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Theory of equations

Axtb=o0

ax’ +bx+c=0

_ —bt~b*-4dac

x_
2a




Definitions :

(1)
. X
.F(a)=0 F(x)=0 a
(2)
F(x)=ax"+ax""' +..+a,_x+a, (1)
Polynomial (1)
n n X
ay # 0
(x-a) X=a
a n F(x) (3)
a k
F(a)=F(a)=F"(a)=u...... =F"(@)=0

Theory of remainder :

(x-a) F(x)
R=F(a)
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R (x-a) F(x) Q(x)

F(x)=(x—a)Q(x)+R
) X=a
F(a)=R
F(x)=(x-2)Q(x)+R 1)
(x-a) F(x)
(0) F(x)
a
a)an Apyfeeeeenennennne a,
a,..(a, ;+a,ay).......... +R
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f(x)=2x3—7x2+7x—2

. (x+1)
x+1)=[x-(-1)]
2 7 7 =2
) A-Iz 9  -16
2 916 |R=-18
R=-18
Q(x)= 2x* - 9x + 16
)

f(x)=2x3 —Tx* +7x -2
. (x2)
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(x-2)=[x—=(+2)]

Q(x)=2x*3x +1

:(ax-b)
F(x) =(ax-b) Q(x) + R

= a(x-b/a)Q(x)+R

f(x)=x4—3x3+4x2+x+5

(2x - 1) =2[x — (1/2)]
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b=1 a=2
b/a=1/2

1 -3 4 1 5
(1/2)
(12)  ~(5/4) (11/8) (19/16)
1 =(5/2) (11/4) (19/8)| R=(99/16)

R = (99/16)

Q(x) ='/[x’=(5/12)x> +(11/4)x+(19/8)]

.(x-a)(x-b)

f(x)=3x3—4x2+2x+6
x+1)(x-1)
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3 4 2 6
1
3
3 -1
1
3
3 4

Qix)=3x-4

R= Rz(X-a) + Rl

R = 5(x-1) +7=5x -5+7= 5x+2

f(x)=x5—5x4+9x3+6x+13

X2 =3x+2=(x-2)(x-1)
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QX)) =X -2X°*+X+7

R = Rz(X-a) + Rl

R =25(X-2) + 49
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1) f(x)=3x°=7x> +5x* - x> —6x-8
(x +2)
2) f(x)=5x"=Tx> + 6x* —2x +4,
(x-1)
3) f(x)=x=5x* +9x° —6x* —16x+13
(x* - 3x +2)
4) £(x)=3x"—2x> +5x° +4x-3
(2x +3)
5) f(x)=5x" -3x —2x* -3x+1
(x - 2)(2x-3)

-17 -



Polynomial properties

F(x)=ax"+ax"" +....+ax,

Xy geneees X,
ap,dy,
n n F(x)
F(x)
( )
(a-ib) (a+ib)
x09x19 )'xn
S —a
1) 22X =X F o, +x, =—
i=1 a,

(1)

(2)

(3)



n
a
— _ 72
2) le.xj =X, X, + X, X; +...=—
i,j=1 a,
n
_ _ 4%
le.xjxk = XXX, + XX, %, +...=
i) k=1 d
3)
a
XX, %5...x, = (=1)" .
a,
3 2 _
apx” +a;x” +a,x+ay =0
X1 X2, X3
a
) x+x,+x,=—"
a,
_9
2)  xx, txx; tx,x, =—
d
a
-3
3)  xxx =
d
X1, X2, X3
X —-2x+1=0 .. )
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1)x12+x§+x32=4
2) x13+x§+x§’ =-3

3) x14+x§+x§‘=8

ao =1,a1 =O,a2 =_2,a3 =1

a
a) X1+X2 +X3 =__1=O

4o

b) X1 Xy + X X3 + Xyx3 = =2
C) x;X,x; =1= From a), b),c) =
XE 45 x5 = (0 +x +23) 7 —2(x,X, X105 +X,x3)
=0-2(2)=4

@ X1,X2,X3 (2)
x; = 2x, +1=0,
x; —2x,+1=0,

X; = 2x,;+1=0
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(xf’ +x§ +x:33)—2(x1 +X, +x3)+3=0.
= +35+33)—2(0)+3=0,

(xl3 +x§ +x§) =3

4 2 _ 4 A2
X =2x° +x =x, —2x) + X,
— 4 2
= X3 =2x] +x3

=0

(0 5 +x3) =205+ +13) +(x; +x, +x,) =0
=+, +x5)—-2(4)+(0) =0
(O +25 +x5) =8,

F(x)=0 F(b),F(a)

=21 -

(3)

.a,b



Descart's Rule of signs
F(X)

. F(-x)

f(x)=2x5—4x4—9x—2

F(x)=0 F(x)

F(=x) =-2x" —4x* +9x -2
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F(x)

F(x)=agx" +ax""' +....+a,,

g(x)=a,x" +akx"" +a,k*x" .. +a k"
Q) 2x° —4x* +3x-5=0
by  5x*-3x+8=0

a) 2x” —40x” +300x — 5000
b) 5x* —3000x + 80000 = 0

C )

_23 .



A 1

f(x)=x"+6x +12x> +11x +1

(x+2) =[x~ (-2)])
1 6 12 11 1

Qn
2
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g)=y" -2y’ +3y-5
put  y=x+2=>F(x)=x+2)" -2(x+2)’ +3(x+2)-5

A )
F(x)=2x"=3x> +4x* —=5x+6
(x-2)

2(»)=2y" +13y° +34y% +39y+20

y = (x-2)—

_25 -



F(x)=2(x-2)* +13(x=2)° +34(x—2)* +
+39(x—2)+20=0

Approximate solutions of equations

(1

(2
(3
Newton s Method
F(x)=0 (iteration)
F (%) F(x)
F(x)
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_ F(x)
1= X0
F'(xg)
_ . F(x,)
n+l n F/(xn)
X0
[a, b]
. _b+ta
2

F(x)=x3+x—l

n+1

(1)

_27 -



" F(x,) 3x2 +1
[0, 2]
X0 = 1
n=0
3 —_ f—
Lxlzxo—fgigg—1:1—1+l 1:O.75,
3xy +1 3+1
0.1718
x, =0.75-
2.6875
= 0.686047
x; =0.686047 — —
=0.68234
x, = 0.6823278
X3 X4

x, —x, =[(1.177865).(10)] ° =0
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Horner's Method

f(x)=x"-12x>+12x-3=0
(2,3)
f(3)=6

f(2) = 16-48+24-3=-11

-29.

(1)



g(y) =y +8y’ +12y” -4y -11=0

10
y* +80y° +1200y* —4000y —110000 =0
(2) (0,10)
(8,9)
. (0.8)
8 2)

-30 -
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4 3 2
z =112z + 350z + 32608 z — 21044 =0 (3)

10 (0,1)

4 3 2
z —1120z +3500¢ +3260800%¢ —210440000= 0 4)

4)
(4)
(6,7)
x =2.86
(2)
(8,9)
2) . (0.8)
8
2(») =" +8) +12)° —4y-11=0
12y? —4y—11
y (1
-.0.805,1.13
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0.8

0.8]1 8 12 -4 -11
0.8 7.04 15.232 8.9856
1 8.8 19.04 11.232 |-2.0144
0.8 7.68 21.376
1 9.6 26.72 | 32.608

0.8 8.32

1 104 35.04
0.8

1 |11.2

g(y) 0.8
h(z)=z"+9.62° +31.16z% +29.52—2.8336 :

z =0.058 or z=-0.9887

- z==0.06
(2
0.06
x=2+0.8+0.06+2.86
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Method of false position

F(x)
la,.b,
F(ay).FF(b)<0
( F(ay),F(by)
(iteration)
C = anF(bn)_an(an)
F(bn) _F(an)
C
C F(C)=0 (1)
F(a).F(C)<0 )
Ay =4y, b”"'l vC
(3)
an+1 = C9 bn+1 = bn
F(x)=x"+x-1=0
x=1

-33-
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F(0.5) = - 0.25, f(1)=1

b() =1 , 30=0.5

—V

0.5 0.6
[0.5 , 1]
X1
_ a ' (by) = by F(a,) _

F(by)) - F(a,)
_0.5%x1-1x(=0.25) _
1-(-0.25)

x, =0.6
F(0.6) =-0.04

1

C=0.6

[0.6,1]
a+1=0.6, by =1
~(0.6).1—(1)(0.04)
- 14+0.04

=0.615384615

2
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(1)
(Hx* =3,

(2)x> —=5x =6,
(3))63 —2x=5.

(2)
1) f(x)=x>—5x+3 2) f(x)=x"—x>-2x-34
3) f(x)=x>=-3.5x2+479x-1 4) f(x)=x"-2x+5

(3)

NF(x)=3x%-7x" +5x* —x* —6x -8

(x+2)
i) F(x)=5x"—7x> +6x* —2x+4
(x-1)
i) F(x)=x" —4x* +9x° —6x* —16x+13
(X2-3X+2)
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F(x)=2x"—8x* +5 (4)

h(x) 2 F(x) g(x)
gx) 3

2 (5)

F(x)=x*-2x"-3x"-5x+4

(6)

2x> +3x—4=0. 3x° +x2 —11x+6=0,

-36 -



Equations of third degree
Kardan's Method

x3 +b1x2 +b2x+b3 =0

2
X
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mz—bm—(%)3=0

1
I=(m )3,n=(m,)s my,m;

(l +n,lw+nw?,Iw’ + nw)

m> —bm—(§)3 =0

[ = (ml )5 my =m,
(21,~1,~1)
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3
r? =—(ﬁj , cos(5?=—i

2r

1
X' —9x+28=0
X t+ax+bx=0
a=-9, b=28
A= (9)2 +(3]3 =(14)2+(=3)’ =0
2 3

m>=28m+27=0

my =—1,m, =-27

[=-1,n=-3

[+n=-4= (—4,—w—3wz,—w2 - )
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2 1 -3, 1 3

- =——4—1

L

2 2 2
(-4, 2+3i ,2-3i)
x*—15x*=33x+847=0
x=y—£L=y+5
3a,
1 -15 -33 847
5
5 -50 -415
1
1
1
1
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¥’ —108y +432=0 3)

v +ay+b=0
a=-108,b=432

bY (aY 2 3
Az(—j +(§j =(216)" +(-36)" =0

wm’ —bm—(-a/3)’ =
m> —432m+(108/3)° = 0=

| 432+4/(432)7 —4(108/3)’
- 2

=216

m

s 1=(b/2)"7 =3216=6
6,6,-12)  (3)

(-7,11,11)

X —6x+4=0
_4] -



-b -1
= 8=2«/§, cosf=—=—,
g \/7 2r \/5
=3

4
RY/4
1 —+ 27k
- +
23 cos—2 22\/§COSM,
3 12
k=012.=

x =182, x,=-26,  x,=0.732.

o Jall e sana
(182, —-26,  0.732)
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Equations of fourth degree

Ferrary Method

agx* +ax® +bx* +cx+d =0 1)

4 3 2
X +ax =-bx"—cx—d

2 2
(xz +%x+lj =%x2 +01°+(2D)x+alx—bx* —cx—d,

2 2
.'.(x2+§x+lj =(%+2l—b)x2+(al—c)x+lz—d
!

(mx +n)*

_43 -



(§+2I—b)(12 —d) = i(al—c)z

[

3) (
(2) mnn

x2+%+l=jimx+n)

(D)

_44 -

(2)

)

3)



xP+4x° —6x7 +20x+8=0.oeeeeeen. (1)
ca=4, b=-6, ¢c=20, d=28

(1)

xt+4x® =6x% =20x-8

2 2
'.'(x2+%x+lj =(%2l—b)x2+(al—c)x+lz—d

(¥ +2x+1) = (10 +20)x* + (41 - 20)x
+(I* —8) = (mx +n)’ (2)

(x ) = ( )(x*
(10+20)(I* -8) = (2] —10)*

PP 4+31%7 4120 =90 = 0o (3)
[=3:
3)
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m’ = 16 , n’ = 1 m =4 = m =4, n = -1,
2

= (x2 +2x+3) :(4x—1)2 = (xz +2x+3):i(4x—1)
(x? +2x+3)= (4x-1)

x2=2x+4

x=1%+/3i
(% +2x+3)=—(4x-1)

x2+6x+2

x=(=3%7)

(1£30),(=3++/7)
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Clad
A0 e saal) Ja

Dx® —18x-35=0,

2)x> —12x+16 =0,

3)x> +6x° +9x+3 =0,

H)x* +6x> +12x°14x+3 =0,
5)x* +32x-60=0,

6)x> —12x—16=0,
(x=3)(x=5)(x+6)(x+8)=504,
8)x> —12x—-9=0,

9)x> —3x+1=0
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