

1ˆ ˆc = c
m ∑ 

ĉ 
2

2 csˆs (c) =
m

 

 
m

2 2
c k

k=1

1 ˆ ˆs = (c - c)
m-1∑ 


 

m m

k k k
k=1 k=1

ˆ ˆc = L c / L∑ ∑ 

2.4.16 

L×B
1
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(0, B)


iiw
 

i
i

wp = , i =1, 2, ..., N
B

 

 
n n

i i
i=1 i=1

N̂ = 1/p = B 1/w∑ ∑ 

D=N/A 
n n

i i
i=1 i=1

D̂ =B (1/w ) /(BL) = (1/L) 1/w∑ ∑ 

nL
y yD = /Aτy 

n

y i i
i=1

D̂ =(1/L) y /w∑ 


N

i
i=1

= yτ ∑y

 
n

y i i
i=1

ˆ = B y /wτ ∑ 
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yµy
 

n n

y i i i
i=1 i=1

ˆ = ( y / w )( 1/w )µ ∑ ∑ 


m

1 2 m
ˆ ˆ ˆ(D , D , ..., D )y

1 2 my y y
ˆ ˆ ˆ(D , D , ..., D )







y 
m m

k k k
k=1 k=1

ˆ ˆD = L D / L∑ ∑ 

 

k

m m

y k y k
k=1 k=1

ˆ ˆD = L D / L∑ ∑ 


iw , i =1, 2, ..., n

ii
i

wp =
B



iw

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


 

3.4.16 




 1253
(0.125)


1L = 812L =1063L = 79

4L = 501iviwiy
 

 
 
 
 
 
 
 
 
 
 
 
 
 

34 

0 

125 

L2 

L3 

L4 

 

 

L1 
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1  iv    
iwiy

 

 


1L 

1iv : 268, 234, 193, 53, 50, 24, 13, 19, 43,74, 72, 39, 40, 40 
1iw :153, 87, 79, 78,185,145, 38, 52, 22, 38, 59, 20, 42,102 
1iy : 170, 83,110,104,141, 65, 28, 42, 24, 42, 31, 34, 29, 66 

 


2L 

2iv :52,16, 95, 59,112, 62, 44, 56, 86, 31,15, 27, 53, 34, 38, 140, 142, 30 
2iw :67, 31, 83,195,136,145, 72,115, 98,129, 88, 26, 63,112, 34, 21,136, 95 
2iy : 67, 26, 70,120,125,119, 58, 81, 39,114, 78, 83, 39, 87, 6, 41,113, 68 

 


3L 

3iv : 190, 263, 60, 80, 40,132, 94, 50,150, 39,118 
3iw : 115, 87, 57, 97, 57,197, 58, 254,185, 35,124 
3iy : 120, 80, 40, 65, 50,135, 93,120, 95, 33, 96 

 


4L 

4iv : 130,175,159,182, 47, 4 
4iw : 96, 208, 68,139, 50, 72 
4iy : 93,143, 79, 86, 58, 63 




y


 
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
 

14

1 i 1
i=1

1ĉ = v /L = (2.68+2.34+...+0.40) = 0.14346
81∑ 

2
 

4 4

k k k
k=1 k=1

ˆ ˆc = L c / L =[0.14346(81)+...+0.1394(50)]/(81+...+ 50) = 0.1319∑ ∑ 


 

m
2 2 2 2
c k

k=1

1 1ˆ ˆs = (c - c) = [(0.1435-0.1350) +...+(0.1394-0.1350) ]= 0.00049284
m-1 4-1∑

 
m

k
k=1

1ˆ ˆc = c
m ∑ 


 

2
2 cs 0.00049294ˆs (c) = = = 0.00012312

m 4
 

 
2
csˆs(c) = = 0.00012312 = 0.0111

m
 
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
 

14

1 1 1i
i=1

D̂ =1/L 1/ w =[(1/1.53)+(1/ 0.87) +...+(1/1.02)]/(81) = 0.33789∑ 

2
 

4 4

k k k
k=1 k=1

ˆ ˆD = L D / L = [81(0.337889) + ... +50(0.11425)]/(316) = 0.2384∑ ∑
  

       
 

m
2 2 2 2
D k

k=1

1 1ˆ ˆs = (D - D) = [(0.1435- 0.2235) +...+(0.1394 - 0.2235) ] = 0.01010
m-1 4 -1∑

 
m

k
k=1

1ˆ ˆD = D
m ∑ 


 

2
2 Ds 0.01010ˆs (D) = = = 0.002525

m 4
 

2ˆ ˆs(D) = s (D) = 0.002525 = 0.0503 


 

1

14

y 1 1i 1i
i=1

D̂ =1/L y /w =[(1.7/1.53)+(0.83/0.87)+...+(0.66/1.02)]/(81)=0.16425∑ 
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2


 
4 4

y k y kk
k=1 k=1

ˆ ˆD = L D / L = [81(0.16425) + ...+50(0.0919)]/(316) = 0.1395∑ ∑


 
m

2 2 2 2
Dy yk y

k=1

1 1ˆ ˆs = (D - D ) = [(0.16425 - 0.1332) +...+(0.091934 - 0.1.332) ]
m-1 4 -1

= 0.001225

∑

 
m

y k
k=1

1ˆ ˆD = D
m ∑ 


 

2
Dy2

y
s 0.001225ˆs (D ) = = = 0.0003063
m 4

 

2
y y

ˆ ˆs(D ) = s (D ) = 0.0003063 = 0.0175 

2
      

       
 

 
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 ĉ D̂ y  ˆ
yD 

1L 0.14346 0.33789 0.16425 
2L 0.10302 0.27235 0.16018 
3L 0.15392 0.16947 0.11651 
4L 0.1394 0.11425 0.09193 

 0.1319 0.2384 0.1395 
 0.1350 0.2235 0.1332 

 0.0111 0.0503 0.0175 
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 

 
 

 Spatial Sampling or Kriging   
 

117 














 

ty
t

0y1 2 ny , y , ..., yn 
1 2 nt , t , ..., t0y

0y
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
 

Kriging



CovarianceVariogram


Geostatistics 


Hohn (1988)Cressie (1986, 1989, 1991)Journel (1987, 

1988, 1989)
Matern (1960, 1986)Diggle (1983)Cressie(1991)Cox and Isham 

(1980)Ripley(1981) 

2.17 

1.2.17Spatial Covariance Function 


––


1y2y1t2t 

1 2 1 1 2 2cov(y , y ) = E[y - E(y )][y - E(y )] 



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c(h)y
h 

t+h tc(h) = cov(y , y ) 

t
1 2t = (t , t )h1 2h = (h , h )

 

2.2.17Linear Prediction (Kriging) 

n
iyy

ii=1, 2, …, nijc
i jcov(y , y )yijii ic = var(y )

y1 2 nt , t , ..., t
0y0t

iE(y )1=1, 2, …, n 

0ŷy
n0y

 
0 0ˆE(y ) = E(y ) 

 
2

0 0ˆE(y - y ) 
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
0y1 ny , ..., y0 1 nE(y y ,..., y )

1 ny , ..., y 

y


 
n

0 i i
i=1

ŷ = a y∑ 

1 2 na , a , ..., a


Lagrange 

multiplier method 
-1f = G h 

 
 

1

2

n

a
a

f
a
m

 
 
 
 =
 
 
 
 

M

10

20

0

1
n

c
c

h
c

 
 
 
 =
 
 
 
 

M

11 12 1

21 22 2

1 2

1
1

1
1 1 1 0

n

n

n n nn

c c c
c c c

G
c c c

 
 
 
 =
 
 
 
 

L

L

M M O M M

L

L

 

   m   ia
 
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(Kriging 

predictor)0ŷ 
n

2
0 0 00 i i0

i=1

ˆE(y - y ) = c - a c - m∑ 



1 ny , ..., y
n

0 i i
i=1

ŷ = a y∑


1 ny , ..., y 







d
dn

d
 

ti tj
d

1ĉ(d) = (y - y)(y - y)
n ∑ 


ddn

(smooth curve)
(nonlinear least squares)

 

o b e i k a n d l . c o m
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1









a exp(-bx)


 
-0.49 xc(x) = 5.1e 

1y = 5.526
6

2y =1.4170y
5.4

 
c(0)=5.16

-0.49(6)
12c = 5.1e = 0.3

-0.49(1)
10c = 5.1e = 3.1-0.49(5.4)

20c = 5.1e = 0.4
 

-1
1

2

a 5.1 0.3 1 3.1 0.78
a = 0.3 5.1 1 0.4 = 0.22
m 1 1 0 1 -0.95

       
       
       
       
       

 
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1a = 0.782a = 0.22m = -0.95
 

0ŷ = 0.78(5.526) + 0.22(1.1417) = 4.662 
4662

 
2

0 0
ˆ ˆE(y - y ) = 5.1- 0.78(3.1) - 0.22(0.4) + 0.95 = 3.5 

3.5 =1.91900 

3.2.17Variogram 

variogram
y

 

t+h tvar(y - y ) = 2 (h)γ 

( )hγSemivariogram


 

(h) = c(0) - c(h)γ 
tc(0) = var(y )yt

Cressie(1986,1989,1991)


 
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 

t sE(y ) = E(y ) 
ts 

2
t+h t t+h tvar(y - y ) = E(y - y ) 

( )hγ 

i j

2
t t

d

1ˆ2 (d) = (y - y )
n

γ ∑ 


ddn




Cressie(1991)γ
cγ̂(d)γ(d)ĉ(d)
c(d)  


n

iyy
ii=1,2,…,nijλ

i jγ(y -y )ij
0y0ty1 2 nt , t , ... , t 

0ŷy
0y 

0 0ˆE(y ) = E(y ) 
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 
2

0 0ˆE(y - y ) 
 

n

0 i i
i=1

ŷ = a y∑ 

1 na , ..., a


 
-1a=Γ γ 

 
 



1

2

*
n

a
a

a
a
m

 
 
 
 =
 
 
 
 

M

10

20

0

1
n

γ
γ

γ
γ

 
 
 
 =
 
 
 
 

M

11 12 1

21 22 2

1 2

1
1

1
1 1 1 0

n

n

n n nn

γ γ γ
γ γ γ

γ γ γ

 
 
 
 Γ =
 
 
 
 

L

L

M M O M M

L

L

 

 
 
 
0ŷ 

n
2 *

0 0 i i0
i=1

ˆE(y -y ) = a γ +m∑ 

*m = -mm 
 
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2
 


1 

-0.49 x(x) = 5.1(1- e )γ 

6
-0.49(6)

12 = 5.1(1- e ) = 4.8γ
0.49(1)

10 5.1(1 ) 2.0eγ −= − =20γ =4.7
 
1

1

2
*

0 4.8 1 2.0 0.78
4.8 0 1 4.7 0.22
1 1 0 1 0.95

a
a
m

−
       
       = =       
       
       

 

1a = 0.782a =0.22*m = 0.95
 

0ŷ = 0.78(5.526) + 0.22(1.1417) = 4.662 

4662
 

2
0 0

ˆ ˆE(y - y ) = 0.78(2.0) - 0.22(4.7) + 0.95 = 3.5 
3.5 = 1.91900 

y
Thompson (2002) 
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3.17 

0ŷ
0y0y

0y




0y 

ijci jcov(y , y )y
iji0ciy0y0 0ˆE(y )=E(y )


n

0 i i
i=1

ŷ = a y∑ 

2
0 0 0 0 0 0 0 0ˆ ˆ ˆ ˆE(y - y ) = var(y - y ) = var(y ) + var(y ) - 2cov(y , y ) 

 
n n n

2
0 0 0 i j ij i i 0

j=1 i=1 i=1

ˆE(y - y ) = c + a a c - 2 a c∑∑ ∑ 


n

0y


i0c
0


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
ijc


 

y
n


McBratney et al.(1981a,b)Y fanits et al.(1987)





 

Matern(1960,1986)





 

Matern







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



 








Bellhouse(1988)

1 2m m
1m2mk

1m(0,k)
2m

(0,k)



k

 

Bellhouse(1981)


Olea(1982,1984a,b)

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Barnes(1988)
Gilbert(1987)

McArthur(1987)


Muller(2001)
 
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