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Review of basic linear Algebra
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Matrices Sligial!(1.F)

dgac M g Lo m&lu_,&l.nd.ijn:.nur._n]'nﬂ L‘:If,_,.‘c m XN iajasall s e

J=Ln :A:'st:r,
a, di, e 4y,
a a a
21 22 2n ;
A= (ar] )mxn R - : (3'1)
Laml aml b amn

J dgaally i caiall B ads g3l jualall J| 5000, o
By A 2B lgegamaole 4 =(a,),,, . B=(b,),., olidsbias halplss iy
T L=
A+B =(a,+b,) ,ad=(aa;),,»
A—-B =A+(-1)B =(a; -b,),..

Zogia s s 2 AB oyl Jsaln ol A=(a, ), s B=(0,),, ol 13

L AGpaall gl caallcys Jusls @56 ga ¢y jadadl o C=(c,),,,,
sy B iagiall Ga) 3geall

(3.2)
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B Gsaio suc sobus A inac] sde ples 1)) dads (o yee AB Gyl o1 gl
LIS ol g3 1 llaal! cilideadt Cas pas e’ Laskas] Silagiias 4, B,C pls 13
:dadoes
(AB)YC =A4(BC) zaall Associative
AB+C)=4B+AC left distribution ;L ;e pujslt
(A+B)C =AC+BC right distribution caast ;s g233!
$(\Y ) Aol
wayes BA ey Gl gatl qud A B les 13]
Qb oL dide g AB =B (gemu olijgmuall pudd ayjas BA « AB Ol )Y
3l Le Gaomyg NOL COMMULANIVE ] (ual il8giuall
AB #BA (wols a¥lo lue Lod)
AB=0 ;A =0 or B =0
AB =AC ,4A #0 =B =C
Glas] o yuobic J& fagiiaa) L hiall gacall O dous
bt aYolall allal Lligs (S e cilgduall cijus plusiuls
ay X, +dpXx, +..+a,x, =b

(3.2)

Ay X, +0p X, +.tay, X =b,

a, X, +a,,x,+.+a, x, =b,

;J.u::-z-“ 3_)_,4‘:.“.%
AX =b (3.3)
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ay, 12 a, X b,

a4, 4y 4, X, b,
4= LA = ] b=

aml amZ anm xn bm

29 due Sabewy Bgacall sae gIm = n yles 13 Taypa A Bagaall ol gla
rayguall e (MeN) n 2561 @il Lagacall oy pas fySmes Biadt oda

A" =4 4 .4 (3.4)
Jebe n”
1 iaplad Lagiean D oles i)
d> 0 .. 0 d 0 0
pref O 4 O p 0l 0 g
0 0 d! 0 0 .. d,
33l L,.!,['ul._.a.tg_.:e.:.,],, 3o ol AB3huna
1 0 .. 0
[ - 0 1 0
0 0 |
obs m x 1 lagicas g1 A colss 3]
Al =A=I_A
Lo 3t ULt 2 g
Al =1, A=4

{inape) mX 7 Jdgises A Y
Lagica tt Transpose igaill of Wsad! Wgauall G yas Lils m x 77 dbgican 4 g
s ppaall e 47 a0 4 ass 4

A" =(a, )+ A=(0)),.0
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Emang . J dgeall plema f Caall Lugy 4 &M‘&aiq&ﬂ&_,&mg.bz‘f' i
o Ba=l of G Hlal
(A+B)Y =4"+B', (ad) =ad',
(ABY =B'A',(4'Y =4, xeR (3.6)
A =—4 yles 3 Ll 4" =4 Hlss 13) symmetric iblas A dagacall of Jlasy
skew symmetric (iaflsia) Jilaall inasne 4 of Jpas Lile

1Qlagdiall wesaey Siadati (YY)

Determinates and matrix inverses:
3x3 (2x2 ska¥1ats 4 clsgivaolt Det A =| 4 | ahsaadl ol y5003

:E,JL‘Jlé 3 pad
a, a
;A ': al,l am =40y — 4, 4y (3.7)
o 9n
ay  dyp  ay
‘A |: Ay Oy gy | =0y Oyl =0 Gy gy + (3.8)
Ay Ay G5 | Gy OyGy — Ay dyy +

4,33, 8y — 450505,

R* giratty R? gymanll o 0 2 uiis yuadi Lgilhac] ey claustioa

E,S-Y‘é
.. . 1. . e s 1% %
Ll rlgamitl aedal ol pMLaY (g)lyie tnloue Goluns |4 |= sl
i i i ay, Ay
b% ) J=da

A (a,,4,,)

(a,,4,)

0 T x

(Y Je=md
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a, a, a;

11
aedis] it bt U ilsie as g [A|=t]a, @, a,] s

@ 4y Ay

12

L g1, 2. 4,=(q),,a,.a,),4,=(a,,,0,,a,,),4,=(a,,a;,,a,;) Sleaill
YY) Y242 (paa 5o

(XX Jead

o lony | A | Lasuma ol 1 X1 sla¥i ity A Legiuall Uts 2
|4 |=a, 4, +a,4,+. . +a,d, +. +a,d, (39)

(n=1)x (1 —1) 1agiins samas Byasy @, suaiall cOfACtOr Gal,lf 34 4, Cos

a, a ;1 @ Ay dyy
Ay e G e Gy Gy Dy
= 1+
Ay - (_l)
a, q 1, a; a,
an[ an,j*l anj arr,jﬂ ann
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d cavall jebiel cilzal,ll alastul susdl Wycaie ans (3.9) WL
dasdluds J] s gl Geu susll Lad e Jasdt 2 duuie 25T delgal!

G L) 1A, Lall,

G pldls i susdl Lagd ols susll & (Olagac) Dlas Jals 13 (1)

€ auall 2T asdl Ladd lB € sue 2 (sgee) cawo polie cajpb 13 (11)

Trdio galed suondl dasd Ol cacil 2 (Glagae) Gliso jualic calss 13y (i)

uobic ] slidisTy Le (3gee) Cauo juolic L sae Lips 13] il ¥ sustl Lad (iV)

T (s gar) oo

Ok L e yiss]y
FIRVIRVEIRM Y o
|4+B|=|4]+]B| (vi)

A gy AT el ad ey A Tegiiall pugans
B=4"©A4AB=I, ©B4=1,
A0 ples 1 dadag Gles 3] sgmpe A7 O gainls Ldag
oa lansy A7 g pupsmna WA ol |4 120 < A =(a,),,, ols= 13

A":~—1—aagf(A) : (3.10)
4]
4y Azl Anl
A, Ay .. A, ,
adj(4)=| " =,) (3.11)
Aln AZH Ann

Uyadt daganall oag adjoint (e ) Lobiall dagiuall aus adj (A ) {agicall
.cofactor matrix ctzal il issical
ol usa 2x 2 Gagaial

().

N




RIS P TTTN L PP SRETCH | B (TR {
2

a b _ | d b (3.12)
c d ad -bel—~ a
Ol do yls
@ 0l ad ke %0
c d

3oy A8 gduall juysaas

(A4Y'=4,(4B)'=B"47",(4")" =47

(C4ay'=C47! (3.13)

s yeall e Jagme 2. ilslan 71 yual

AX =b,4=(q,),, . X =(x),,,6=0,),,
gy o 41 alLsiS1 13a
) 4, |
L4
b=(b,) colili syas ping A J,L,.uc,,g_-.ulAj[ skl A | # 0 ol doyi
aYolall ic gama (ot Cramer yalyes sueld e (3.14) s0eldll J sganti (lena
Lddasa!
uilania pLIS aay gty 4 X = 0 pltailt le Juaos Lt b, =0 ple= 13]
iyuall Lle (g pdun) trivial aals J= Lasls g homogeneous

X i =12un (3.14)

x,=x,=.=x, =0
e Wgiian 4 o 3 g1 |4 | = 0 ol 13 fgpden yud Syl aly
Vector (Linear Space) ( glal!) oala ¥t §1,ddl (Y.¥)
g2 Vol Jlas « puobiall s Ve gamay F Field Jaa Loud o7 o pi
1345 DV (F) saplly & jayug FJdadl Sle cbyea ol
Aty iy &7, 4) (1)
av & , vWelV ,aeF (11)
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a(v, +v,)=av +av,
(+ Ly =av +fv
(@B)=a(pv)
sl latine gl culagion o g @lyy 5T J1gs o525 uB) Dl gmia panas V juolic
o) 8L 5ul cbgaill Lo Vo polic jumad Wnl)s 2y (dgas ipiss ol cdlubi.
JEREIL B el Gl (lasnag g jludlly de puudly 930l i3V
vV =V, V,,.nuY,) (Lo L85i0aa)
1 V1 3gac dagiina S5 (e ol
vi=@W, v, v,
il el Lt oy an pulid suc 3 o puall lligey calgaeill 7 yloy an (Al
' .VL_,.AI;_-.Sl
JELI SV opunlic 3V (R) Salai¥ i ,al

v=v, v, ..v,)

RxRx.xR =V =R" aual
le 1

dale 98 dgh jiaie feog R Ladall slael Jha o cdyas aladl 1,5 50y
0=1L2,00n v, id@adl slacY e #-TUPIE Gy 71 e (9Ena
Linear independent : jladlt J3aZa¥1 (&¥)
(5] linearly dependent Lilas 2dasipa Ll Jtas R” 2 culgmall ie pasne
cilgamill AL (e Llad Ly 36 die il na Leia J3YT e daly Ol
il ¢! linearly independent Lk, 2l25ine lgadl! ic game of Jii lls CaMlag
BNl Gisdy 4,0y, ER”T cilganill a 12 sl gl 1
c,a+c,a,+..+c,a, =0 (3.15)
cilgaill Ze gama Ola (anlgcdg 2 liso! Lpasas Coad €[,C5,00,C, eV s
C1rCyrenC, el gy (3.15) LoD cozzas 3] Lal o il il o Wit i
Hidas, Uatias cilgaill ic pame of Joi Liks i Lgasan
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1Y) Jie
Vs e il ey b oY Lo pllaspe @ =(3,1),6 = (6,2) ot
(*X) JEni 3 pidga g8 e 5 =(6,2)=2(3,1)=24a 5 yuall e a

yA
RJ
a
4] > x -
(YY) J=4&
. axill sladel e b aaatt ol 4!
(YY) Jide
I i yad plaieioals 459 Ui gl@ane a=(3,1),5 =(1,2) olgaslt
ca+c,b =0 RN
C| (.371)+(12(172) — (0!0)
3¢,+¢c, =0 3l
c,+2¢c,=0
oliiue @, b pleaall Aty ey =¢, =0 dadd griuo Jo ad uilamill allaif) 13a
(L) St D i pe 3 Lo Lilas
N
a
0 > x
Y J=i
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O 1 Lags Llad dasiyn 9%y @, B Ol lgl) 5aall 2 C anin g7 1 Lasnia

‘ c=aa+fb ,a,feR
Skl 2 glg udd € il Cogos R §1,a01 20,5 ,0 cilgantia &M Ly ples 1)
oo il (5aen YdS?LLLLLa:uAg,&:«b)Lm LAPESAY ,_,Ls @, b ppgmealls wighl
wilgatll 3L (a Tulas Luuoyits Lasua]
gl adi 2 candy (3] Udas dagye R 2 &3 cilgmat] oy yead ialall dlatl 2
095 gl ol SN @ilgmitl Jad 6 stana dongy o 1] Ll (ammio pusaally)
(0X) Jomt 4 pubya 5o ek Ll Ustene

s dals)l lad I
(oX) J=i

Basis and dimension dauig getu¥l (6¥) -

icgame gl R ¢1,a0 2 cileaill ra Lo gama U ={u ), 0, } ol 13}
e R n S5 paladl $1)8 (peal e gand] ol (o Laladd) coalll J&a
ol S LU ) st span(U) saxily

LU )y={au,+au, +...+au, acR,i=1.,r}c R”

i (igay L(U) & aaia gl ol e L(U) wdgs Uiz guendt T Sl
U yuokic i s
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l(\-\')l-i-l_)-l:l
ekl s R” ulgy Lias Uatia R 3Ll 2 cilgatll o de pama
7 Gabens dadt oo R Ul 29 1,800 say anas (bl puolic suey. R” §pal
V.Y ) A S
o R g1yall. dim R =n cogaug 1 opslic sue gulud d R” a0
s e Cjlaiag Hpadia gl um g Sty puliol G il al ygay o (Eaall
e, cilgasll e 7 pe 3Ee peba¥1 s natural basis oreakaalt o shsatl uload
e,=(1,0,0,..,0) B
e,=(0,1,0,...,0)

e, =(0,0,0,....1)

slaial e s gl ilgaia €,,€, G {€,,8, ) shien peloa] 1 R? gl Mo
i3l e 0x cop caldluai! jslxe |
Mudal Gde sus il ailgaia e e,,8, oa {e,,ez,es} Mine ol ] & R’ g4l
) Yl 2 pib e g Laso Codyill le 0X 0Y <02 oobblua] gl

y _ 4
Fe $
R’ u R*
e, | '
be, 2 A
v
0 e, x 0 e, X
€ (L) Jeads

s ypeadl e cogmy u €R? doia g1

u=Ae+he,=(4,4)
(o)
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i -{e],ez} abal! Gl Loty ¥ aseitl oo ja pand A, 4, ciluesalt
el e agay v daall ol R 3 i,
v = phetihe,+ ey = (th b, 1)
He.ey.ey} abiall ol Laitly V daill caliin ya anad 1), £, 1 liagal)
' 1YY ) Ao S
Udia cibgnil] o Logama T ola 7 ouws ¥ aladl ¢, Luad ol 13
V E15all Galial 9€a3 Lgiln 72 Lasiicy Lidass

1Y) A lad

Afsl e ggimi Vo Lia degama g1 018 71 0y alail 1,8 V ples 13)
Lo Uaye (yp€a dnia 7 a
(1) Jide

il plaiiady alisy R” 2 Las @iy {(L5)(2,7),(4,0)) 2o gand
FCRURY
1Y) daylad

dimV' =n (U #V 4IU #0)V ya palls Sia ghall OV plss 13
.dimU <dimV i3}
Inner product Qletidf wyall (LY)
realsdll o puiadl ol inner product isludh cuyuadl cayas R g1l 2
(IS B9 0D iyl e a =(a),.0a,),0 =(b,...,0,) Sleniall
ab =ab +a,b,+.+ab, =Zn:a, b, (3.16)
yort

:afb (méu}wa,b .)L."""L.')
1SV oyl Gisy a.b ATl qupuall
ab=ba,ala+c)=ab+ac, (3.17)
(aa).b=a{ab)=ca(a.b)
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ayay a=(ay,...,a,) 4=1.l Euclidean gu da¥t norm Lt 4f length Jytass

:L_,JL'JI&
lal= Jaa - @ ra v
laaf=lalle], vacR s

lutl Jallg a8l Jodally ualidll copuall dile cajally R? alad¥i g1l
oraldY s teally R aadl (O s ¥ 4,401 g GuualBW! $15a1 (anes g lsY!
B Lilg) ilealid § 3 ams (95m 4589 $5lpall dalinn piad R? (aagdl S5U8 ¢1,3)
A s 180 gsbuws

Wiagnga.b = 0 les 3] Glaslans a,b €R” oleamsdl

a.b 4
— =0 = f=—
lafll | 2
.G,b M'wh_,bﬂedﬁa-
way a=(a,....a,), b=(b,..0,)e R" pulaiaily ,ul R” 2 L auaiiall dasll

Gamd tase X =(X L., )€ R” dblaill J lo g 4l e

cos@ =

x=ta+(l-t)b (3.18)
9F G3alyl) £ agd sue oY
x =b+t(a~b) (3.19)

ol Y0 oy @it da sl o T L i ti da st oladl oy a—b S
(3.19) 41 (3.18) iadatl L da sl slusal ey b dadilly yasa—b olaSlgbel
3geall 3505 Alall olia Gla AN #1540 3 (el Ladl Uaball e
(x,,x,,x,)=(b,,b,.b;)+t(a, - b,,a, - b,,a, - b))
e Juaad gpie plall 5l glunasg
x, =b+t(a,~b)
x, =b,+t{a, -b,) (3.20)
x,=b,+t{(a,-b,)

parametric equations (idauaglh) Lyzeljltl a¥otall L ecd a¥oladl sia

(e0)

NS



L;hy g by darmt o el U

e Juam (3.20) c¥olall pa £ Chiamg
x,-b x,-b," x;-b
a-b  a,-b,: a;-b

canonical or normal equations &stzall of L Blal o Yalet! awad e ¥alall sia
J L @adintl daelt
Uazills ya0 000 hyper plane (alac¥™ 34all gpuudl cayes R” g1,a02
g Al e (=(0),., 0 ) gruall jud daill o gapee (3&asg a=(a), .14, )
G gl x =(x 5., x ) Joldill

L{ix —a)=0 (3.21)
C(x,—a)+l,(x,~a,)..+{ (x,-a)=0 8l
Cox +0x,+.+0 x, =la+la+..+{ a, B

ol
(x +lx,+.+l,x, =p (3.22)

Uazi T ildtus] 2 Ldas Uslea DA o Glaad R 20 39401 giall Uslaa oF 4T
o idads e dadlinll spanll Jolo awas 7 =£.@ ol Ul olda 2 g yneal! e
S gadl e
iypeall 130 (3.22) gyl Uakea R 3M8M 1,40 2
Cx +f,x,+8,x,=p
of
i lx +l,x,+0,x,=p (3.23)

T Gyiall 2 onadly A, B opaladly @ dads UV Lyl suas R 2 g5iull dolaa
it GALad W ol il A Ggn) T sl e agaall g8 AAB olg!
(IS g1 a0 2 gt
The rank of a matrix Adgauall o g (Y.¥)

Coyaig M x 7 sl ald A Dgauall s dasi s pah die o Bsaall 45y
F(A) 5l & apas bilask Jituwn gnm A Dagisall sael a sue pial O e
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16T ) Ui Sl

sl 9bud Ty pdeall Lgiiall 13y
£ 6.Y ) Alao Yo

OLEs 13] 71 (5 9bes L o (19539 11 e 333 Y 1 X 1 Tyl d0pdiall 15 5a
Ol 1 pduall e caliie Lasume Gles 13] Jasay

r(d,=n<|4|=0

TRESY -5

rd)=r{d") olal4|=]4"| of e

:-» elementary operations Guse¥1) cagiiall e Ly ciladeatl
(oarsae) cpism Jans (1)
shuall ol ¥ ki sue 2 (3gee) Cae s (1)
o pabic )] aalinly jiall e calide colt 2 (1gae) o juolic e (111)

3T (25ec)

(YY) dar o

AoVl colilaalty Y35 Y Lagdall 550

e Tadgl Sldac ol pab )il Logaiae yu 105U Lgican 4 coles 15] a7
e GaeaY) Gagaiall sue g9hud A 15,0 a3 Ulodl sia Ly (Guacll) Lbgduall
(lgale Ldg¥ caldaall slya] tay) sagusdl Lasiiall 3. L il
| 142 Jide

iagiiall yoa

W W b
= h W

2
1
5
15 yguall o pradl Lgude L0981 calideall 55200
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1 2 3 2 12 3 2

e 2%
A~ 10 -1 -1 3{~ {0 -1 -1 =3
0t 1 3)- {60 0 o0

2 (g5 (g ¥t Dlibanll o] sead) Lypiaall yud capieall sue o8 7(4 ) =2 Ty
T libasn 2atiua clgata e e (1 2 3 2) (0 =1 =1 = 3) Cagiuali siiag
A WY aaaT e puuathl Soas Y &l

@Yolall ablaig Bgdiall Liye gag calssaiall 1 e olinks usl oW Slasly
FANK]

13} Jo a1 5T cOnsistent algie a5t Jlas 4 X =5 Lasdl w¥olal alda
ol 35 e B8Lsl Lol agaalli (A D) oo r(A)=r{4]b) ol
Ol<= 15] Lal.augmented matrix da—wgll i8gda Ul Lew 39 4 g5a ol
> af uul (61 NON CONSISEENT 381550 jut (ygony pilaill ks # (A ) # r (A [b)

LY YWt el
dsg o dap Udloda @ r(A)=r(dlb)=t=n (Jualsdlsue) (1)
s jhaab ade fiasd el s Sle¥ due Lapasia b <n ol 1y (i)

Layy n—k adalladt of Uadtola 3 Jlayg wliiel o Jealolt a1 —k
- .degree of freedom 4;a
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(¥) dbhlad

algaitl gp €3 R” 2 Llas Ui 2a,5,¢ cilgmze &3L3 Y 4l gy (1)
i._!.ln:n Usnue a-b,b—c ,a-c

b=(2,5), algmill puizhs Lydn),iijpwd a=(8,9) axill e pa (V)
¢ =(-1,3)

Lidas Watea a=(1,0,1),6 =(2,1,0),¢ = (0,1,1) calgamatl 43l ol (¥)

Uag,e a=(1,1,1),6 =(2,1,0),c =(3,1,4),d =(1,2,-2) il gati of el (£)

Ldas

cilgaill Lo pama of bl R 2 Lides Witu acilgaiaa, b, € gl 13] (0)
a-b, b+ c, cilgaill ic pema (e ila ngIL_dm. Wowa a+b b +c,a+c
atce

R’ Goum ¥t SO a2 jhiall (e diline cilgmie & G, B, € Of o i (1
a, b, coladla e sagae € ¢ € e gogac b b o gagac O dmy

.LL:LAJ.M“ Cilgontia
14N clgaiall 15 e aa gl (V)
I 2 -1t 3
1 2 1 3 4
A= ,B= C=]2 4 -4 4
8 16 2 0 1
1 -2 -1 -3
tdgpad!l @il dus g LI VALl e gasd Jo gl (A)
(a) x-y+z =0 (b) x+2y+3z =1
x+2y-z=0 —x +y —21z =2
2x +y +3z =0 Ix+7y +z=3

(c) x+y-—z+w =2
2x —y +z =3w =]
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